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An analysis of band-gap emission is presented for a semi-infinite Kronig-Penney model. The results sug-

gest that singularities predicted for the energy derivative of the angle-resolved energy distribution may pro-

vide an accurate method to identify the edges of both initial (occupied) and final (unoccupied) energy

bands of the photoemitter.

I. INTRODUCTION

The emission of a photoelectron which has been excited
from an initial state to a final state whose energy Ef lies in a

forbidden gap of the infinite solid, located above the vacu-

um level, is known as "band-gap" photoemission. The
ability to experimentally detect and identify such photoelec-
trons is important for several reasons. In particular, these
electrons may be expected to be sensitive to band edges and
provide a precise experimental determination of the band
edges which would be useful to assess theoretically calculat-
ed band structures. It is the purpose of this paper to pro-

pose a method which may provide such a determination of
the edges of both initial- and final-state energy bands by ob-
serving discontinuities or singularities in the energy deriva-
tive of the angle-resolved energy distribution d'j/d ft d'Ef

This paper is organized as follows: in the next section a

description of the semi-infinite Kronig-Penney model is

given as well as a brief discussion of the procedure used to
calculate the final state of the photoelectron in vacuum,
The results are used to calculate band-gap photoemission
and to identify the band edges which are discussed in Sec.
III. Our conclusions are summarized in Sec. IV. Further
details of the calculation will be published separately. '

cos(ka ) = cos(ka ) + ";k = —(2mE) ' ' .
ka

(2)

B. Calculation of the photoemitted
final state

The final state of the photoemitted electron is calculated
using the scattering formalism developed by Adawi, ' i.e.,

( E+iIr)= f G,(r, r ;E+f )8"(r'')

x@p( r ', E) d r
' (3)

surface plane is b, and the dimensionless strength of the po-
tential is P. The values of these parameters were chosen to
be 5.65, 0.0, and 0.30 a.u. , respectively. These values are
characteristic of Na, for which the Fermi energy EF=3.24
eV, the work functions is 2.30 eV, and the plasma energy
tcu~=5. 75 eV. The potential defined by Eq. (I) was used
by Schaich and Ashcroft' (SA) in their analysis of photoe-
mission from a semi-infinite solid.

The dispersion relation which determines k, the z com-
ponent of the (complex) wave vector K= (K,, k) as a func-
tion of the "normal" energy E = E Ir'Ep/2m is —given by'

II ~ MODEL DESCRIPTION AND SOLUTION

A. Model description

The calculation of band-gap photoemission is based on a
semi-infinite, or modified, Kronig-Penney (KP) model
whose potential V( r ) is defined by

0, z)0
V(r)-=V(z)= ~2 2p

"
X g(z+na+b), z (0

2m a

In the above, the lattice constant is a, the location of the

In the above, Gp( r, r ';E +bc') is the Green function for
the electronic Hamiltonian, in the absence of the radiation
field, at the energy E+trp Since the poten. tial V( r ) is
separable we may consider a "reduced" Hamiltonian which
involves only the normal, or z, coordinate. In this case, the
Green function may be constructed using the Wronskian
technique in terms of the eigenfunctions of the modified
KP model, which are easily determined. " We have ac-
counted for an assumed finite extraction length L of the
photoexcited electrons by including a factor exp(Lz) in the
unperturbed final state. A similar procedure was followed
by SA in their discussion of photoemission from the modi-
fied KP model. ' The initial state of the electron is denoted
e,( r, E).
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A(r) p
mc

(¹)
I

In Ett. (3) the perturbation due to the incident photons is

described by the interaction
where p is the electron momentum operator and the vector
potential is denoted by A( r ). For the problem at hand we
have chosen to represent the vector potential in the formal-
ism of Melnyk and Harrison~; thus,

araoT exp[ i (—Q» p+ qrz) ]+~LQOL exp[ i (—Q» p+ qtz)], z ( 0A(r)=
~raoexp[ —i(Q, p+qz)]+a22aoR exp[ —i(Q, p

—qz)], z &0 .

In Etl. (5) the amplitudes .of the incident, reflected,
transverse, and longitudinal fields are denoted by ao, aoR,
aaT, and aaL, respectively. Similarly, the wave vectors for
the incident, reflected, transverse, and longitudinal fields
are, respectively, denoted by Qr ——(Q», q), Q22= (Q», —q),
Qr- (Q», qr), and Qz = (Q», qL). The model is assumed to
be translationally invariant in the directions parallel to the
surface. Consequently, Q», the two-dimensional component
of the photon wave vector parallel to the surface is con-

t

j (fa)) =~j(ho))

where

(6a)

I

served in the scattering at the surface. Although we have
explicitly accounted for the longitudinal field, for the range
of photon energies considered, namely, h~ ~ 3', the con-
tribution of the longitudinal field is negligible. '

The photoemitted current density j in the state Of is of
the form

t 3/2

j(flu) =, cos 8
2

cos 8~M~ dfI dEI .eir 2 2IEg 2 2 dk;

2m' m, ii'

(7a)

In Eq. (6b) the integration with respect to the solid angle extends only over the hemisphere 0~8~ rr/2. M is the
relevant transition "matrix element. " The angular position of the detector relative to the surface normal is denoted by H,

and 8» is the photon angle of incidence. The angle-resolved energy distribution curve (AREDC) at constant photon energy is
' 3/2

I 2 Icos'H», cos'HiM '

The AREDC at constant-initial-state (CIS) energy is
I ' 3/2

dj (ta2) 2 eir 2 2mFf 2,~ p
dk;

Uos Hp 2
cos H [ »dQ dEf ' ' (2~) m E-E,. const

Ef E, +krtr

and a similar expression defines the AREDC at
constant-final-state (CFS) energy. Finally, we note that the
AREDC is a function of both Ef and kf", where kf" is the
normal or z component of the final wave vector of the elec-
tron inside the metal. Hence the energy derivative of the
AREDC can be written in the form

d j(t02;Ef,kf)
dOd Ef BEf dA dEf

d2j i dkf'"

Bkf'" d 0 dEf dEf

III. RESULTS AND DISCUSSION

We shall now present results illustrating band-gap photoe-
mission from the modified KP model. These results were
obtained for a "normal-emission constant- initial-state"
(NECIS) experimental configuration. That is, we assumed
the electron detector to be located on the normal to the sur-
face, and that the energy accepted by the detector is swept
together with the photon energy, thus keeping the initial
electron energy constant. Such an experiment scans over fi-
nal electron energies and was used by Feuerbacher and
Christensen in their analysis of band-gap emission from
W (110).

In Fig. 1 we present NECIS results for an initial electron

I

energy E; = —5.32 eV as a function of the extraction length
L. This initial energy corresponds to an initial wave vector
k; = 0. The photon angle of incidence was 30' and the pho-
ton energy varied from 16.0 to 18.0 eV.

The range of photon energies over which band-gap emis-
sion occurs is indicated in Fig. 1 by a horizontal arrow. We
shall show that the AREDC exhibits discontinuities in slope
at both edges of the forbidden gap, The peaks in the emis-
sion intensity, which become prominent at larger extraction
lengths, occur for L/a & 10 at photon energies hcu= 16.3
and 17.3 eU. These correspond to La/-i ndepe ndent direct
transition energies for electrons photoexcited from the ini-
tial state of energy E; to the lower (dI) and upper (d„) final

energy bands, respectively. We note that the intensity of
the band-gap emission is comparable to the intensity of
emission from the adjacent allowed (final) bands. As ex-
pected, our calculations indicate an increased emission in-

tensity from the band gap when the initial state is located
near a Brillouin-zone boundary, This effect can be traced to
the factor dk;/dE, in Eqs. (7), which diverges at a zone
boundary. In a real solid this effect may also occur at a crit-
ical point or over a flat region of the band structure located
inside the Brillouin zone, i.e., whenever dk, ,/dE diverges.

An analysis of Fig. 1 suggests that the edges of the for-
bidden gap may be identified with structure in the AREDC.
Ho~ever, a more accurate determination of the band edges
may be obtained by a differentiation of the AREDC with

respect to the final electron energy. The differentiated
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FIG. 1. Normal-emission constant-initial-state (NECIS) spec-

trum d j/dQdErie, »st a a for an initial energy E;= —5.32 eV

as a function of extraction length L. The range of photon energies
for which band-gap emission occurs is indicated by an arrow. Pho-
ton energies corresponding to direct transitions to a final state in the
lower and upper energy bands are denoted by di and d„, respective-

ly.

FIG. 2. Derivative of NECIS spectrum with respect to final elec-
tron energy d j/dtt dEI i e «», a a for extraction length L =Sa.

The edges of the lower and upper final bands are denoted by LBE
and UBE, respectively. The dashed line illustrates the expected
result for d j/dO dEf at the upper band edge which would be ob-
tained using a finer mesh in the vicinity of the band edge.

AREDC is presented in Fig. 2 for an extraction length
L =Sa. Calculations using other values of L indicate that
the shape of d'j/d0 d'Ef is essentially independent of the
extraction length. The differentiated spectrum presented in

Fig. 2, exhibits sharp negative peaks or singularities at the
(upper) edge of the lower band (LBE), i.e., h'at=16. 6 eV,
and at (lower) edge of the upper band (UBE), i.e.,
t~ = 17.1 eV. The singularities of the differentiated
AREDC can be explained in terms of the band structure
and the matrix element for photoemission.

The occurrence of singularities in the AREDC at the band
edges may be understood in terms of Eq. (8), specialized to
the present experimental configuration. Specifically at the
edges of the final energy bands the factor dkf"/dEI becomes
singular.

The nature of the singularities in the AREDC is deter-
mined by the matrix element. Namely, due to the continu-
ing decrease in electron emission as the final electron ener-

gy Ef-E&+Ace sweeps across the LBE into the forbidden
energy gap, we expect a negative infinite slope at the LBE.
This implies that the AREDC exhibits at the LBE an inflec-
tion point and a vertical tangent. On the other hand, we ex-
pect a vertical cusp at the UBE due to the sign reversal of
the infinite slope at this gap edge. This sign reversal is a
matrix element effect which reflects the increase in the
AREDC as the photon energy appropriate for the direct
transition, d„, from E; is approached from below. For
L/a & 10, d„corresponds to a local maximum of AREDC.

Figure 2 indicates that the positive slope of the AREDC de-
creases from the UBE, and that for L/a =5, this slope van-

ishes at a photon energy definitely above d„. However, the
vertical cusp at the UBE is not resolved in Fig. 1, where it is

marked by an apparent minimum in the AREDC.
It should be emphasized that the occurrence of singulari-

ties in the differentiated AREDC per se, being a band-
structure effect, is not affected by the (matrix element
determined) presence or absence of direct transitions from
the particular initial state involved in the NECIS experi-
ment; only their detailed structure is.

Equation (8) also predicts that, due to the presence of the
singular factor dkf'"/dEr, the identification of the extrema of
the band structure in the differential NECIS spectrum
should be much less sensitive to the extraction length than
their identification in the NECIS spectrum itself. This pre-
diction is confirmed by the comparison of Fig. 2 and the
spectra for L = Sa and 10a in Fig. 1. Figure 2 clearly indi-

cates that at the LBE the spectrum for L = Sa should exhibit
the vertical tangent which characterizes the bulk band struc-
ture. However, this is not confirmed by Fig. 1; the spec-
trum for L =10a exhibits the expected vertical tangent, in

contrast to the spectrum for L = Sa, which does not exhibit
any special feature at the LBE. The preceding discussion
suggests that the observation of singularities in the derivative of
the AREDC may provide a more accurate experimental deter-
mination of the extrema of energy bands than the AREDC

Finally, we note an interesting point: although the KP
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energy bands are symmetric with respect to the middle of
the band gap, which in Fig. 2 occurs at A'cu = 16.85 eV, nei-
ther the AREDC nor its derivative exhibit this symmetry.
This absence of symmetry is a matrix element effect.
Specifically, it is due to the first term on the right-hand side
of Eq. (8). That is, the explicit dependence of the AREDC
on the final electron energy, as opposed to its implicit ener-

gy dependence, is responsible for the asymmetry. Further-
more, the presence of the term (8/'dEf)(d'j/d 0 dEf) com-
plicates the interpretation of dlj/dQ dEfl in terms of the
complex band structure, because this quantity is evidently
not simpiy proportional to the density of states

~
V I,E~)

The preceding results illustrate that NECIS spectroscopy
may provide a technique for the accurate determination of
band edges for excited-state bands. Similarly, the use of
constant-final-state (CFS) spectroscopy is expected to be
useful for the identification of the edges of initial energy
bands. Here it should be noted that dipole transition selec-

on ruleslo, » may exclude the observation of certain final
band edges in NECIS due to the symmetry of the corre-
sponding states.

IV. CONCLUSIONS

analysis is clearly model dependent; however, we expect its
qualitative predictions to be generally applicable. Specifical-
ly, this calculation predicts singularities or discontinuities in

the energy derivative of the ARE13C observed in "normal-
emission constant-initial-state spectroscopy. ' It is suggest-
ed that this may provide an accurate identification of the ex-
treme of (final) excited bands. Similarly, "constant-final-
state spectroscopy" may be expected to allow a correspond-
Ing deter llllllatloll of cxtfcllla of (lllltlal) occuplcd balllls.

It should be noted that vrhile our anlaysis was in terms of
d'j/dA de, similar results would be obtained in terms of
d'j/dQ dEfd(/rru) Ex. perimentally, the derivative of the
AREDC with respect to photon energy is expected to pro-
vide more accurate results, especially when synchrotron ra-
diation is available. Finally, it is interesting to note that
awhile band-gap emission is generally believed to be a
surface-sensitive phenomenon, it evidently also carries in-
formation about the bulk band structure.
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