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The high-temperature thermodynamic properties of metallic fluid sodium were calculated from
melting to a temperature 77=2200 K. A pseudopotential model was used that consisted of a large
volume-dependent potential plus a small effective two-body potential. Using molecular-dynamics
calculations for the ionic motions and including electronic excitation contributions, we have deter-
mined the zero-pressure volume versus temperature curve, the adiabatic bulk modulus, the heat
capacities at constant pressure and volume, and the thermodynamic Griineisen parameter. We find
our theory to be in excellent agreement with experiment up to 7'=1200 K, but note a significant de-

viation at higher temperatures.

I. INTRODUCTION

In our previous work, the thermodynamic properties of
solid metallic sodium' and the pressure-temperature
melting-phase line? were studied using a pseudopotential
model of metallic sodium. The high-temperature ionic vi-
brational motion was calculated using molecular dynam-
ics. In the present paper we extend our previous study to
include the high-temperature fluid phase of sodium. With
the use of the same potential for the fluid phase as was
previously used for the solid phase, a comprehensive series
of molecular-dynamics calculations was done above the
melting temperature Ty,

Several previous studies on the thermodynamics of
liquid metals have been done.® Jones* has used hard-
sphere perturbation theory to calculate several thermo-
dynamic properties of sodium near T, and the heat capa-
city and sound speed to about T =1500 K. Mountain® has
done Monte Carlo simulations to 7=500 K, but only at a
single volume. In our work we have used molecular
dynamics to calculate the thermodynamic properties of
fluid sodium from T; to T=2200 K. Our theory is in ex-
cellent agreement with experiment to about 7'=1200 K,
above which we note a significant departure of theory and
experiment. In Sec. II we discuss the method for deter-
mining the total pressure and energy using molecular
dynamics, as well as the calculation of the heat capacities,
Griineisen parameter, and isothermal bulk modulus. Sec-
tion III contains the comparisons with experiment of our
theory along the zero-pressure line.

II. METHOD

Our system consists of N ions and NZ electrons in a
volume V. We use the adiabatic approximation to express
the total energy as the sum of the ionic kinetic energy plus
the total adiabatic potential ®. The adiabatic potential is
evaluated in the pseudopotential perturbation formulation,
which yields a volume-dependent term Q(¥) and a sum
over all distinct pairs of ions of the effective ion-ion po-
tential ¢(r;¥). The total adiabatic potential becomes

Q—NIz=QWV)+ 3 ¢(r; V), 1
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where we have taken the zero of ® to correspond to a sys-
tem of neutral atoms at infinite separation, and I is the
ionization energy. Expressions for Q(¥) and &(r;V) are
given by Eqgs. (2) and (3) of Ref. 1.

We have used the same potential for our study of
sodium’s fluid-phase thermodynamics as was used for the
solid bcc phase.® A graph of ¢(r;¥) for Na is shown in
Fig. 1 for several different values of the atomic V,. The
zero-temperature-pressure volume is 256a 3, and the curves
cover the volume range of our study. The total internal en-
ergy is

U=(ES") 4+(®)+U,, 2

where EXP is the kinetic energy of the ions and the total
pressure is
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FIG. 1. Total effective pair potential for Na calculated from
the modified point-ion pseudopotential. The zero-temperature
volume is ¥V, =256a3. The potential energy is in units of ryd-
bergs (Ry) and the separation is in units of Bohr radii (ag).
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The summation is again over all distinct pairs of ions and
the angular brackets denote an ensemble average. k is
Boltzmann’s constant. U, and P, are the electron-gas con-
tril7)utions to the internal energy and pressure, respective-
ly.

The electronic terms result from the thermal excitation
of the conduction-electron gas and become important in
the high-temperature fluid region. The electronic internal
energy is given by

e= —;_ rr? ’ “)
and the pressure is given by
PV=21U,=1TT?. (5)

I' was evaluated in the free-electron approximation from
the expression
27,2
r-Yrkmz ’Tﬁff mZz, ®
where m is the electron mass and f is the free-electron
Fermi wave number. Because of the fairly strong tem-
perature dependence of the electronic terms, they cannot
be neglected in the fluid phase; their inclusion improves
the agreement between theory and experiment. P, be-
comes nearly 3% of the ionic contribution to the pressure
at T =1800 K.

Equations (2) and (3) are evaluated from molecular-
dynamics simulations on a calculational cell consisting of
686 particles in a cubic volume with periodic boundary
conditions in all directions. The coupled classical equa-
tions of motion are solved numerically in the central
finite-difference approximation under the constraints of
constant total energy and volume. When the system is in
equilibrium, the temperature 7T is related to the
molecular-dynamics ensemble-average (indicated by angu-
lar brackets with subscripts MD) kinetic energy by

2kT=N-"YE ) \yp+ON""). @)

Here T is the temperature in the generalized canonical en-
semble and O (N ~!) gives the size-dependent corrections
for evaluating the temperature from the molecular-
dynamics ensemble.! Note that {(EX2 )y is of O(N) and
hence the average kinetic energy per particle
N~EX™ Y b is of relative order O (1).

Molecular-dynamics calculations were done at six dif-
ferent volumes in the fluid phase and over a temperature
range from melting, Ty, to T=2200 K. The results for
the internal energy and pressure are given in Figs. 2 and 3,
respectively. Both plots include the electronic contribu-
tions given by Egs. (4)—(6). Table I lists Q(¥) and its
volume derivative at the six volumes.

At each volume, U and P were fitted to cubic polynomi-
als as a function of temperature. From these fits, the heat
capacity at constant volume

au
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and the thermodynamic Griineisen parameter
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FIG. 2. Total internal energy per atom U/N minus the ioni-
zation energy Iz and the volume-dependent portion of the poten-
tial Q(¥V)/N vs temperature from the molecular-dynamics calcu-
lations. Values of Q(¥)/N are given in Table I. Each plotting
symbol represents a single molecular-dynamics calculation. The
electronic contributions given by Eq. (4) have been included.

(0P /0T)y

op | tof/0 v
y,  @QU/T), "’

30 9)

r=V

may be evaluated directly.

The collection of polynomial fits at constant volumes
was also used to generate sets of points at constant tem-
peratures. These new sets of points were similarly fitted
to polynomials as functions of volume, giving U and P as
functions of volume at constant temperatures. Both the
fits at constant volume and constant temperature were
done to high numerical accuracy, allowing a complete
description of the fluid phase as a continuous function of
T and V. The isothermal bulk modulus

aP
Br=—V|—| , 10
T v |, (10
and the heat capacity at constant pressure
TY*C}
Cp=Cyp+——, 11
P v+ VBy (11

can then be evaluated from our fitted functions.
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FIG. 3. Total pressure P vs temperature from the molecular-
dynamics calculations. The electronic contributions from Eq. (5)
have been included.
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TABLE 1. Volume-dependent contribution (%) to the total
energy and its first derivative.

V. QV,)/N dQ/dv
(a3/atom) (Ry/atom) (10~* Ry/a})
256 —0.463209 1.547 54
270 —0.461087 1.486 18
310 —0.455452 1.336 68
350 —0.450354 1.216 50
390 —0.445 692 1.11763
430 —0.441392 1.03472

In the present work we have not determined the
Helmholtz free energy itself, but instead have calculated
the thermodynamic functions directly from derivatives of
the total energy and pressure. The procedure for calculat-
ing the Helmholtz function and the entropy constant,
from the high-temperature cluster expansion of the pres-
sure and energy, is given in Ref. 9.

III. COMPARISON WITH EXPERIMENT

Using the fitting procedure described in the preceding
section for representing the molecular-dynamics results
plus electronic contributions, we have determined the
zero-pressure volume as a function of temperature. Our
result is given in Fig. 4 along with the experimental data
of Gol'tsova'® and of Dillon, Nelson, and Swanson.!! The
theoretical curve is in excellent agreement with experiment
from T), to T= 1200 K. Above T=1200 K, our theoreti-
cal results definitely depart from experiment. The max-
imum discrepancy of 15% occurs at the highest tempera-
ture of T=2200 K.

The thermodynamic properties of the fluid phase of
sodium were calculated along the P=0 line and compared
with experiment. Figure 5 is a plot of the isothermal bulk
modulus By, and Fig. 6 shows the heat capacities C;, and
Cp. The experimental data for By are given in Refs.
12—16, and the heat-capacity data were taken from Gin-
nings, Douglas, and Ball.!” The agreement with experi-
ment is very good; at T=1100 K, our theoretical values of
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FIG. 4. Calculated and measured values of the volume vs
temperature at P=0.
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FIG. 5. Isothermal bulk modulus By vs temperature along
the P=0 curve.

B and Cp have a maximum deviation from experiment of
15% and 9%, respectively.

The thermodynamic Griineisen parameter y was also
calculated along the zero-pressure curve and is compared
with experiment in Fig. 7. The experimental points were
determined from experimental values of the thermal ex-
pansion, isothermal bulk modulus, and heat capacity at
constant volume, using the procedure described previous-
ly.! Our molecular-dynamic results are again in good
quantitative agreement with experiment and have a 7%
deviation at the highest experimental point. A frequent
assumption used in constructing an equation of state from
shock-wave data is that y times the density p is a constant.
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FIG. 6. Heat capacity at constant pressure Cp and the heat
capacity at constant volume Cj vs temperature. The experimen-
tal points were determined from Ref. 17.
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FIG. 7. Thermodynamic Griineisen parameter ¥ vs tempera-
ture. The experimental points (Refs. 10 and 14—16) shown are
determined from experimental values of the thermal expansion,
isothermal bulk modulus, and heat capacity at constant volume.

Our theoretical results show that py decreases by about
30% between T, and T=1200 K.

IV. CONCLUSIONS

From our comparison of theory and experiment over an
extended range of both temperature and volume, we can
make the following conclusions.

(1) An adiabatic potential energy evaluated from pseu-
dopotential theory, along with molecular-dynamics simu-
lations for the ionic motion, provides an accurate descrip-
tion of fluid metallic sodium over the range of volume
V, =256a3—350a}, and from T, to T=1200 K.

(2) The potential used in the fluid calculations is the
same as was previously used to determine accurately the
high-temperature anharmonic properties of crystalline Na
to T, the solid-fluid phase boundary,’? and the low-
temperature thermodynamic properties.® Thus, we con-
clude that we have an excellent theoretical understanding

of the thermodynamic behavior of metallic sodium be-
tween T'=0 and 7T=1200 K.

(3) Above T=1200 K, our theory significantly deviates
from experiment. One possibility is the failure of the
pseudopotential method when the volume becomes too
large. To investigate this possibility, we have studied the
linear muffin-tin orbital (LMTO) electronic band calcula-
tions for sodium done by Albers.!® Albers’s LMTO calcu-
lations cover the volume range where our theoretical V-
vs-T curve (Fig. 4) deviates from experiment and we can
compare the LMTO results with the predictions of pseu-
dopotential theory.

The pseudopotential method will fail when the system
of electrons is no longer describable by a nearly free-
electron theory. As the volume continues to increase, ulti-
mately we will have isolated atoms with a single 3s elec-
tron on each atom and an insulating system. For the en-
tire range of volumes studied, we find no evidence of elec-
tron localization and have the following indications for
normal metallic behavior. First, the Fermi energy as a
function of volume from LMTO calculations is in excel-
lent agreement with our pseudopotential model using per-
turbation theory.!® Second, the bandwidth of the 3s band
at ¥,=570a} is 0.4 Ry. Third, the spherical radius for
the average volume per electron, 7y, is in the metallic range
with r;=>5a, at the largest volume. Fourth, the discrepan-
cy between theory and experiment at ¥, =430a} in Fig. 4
represents only a 2.1-kbar difference in the total pressure.
Thus we conclude that the pseudopotential method is
valid for the volumes investigated.

The most likely explanation for the deviation of our cal-
culation from experiment above T=1200 K is due to the
extensive extrapolation of our pseudopotential model to
large volumes. The model parameters were fitted to ex-
perimental data at V,=256a{ (normal density). With a
relatively small adjustment of the model parameters, one
could account for the 2.1-kbar discrepancy at ¥V, =430a3.
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