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Cooperation of free- and bound-electron —phonon scatterings in Sb-doped Ge
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The cooperation of free- and bound-electron —phonon scatterings are studied in detail for
Sb-doped Ge in the intermediate range of donor concentrations. It has been shown that the
cooperation of free- and bound-electron —phonon scatterings in the intermediate range of
donor concentrations explains the anomalous variation of the phonon-conductivity ratio
4 o/Mr (doped to pure host) with temperature for Sb-doped germanium which could not

be explained so far by previous workers.

I. INTRODUCTION

Bird and Pearlman' measured the phonon con-
ductivity of three Sb-doped germanium samples in
the liquid-helium range of temperature having
donor-impurity concentrations from 3 X 10' to
3X10' atoms/cm . It is now well established that
the drastic reduction in the phonon conductivity of
n-type germanium can be explained on the basis af
the scattering of phonons by donor electrons. Previ-
ous workers have considered that for donor concen-
trations less than 10' cm, the phonons are scat-
tered by the bound donor electrons. Keyes was first
to propose a theory for such a scattering. Later on,
a detailed theory was given by Griffin and Carruth-
ers and by Kwok, and finally the scattering relaxa-
tion rates were given in a form suitable for the
evaluatian of phonon conductivity by Suzuki and
Mikoshiba. In the final version of the theory, pho-
nons are scattered both from the donor-electron
ground state and the next-higher-energy state, which
is a triplet state and is separated from the ground
state by an energy 4h, known as the chemical shift.
Phonons are scattered by the virtual transitions of
the donor electrons between the singlet and the trip-
let states separated by 4b, . As far as the resonance
scattering of phonons is concerned, Sb-doped Ge
provides the most interesting situation. The
Suzuki-Mikashiba theory for the resonance scatter-
ing of phonons by bound donor electrons explains
the experimental results of twa Sb-doped Ge sam-
ples having donor-impurity concentrations
3.4X10' and 3.6X10' cm . However, it has nat
been passible to explain the experimental results of
the third sample for which the donor-electron con-
centration is 3.0X 10' cm . The discrepancy
occurs both at temperatures lower and higher than
the resonance temperature Ttt, where a dip occurs in

the X'D/Xt -versus-temperature curve. The failure
of the Suzuki-Mikoshiba theory in explaining the
MD IMp-versus-temperature curve for Sb-doped
Ge sample (designated as Sb-306) having donor con-
centration 3.0 X 10' cm is reviewed. Earlier
workers considered the electrons to be completely
baund with the impurity atoms, and they tried to ex-

plain the experimental results with the assumption
that the crystal is strained either by external stress
applied along the (111) direction or by internal
random strains that take into account the modified
values of valley-orbit splitting.

In the present work, it has been found that the
upper limit of donor concentration for bound-
electron —phonon scattering is 4X10' cm instead
of 10' cm as considered by all earlier workers.
Thus revising the range of donor concentrations for
bound- and free-electron —phonon scatterings, we
have been able to explain successfully the anomalous
variation of the X'D/Xp-versus-temperature curve
for the Sb-306 Ge sample.

II. THEORY

According to Mikoshiba's "inhomogeneity
model, " the impurity states in the intermediate
range of concentrations are regarded as spatial mix-
tures of metallic and nonmetallic regions. In the
low-concentration region, the concentratian of this
nonmetallic type of impurities is given by

N„=N exp( t,)—
In the higher-concentratian region they are purely
metallic, and the concentration of metallic impuri-
ties in which the electrons are in the isolated state is
given by

N~ =N [1—exp( t,)]—
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where

t, =(4irl3)Nr,

r, =(144/ir )' a

where a is the donor electron radius and N is the to-

tal donor-impurity concentration. Here a is treated

as an adjustable parameter, and its value is obtained

for the best fit between theory and experiment. The
values of a and t, are given in Sec. III.

Mikoshiba has shown that his model explains in

the intermediate-concentration region the electrical

properties such as activation energy, the Hall effect,
and the electrical resistivity. Here, we have applied
the inhomogeneity model to explain the anomalous
behavior of the XD/Xp-versus-temperature curve
for Sb-doped Ge having an impurity concentration
of 3)&10' cm (see Fig. 1). Concentrations of
nonmetallic impurities (N„) are considered as the
concentration of bound donor impurities, and the
concentration of inetallic impurities (N ) are con-
sidered as the concentration of free impurities.

The scattering of phonons by electrons both in
metallic and nonmetallic states is considered in the
phonon conductivity calculations. The phonon con-
ductivity in the Debye approximation is given by
Callaway's' integral:

r 3
k~ kyar Jelr

2ir v & o (e"—1)

(3)

where x =%co/ktt T and q,
' is the combined relaxa-

tion rate given by
—1 —1 —1 —1 —1

B ++pt ++ph-ph+ Ve-ph (4)

where qtt
' V/——L is the relaxation rate for the boun-

dary scattering of phonons, rpr'=A (kt)/fi) x T is
the Point-defect relaxation rate, q.ph'ph B(kti ——/
fi)2x T is the relaxation rate due to phonon-phonon—1 —1 —1SCattertng, and qe-ph e-ph(homd)+ e-ph(free) 1S the
combined relaxation rate due to bound- and free-
electron —phonon scatterings.

The complete expressions for bound-elec-
tron —phonon scattering relaxation rates have been
given by Suzuki and Mikoshiba,
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where qe(
' represents the relaxation rate due to elas-

tic scattering of phonons both from the triplet as
well as the singlet states, i.

)
' represents the relaxa-

tion rate due to inelastic scattering of phonons from
the triplet state, and i.

2
' represents the relaxation

rate due to "thermally assisted" phonon absorption
for n)q, &4b/A' and inelastic scattering by electrons
in the singlet state for n)qr & 4b, /A. The complete ex-
pressions for free-electron —phonon scattering relax-
ation rates are given by Ziman" and Kosarev, '

—1i e-ph (free) ( re-ph Z )q & 2k+ + ( i e ph K )q & 2kF-

For the electrons in the metallic state (N )

Ziman's expression for the relaxation rate for the
scattering of phonons and free electrons is given by
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FIG. 1. Variation of A D/Mp with temperature for

the Sb-306 Ge sample studied in Ref. 1 with
N =3.0)&10' cm '. Experimental points are shown by
the symbol k. Theoretical curves are shown by solid lines
(4 D is the phonon conductivity of Sb-doped Ge, 4 z is
the phonon conductivity of pure equivalent Ge sample).

where N =m~V /2k', P =kt)/8m~V, qie=ir A

X(3N/ir) /2m*ktiT, m* is the density-of-states
effective mass, and C is the dilatation deformation
potential constant, x =ficolktiT. Owing to the cut-
off function, Ziman's expression becomes zero for
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phonon wave vector q & 2kF, where kF is the Fermi
wave vector. Kosarev has shown that in the pres-
ence of the electric field due to the ionized impurity
atoms, the phonons with wave vector q &2k can
also interact with the electrons, and he obtained a
relaxation rate for the scattering of phonons with

q &2kF,

185N m» c 71—1 m
8(+e-PhK)q &2kp 3 5 3
()

iit' pq a

where qI is the square of the cosine of the angle be-
tween the phonon wave vector q and the polarization
ve:tor eq.

TABLE I. Values of the various parameters used in
the evaluation of the phonon conductivity.

V& ——5.37)(10' cm/sec
V&

——3.28)(10' cm/sec
A =2.40)(10 sec

B&+Bq——2.80)&10 " secdeg '
45=0.32 meV

a=44 A
E„=15 eV
C=1.05 eV
m ~=0.22mo

III. RESULTS AND DISCUSSIONS

As discussed in Sec. II, Mikoshiba s inhomogenei-

ty model has been applied to data from the Sb-306
Ge sample. The values of N„, nonmetallic donor
impurities, and N, metallic donor impurities, are
calculated using Eqs. (1) and (2), respectively. The
results obtained are N„=2.5660X10' cm and
N =4.3400&(10' cm . The adjustable value of a
used in evaluating N„and N is a =44 A, corre-
sponding to t, =0.15626.

It is obvious from the above that the Sb-306 Ge
sample contains both bound donor electrons as well

as free donor electrons. However, it has been shown
that for donor concentrations less than 4.5X10'
cm, the Sb-doped Ge samples contain bound
donor impurities only and phonons are scattered by
bound donor electrons only, and for donor concen-
trations more than 3X10' cm the Sb-doped Ge
samples contain free donor impurities only and the
phonons are scattered by free donor electrons only.
Therefore there is a range of donor concentrations
from 4.0X10' to 3X10' cm in which phonons
are not only scattered by bound donor electrons but
also scattered by free donor electrons. It is conclud-
ed that in this range of donor concentrations the
donor electrons are not completely bound with the
impurity atoms, but some of them are completely
bound with impurity atoms and some are completely
free from impurity atoms. The sample as such can
be regarded as the spatial mixture of free and bound
donor-impurity atoms. The bound donor impurities
are greater than the free donor impurities when the
donor concentration is closer to 4.0X 10' cm, and
free donor impurities are greater than the bound
donor impurities when the donor concentration is
closer to 3X10' cm . But at any time, irrespec-
tive of their relative values, both types of impurities

are present in Sb-doped Ge samples having donor
concentrations from 4X10' to 3X10' cm . For
donor concentrations less than 4X10'5 cm the
donor-electron bound states are formed within the

energy gap; for donor concentrations more than
3)&10' cm the impurity states merge into the
conduction band, making the donor electrons com-
pletely free from impurity atoms.

From the above discussion, it is concluded that
the Sb-306 Ge sample lies in the intermediate region
of metal-nonmetal transition, and the Xti/Xp-
versus-temperature curve for this sample could not
be explained by earlier workers because they con-
sidered the electrons to be completely bound with
the impurity atoms.

So it is necessary to use phonon scattering by free
and bound electrons siinultaneously. For evaluation
of the bound-electron —phonon scattering relaxation
rates, the calculated values of N„are used as the
bound donor-electron concentration, and for evalua-
tion of the free-electron —phonon scattering relaxa-
tion rates the calculated values of N are used as the
free donor-electron concentration. Good agreement
between theoretical and experimental values of the
Xti/Xp-versus-temperature curve for the Sb-306
Ge sample is obtained. Thus it has been shown that
the cooperation of free- and bound-electron —phonon
scatterings resolve the anomaly of the A D/A p-
versus-temperature curve for Sb-doped Ge having
donor concentrations of 3.0)& 10' cm, which
could not be explained by previous workers. The
values of the various parameters used in the calcula-
tions are given in Table I.
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