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Mills’s theory of surface effects on a magnetic system is applied to the surface segregation
phenomenon in binary alloys. The effect of lattice strain energy is not considered. It is shown that
there are two driving forces for the surface segregation: (1) the difference in the surface energy of the
composing elements, and (2) a collective effect depending on the relative concentration only. The
former force predicts that the element with lower surface energy is enriched on the surface, while the
latter force predicts an enrichment of the minority element on the surface. The above results are re-
stricted to the alloys with positive heat of mixing and at a temperature higher than the bulk critical

temperature.

With recent advances in experimental surface-science
techniques, there is a growing interest in the study of the
surface composition of binary alloys. Experimental evi-
dence has shown that, in general, the surface composition
of a binary alloy is different from its bulk composition. A
theoretical understanding of this surface segregation
phenomenon is not only of academic interest, but is also
important in many technological applications such as ca-
talysis, corrosion, thin-film properties, etc.

Physically it is easy to understand that because the sur-
face atoms experience a different environment than the
bulk atoms, a uniform concentration of the composing ele-
ments throughout the alloy' will be, in general, not a state
of lowest total free energy of the system. If an exchange
of a bulk atom of one type with a surface atom of the oth-
er type will lower the total free energy of the system, then
the former type of atoms will be enriched on the surface.
Most theories use the heat of vaporization’~° or the sur-
face energy’~!% of the pure solid of the composing ele-
ments to calculate the free energy of segregation. Accord-
ing to these theories, the element with a lower heat of va-
porization or surface energy will be enriched on the sur-
face.

In this paper we want to look at the origin of surface
segregation more closely. We will not discuss the effect
due to the difference of atomic sizes, which will produce a
lattice strain energy'>®~%!! in the alloy. We also limit
ourself at the temperatures higher than the bulk critical
temperature, so that the alloy is completely random.

We have two points to make. Firstly, previous theories
do not tell us whether the use of the heat-of-vaporization
data is better than the surface-energy data or the other
way around. A recent calculation of Kumar® has shown
that the use of the surface-energy data gives a much better
agreement with the experimental results than the use of
the heat-of-vaporization data. But no explanation was
given. We want to give a theoretical explanation that the
surface energy is indeed the relevant “force” in the surface
segregation phenomenon rather than the heat of vaporiza-
tion. Secondly, we want to point out that even when the
two composing elements have equal surface energy per
atom, there is still a driving force (in addition to the lat-
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tice strain energy) for surface segregation if the heat of
mixing J is nonzero. Although this term appears in
several of the prevoius theories, no systematic study of
this term has been given. We find that this term does not
favor either type of atoms of a given alloy to segregate on
the surface. It depends on the relative concentration only.
The minority element will be enriched on the surface for
positive J (we exclude the case for negative J). Since the
surface-energy “force” is more or less a local effect, we
may say that this latter driving force is a collective effect.

In pair-bond models,>~>° which use the heat-of-
vaporization data, one usually keeps the total number of
each type of atoms fixed, and minimizes the total free en-
ergy of the system wth respect to the concentration of
each layer. This is a canonical ensemble approach. How-
ever, in order to be compatible with the actual experimen-
tal situation, it is more appropriate to introduce chemical
potentials rather than to keep the total number of atoms
fixed, i.e, a grand canonical ensemble approach. Al-
though these two approaches are equivalent in the thermo-
dynamic limit, the relevant “forces” are different. It turns
out that in surface segregation the relevant force is the
surface energy rather than the heat of vaporization.

We consider a semi-infinite solid binary alloy composed
of A and B atoms in the half space z> 0, with a plane sur-
face at z=0. Each lattice site can be occupied by either an
A atom or a B atom. We assume the total energy of the
system can be wirtten as the sum of various pair interac-
tions (a quasichemical approach'?), and we consider only
nearest-neighbor interactions. If V,,, Vpg, and V,p
represent A-A, B-B, and A-B pair potentials, respectively,
then after introducing the chemical potentials p, and pp,
the Hamiltonian of the system can be written as

H=T'[CAC}V 44(i,)+2CLCPV 4501, j)
ij
+CPCPVp(i,j)]— 3 [Clua (D +CPup(i)] .
i

(1)

Here ' represents the sum over nearest-neighbor sites
and Cfi=1, C2=0 if site i is occupied by an A atom, and
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vice versa. We have written the various potentials as posi-
tion dependent to allow for surface relaxations.

It is well known that Eq. (1) is equivalent to a spin-5
Ising model with an applied magnetic field. By introduc-
ing the spin variable S; (S;= + 1 or —1) and the change
of variables Cf'=(1+S;)/2, CF=(1—5;)/2, Eq. (1) can
be written as

H=—3'J;SiSj— 3 AuiS;+Ho , )
i,j i

with
Ji=75[2Vap(i,)) = V4a i, j)— V(i )],

(3)

Aui =7 [paD)—pp(i)— 3 [Vaa )= Vpp(i)] | ,
J

and H, represents the S-independent part of the Hamil-
tonian. Mills’s'® has used Eq. (2) to study the effect of a
surface on a magnetic system. We apply Mills’s theory to
the surface segregation problem, and this was first done by
Binder et al.'® It is essentially a mean-field theory, and
we have

(S,' > =tanh , 4)

> Ji{S;)+du; /kT
J

where ( ) represents the thermal average, k is
Boltzmann’s constant, and T the absolute temperature.

Because of the presence of the surface, (S;) will in gen-
eral depend on the position of site i. But since the transla-
tional symmetry parallel to the surface is still preserved,’
we expect (S;) to be a function of the distance between
site i and the surface only. If we describe the alloy in
terms of lattice layers parallel to the surface and label
them by index n (n=12,...), then we can write
(S;)=m,, if site i is on the nth layer (n=1 represents the
surface layer). We make the following assumptions:

(1) The heat of mixing J;; =J, independent of i and j, if
either i or j (or both) is not on the surface layer.

(2) J;j=J, if both i and j are on the surface layer, due to
surface relaxation.

(3) Auj =Ap', independent of i, if i is not on the surface
layer.

(4) Ap; =Aug if i is on the surface layer.

With these assumptions, Eq. (4) becomes'®

ZJ zZ,J Au'

m, =tanh k—sTm"-'_TvT_(m"+]+m""l)+_lc%"— , n>2
Z.J, z,J Ay,

m,=tanh T my+ T my+ e (5)

where Z; is the number of nearest neighbors within each
layer, and Z, is the number of nearest neighbors between
nth and (n +1)th layers. Thus Z =Z;+2Z, is the total
number of nearest neighbors. We then follow Mills' to
assume that m, varies so slowly over a distance of inter-
layer spacing such that we can write

My 1=ml(z,)+dm /dz ++d*m /dz? , (6)

with lengths in units of interlayer spacing.
For J >0 and at a temperature higher than critical tem-
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perature T, (kT,=ZJ), the arguments of the hyperbolic
tangent are small compared with one. We can then ex-
pand Eq. (5) up to third order to obtain a differential
equation for m with a boundary condition!>:

J 1z ] Z,J 42 Ay’
m 1___Z__ R I mz_fi_’ @)
kT | 3 | kT kT 4z kT
and
ZJ dm  Ap'—Aug
kT dz kT
' zJ ZJ
_ AE__ v TS =0. (8
kT " kT~ kT || ? ®)

Equation (7) relates Ay’ with the bulk concentration
my(z =), and the boundary condition (8) determines
how the concentration varies from the surface layer to the
inner layers. We have regrouped the right-hand side of
Eq. (8) in the above form for convenience of discussion. It
is clear that if dm /dz=0 at the surface, then we will get a
uniform concentration throughout the system and there
will be no surface segregation. Therefore we may say that
the two terms at the right-hand side of Eq. (8) represent
some kind of “driving force” for the surface segregation
phenomenon. We discuss them in the following:

(a) The first term is proportional to Au'— Ay and its
physical meaning can be obtained from Eq. (3). We have

Ap'—Aps=Apy—ADup , ©)
with
280 =[T(ZVig +Z,Vas) —14 1 —(3ZViy—p4)
(10

and a similar equation for B atoms. We see that the
right-hand side of Eq. (10) represents the energy difference
of a surface atom and a bulk atom in a pure 4 solid, if we
assume that the differences in the chemical potentials is
the same in a pure solid and in the alloy. Therefore, the
right-hand side of (10) is the surface energy per atom of a
pure A4 solid, and the same argument holds for B atoms.
Thus we have

Ay’ —Ap,=+(04a4—0pag) , (11)

where o4 (5) and a4 (p) are the surface energy and surface
area per atom for a pure A (B) solid, respectively.
Therefore, the driving force in the surface segregation
phenomenon is the surface-energy difference of the com-
posing elements. If we set u =p% and up=pjp, then the
surface energy is simply proportional to the bond strength
and we recover the results of previous pair-bond
models>~>° where no chemical potentials have been intro-
duced. In this case both the surface energy and the heat
of vaporization are simply proportional to the bond
strength, and the use of either experimental data to esti-
mate the bond strength should be equally good. However,
in general, we have u,#u% and pg=£u}, and the heat-of-
vaporization data can no longer be used. One should use
the surface-energy data in order to get a correct result.!’
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From Eqgs. (8) and (11), we see that if o4a, <0opap,
then dm /dz <0 at z=0. Therefore m is larger at the sur-
face than in the interior. This means the element with
lower surface energy segregates at the surface.

(b) Since the heat of mixing J is symmetric with respect
to an interchange of 4 and B, the effect of the second term
depends on the relative concentration m only. If we
neglect the third-order term in Eq. (7), which is negligible
at high temperatures, and assume no surface relaxation
(J;=J), then Eq. (8) can be written as (after omitting the
surface-energy term)

ZoJ dm _
kT dz

z,J
+moors z=0

(12)

_Z
kT

(mo—my) [1

where m, and m, are the surface and bulk concentrations,
respectively. For the case m;, >0, we must have my <my.
Otherwise the right-hand side of Eq. (12) is positive and a
contradiction occurs. Similarly for the case m;, <0, we
must have mg>m,;. In either case the minority element
segregates at the surface. Since our theory is applicable
only for ZJ/kT small compared with one, there is little
effect by including the third-order term of Eq. (7) in the
right-hand side of Eq. (12). This term is small and in gen-
eral its magnitude is smaller than that of the last term in
Eq. (12). Therefore we would expect our result holds for
any concentration.

Since this term does not favor either of the composing
elements, and its effect depends on the relative concentra-
tion only, we may say that this is a statistical (or collec-
tive) effect. Although the surface-energy term may be
dominant, this term should not be neglected.
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Finally we remark that the above analysis cannot be ap-
plied to the case of negative J. When J>0, Eq. (7)
predicts m as a monotonic function of z, and the above
analysis follows. But for J<0, Eq. (7) predicts an
(damped) oscillatory m, and no simple conclusions can be
drawn from the boundary condition (8), although some ex-
perimental evidences'® have shown that the element with
lower surface energy segregates in the surface, as in the
case J>0. The oscillatory behavior of m near the surface
is consistent with a recent calculation by Kumar.’

The atomic size difference can be neglected if the asso-
ciated lattice strain energy is negligible in comparison with
the surface-energy difference of the pure solids of the
composing elements. Thus from Ref. 7, we have

6mF(ry —rp)?

= (13)
(14+ax

(2xp—1) | << |04a4—0pap | ,

where

a=(14+v)ry /2(1=2%)rg , (14)

for the lattice strain energy to be negligible. In (13) and
(14) x; is the bulk concentration of minority element 4; 7
is the mean of the atomic radii , and rp in the solid; v
and X are, respectively, the averaged Poisson ratio and the
compressibility. Our theory should work well if the in-
equality (13) is satisfied for an alloy composed of 4 and B
atoms.
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