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Generalized theory of neutron scattering from hydrogen in metals
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A recent analysis by the author of inelastic scattering of neutrons from dilute hydrogen in metals

in terms of coherent itinerant-proton energy bands is generalized to include incoherent processes
such as the spontaneous decay of the proton from excited-oscillator states to the ground state, as
well as incoherent hopping among excited local-oscillator states centered at neighboring interstitial

occupancy sites. Similarly, the analysis of Chudley and Elliott of quasielastic neutron scattering and

its extension by Rowe, Skold, Flowtow, and Rush are generalized to include coherent hopping (band

transport) in the self-correlation function describing motion of the proton among neighboring oscilla-

tor ground states (and, when applicable, among excited states). The general formalism developed

here encompasses quasielastic and inelastic scattering and allows for the coexistence of coherent and

incoherent processes. At each level of complexity, the expressions obtained for the cross sections are
shown to reduce to earlier results in the limits when either the coherent or the incoherent contribu-

tions to the neutron bandwidths can be ignored.

I. INTRODUCTION

Recently the structure of excited-state itinerant hydro-
gen bands in bcc metals has been derived and their
relevance to inelastic neutron scatttering experiments dis-
cussed. ' These bands describe the coherent transport of
dilute hydrogen (in the a phase) among excited local-
oscillator states centered about tetrahedrally coordinated
interstitial occupancy sites. In this theory, the elementary
excitations for inelastic neutron scattering from hydrogen
initially in the oscillator ground state are Bloch states
which are taken to be linear combinations of the excited
local-oscillator wave functions. The overlap between these
excited-state local wave functions leads to energy bands of
small but finite width, much as the overlap between neigh-

boring atomic orbitals produces electronic energy bands in
semiconductors. It has also been demonstrated in Ref. 1

that these bands allow for a width of the absorption bands
in inelastic neutron scattering. The latter stems from the
width of the density of states associated with the itinerant
hydrogen band, and exists even in the absence of other
width-producing processes such as the finite lifetime of
the excited-state proton due to decay to the oscillator
ground-state emitting phonons, or, in a local description,
incoherent hopping of the proton between excited oscilla-
tor states centered at different interstitial occupancy sites.
Experimentally, the widths of the excited-state hydrogen
bands in the bcc metals Nb, Ta, and V are typically O(10
meV), as compared with quasielastic peak widths which
are less than O(1 meV}. The latter are usually associ-
ated with transport of the proton among oscillator ground
states at neighboring sites.

The importance of coherent transport has been demon-
strated experimentally by the direct observation via neu-
tron scattering of tunnel splitting of the ground state of
hydrogen in niobium in the presence of defects which pro-
duce a two-well trap. This experimental finding together
with the observed magnitude of the excited-state band-
widths motivated the analysis in Ref. 1. The theory of

neutron-induced transitions to coherent excited states
within a two-well system has also been investigated. On
the other hand, incoherent transport among what are here
referred to as the oscillator ground states centered at near-

by sites is conventionally associated with the width of the
quasielastic neutron scattering peak, following the theory
first developed by Chudley and Elliott. There need be no
conflict between these ideas. It is entirely possible for the
excited-state transport to be dominated by the coherent
band process while the (reduced) overlap-induced width of
the ground-state band is sufficiently small that incoherent
hopping dominates the contribution to quasielastic scatter-
ing, at least for temperatures such that the excited-state
bands are unoccupied in equilibrium. [Since the excited
bands typically lie 0 (100 meV) above the ground state for
H in the bcc metals, Nb, Ta, and V, this condition applies
over much, but not all, of the temperature range experi-
mentally investigated. ] Which process dominates the
contributions to the widths of the excited states of hydro-
gen in these metals, when describing inelastic neutron
scattering inducing transitions thereto, devolves on quanti-
tative issues which must be settled for each case. In any
event, to be able even to frame the relevant questions re-
quires a more general theory which allows for both
coherent and incoherent transport of the (electronically
shielded} proton while in the excited state, as well as al-
lowing for its decay to the ground state. Conversely, a
generalization of the Chudley-Elliott (CE) theory to in-
clude coherent as well as incoherent transport processes in
the description of quasielastic neutron scattering seems
worthwhile.

I develop such a general theory here for both quasielas-
tic and inelastic neutron scattering and show how the re-
sults of the earlier theories are recovered in the relevant
limits. For simplicity, the analysis is given in detail for
the special case when the hydrogen occupancy sites form a
Bravais lattice and the degeneracy of the excited oscillator
states is ignored. This case suffices to illustrate the main
physical points without introducing the complication of
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the additional structure present where there is more than
one occupancy site in the primitive cell and/or account is
taken of the degeneracy of the excited local-oscillator lev-

els. Then a brief outline is given of the analysis required
when, in addition to the simultaneous presence of coherent
and incoherent processes, these structural effects are taken
into account. (For the case when only incoherent hopping
contributes to the quasielastic peak width, this nontrivial
structural generalization of the CE theory was first given

by Rowe et al. Similarly, when only band transport con-
tributes to the width of the excitation bands observed by
inelastic neutron scattering, the effects of added structure
have been treated by this author in Ref. 1.}

To achieve the synthesis required when both coherent
and incoherent processes play a role in either quasielastic
or inelastic scattering of neutrons from hydrogen in met-

als, it is convenient to develop each problem in terms of
two somewhat distinct, albeit equivalent, formal ap-
proaches. The analysis of intraband and interband transi-
tions is readily carried out by straightforward calculation
of the scattering matrix using the band states and Fermi
pseudopotential (and taking a thermal average over the in-
itial proton states), without first making the standard Van
Hove transformation, i.e., without first expressing the
neutron cross section in terms of the self-correlation func-
tion for the proton. (Of course, since the two formalisms
are equivalent, the band problem can always be recast in
the language of correlation functions. ) On the other hand,
in the CE theory one directly obtains the proton self-
correlation function 6 {x, t) by solving a master equation
and then Fourier transforms to obtain the scattering func-
tion, S(q,co)=(1/2n)G(q, co) To. include both band and
incoherent-hopping contributions to the widths of the neu-
tron cross section, it is convenient to invoke both formal-
isms, using as a link between them, the well-known result
that coherent hopping between local sites leads to a band
description.

To introduce notation, I shall conclude this section by
recalling the result, obtained in Ref. 1, for the differential
cross section d o/dQde for inelastic scattering of neu-
trons from hydrogen in metals, inducing interband transi-
tions of the shielded proton to the excited-oscillator bands.
The quoted result applies for temperatures such that only
the oscillator ground-state band is occupied in equilibri-
um. Equation (1) is also restricted to the special case, dis-
cussed earlier, of a Bravais occupancy-site lattice, and os-
cillator degeneracy is ignored. Then

ground-state band Eo is assumed flat, co and q denote the
energy and momentum transfer to the neutron, and F(q }
is the form factor associated with the neutron-induced
transition of the proton from an isolated local oscillator in
its ground state fo{x ) to its excited state f,„(x). (The lat-
tice Debye-Wailer factor is, by definition, included in the
renormalized scattered length K) The product
~F(q)

~

ig(to) is equal to the unrenormalized scattering
function S(q,co). The shape and width of the inelastic
neutron scattering band at fixed q are clearly determined

by the (normalized) density-of-states function g(co), given

by Eq. (2).'

In Sec. II, I shall derive a similar expression for the in
traband transitions induced by the scattered neutrons on
protons among states within the ground-state band. In the
hypothetical absence of incoherent processes, these intra-
band transitions determine the width of the quasielastic
peak. Next, the CE analysis, which assumes incoherent
hopping is reviewed (partly, to establish notation), then re-

peated under the assumption of coherent hopping. The
latter result is then compared with the intraband result, al-
lowing identification of the Fourier transform of the
coherent self-correlation function of the proton with the
normalized intraband-transition density-of-states function

g(q, co). Finally, the formalism is developed which in-
cludes the presence of both coherent and incoherent pro-
cesses and the resulting expression for the quasielastic
neutron scattering cross section is shown to reduce to the
earlier results, when either the incoherent or coherent pro-
cess dominates. [It is perhaps worth remarking that be-
cause of differences in scale, there need be no inconsisten-

cy in neglecting the width of the ground-state band entire-

ly when computing the neutron cross section for interband
transitions to the much wider excited-state band, as was
done to obtain Eq. (2), while allowing that the ground-
state band has finite width when dealing with quasielastic
scattering of the proton among states within it.] The in-
clusion of incoherent processes when treating inelastic
neutmn scattering inducing interband transitions of the
proton to an excited band is discussed in Sec, III, as is the
contribution of intraband processes within the excited
band to quasielastic neutron scattering at elevated tem-
peratures. The analyses in Secs. II and III are limited to
the special case, discussed earher, of one hydrogen occu-
pancy site per primitive cell. In Sec. IV the effects of ad-
ditional structure and of the degeneracy of the oscillator
states on the cross sections are included. Section V con-
tains a summary and discussion of the results. A further
generalization of the results of Sec. IV is given in Appen-
dix A.

g (c0)= ( I/N)+5(E, „(k )—Eo+ co)
D. THE GROUND STATE AND QUASIEI.ASTIC

SCATTERING

A. Intraband transitions

F(q)= Jd x e 'q "f',„(x)fo(x) .

Here g(e) is the density-of-states function (normalized to
unity} that is associated with the dispersion of the
itinerant hydrogen excited-state band E,„(k) when the

Neglecting, for the moment, the (usually dominant) in-
coherent contributions to the quasielastic peak, the sole
source of its width is then derived from intraband scatter-
ing within the ground-state band in which a proton, ini-

tially with momentum k and energy Eo(k), is scattered to
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a state of momentum k —q and energy Ep(k —q). The
initial (I) and final (F) proton wave functions associated,
in general, with bands labeled by a and a' are Bloch sums

over the local-oscillator states centered at lattice sites L.
Vfe have

Pt(x)=f~ (x)=(1/N)' ge'"' f (x —L),
(4)

liq(x)=g~ (x)=(1/N)' ge'" ' f (x —L') .
L'

Here a'=a=0. Using the same normalization of the re-

duced T matrix t&z as that employed in Ref. 1 and invok-

ing the Fermi pseudopotential leads to the result

dP(L, t)
dt

= —(1/r)P(L, t)+(1/nr)QP(L+ l, t),
(12)

where 1/r is the probability per unit time that the proton

jumps to any of the n nearest-neighbor sites at L+ l.
Fourier transforming and assuming that for t & 0,
P ( q, t) =P ( q, 0)exp[ —I ( q )t], leads to the CE result,

B. Incoherent hopping between 1oca1-osci11ator states

For the purpose of later discussion, I include a brief re-

view of the well-known CE method. Let P(L, t) be the
probability that at time t the proton is at the discrete posi-

tion L. Classically, P(L, t) satisfies the master equation

tt;t ——(2ira/m) Jd x e 'q'"i6(x)ft(x)

=(2ira/m)5-, - -F(q),
7

I'( q ) =(I/r) 1 —( I/n)ge' q

7
(13)

Under the CE factorization assumption,
where F( q ) is the oscillator ground-state form factor,

F(q)= Jd xe '" "ifp(x)i

This leads to the differential cross section

G(q, t}=G„(q,t}G;„(q,t) (14)

d
~a

~

~F(q)
~

5(co+E (k —q) —E (k)}
dQde r k

(6)
(where, in my notation, u and ih denote vibrational and in-
coherent hopping, respectively) and requiring

P ( L,O}=5-, leads to the identificationLO'

G;s(L, t)=P(L, t), whence'

G;i, (q, t)=exp[ —1(q)t] (t&0) . (15)

d20. kF
ia i' iF(q)

i
'gp(q, cp),

k
(10)

associated with the initial proton state ~I)= ~O, k).
Averaging over these initial states,

d 0 1 -PEI d 02 2

dQde t dQde

where Z is the partition sum,

—P —PZ= e = e
I k

and P= I/kttT. It is tacitly assumed here that the tem-
perature T is sufficiently low that only the ground-state
band is occupied. Typically, for H in V, Nb, or Ta, this
condition is satisfied when ktt T «0 (100 meV}. I also as-

sume that the temperature is sufficiently high that all

states in the ground-state band are equally occupied, i.e.,
ktt T & 0 (1 meV) in the above examples. Then

e 'lZ=1/N, where N is the number of unit cells.
Hence

Then under standard assumptions, by Fourier transform,

and

G;s(q, c0)

2m'

I'(q)/ir
co +I'(q)

(16)

d'a kF, G b(q ~)
2

(17)

Here, by definition,
~

a
~

contains all effects associated
with the vibrational part G„(q,t), properly convoluted.
Thus, at fixed q, the result for G;s(q, cp)/2n. and, hence
for d o/dQde, is a Lorentzian function of co of half-
width I ( q ). This completes the review of the CE method.

C. Coherent hopping between 1ocal-osci11ator ground states

Let g(L, t)=(L
~
g(t)) be the amplitude that at time t

the proton is at site L. That is, P(L, t) =
~
P(L, t)

~

. Then
in the

~
L ) representation (and with R= 1), the

Schrodinger equation, i c)/c)t
~
g) =H

~
P), reads

where i =g(L~H ~L')(L'~f(t)) . (18)

gp(q, co)=—+5(Ep(k —q) —Ep(k)+co} . (11)
N

k

Here gp(q, co} is the (normalized) oscillator ground-state
intraband-transition density-of-states function. For arbi-
trary but fixed q, it satisfies the relation Jdcogp(q, cp)

= l. In the limit where this band is fiat, Ep is indepen-

dent of k and gp=5(N). gp also assumes this form at

q =0 for arbitary dispersion in Ep( k).

L'

Assuming the hopping matrix elements have the form

(L ~H
~

L)=A for L'=L and (L ~H
~

L+ 1)=B for all

nearest-neighbor jumps, with (L
~

H
~

L') =0 otherwise, "
the amplitude g(L, t) satisfies

i ' =A/(L, t)+BOP(L+ l, t) .
dt

1
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Letting

P(L, t)=(1/N)'~ ge"' g(q, t), (20)

and assuming ti(q, t) =P(q, O}exp[ —iEO(q)t], leads to the
band energy

Eo(q) =A +Bge' q (21)
7

[When 8 = —3/n, Eq. (21) is the analog of Eq. (13}for
the decay constant I q ).]

I again factor G(q, t) as in Eq. (14), but with G,&(q, t)
substituted for G;h(q, t), where the notation ch signifies

coherent hoppmg. Identifying G,h(L, t) with
Rlld Clllploylllg Eq. (20),

G,„(q,t)=gg'(k —q, t)P(k, t)

coherent hopping (band transport), and furthermore, I as-
sume

Ga(q ~} 1 I {q)/lr

[co+Eo(k —q) —Eo(k)] +[I {q)]

(30}

Gs(q, t) =G;h(q, t)G,h(q, t),
where G;h(q, t) and G,h(q, t) are given by Eqs. (15) and
{24), respectively. [As is true of each of its factors,
G„(q, t =0)= 1.] Generalizing Eq. (26) by replacing

G,h(q, co) with Gi, (q, co), the Fourier transform of Gl, (q, t)
as determined above, I find

fogether Eqs. (29) and (30) describe the quasielastic neu-

tron scattering cross section when both incoherent hop-

ping and coherent band transport are present. The dif-
fcrclltlal cross scctloll ls sccll to bc givcll by R sllI11 of
Lorentzians (one for each k, averaged over k), each of
which has a halfwidth 1{q}which depends upon the

momentum transfer q but is independent of k. This cir-
cumstance is a consequence of the factorization assump-
tion [Eq. (28}]. As is true of the band density of states

go(q, co), Gl, (q,co)/2Ir satisfies the normalization condi-
tion

Like G)h ( q, t), G~h ( q, I) is nolmahzcd such that

G,h(q, t =0)=1, whenceio

gg'( k —q, O)g( k, O}= 1 .
k

If, consistent with Eq. (23), I impose the more stringent

lllltiR1 colldltloll f(L, I =0)=5, thcll Eq. (22) becomes
L,O'

k

(31)N I, q, N 27K'

Hence its Fourier transform G,h(q, ro) satisfies

=(1/X)+5(EO( k —q ) —Eo( k )+to}
2m'

I shall now demonstrate how one recovers the CE or
coherent band results under the appropriate limiting con-
ditions. (i) When the coherent bandwidth is much smaller

(25) than I {q), the quantity Eo(k —q) —Eo(k) appearing in

Eq. (30) may be neglected, whence

and the cross section is given by [cf.Eq. (17)]

kF G,h(q, co)

dQ de kr 2m.
(26)

D. Coexistent coherent and incoherent transport
between the local-oscillator ground states

Comparison of Eq. (25) with Eq. (11) and of Eq. (26) with

Eq. (10) allows identification of G,„(q, co)/2Ir with the in-

traband density of states go(q, c0) and of ~a
~

I with

Iu I'I~(q} I'. To compi«e the ident'«cation with the
band picture discussed in Sec. IIA, I further assume that
the hopping matrix elements are such that the resulting

eigenvalues Eo{k) coincide with those determined by the
relevant overlap integrals in the tight-binding picture
based upon wave functions given by Eq. (4).

1(q)/~
2rr X ~&+ I (q)&

Ga(q ~)
2m

(32)

where G;h(q, co) is given by Eq. (16). That is, the CE re-
sult is recovered in this limit. (ii) To consider the limiting
case when I {q) —+0, it is convenient to rewrite Eq. (30) in
the form

2m

1 1

co+Eo(k —q) —Eo(k) —il {q)

(33)

When I {q) is treated as an infinitesimal y, one can em-

ploy the identity

Generalizing Eq. (14), I assume
1 =P

X —Xo+lf
+in 5(x —xo),

(27)G(q, t) =G„(q,t)GI, (q, t),
which is valid as @~0+. Thus Eq. (33) is reduced to the

where Gq{q, t) describes both incoherent hopping and form
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III. THE ROLE OF EXCITED STATES IN INELASTIC
AND QUASIELASTIC SCATTERING

A. Inelastic scattering

When the inelastic scattering of neutrons from hydro-
gen in the oscillator ground state, thereby inducing transi-
tions to the excited states, can be described purely in terms
of intraband scattering, the expression for d a/dQde is
given by Eqs. (1)—(3). The development leading to these
results is given in Ref. I and will not be repeated here.
For our present purpose, it is convenient to consider a
slightly more general expression for the density-of-states
function g than is given by Eq. (2}. Allowing for disper-
sion in the ground-state band, g(co)~g(q, co} and is given

by the interband equivalent of Eq. (11}:

g ( q, co ) = ( 1/N) +5(E,„(k —q ) —E0( k ) +co ) . (36)

[When dispersion of the ground-state band can be neglect-

ed, E0 is independent of k and Eq. (36) reduces to Eq. (2).]
Within the local-oscillator picture, the appropriate gen-

eralization of the CE relation [cf. Eq. (12), Sec. II B] is

=(I/N)+5(EO(k —q) —Eo(k)+co) . (35)2'
k

That is, in this limit, Gt, (q, co)/2m =G,h(q, co)/2n'
=go(q, co), where g0(q, co} is the intraband density of
states.

The second limit generally applies when the coherent
bandwidth is large compared with I (q), a situation un-

likely to occur for the oscillator ground state, but one
which could in principle occur, especially when there is a
contribution to the quasielastic scattering from protons
present in the excited-state band. Independently of the
width of the coherent band, the transition density of states

go(q, co)~5(co) as q~0. Hence, the limit described by
Eq. (35}does not apply in the small-q regime. In this re-

gion, where co is also small, one is in the domain of classi-
cal diffusion; the limit given by Eq. (32) applies; and
I'(q) =D

I q I, where D is the diffusion constant. How-
ever the analogous situation does not occur when one con-
siders inelastic neutron scattering of the proton from the
ground to excited oscillator states. There, in principle, ei-
ther the band or the incoherent-transport limits can apply
at all q. Because of the existence of the band gap b for
such processes, by definition

I
co

I
& b even as q~0, and

the small-(co, q) correspondence limit is inaccessible. In-
elastic scattering is discussed further in Sec. III.

any of the n nearest-neighbor positions at L+ 1, and I/vd
is the probability per unit time that the proton in the
excited-oscillator state undergoes spontaneous decay to the
oscillator ground state. The analysis proceeds in parallel
with that reviewed in Sec. II B, leading to the result

G (q, t) =exp[ —I"(q)t] (t &0),

where

(38)

(39)

To discuss interband transitions in the language of
correlation functions, I shall consider the counterpart of
Eq. (26),

The quantity G,'i, ( q, co)/2ir is associated with the coherent

hopping (i.e., band transport) between excited-oscillator
states, whereas

I
a '

I
contains all renormalizations to the

Fermi scattering length due to the vibrations of the hydro-
gen. Invoking the equivalence between coherent hopping
and band transport leads to the identification

G,'h( q, co)/2m'=g ( q, co), as given by Eq. (36), whence com-
parison of Eq. (40) with Eq. (1) imples

I a

' I'=
I

a
I
'IF(q} I',

where F(q) is given by Eq. (3).' (The lattice Debye-
Waller factor is again, by definition, contained in a.) This
factorization is the same as that obtained for the case of
intraband processes, discussed earlier, except that the
quantities F(q, co) and g0(q, co) which appear in the
relevant intraband expressions are replaced by the quanti-
ties F(q, co) and g(q, co), respectively [cf. Eqs. (11) and
(36},Eqs. (6) and (3).]

To include both coherent and incoherent processes, Eq.
(40} is generalized by substituting the quantity G'( q, co) for
the quantity G,'h(q, co) therein, where G'(q, co) is the
Fourier transform of G'(q, t), which is assumed, as in the
intraband case, to be equal to a product of incoherent and
coherent factors, '

G'(q, t) G(q=, t)G',h(q, t)=e "' "G',h(q, t} .
(41)

Froin the above it is clear that G,h(q, t)/'2' is the inverse
Fourier transform of the interband density-of-states func-

tion g( q, co), which is given by Eq. (36). Thus Eq. (41) can
be expressed in the form

dP'(L, t)
dt

= —( I /rd + 1/r„' )P'(L, t)

Gi(~ t)
—I"( q )t(1/N)g ex " 0

k
(42)

+(I/nr't, )QP'(L+ l, t) . (37)
It follows that the general result for the inelastic cross sec-
tion is

Here P (L, t) is the probability that at time t the proton is

present in an excited-oscillator state at L, 1/~q is the prob-
ability per unit time that the proton hops (incoherently) to

2 k

dQ de kr 2~

where

(43)
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G'(q, ~) 1+ I"(q)/n
N

k [co+E,„(k—q) —Eo(k)] +I"(q)

When dispersion within the ground-state band can be ig-

nored, we can set Eo(k) =0 without loss of generality.
Then

G'(q, co) 1+ I"(q)/n
2n N [~+E (k)] +P'(q)

(45)

Equations (43) and (44) or (45) constitute the main results
of this section. It remains to examine the two limiting
cases when (i) the contribution due to incoherent processes
(spontaneous decay and incoherent hopping) greatly
exceeds the coherent width induced by overlap of the wave

functions, or (ii) the incoherent width I"(q) can be treated
as an infinitesimal. To discuss case (i), let 5 be the band

gap for excitation from the ground-state to the excited-
state bands. ~en the coherent bandwidths are small

compared with I"(q), we may set E,„(k—q) —Eo(k}=b,
in Eq. (44) and identify 6 with the excitation energy of the

local oscillator. The summand is then independent of k,
leading to a factor N under summation. This leads to the
simplification

G'(q, a)) I"(q)/m

(co+6, ) +[I"(q)]
(46)

Equation (46) is the natural generalization of the CE result
given by Eq. (16). When case (ii) applies, Eq. (44) can be
written in a form analogous to Eq. (33) and, treating I"(q)
as an infinitesimal, use can be made of the identity Eq.
(34), whence

=(I/N)+5(E, „(k—q) —Eo(k)+co}. (47)
277

k

That is, in case (ii) we recover the result
G'(q, ~)/2~=g(q, ro), the interband density of states as
given by Eq. (36). (Similar manipulation of the approxi-
mate result [Eq. (45)] leads to the density g(co), as given

by Eq. (2).)

F,„(q)=fd xe 'q'"
~ f,„(x)

~
(49)

The quantity G"(q,co) can be obtained from the corre-
sponding interband expression for G'(q, co) [Eq. (44)] by

replacing the function Eo(k) therein by E,„(k) Eq. uation
(48} allows an additional temperature dependence of the
quasielastic scattering cross section, above and beyond
that implicit in the T dependence of I (q) [and I"(q)]
through the temperature dependence of the hopping prob-
abilities I/r (and 1/r") as provided, for example, by
small-polaron theory. Since both terms in Eq. (48) contri-
bute in the small-(q, co) regime, a similar additional tem-
perature dependence is implied for the diffusion constant.

IV. REALISTIC COMPLICATIONS

Here the complications due to crystal structure and de-
generacy of the local-oscillator states are included. Let h
be the number of energetically equivalent hydrogen occu-
pancy sites in the primitive cell and d be the degree of de-
generacy of the oscillator states. I shall again assume the
temperature is such that only the subbands associated with
the oscillator ground-state band are occupied by the pro-
ton and that all states within these subbands are equally
likely to be occupied.

A. Band transitions

The general case was treated in Ref. 1. The result for
the cross section is

d'e F
~

~2
1

dO de kI Nh

elevated temperatures. The quantity (d o/dQde)0 is the
quasielastic cross section associated with the ground state,
as given by Eqs. (29) and (30) and (d cr/dQde), „ is the
cross section associated with quasielastic scattering from
protons in the excited-state band. The latter is given by an
expression of the form displayed by Eq. (29) with the
quantities F(q) and G~(q, co) therein replaced by F,„(q)
and Gj,"(q,co), respectively. F,„(q), which is be dis-

tinguished from the transition form factor F(q), is given

by the relation

d o 1

dQde z

6 CJ pg 6f 0
dQde 0 dQde

where z=l+exp( —Pb) and it has been assumed that
k~ T exceeds the width of the excited-state band at these

B. Quasielastic scattering

The considerations in this section differ from those in
the earlier discussion in that, heretofore, it has been
universally assumed that the equilibrium occupation of
the excited-state bands is negligible [i.e., k&T«5, where
typically b, =o(100 meV) for H in bcc metals]. Here I
shall consider the case when kz T & 5 but thermal occupa-
tion of the excited-state band of lowest energy is not whol-

ly negligible. When this situation occurs, quasielastic
scattering of neutrons from protons initially in the excited
band must be included. Under this condition

XXXIF..(q, k) ~'g.
k

+&.'(k —q) —E (k))

(50}

where the sum on a is restricted to the subbands within
the ground-state band. For intraband transitions the sum
on a is similarly restricted, whereas for interband transi-
tions the sum on a' extends over those subbands associated
with a particular excitation of the local oscillator (in
narrow-band approximation). In general, the expression
for F ~ (q, k) depends upon the expansion coefficients of
the band eigenstates and the form factor F„'„(q) associat-
ed with the (generally anisotropic) local oscillator at posi-
tion p, is the unit cell. The latter is given by the general
relation
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F„'„(q}=fd x e ' q' "f„',(x)f„,(x) . (51)

Here by assumption, only the ground state is initially oc-
cupied, whence n =0. As shown in Ref. 1, in first approx-
imation, the expression for the cross section takes on the
simpler form

In the present notation, the quantities (a
~

I J( q ) } are the
expansion coefficients of the eigenvectors belonging to the
decay-constant eigenvalues I J(q) of the Hermitian matrix
which results from the coupled master equations in the
method of Ref. 3. They satisfy the normalization condi-
tion

d 0. kF

dQde ki
(52)

a=1
(57}

where

h 1
~

F(q)
~

=(1/h) g g ~

F„'„(q)
~

a =1n'=1
and

hd h

g(q, a)=(1/Nh~d) g g g5(~
a'=1 a=1 k

(53)

This completes the brief summary of the method of Ref.
3. For the purpose of later discussion, it is convenient to
approximate Eq. (56) by replacing the coefficients
(a

~

I ~(q) } by their rms value (1/h)'~ times q-
dependent phase factors of modulus one. Then, averaging
over these phases, G;h(q, t} takes on the simpler approxi-
mate form

+E (k —q) —E (k)} .

(54)
G,h( q, t) =(1/h) g e (58)

This g(q, co) is the transition density of states for either
intraband or interband processes. As such, it represents a
slight generalization of the result given in Ref. 1. When,
for interband transitions, dispersion of the ground-state
band can be neglected, we can set E~(k) =0 without loss
of generality and Eq. (54) reduces to the simpler form'

hd

g (to) = (1/Nhd ) g +5(co+E~ ( k ) } . (55)
a'=1

k

C. Simultaneous coherent and incoherent
contributions to the widths

Again employing the connection between coherent hop-

ping and band transport, the transition density-of-states
function g(q, co), given by Eq. (54), is identified with the
Fourier transform of the proton self-correlation function
for coherent hopping, i.e., G,h(q, co)/2ir =g ( q, co). Hence

That is, g (co) is the normalized sum of the ordinary densi-

ties of states associated with each subband in the excited
band being probed by the neutron. Like g(q, co), it satis-
fies the relation fdefog(co) = l.

B. Incoherent hopping

G,i,(q, t)=(1/Nh d) g g Qe
a'=1 a=1 k

Letting

(59)

The effect of including structure within the CE frame-
work was shown by Rowe et al. to lead to a set of cou-
pled master equations. The resulting cross section is of
the CE form [cf. Eq. (17), Sec. IIB], except that G;h(q, co)

is the Fourier transform of a quantity more general than
that given here by Eq. (15). That is

h h 2

Gh(q, t)= —g ge '(a ~IJ(q)} e
j=1 a=1

G(q t)=Gh(q t)G i(q t) (60)

d CT

diode kt (2ir)
(61)

where G;h is given by Eq. (58), and generalizing Eq. (52),
expressed in terms of G,h(q, to), by replacing the latter

with G ( q, co), leads to the result'

(56) where
I

G(q, ) 1 + + ++ I (q)/
Nh d J=i a'=i a=i k [~+E (k —q) F(k)]2+[I' (q)—]i

(62)

These equations, together with Eqs. (51) and (53), express
the cross section for neutron scattering from hydrogen in
metals under the general conditions that both coherent
and incoherent processes contribute to the bandwidths,
when the complications of structure and oscillator degen-
eracy are included. They apply to either intraband or in-
terband transitions depending upon whether a' is summed
over the subbands associated with the oscillator ground

state (in which case the set Ia'] coincides with the set I a )

and d =1) or a' is summed over the subbands associated
with the excited state of the local oscillator. When applied
to inelastic scattering, the incoherent aspects, as analyzed
in Ref. 3, have been generalized slightly to account for
spontaneous decay of the excited oscillator to the ground
state, in a way that is illustrated in Sec. III A for the spe-
cial case of one hydrogen occupancy site per unit cell.
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To evaluate G(q, co) as given by Eq. (62) requires a

knowledge of the band-state eigenvalues E~(k) as deter-
mined for the case of H in bcc metals in Ref. 1.' It is
also necessary to know the eigenvalues I J(q ) of the decay
matrix which result from the solution of the coupled mas-
ter equations in the method of Ref. 3. However, it is not
necessary to input the eigenvectors of either the band prob-
lem or the decay-matrix problem. This circumstance is a
consequence of the rms. , random-phase approximations
made in reducing Eq. (50) to the form given by Eqs.
(52)—(54) for the band case and in reducing Eq. (56) to the
simpler Eq. (58) for the decay matrix. [In the latter case,
the simplification achieved is manifest, whereas for the
former, since the initial complexity is hidden in the quan-

tity F~ (q, k), the considerable simplification attained is
not immediately obvious. '

] It is possible to eliminate the
rms. , random-phase approximation that entered into the
derivation of Eq. (62), but at the cost of introducing con-
siderable complexity. To evaluate the analog of Eqs. (53)
and (62) which is obtained in the more general analysis for
the product ~F(q)

~
G(q, co) requires inputting not only

the eigenvalues, but also the eigenvectors of both the band
and decay-matrix problems. Because of this requirement,
the present discussion is limited to the result given by Eqs.
(61), (62), and (53). (For completeness, a brief sketch of
the extended analysis is given in Appendix A.)

Within the framework defined by Eqs. (61), (62), and
(53), it remains to be shown that the expression for the
cross section reduces to the earlier results under the
relevant limiting conditions. When the incoherent contri-
butions to the neutron widths dominate in either quasielas-
tic or inelastic scattering, we may approximate Eq. (62) by
setting

E (k —q) E(k}=h',— (63)

(64)

Conversely, when the quantities I J(q) can be treated as
infinitesimals, use of the identity [Eq. (34)] renders trivial
the sum on j in Eq. (62), with the consequence that
G(q, co)/2n. , as given by Eq. (62), is reduced to the transi-
tion density-of-states functions g(q, a&) of Eq. (54) [or the
simpler g(co) of Eq. (55), when dispersion of the ground-
state band is ignored]. Thus the band results are recovered
in this limit.

V. SUMMARY AND DISCUSSION

A general formalism for treating quasielastic and inelas-
tic scattering of neutrons from dilute hydrogen in metals
in the a phase has been developed. ' Basically, the results
of Ref. 1 for inelastic interband scattering have been gen-
eralized to include incoherent processes such as spontane-

where 5'=0 for quasielastic scattering, and 5'=6 for in-

elastic scattering. In this incoherent limit 5 can be identi-
fied with the excitation energy of the local oscillator.
Given Eq. (63), many of the sums in Eq. (62) can be done
trivially, leading to the result

ous decay of the proton from excited-oscillator states and
hopping among them to nearby sites with loss of phase
memory. Also, earlier analyses ' of quasielastic scattering
in terms of incoherent hopping of the proton among
local-oscillator ground states centered at neighboring sties
have been generalized to include coherent hopping (intra-
band scattering) and decay. The analysis has proceeded by
identifying the Fourier transform of the proton self-
correlation function describing coherent hopping with the
appropriate intraband or interband transition density-of-
states function g(q, co), which enters in a pure band pic-
ture. Then the Chudley-Elliott factorization assumption
concerning the space Fourier transform G(q, t) of the
correlation function is extended to include not only the vi-
brational and incoherent-hopping motion of the proton,
but also that due to coherent hopping.

When the analysis is limited to one hydrogen occupancy
site per primitive cell, the main results are given by Eqs.
(29) and (30) for quasielastic scattering of protons within
the ground-state band, Eqs. (43) and (44) or (45) for inelas-
tic interband scattering, and Eq. (48) which applies to
quasielastic scattering at elevated temperatures when ac-
count must be taken of equilibrium occupancy of the
excited-state band by the proton. In each case, the general
expressions are shown to reduce to earlier results in the
limits when either coherent or incoherent processes can be
neglected. Applied to quasielastic scattering, the original
Chudley-Elliott result [Eqs. (16}and (17)] or the intraband
cross section [Eqs. (10) and (11)] are recovered in these
limits, respectively. As for inelastic scattering, in the limit
when incoherent processes dominate, Eq. (46) follows. It
represents a modification of the CE result to apply to in-
elastic scattering. In the limit when this process is dom-
inated by the coherent interband scattering, the expression
for the cross section reduces to a form given by Eqs.
(1)—(3), obtained earlier by Casella. '

When there is more than one hydrogen occupancy site
per unit cell and account is taken of the degeneracy of the
local-oscillator excited states, the most general expression
for the neutron cross section is quite complex and is given
by Eqs. (AS), (A6), and (A3) in Appendix A. These rela-
tions apply to either quasielastic or inelastic scattering (de-

pending upon the assignment of the band or local-
oscillator indices) and include incoherent as well as
coherent contributions to the proton self-correlation func-
tion. In the incoherent limit the expression for the cross
section reduces to the form given by Eq. (A7), which
represents a generalization of the earlier results of Rowe
et al. to apply to inelastic as well as the quasielastic
scattering. In the coherent limit the cross section is given
by Eq. (50), the band result given earlier by Casella. ' Im-
plementation of the general results [Eqs. (AS) and (A6)]
requires obtaining the eigenvalues and eigenvectors of the
energy-band and decay-matrix equations of Refs. 1 and 3,
respectively.

The analysis can be simplified considerably by making
the rms random-phase approximation discussed in Sec. V
and employed earlier for pure interband transitions in Ref.
1. Within this approximation, the general expression for
the cross section is given by Eqs. (61), (62), and (53). Im-
plementation of these equations requires knowledge of the
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eigenvalues of the energy-band and decay-matrix prob-
lems, but not of their eigenvectors. In the band limit these
equations reduce to the forms given by Eqs. (52)—(54},ob-
tained in Ref. 1, whereas in the incoherent regime, the re-
sult is given by Eq. (64). The latter represents, on the one

hand, a generalization of the earlier result of Ref. 3 to ap-

ply to inelastic as well as quasielastic scattering, and on
the other hand, a simplifying approximation in that the
decay-matrix eigenvectors are not required to evaluate it.

The general results obtained are essentially model-
independent in that the form of the incoherent hopping
and decay probabilities are left unspecified, as are the few
irreducible overlap integrals which determine' the scale of
the energy bands. As is well known, the hopping proba-
bilities are sometimes described in terms of sinall-polaron

theory, which introduces a known temperature dependence
for the quasielastic neutron scattering, and for hydrogen
diffusion. Equation (48) allows an additional temperature
dependence associated with the occupancy of the excited-
state band at elevated temperatures. Experimentally, there
is some evidence for this effect in the diffusion of H in

Nb, but more complex behavior is found for H in other
bcc metals. As was pointed out in Ref. 1, the band pic-
ture correctly orders the observed magnitudes of the peak
widths in inelastic neutron scattering from dilute hydro-
gen in the bcc metals: I (V}& I (Nb} y I (Ta). The band

picture was also shown' to be consistent with data for in-

elastic scattering from hydrogen trapped near dilute 0 or
N in Nb, although none of these experiments can yet be
thought of as providing direct evidence for the existence
of protonic energy bands in metals. Recently, Richter,
Rush, and Rowe' have fitted their data on inelastic
scattering of neutrons from hydrogen trapped near Ti and
Cr impurities in Nb with a few Lorentzians, a result
which is obtained here for hydrogen in the a phase of un-

defected samples in the incoherent limit [cf. Eqs. (46) and
(64)].

To conclude, the formalism developed here is sufficient-
ly general so that, together with specific model assump-
tions, it provides a framework for expressing the results of
quasielastic and inelastic scattering of neutrons from di-

lute hydrogen in metals under a wide variety of experi-
mental conditions. Perhaps the best approach is to adopt
the simplest form which suffices to describe the data of
any given experiment, proceeding to the next level of com-
plexity as required.
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APPENDIX A

Here the differential cross section for neutron scattering from hydrogen initially in the oscillator ground state is de-
rived when structural effects are included, as in Sec. IV, but without making the rms. , random-phase approximation,
which was emplolyed to obtain Eqs. (61) and (62) of the text. That is, the exact Eq. (56), rather than the approximate Eq.
(58), is employed for 6;b( q, t). Similarly, G,i, ( q, co)/2nis no lon. ger equated with g ( q, co), as given by Eq. (54). Instead,
it is defined by the relation [cf. Eq. (52)],

kF 2,G,i, (q, to)

(2 )
(Al)

when d o/dQde is equated to the exact expression given by Eq. (50) and
~
F(q, co)

~

remains defined by Eqs. (51) and
(53). [Of course, when the rms random-phase approximation is made, G,i, ( q, co)/2m can again be identified with g (q,ai),
as defined by Eq. (54).] From Eqs. (Al) and (50), inverting the time Fourier transform G,i, (q, co) leads to the result

h hd

G,i,(q, t)=[1/Nh ~F(q)
~ ]g g g (F~~(q, k)

~
exp[iE (k —q)t —iE (k)t], (A2)

a=1 a'=1
k

where'

h d
F ~ (q, k}=g g e '(E (k —q) ~n'a)(na ~E (k))F„'„(q) .

a =1 n'=1

The quantities (na
~

E ( k ) ) are expansion coefficients of the band eigenstates g
"

( x ) in terms of the basis g„",( x ):

(A3)

f" (x)=(1/N)'~ ge'" f (x —L—p, ) . (A4)

L

It can be verified from Eqs. (A2) and (A3) that G,i, (q, t =0)=1. Similarly, from Eq. (56), 6;i,(q, t =0}=1.Again let-

ting G(q, t) =6;i,(q, t)G, i, (q, t), it follows that the generalized function 6(q, t) satisfies the same initial condition. Sub-
stituting its Fourier transform 6 ( q, co) for the quantity G,i, (q, co) in Eq. (Al), I obtain

d2o kF
~a

~

S(q,ai),
k

(A5)

where
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h hd h 2

S(q,co)=(1/Nh2)g g g g IF~~(q, k)
I ge '(a

I
I J(q))

j=1a'=1 a= 1

rj(q)/m

[co+E (k —q}-E (k)] +[I (q)]'

(A6)

Taken together with Eqs. (A3} and (51), Eqs. (A5) and (A6) constitute the generalization of Eqs. (61},(62},and (53) of the

text. Evaluation of S(q,co) requires inputing not only the eigenvalues E (k) and rz(q) of the energy-band and decay-

matrix problems, but also the expansion coefficients (na
I E,( k ) ) and (a

I

I 1(q ) ) of their respective eigenvectors.
When incoherent effects dominate, it can be shown that the expression for the cross section reduces to the approximate

orm

= ' I-I'IF"(q)l'(I/h)g g. "'
& Ir, (q)&

where 6 is defined in the text. If, moreover, the rms, random-phase approximation is made, then the absolute square of
the sum on a reduces to unity, and Eq. (A7) reduces to the result given by Eqs. (61}and (64) of the text. Conversely,
when the incoherent widths I J(q) can be treated as infinitesimals, Eq. (A6) reduces to a form such that, together with
Eq. (A5), the general band expression given by Eq. (50) of the text is recovered. Finally, when, in addition, the rms
random-phase approximation is made, the approximate form for the cross section given by Eqs. (52), (53), and (54) or (55)
is recovered.
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