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A simple model is described for the frequency-dependent conductivity of normal-superconducting
composites. The superconducting component is characterized by the Mattis-Bardeen conductivity,
and the composite conductivity is determined via the effective-medium approximation. Near the
percolation threshold p, there is strong absorption below twice the superconducting gap. Scaling ar-
guments indicate that our results have validity beyond mean-field theory. The model is in qualita-
tive agreement with recent experiments on granular NbN films.

I. INTRODUCTION

Composite superconductors behave very differently
from ordinary, bulk superconductors."? For example,
their resistive transition is broadened over a large fraction
of a kelvin instead of being abrupt and nearly discontinu-
ous,®> 8 their specific-heat anomaly at the transition is of a
different shape than in bulk superconductors,”!® and they
have upper critical fields which depend on temperature in
a unique way.!! Numerous models have been proposed to
explain various aspects of this behavior. They draw on
percolation theory,'~!* and analogies with the classical
two-component spin models,'*~'® especially (in quasi-
two-dimensional films) with the vortex-unbinding transi-
tion originally proposed by Kosterlitz and Thouless and
Berezinskii for superfluid *He films.!~2* The connection
between these phenomena is fascinating, and still being
unraveled.

In this paper we present a simple model for the far-
infrared properties of composite superconductors that
leads to a conspicuous absorption below twice the super-
conducting energy gap A, or equivalently, a substantial
real part in the effective frequency-dependent conductivity
of the composite below this energy. The size of this real
part is predicted to be greatest near the percolation thresh-
old, that is, the volume fraction p, of superconductor at
which it first forms a connected cluster extending
throughout the sample. We calculate the effective con-
ductivity of a normal-superconducting (N-S) composite
using the effective-medium approximation®*?> (EMA) and
find results in excellent qualitative agreement with recent
experiments in granular NbN films.?® The general
features of our results do not depend on the EMA and we
present arguments why they should still persist in a more
exact treatment of percolation, showing that our predic-
tions are consistent with an earlier scaling treatment of the
percolation transition in the finite-frequency regime.

II. FORMALISM AND RESULTS

A. Dilute limit

The essence of the enhanced absorption can be under-
stood very simply. We consider a superconductor with a
single inclusion of normal metal. The complex
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frequency-dependent conductivity of the superconducting
host, o,(w), may be modeled by the well-known Mattis-
Bardeen?’ form,
iGqy
ow)=—+0%(w), (1)
w
where at temperature T =0, Gy =0, (7A/#).*® Here o, is
the frequency-independent and real conductivity of the su-
perconductor in its normal state, and Reo;(w) vanishes
except above 2A/#. We take o,, the conductivity of the
normal component, to be independent of frequency in the
range of interest and real. If an electric field Eis applied
to the superconductor, then the field E;, within the ellip-
soidal normal inclusion is uniform (neglecting displace-
ment currents; this neglect is discussed below) and given
by

Einzﬁout[(g +1)Us]/(0n +gas) ’

where g is related to the effective depolarization factor for
the ellipsoid (g =2 for spheres, g =1 for highly prolate el-
lipsoids with field perpendicular to the long axis). Since
Em is nonzero, and since the current within the normal in-
clusion is in phase with the field, there will be dissipation
and hence a real component to the effective conductivity
0%(w) of the composite as a whole, even for frequencies
below 2A/#A. The magnitude of the dissipation is
Re(J-E*/2) integrated over the volume of the composite,
J being the current density.

If we only include the first (London) term in Eq. (1),
(i.e., we assume frequencies below the gap), this dissipation
gives for the real part of the effective conductivity,

(1—p)g +1)%0,G}
wzaf, +ngé

Reo,(w)=0f(w)= , (2)

where p is the volume fraction of superconductor. In the
limit of very low frequency, this leads to a dissipation pro-
portional to o,, the conductivity of the normal metal,
while at other frequencies, the dissipation has a Lorentzi-
an shape centered at zero frequency and of halfwidth pro-
portional to Gy/c,. This dissipation is somewhat similar
to the excitation of quasiparticles in bulk superconductors
at finite temperatures, which also leads to below-gap ab-
sorption. In the present case, however, the below-gap ab-
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sorption is due solely to the excitation of electrons in the
normal-metal inclusion within the superconductor.

B. Effective-medium approximation

At larger concentrations of normal metal, the effective
conductivity at finite frequencies cannot be calculated ex-
actly. We estimate it using the EMA, according to which
the fields and currents within each grain of the composite
are calculated as if the grain were an ellipsoid embedded
in a medium with a self-consistently-determined effective
complex conductivity o.(w)=0%+i05.% In order to in-
clude the effects of displacement currents, we work in
terms of dielectric constants. The complex dielectric func-
tion €,(w) satisfies the equation
€, —€.(w)

—p)———— =0, 3
p)e,,+gee(a)) )

&(w)—e,(w)
P e (@) +ge, (@)

and the dielectric functions and conductivities are related
by

ea(w)=l+4—;riaa(w), a=s,n,e , (4)

where p is as previously the volume fraction of supercon-
ductor. This simple mean-field approximation is still
enough to give the essential physics. We have carried out
calculations based on Eq. (3) for g =2 (spherical in-
clusions) and g =1 (cylinders). The first is appropriate for
three-dimensional samples of compact normal and super-
conducting grains, and the second for thin-film supercon-
ductors in which the grains can be viewed as slices of
cylinders. Representative results are shown in Fig. 1,
which displays the real part of the effective conductivity
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FIG. 1. Calculated real part of the effective conductivity,
oi(w), of a thin-film normal-superconducting composite, plotted
in units of o, the dc conductivity of the composite in its normal
state. The quantity o, /o, is the ratio of the conductivity of the
normal component to that of the superconducting component in
its normal state. Various values of the superconducting volume
fraction p are plotted. p.=0.5 is the percolation threshold and
Ap =p —p.. Conductivity units are such that 2A /fi=1.

J. GARNER AND D. STROUD

28

for thin-film superconductors (g =1), using Eq. (3), and
assuming that the ratio 0, /0, =10"* so that the super-
conducting component of the composite is a much better
conductor in its normal state than is the normal com-
ponent. o is the composite dc conductivity when the su-
perconducting component is in its normal state; it also is
found via the EMA. o$/0 is plotted for several values
of p, both above and below the percolation threshold p,
(=0.5 in the EMA for this geometry). All our results are
for zero temperature. In our units (we have set #/2A=1)
o, =108, which corresponds to a normal-metal conductivi-
ty roughly that of Pb.

We distinguish four regimes of concentration:

(i) For p well above p,, oi(w)/0,, is indistinguishable
from that of a bulk superconductor. The real part has a §
function at zero frequency, corresponding to perfect con-
ductivity, and a Mattis-Bardeen—type part for o > 2A/%.
The effective optical gap is that of the superconducting
component.

(ii) For p sufficiently near p,, but still above it, a notice-
able bump in o}/0, develops below 2A /#. This is super-
imposed on a & function at zero frequency, whose strength
diminishes as p, is approached from above. The strength
of the bump grows steadily with decreasing p, relative to
the strength of the Mattis-Bardeen—type part above 2A /7.
The minimum of o$/0, lies very near 2A/# except for
concentrations very close to p., where it starts to move
above 2A /# and to become quite shallow.

(iii) At p =p, and for #iw <<2A we obtain from Eq. (3)
above the analytic result,

T , 24
——0,,0,,%(:

of(w)=—05(w)= 4

12
] ~[o,Imog(w)]'/?.

(5)

(iv) For p below but near p., the perfect-conductivity &
function disappears, but the other features remain as in
(ii).

The imaginary part, o5, of the effective conductivity
follows from Eq. (3) as well. We have calculated it and
find that above p. the most important feature below the
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FIG. 2. Calculated imaginary part of the effective conductivi-
ty, —o5(w), corresponding to the composite of Fig. 5.
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gap is an inductive 1/ behavior arising from the zero-
frequency & function in the real part, but this becomes
weaker near p, (cf. Fig. 2). Experimentally, it is of that is
measured and then used to determine o% by use of the
Kramers-Kronig relations.

We turn next to a comparison between our results and
experiment. The results presented here bear a close resem-
blance to those obtained recently by Karecki et al. for
granular NbN films.2® Their far-infrared measurements
yield values of o{/c, that show little deviation from
Mattis-Bardeen behavior except for samples with resis-
tance of 500 (/sq or greater. At these resistances a
below-gap rise in o{/0, develops very much as shown in
our Fig. 1. The resemblance seems to hold not only for
the general features but also for many details: in particu-
lar, the way in which o{/0, changes with decreasing
normal-state conductance, the relative importance of
below-gap and above-gap conductivity, and the way in
which the minimum in the frequency-dependent conduc-
tivity moves slightly higher in frequency as the normal-
state conductance is lowered below the critical (presum-
ably the percolation) value. We have not made a quantita-
tive comparison as yet because of ambiguities in determin-
ing the value of o, appropriate to their experiments.

We have carried out a number of calculations similar to
those shown in Fig. 1, for different conductivity ratios and
for three-dimensional (g =2) as well as thin-film samples.
In every case, the behavior shown in Fig. 1 is found.
However, one additional trend is noted: As the ratio
0,/0, becomes smaller, the concentration range of con-
spicuous (below-gap) absorption also diminishes. When
0, /0, =1075, for example, (cf. Fig. 3) the below-gap ab-
sorption turns on very abruptly, and would probably be
experimentally undetectable for |p —p.| >0.003. This
would correspond to onset at a very well-defined value of
effective normal-state conductance of the composite, as is,
in fact, seen experimentally. By contrast, if o, /o, =10~2
or 1 (cf. Figs. 4 and 5), below-gap absorption would be
seen far above the percolation threshold and would vary
much more gradually with concentration. Furthermore,
these results would not change much if a more exact (i.e.,
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FIG. 3. Same as Fig. 1, but for 0, /0, =10"°.
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FIG. 4. Same as Fig. 1, but for o, /0, =10"2

non-EMA) approximation were used for the effective con-
ductivity.

III. SCALING THEORY

The critical behavior of o{(w) very near the percolation
threshold deserves special discussion since it cannot be ac-
curately treated within the mean-field EMA. A scaling
description is given in Ref. 30. Application of their Egs.
(6)—(9) to the present model shows that the below-gap rise
in of(w)/o, has a height of 0§(0)/0, and halfwidth Aw
(1.e., width at half maximum) of

oj(0) o
1 — n lAp | —5 , (6)
(29 ©
o, T
Ao — "-ZTA|AplS+'= ﬂ|Ap|~‘, for p>p. ,
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(7)
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FIG. 5. Same as Fig. 1, but for 0, /0, =1.



2450

o(w)/o,=GyAp) /o 0, forp>p., (8)

where Ap =p —p., and s and ¢ are the usual percolation
critical exponents,'>!*3! s =t=1.3 in two dimensions,
s =t =1 in the EMA, and o, is the dc composite conduc-
tivity in its normal state, In writing Eq. (7) we have as-
sumed o, >>0, and hence o =0, (Ap)". Equation (6) im-
plies that ¢§(0)/c,, becomes comparable to unity when
Ap ~(0,/0,)"5. Thus the below-gap absorption becomes
comparable to that above the gap only very close to p,
when the normal constituent is poorly conducting. This
effect is already seen in the EMA. At this value of Ap,
the halfwidth Aw is approximately wA/#, comparable to
the optical gap, as again predicted by the EMA. Also, as
in the scaling picture of Ref. 30, the inductive part of the
conductivity (i.e., the magnitude of G, the strength of the
& function) diminishes as | Ap | near the threshold, and
thus becomes notable at ever lower frequencies as p ap-
proaches p,. Since o is also proportional to | Ap |, we
have that G <o, «R5' where Ry is the resistance per
square of the composite in its normal state.

Effects analogous to those predicted above are likely to
occur not only in “classical” N-S composites but also in
disordered networks of Josephson junctions and normal
links, which might make a better model for some experi-
mental systems than a macroscopic composite. In the lim-
it of a small ac voltage drop across a single Josephson
junction, the junction would have (i) an inductive conduc-
tivity, arising from zero resistance, and (ii) a “photon-
assisted hopping” contribution from excitation of Cooper
pairs across the junction and across the optical gap. Con-
tribution (ii) would not contribute to the real part of the
conductance except above a threshold frequency. Thus
the junction would have a conductance similar in form to
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the Mattis-Bardeen conductivity, and a normal-Josephson
network should exhibit a complex effective conductance
similar to that predicted here.

IV. SUMMARY

We have presented a generalization of the Mattis-
Bardeen conductivity to the case of N-S composites. The
calculation leads to the prediction of a strong absorption
in such composites below the optical superconducting gap,
2A/#i, particularly near the percolation threshold. We
have calculated the zero-temperature complex conductivi-
ty of such a composite both in the dilute limit and within
the EMA and found qualitative agreement with recent
transmission measurements. Near the percolation thresh-
old for superconduction the composite was found to ex-
hibit a considerable enhancement in absorption relative to
the normal state. Finally, we have obtained the scaling
behavior of the complex conductivity near the percolation
threshold. More detailed experimental tests of the
behavior described here would certainly be useful in veri-
fying these predictions, and, in particular, with better
characterized materials composing composites of well-
known volume fractions.
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