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We present the first rigorous electromagnetic theory of diffraction in nonlinear optics.
This theory allows the study of any type of nonlinear grating: bare or coated, whatever the
groove depth and the profile of grating and coatings may be. The formalism developed here
is derived from Maxwell’s equations. The existence of the excitation and its nonlinear
feature on the one hand, and the diffraction of the pump beams and of the signal on the
other hand, are fully taken into account. The calculation reported here is valid for all cases
of polarization (TM or TE) of the pump beams and of the signal. Two expressions of the
nonlinear polarization at the signal frequency are derived. One is valid below the modulated
region; the other one, inside this region. These two expressions take into account all the dif-
fracted orders at the pump frequencies: propagating and evanescent. We then get the ex-
pression of the electromagnetic field at the signal frequency everywhere: not only outside
the modulated region, but also inside it. The results thus obtained show that this elec-
tromagnetic field is a superposition of a diffracted field, with radiated and evanescent or-
ders, and an infinite number of elementary driven waves. We also derive the nonlinear grat-
ing equation which allows the determination of the directions of propagation of the radiated
diffracted orders. This is achieved using a new geometrical construction. It is shown that
the evanescent diffracted orders at the signal frequency and at the pump frequencies can be
resonantly excited. The rigorous feature of the electromagnetic theory developed here al-
lows us to get the following new and important result: There exists an optimal groove depth
for which the electromagnetic resonance contribution to the enhancement of the nonlinear
optical process is the strongest. These results can be applied to the study of different non-
linear optical processes, such as enhanced second-harmonic generation, surface-enhanced
Raman scattering, Pockels effect, and optical rectification.

I. INTRODUCTION

The existing theories of diffraction all have in
common the following features: They deal with the
linear diffraction of light. In these studies, a plane
wave with frequency w is incident on a grating ruled
on a linear material (in the optical sense) and the in-
terest is in the diffracted field at the same frequency
. A rigorous study of this problem, i.e., a study
which does not consider the groove depth of the
grating as a perturbation, was developed in the last
ten years by several authors (for a review, see Ref.
1). The rigorous feature of the formalism developed
by these authors allowed them to explain, among
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other things, what is usually termed as Wood
anomalies of gratings.? They showed that these
anomalies, exhibited with a TM incident wave, are
closely related to the resonant excitation of normal
modes (which correspond to surface plasmons or
surface polaritons) of the interface obtained by al-
lowing the groove depth of the grating to go to zero.

The authors of Ref. 1 also showed that, in the
case of coated gratings, other anomalies may exist
which are associated with the existence of different
normal modes (corresponding to guided waves) from
those considered above. These anomalies occur not
only with TM incident waves but also with TE ones.

Now what happens if the grating, instead of being
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ruled on a linear optical material, is impressed on a
nonlinear one? In that case, we are concerned with
the diffraction of light by a nonlinear grating. Some
interesting questions may be raised:

(i) What are the efficiencies of the diffracted or-
ders at the new frequencies but also at the pump fre-
quencies?

(ii) What about the anomalies described above?

It must be emphasized that the answer to this last
question is of great importance. Indeed, it is usually
believed that the enhanced feature of Raman effect
by molecules adsorbed on a grating® and second-
harmonic generation* (SHG) is due, to a large ex-
tent, to the resonant excitation of surface plasmons,’
i.e., of one of the normal modes cited above.

It is the aim of this paper to present the first elec-
tromagnetic theory of diffraction in nonlinear op-
tics. A forthcoming paper will be devoted to corre-
sponding numerical calculations. For the sake of
specificity, we only consider nonlinear optical pro-
cesses of the kind

(&)1,0)2)—-—>0)3=a)1 +w;,

where w,,w, are the two incident pump beam fre-
quencies.

Our theory explicitly takes into account

(a) the existence of the excitation,

(b) its nonlinear feature,

(c) the diffraction of the pump beams and of the
signal beam,

(d) the losses of the different media, and

(e) it does not consider the groove depth as a per-
turbation.

This theory is valid for any groove shape. It even
applies to coated gratings, whatever the nature
(linear or nonlinear) of each of the layers may be.
The analysis allows dealing with the two fundamen-
tal cases of polarization (TE, TM) of the incident
pump beams and also of the signal. The generaliza-
tion of the study to TE w,,w,,w; waves is required
by the answer to question (ii) of this section. Indeed,
as previously noted, when dealing with coated grat-
ings, the anomalies also occur with TE waves.

To our knowledge, such a theory has never been
developed. The existing theories, which do not con-
sider the groove depth as a perturbation,6 take into
account neither the existence of the excitation nor
the damping of the different media.

II. THEORY OF NONLINEAR DIFFRACTION
A. General considerations

Two beams with frequencies w;, and w, (@ > w,)
are incident on a grating (periodicity d, groove depth

) ruled on a dielectric or metallic nonlinear medium
and coated by one or several dielectric or metallic
layers constituted by linear or nonlinear materials
(Fig. 1).

Above the modulated structure, space is filled
with a linear material whose permittivity is real and
positive. 6, (v=1,2) denotes the angle of incidence
of each of the pump beams. The case of a nonlinear
medium whose entrance face is constituted by a bare
grating is dealt with by making e=0.

Throughout the paper 8/3z=0. Thus the solu-
tions at frequency w, (v=1,2,3) are either TM or TE
polarized. In the following, the concept of associat-
ed smooth structure will be useful: It is the system
derived from that of Fig. 1 by allowing every modu-
lation depth to tend to zero.

The method used to study the nonlinear diffrac-
tion is the following: First, we obtain the expression
of the electric field of the diffracted beams at each
frequency w, (v=1,2) below and inside the modulat-
ed region. Then, we determine the expression of the
nonlinear polarization at frequency w;=w;+;
below the modulated region but also inside it. Final-
ly, we generalize the theory developed in Ref. 7
(henceforth referred to as I) to the case where the
diffraction of the pump beams is taken into account
and where the signal at frequency w; may be TE po-
larized.

B. Expression of the electric field
at frequencies w; and w,

We make the usual undepleted pump approxima-
tion for the two pump beams. Thus, Maxwell’s
equations read

VX & (0, T)=jo,u (0,T) , (1a)

b=2,€,

FIG. 1. Scattering geometry when the grating (periodi-
city d, groove depth 8) is coated by a single dielectric or
metallic layer. Index b characterizes the medium above
or below the modulated region.
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VX #(0,,T) = — jo,€€l0u,%,9) & (0,T)
v=1,2. (lb)

The e /¢! time dependence is assumed and the mag-
netic permittivity is equal to pq everywhere.

In Egs. (1), e(w,,x,y) is the relative permittivity
which, in the modulated region, depends on x and y.
Outside the modulated region,

€low,,x,y)=¢6lw,) fory <0,
ew,,x,p)=¢€w,) fory>b+e, v=1,2.

From Egs. (1), we see that (a) the two pump
beams are linearly diffracted by the grating; (b) their
diffraction takes place independently of that of the
signal at frequency s since in Egs. (1), v=1,2.

According to point (a), the express1on of & (w,,r)
(v=1,2) can be obtained by using the rigorous linear
electromagnetic theory of gratings.! For this theory
to apply, we must assume that all the overcoatings
have the same periodicity, but not necessarily the
same profile. This assumption will be made
throughout this paper. Let us consider separately
each case of polarization of the incident pump
beams.

1. TM case
Since we deal with the TM case,
H0,T)=H0,T)E, (v=1,2)

where €; is a unit vector directed along the z axis.

a. Expression of & (0,,T) below the modulated
region (y <0). The expression of #(w,,T) may be
written as!

+ o .
%(C()l’?)z 2 T’,lej(—az",l)"‘f")/l’lx)’ (22)
l=—w
T < J(—az 2+, 2")
HwypT)= 3 Tpae mATTImET L (2b)
m=—c
with
2 w% )
dutri=alo) 5=k, Ga)
2 m% 5
az,m,2+1’fn,2=62(w2)? =k2(w2) , (3b)
and
Yi1=k(w)sinb; +lo , 0
Ym,2=k1(@;)sinf,+mo , 3d)
where
o=2T
==

2 6012/
kl(a)v)=61(wv)‘c—2 (v=1,2).

From Eq. (1b), we get

o,Bw,) -
# (0,7 _J—-‘P—z————vmmmxe,, @)
€oc?
with
C2
Bylw)=—— (b=12, v=1,2).
w,,sb(wv)

Putting Egs. (2) into Eq. (4) yield
+

Ef(wl,r)z 2 111'161 YT , (5a)
l=—w
7 —4 3 = j(—a2m2y+7m2x)
EwpT)= 3 Upmoe " 0, (5b)
m=—o
with
w1ay,1,18(wy)
Up,x= 60(,‘2 TI,] ’ (6a)
w1Y1,1B:(@1)
Upy = €0C2 Tl,l ’ (6b)
up1,,=0.

The expressions of the components of i, , are de-
rived from those of u;; by making the substitution
(,1)—>(m,2).

b. Expression of & (0,,T) in the modulated re-
gion (0 <y <8+e). We now have!

=+ .

Ko, 7= Hl,l(y)e”l'lx, (7a)
I=—0

. + ¥ 0%

Hw,,T)= Z H,, (y)e "™ . (7b)

m=—o
Let
c?
Blw,x,y)= (8a)

wi(0y,X,p)
i, Blw,,x,y) is now a function of x and y which is

periodic with respect to x with period d. Thus it
may be expanded into its Fourier series,

+ .
Blopx,p)= 3 Byl . (8b)
I=—c
For the expansion of B(w,,x,y), make the substi-
tution (/,1)—(m,2). Putting Egs. (7) and (8) into
Eq. (4) leads to

+o _, .

Zlo,)= S E,(e™™, (9a)
l=—0o

2 - = JYm 2%

g(wz,r)= 2 Em,z(y)e may (9b)

m=—o
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with J :
0 12 Hy ()
E,,.=j—= —_riy)————, (10a)
I1x jeocz 1’:2_0031 )
W +
Eny=—7 X Bi—rWyr Hpy), (10b)
€€ I'=—w
Ellz"'0

The components of Emyz are derived from those of
E,; by making the substitution (/,/’,1)—(m,m’,2).

2. TE case

Here, the situation is much simpler since the elec-
tric field at frequency w, (v=1,2) is directed along
the z axis:

—

£ (0,7)=8w,,T)E, .

a. Expression of & (w,,T’) below the modulated re-
gion' (y <0).

+ o .
- Jl=ayy +71x)
E(w,T)= 3 up e T (11a)
l=—w
= & j(—a2m2y+7’m2")
?(wz,r):: 2 Um,2,2€ T ’ ’ (11b)
m=-—c

with u; ,,un,, being the Rayleigh coefficients of
g(wl,f") and ff(wz,f")

b. Expression of &(w,,T) in the modulated re-
gion' (0<y <&+e).

+ o0 .
Elo,T)= 3 E; e, (12a)

I=—o

. + o0 7 )%
&”(wz,r)z 2 E,,,,z,z(y)e ma (12b)

m=—ow
3. General expression of ? (0,,T) (v=12)

The coefficients of expansions (5), (9), (11), and
(12) are determined with the aid of computer pro-
grams described in Ref. 1. From now on, U;; and
E“ refer to vectors whose nonzero components are
derived respectively from Egs. (6a), (6b), (10a), and
(10b) in the TM case and from u;,, and E;, ,,
occurring in Egs. (11a) and (12a), in the TE case.
To get 1,,E,, make the substitution
(L,1)—>(m,2).  Let us emphasize that
U1, Upm2E;,En, depend on 8, but contrary to
_1_5,1,1 and Emyz, u;; and U,,, are independent of y.
Finally, whatever the polarization of each of the in-
cident beams may be, we may write the following
expansion for the electric field, below the modulat-
ed region (y <0):

+ .
) — — j(—a Y +vp %)
(o, T)= Y e >r70Hr (13a)

l=—w

_, oo i~

Z (w,,T)= Uy o] C2m2? HTm2) - (13p)
m=—ow

and in the modulated region (O <y <8+e),

. +o ;

Z(w,)= 3 E, '™, (13c)
I=—w

. . ‘o 17 .

&(0pT)= 3 Ep,pe ™. (13d)
m=—o

Where the components of ﬁ',,l,ﬁm,z,ﬁ,'l,ﬁm,z are
determined according to the above mentioned state-
ment. We are now in a position to get the expres-
sion of the nonlinear polarization at frequency
w3=w|+w;.

4. Nonlinear polarization below
the modulated region (y < 0)

We have to distinguish between the two situations
where the nonlinear material on which the grating is
ruled is either a dielectric or a metal.

a. Dielectric. The nonlinear (NL) polarization at
frequency ws is written as®

P wy=w,+©,,8,T)
==X;,,,-,j(a)3=a)1+w2)$i(w1,?)fj(w2,f') ,
(14)

[X(w3)] is the nonlinear susceptibility tensor of the
medium on which the grating is ruled.
According to Egs. (3c), (3d), (13a), and (13b)

P Nw3,8,)= 3 Brpre’ T (15)
with b

p=l+m,

Kipx=Yi1+Vp—12> (16)

Kipy=—(ay1+0az,_12),

PFpL-l,h =Xpijl@3=0+o)u iy _12; - (17)

Let us introduce
K=« 0,0 »

which would be the wave vector of the nonlinear po-
larization if the two pump beams were not diffract-
ed.

Equation (15) may be rewritten as
T3 PyMw;b,p)ex

p=—w

2P N w,,8,T)=e/ ¥

(18a)
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with te

B ws,8,9)= 37 NL_ e =Y (18b)
Equations (17), (18a), and (18b) are valid for any po-
larization of the incident beams.

b. Metal. In Ref. 9, Bloembergen et al. deter-
mined the expression of the nonlinear polarization at
the second harmonic frequency in a metallic medi-
um. If, instead of dealing with SHG, we are con-
cerned with the nonlinear interaction
(01,0,)—>w3=w;+w, the results of these authors
may be generalized into

@NL(CLJ3,8)=&'€[? wl,_"f?(wz,?)]
+b[a)2 (l)l, )ﬁ'g(wz,f’)
+0,8 (0, IV & (0,,7)] . (19)

Equation (19) is obtained in the same way as Eq.
(14) of Ref. (9), except that now the expansion of the
quantities occurring in Ref. 9 must be done with
respect to the frequencies ©,,0;,01+®y, . . . .

In Eq. (19)
~ n0e3
a T )
m*2w,0,03
l‘;_ ee(0)
m*o,0,0; ’

with n, the unperturbed density of the electrons, e
the charge of the electron, m* the average effective
mass of the electrons, and €(0) the static permittivi-
ty.

The nonlinear polarization at frequency w; can
still be put under the form given by Egs. (18a) and
(18b). But now, due to Egs. (3¢), (3d), (13a), and
(13b), we get

— NL o~ —> - —
Pip—1=jaluy U, _;5)Kky, (20)

5. Nonlinear polarization inside
the modulated region (0 <y <8+e)

Here, we must take care of the fact that the layers
are not necessarily of the same nature. We may
find, for example, an overcoating of nonlinear
dielectric on a nonlinear metallic grating or more
generally a superposition of several layers, each of
them being either a linear or a nonlinear dielectric, a
linear or nonlinear metal. For a given x, when y is
varied, we meet a succession of linear or nonlinear

media which can be either a dielectric or a metal.

Thus, inside the modulated region, X} ; j, @, and b
are functions of x and y. _

The dependence of Xy ; ;, @, and b on x and y is re-
lated to the characteristics of the modulated region:
shape and groove spacing of the profile, nature of
the material constituting the grating, and the even-

tual overcoatings.
The nonlinear polarization of a dielectric is writ-
ten as

'@?L(wbs’F)=Xh,i,j(a)3ax’y)
Xg,-((ol,f")gj(wz,?) ’ (213)

and that of a metal is written as
P “Y(,,8,7)=a(x,y) V[ & (0, T) & (0,,T)]
b(x,0)[0,& (0,,T) V& (0,,T)
+ 0,8 (0, )V & (0,,T)] .

(21b)

In Egs. (21a) and (21b), &(w,) and & (w,) are the
electric fields at the pump frequencies inside the
modulated region. According to Egs. (3c), (3d),
(13c), and (13d), both Egs. (21a) and (21b) can be put
under the following form:

=, tw 3
PR =/ KT 3 7, n(8,x,p)e* (22)
. p=—w

with

Py n B, 0)=Xp1 xp)VE (8 p)e T 23)
inside a nonlinear dielectric where

Vis®9)= 3 Eppi9Ey_i2,0)

I=—o

and with

7, 8,x,)=7 8(8,x,9)+ 7 5(8,x,y) (24)

inside a nonlinear metal with [according to Egs.
(3¢), (3d), (13c¢), and (13d)]

7 8(8,%,y)=a(x,y )V"(a,y)e‘”‘y’

Ve »(8,y)=¢,j(po+K,) 2 E,,

l=—o

p IZ(y)

+o d[E;(p) )
iy, ¥ [ nydyp —1200] ,

l=—o
€,,€, are unit vectors directed along the x and y
axis and

— b -~ —b — i
70(8,%,9)=b(x,y)V, (8, ",
—b t» — dEI,l,
VI,(S,y)= 2 mlEp—I,Z d 4
I=—w Y
+ V11 Ex
. [dE,_,,
E p i 7y
+wk —mdy

+ ij—I,2Ep—I,2,x } ] .
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According to Eqs. (23) and (24), the h coordinate
7 n(x,y) of vector 7/ _depends on x only through
X4,ij(x,y), d@(x,y) and b(x,y) Thus 77, 4(x,p) is
a periodic function of x with periodicity d. There-
fore, we may expand it in Fourier series:

Von8xp)= S vpgn(8.)eF . (25)

g=—oo

Use of Eq. (25) shows that Eq. (22) may be rewritten
as

-@ir:IL(ws,S,f')=ej_ﬁ'? f PNK(w3,8,y)e/mox |
n=—c
(26a)
with
Pri(@3,8,y)= 2 Vpn—ph(8) (26b)
p=—o
n=p+q=Il+m+q. (26¢)

Equations (18a) and (26a) give the expression of
the nonlinear polarization at frequency w;=w,+w,
below and inside the modulated region. Let us em-
phasize that these equations are valid for any grat-
ing profile and even for multicoated gratings (what-
ever the nature of the coatings may be), as well as
for any polarization of the incident pump beams.
These two equations are important and, before con-
tinuing, it is worth discussing them.

6. Discussion of Egs. (18a) and (26a)

It is seen from these equations that the diffraction
of the two pump beams has the following conse-
quence: Below the grating and inside the modulated
region the nonlinear polarization at frequency
w3=w;+w, is a superposition of an infinite number
of elementary nonlinear polarizations, each of them
having a longitudinal wave-vector component:
K, +po below the modulated region and K, +no
inside this region.

In order to understand this result, one has to
remember that the nonlinear polarization at frequen-
cy w; comes from the nonlinear interaction between
all the diffracted orders at frequencies w; and w,.
Besides, in region y <0, the interaction between a
given / and a given m leads to what we may call a

subelemental_y nonlinear polarization, i.e.,
_NL jK . . .

Prp_i€ " with longitudinal wave-vector com-

ponent:

Vi1t Ym2=Kx+(+m)o

Thus the subelementary nonlinear polarizations
may be ordered in sets characterized by the fact that
all the subelementary nonlinear polarizations belong-

ing to a given set have the same longitudinal wave-
vector component. Any of these sets arises from the
nonlinear interaction between all the diffracted or-
ders [/] at frequency w,; and [m] at frequency w, for
which

l+m=p.

Each of these sets gives rise to an elementary non-
linear polarization with longitudinal wave-vector
component K, +po.

The same is true for the region 0 <y <8+e. But,
in addition, one has the o periodicity along the x
axis which comes from the modulation of the non-
linear polarization. The longitudinal wave-vector
component of each of the elementary nonlinear po-
larizations is equal to K, +(p +¢)o. Now, the dif-
fracted orders have to be classified with respect to
the values of n =p +¢, each set n leading to an ele-
mentary nonlinear polarization in the modulated re-
gion.

Contrary to what one could think, all the subele-
mentary nonlinear polarizations with the same long-
itudinal wave-vector component K, -+po (or
K, +no) may have very different efficiencies. This
will occur whenever the associated smooth structure
will support guided normal modes at frequency o,
and/or w,.

Indeed, it has been shown in Ref. 10 that, fixing
the frequency w, (v=1,2), there exists a specific
value ©; L of 6, and ©,, , of 6, for which the quanti-
ty | Ty1|% | T2 |? of a given transmitted diffracted
order, / at frequency w,, m at frequency w,, is max-
imum. It has also been shown in Ref. 10 that the
value of this maximum strongly depends on &:
There even exists a value §,,(w,) of & for which this
maximum value is itself maximum. If & is increased
beyond 8.y (®,), then this peak value decreases.
These results remain valid if, instead of fixing w,,
we fix 6, and sweep o, (v=1,2).

This phenomenon, i.e., the existence of 8opt and O,
arises from the resonant excitation, at o, and w,, of
the guided normal modes which propagate along the
associated smooth structure."!® For example, we
have surface plasmons (surface polaritons) when
dealing with a bare metallic (dielectric) grating; sur-
face plasmons or guided waves (either TE or TM) in
the case of a dielectric coated metallic grating.

The feature of the modulated region, namely bare
or coated grating, is taken into account in the theory
via the Fourier expansions, Eq. (8b), of B(w,,x,y)
and Eq. (25) of 77, ;(x,y,8).

We are led to the following important conclusion:
Among the numerous values / of [/] and m of [m]
such that / +m =p, one may select two special cou-
ples (1,8,,) and (m,O,, ;) for which the transmitted
intensity of the corresponding diffracted orders at
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®; and w, is maximum, i.e., such that a resonant ex-
citation of the guided normal modes occurs at fre-
quencies w; and w,. Then, the modulus of the corre-
sponding subelementary nonlinear polarization is
strongly enhanced when compared either to the case
of flat interface between the two media €; and €, or
to the case where no resonance takes place at the
pump frequencies w; and w, This occurs, if
0,496, and 6,56, , and if the associated smooth
structure does not support any guided normal
modes. Moreover, this enhancement can be opti-
mized by choosing 8 =35, either at frequency w, or
at frequency w,.

The special case of SHG (i.e., w;=w,) is of in-
terest because if the modulated structure is opti-
mized (6=8,,) at o, it is also optimized at w,.
Thus the case of SHG is the most favorable with
respect to the enhancement of the nonlinear effect
[Figs. 2(a) and 2(b)]. When 8=35,(w/), the second-
harmonic intensity will be strongly enhanced as
compared to the case of a flat interface.

Let us now discuss the nature of the w; and w,
diffracted orders occurring in the expressions (18a)
and (26a) of the nonlinear polarization at frequency
W3=m “+ 7.

According to the sign of Re[e,(w,)] (where Re
means the real part thereof) and to the values of y;
and 7,,, as compared to Re[k,(w,)] (b=1,2), a
given diffracted order at w; or w, is almost one of
the following cases: (a) evanescent above and below
the modulated region; (b) evanescent below the grat-
ing and radiated above the modulated region (or vice
versa); (c) radiated above and below the modulated
region.

Expressions (18a) and (26a) of the nonlinear polar-
ization at w3 explicitly take into account the fact
that the nonlinear excitation of the electromagnetic
(EM) field comes from a nonlinear interaction be-
tween all the preceding types of diffracted orders at
o, and w,. All these diffracted orders, regardless of
their nature, contribute to the nonlinear polariza-
tion. But, as pointed out previously, the efficiency
of each contribution depends on the fact that a given
diffracted order may or may not lead to a resonant
excitation of one of the guided normal modes of the
associated smooth structure. Notice that it is the
diffracted orders of type (a) which may lead to this
resonant excitation.

C. Nonlinear diffraction of the w3 =, +o;
electromagnetic field

The starting point is Maxwell’s equation written
at frequency w;:

V X & (w3, T)=jwyod¥ (w3 T) , (27a)

IT12] (a)

100/

504

. v
445 a5 45.5
6/deg)

I

™ (b
15

A

100
50

50 150 250 350 450 5 (A)

FIG. 2. (a) Relative transmitted intensity, | T, |? of
the /=1 diffracted order at the pump wavelength
A;=1.06 um (A,=2mc /w,) as a function of the incidgnce
angle 0, for different groove depths from 50 to 500 A in
the case of a bare sinusoidal grating with periodicity 6174
A. Notice the shift of the | T, |? peak position with 8.
Grating material: Ag. If the beam with wavelength A,
acts as a pump for SHG in such a medium, then the max-
imum increase of the square modulus of the nonlinear po-
larization at the second-harmonic frequency is of the or-
der of 10° as compared to the case of a flat air-Ag inter-
face. (b) Peak value, | T, |% of | T, |?% as a function of
the groove depth 6. The maximum maximorum of
| Ty |? occurs at point A for 8,,=150 A. d=6174 A,
grating material: Ag.

V X # (03, T)=—jwo3.D (03,T) (27b)
with
D (03,T) =€€(03,%,9) & (03,T)+ P s, T) .
(28)

The determination of the nonlinear diffracted EM
field at frequency w; is performed in the following
way:
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(a) We divide the space into three regions by
means of the planes y=0, y =8-+e and obtain the
expression of the propagation equation in each re-
gion.

(b) The solution of each propagation equation is
looked for by means of a suitable expansion of the
EM field.

(c) The coefficients of these expansions are linked
to each other through the matching conditions at
y=0 and y =8+e _applied to the tangential com-
ponents of & and 7.

We then get a boundary value problem whose un-
knowns are the Fourier coefficients of the EM field
inside the modulated region. According to the hy-
pothesis 8/9z=0, the solutions at frequency w; are
either TM or TE polarized. Let us first consider the
TM case.

1. TM case

In this case, # (w3,T) is directed along the z axis:

—

H(0;,T) = (w;,T)E, . (29)

According to Egs. (27a), (27b), (28), and (29),
J(w3,T) fulfills the following equation:

. 1 .
—————— VI ;,T) |+ (03,T)
kX (@3,%,y) ! !
. 6- ??NL(CO&?) (30)
=] X |—— s
73 kz(wbxay) z
with
2
w
kz(w.% ’y)“‘ 3 (603, ,}’)
C

and the subscript z denotes the z component of the
curl operator.

It must be emphasized that (a) Eq. (30) is valid for
any region, even in regions where € and 2 N are x
and y dependent, and (b) since Maxwell’s equations
are valid in the sense of generalized functions or dis-
tributions,! Eq. (30) is also valid in the sense of dis-
tributions. Thus, although the function (1/k%)V.¥#
is discontinuous on the grating profile, its diver-
gence is well defined. The same thing applies to
V X (2 NL/k2). To solve this equation, we consid-
er three regions: y >8+e¢,y<0,and 0<y <&+e.

a. y>&8+e. Equation (30) reduces to

AF (05, T)+ k(07 (03, T)=0 .
Thus
+ ;
S Bl 31)

n=-—o

%(603, f’)=

and

a%,n,3+7’;21,3=k%(603) . (32)

The constants y, 3 occurring in Eq. (32) will be
derived later [see Eq. (40)].
b. y <0. Equation (30) becomes

A (03, T)+ k2 w3) (w03, T)

=jo3[ VX P N, 7], -
In this equation, the nonlinear polarization is given
by Egs. (18). ’

The solution is now a superposition of plane
waves (propagating and evanescent) and driven
waves produced by the source term _]a)3[V
X '@ NL (93’ ]z

+ .
- ™ Jj(—a +¥p 3%)
K w;,T)= Y T,ie 2m3 T¥n3

n=—w
+ejK T E ATM ejpax (33)
p=—o
with
@ 3+ Va3=k3(03), (34)
% (Riup X Brp 1)
3 Kip Lp—1/z
e —wy——p Tl
Thip = ,_Z_w K0y~
xel “ipr =Y (35)

where the subscript z denotes the z component of the
cross (vector) product.

c¢. 0<y<d+e. In this region, since € depends on
x and y, we have to deal with Eq. (30) whose solu-
tion must be looked for in the following form"’

HayP)= 3 Hylpe™ (36)

n=—co

The determination of the Fourier coefficients
H, 5(y) is done as follows: The periodicity of the
modulated region with respect to x lmphes the
periodicity  of  €(wy,x,y), Elwy,x,p)=(w3/c?)
X €(wi,x,y), and PBlws,x,y)=1/&(w;,x,y). Thus
&(wi,x,y) and PBlws,x,y) can be expanded into
Fourier series:

+ .
§(w3,x,y)= 2 §n,3(}’)e‘"wx, (37a)

n=-—o

+ o .
Blws,x,p)= 3, PBpiple*. (37b)

n=-—o0

It is convenient to introduce the functions
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dH, 5(y) j
2 Bn—u3y ;3 +jo, PN’ (38)
U=—ow y
where PNL is given by Eq. (26b).
Accordmg to Egs. (26a), (30), (37a), (37b), and (38), we get
dH, ;(y) + - iK
Tas 3 bR —jePitr8e (39)
U=—o0
di{ Y3()/’) iK
—;—y——_'}’nS 2 Yu, 3»8'1 u3(y Hu 3_Hn S(y)_w37n3 2 Bn u3 PNL( 8)@1 y}’, (39b)
U=—o00 U=-—o00
|

together with w3=w;+w, everywhere, not only outside the modu-

Yas=Ky+n0 . (40) lated region, but also inside it.

The Fourier coefficients H, 3(y) not only fulfill
Eqgs. (39a) and (39b), but also the boundary condi-
tions at the limits of the modulated region, i.e., the
tangential components of the electric and magnetic
fields must be continuous at y=0 and y =&+-e.

At y=0, from the continuity of #(ws,T), we get

TN + AT, (008, , =H, 3(0) , (41a)
where 8, , is the Kronecker symbol. The continuity
of &,(ws,T) leads to

. . dH, 5(y)
_]aZ,n,STrzgd +JKyA ”?%i,p(o)an,p = —;_— .
'y y=0
(41b)
Similarly, at y =8+e, we get
B I g (Bte), (422)
dH, s(y)

jaty BT O T . (42b)

dy y=06+e

Equations (41a) and (41b) on the one hand, and
Eqs. (42a) and (42b) on the other hand lead to

dH ,3(_}7) .
‘—'—;;— y=0+1a2,n,3Hn,3(0)
—=j(ayn3+K,)ATN (008, , , (43a)
dH, 5(y)
bkl £ 44 —jatyn 3Hy (8+€)=0 . (43b)
dy y=06+e

Equations (39a), (39b), (43a), and (43b) constitute
the TM boundary value problem (BVP) whose un-
knowns are the Fourier coefficients H,;(y). The
numerical determination of these Fourier coefﬁ-
cients allows knowing the Rayleigh coefficients T,, 3
and BY via Egs. (41a) and (42a). We then know
the TM nonlinear diffracted EM field at frequency

Before considering the solution of the TM BVP,
let us deal with the TE case at frequency
w3=w|+ ;.

2. TE case

The method is similar to that of the TM case.
Now & (,T) is directed along the z axis:
g(a)3,r)= ?f'(w3,?)é'z . (44)

Thus V-% =0 (remember 9/3z=0) and, from
Eqgs. (27a), (27b), (28), and (44), we get in the follow-
ing different regions:

a. y>8+e. We have

A& (w3, )+ k3 (w3) & (w;,T)=0

Thus

+ o0 ;
(a Y +7v, %)
S Bl T (45)

n=-—o

b. y<0. We have R
w

AB (03, )+ k2 (03) B (03, T) =— —5
€oc’

g(w3,?)=

‘@NL((D_;, r)

with ZN(ws, T) derived from Egs. (18). We get

+ .
— jl—a Y +v, %)
E(w3,T)= 3 Tpze 2w¥77ms
n=-—ow
R 1t NL i
+e‘l r 2 ATE,pe]pax, (46)
p=—o
where
2 NL
4NL w3 1L Pip—1iz
TE,p — —

2 2 2
€€ 1=—w k2((l)3)—K1,p

j -K
e Koy =KW 47)

¢. O<y<8+e In this region, the propagation
equation takes the form
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2
1)
= — 3 ‘@NL(CO:;, r)
€oc’
with Z2)(w,,T) derived from Eq. (26a).
We have to look for the solution of the form

-\ & JVn 3%
f(w3,r)— 2 E,,,g(y)e N (48)
n=—c
Then the Fourier coefficients E, 3(y) fulfill
d’E 3 1
_dy—"z’ - ,,‘3En,3 + 2 §n —u,3(y)Eu,3
u=o0
2
— - B pNLIY 49
€oc’

The continuity of &, and 7, at y=0 and y =6+e
leads to the following set of equations:

Ta5 +ATE (008, ,=E, 5(0) (50a)
dE (»)
—jay n3Tns +JK,ATE 5008, %l ,
dy y=0
(50b)
B’IE 1a1n3(8+e) "3(8—{'—6‘) N (50¢)
dE, ;(y)
jty g BTEe 1naOF ) oY . (50d)
dy 1y =>b+e

From Egs. (50a)—(50d), we get

dE, ; )
dy y=0+1a2,n,3En,3(0)
=jlayn3+K,)ATE,(08,,, (51a)
dEn 3 .
— —jay p3E,3(8+e)=0. (51b)
dy y=06+e

Equations (49), (51a), and (51b) constitute the TE
BVP whose unknowns are the Fourier coefficients

E,,,3(y).

3. Solution of the BVP in the TM and TE cases

From Eqgs. (36) and (48), the magnetic field in the
TM case, the electric field in the TE case, can be
written as

+ .
S alpe’™

n=-—o0

with

Hn,J(y)

)= E, ()

for the TM and TE cases, respectively.

According to the discussion of Secs. IIC1 and
IIC2, the functions @,(y) are solutions of the fol-
lowing set of equations which constitute the BVP
common to the TM and TE cases:

d
Dn |ty s@a(0) = (g 3+ Ky JANHO)S,, ,
dy |,-o
(52a)
de, .
— —Jjay,,3pn(06+e)=0, (52b)
dy y=8+e

together with Egs. (39a) and (39b) in the TM case
and with Eq. (49) for the TE . case.

In Eq. (52a), 4, (0)=ATy,(0) in the TM case
and A;IL( )= ATEP( ) in the TE one.

In order to get the solution of this new BVP, let
us consider the following expansion:

W1+[2N ()] - (53)

[@(y)] is a column matrix with elements @,(y);
[®,(y)] is an infinite set of particular column ma-
trices with elements @, ,(y) which fulfill Eq. (52b)
and are solution of equations derived from Egs.
(39a) and (39b) for TM waves, and Eqs. (49) | for TE
waves, by putting 2 NL=0 (which leads to P =0,
P& =0); [®NL(p)] is a column matrix with elements
@Y (y) which fulfill Eq. (52b) and is a particular
solution of Eqgs. (39a) and (39b) in the TM case and
of Eq. (49) in the TE case.

By construction the column matrix [$(y)] de-
fined by Eq. (53) fulfills Egs. (39a) and (39b) in the
TM case, Eq. (49) in the TE one, together with Eq.
(52b). Thus [®(y)] will be the solution of the BVP
common to the TM and TE cases provided the un-
known coefficients C, are determined in such a way
as to fulfill Eq. (52a). If [C] is a column matrix
with elements C,, this implies

[M][C]=[G]
or
[C1=[M]7'[G],
where [ M] is a square matrix with elements
d@p,;
dy y=0

and [G] is a column matrix with elements

+jas 5, 3@n,(0)
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jlag 3+ K,)A) (08, ,

dey“(y)
dy

The Rayleigh coefficients B,I M and T,,ng are de-
rived from Egs. (41a) and (42a), whereas B,I Y and
T, 5 are obtained from Egs. (50a) and (50c). Thus
the EM field is determined everywhere.

Notice the following:

a. For the TM case, matrix [M] is the same as in |
since it is constituted by an infinite set of particular
column matrices whose elements are solutions of Eq.
(52b) and (39a) and (39b) in which & N'=0; matrix
[G] is different from that computed in I. Indeed,
because of the diffraction of the pump beams, we
deal with a different nonlinear polarization at fre-
quency ;.

b. For the TE case, the elements @,,(y) and
q),,NL( y) are different from those corresponding to the
TM case since the basic propagation equations are
different.

This method allows us to determine the EM field
at frequency w;=w;+w, outside, but also inside, the
modulated region whatever the polarization of the
1, @,, and w; beams may be.

This is achieved with the aid of a computational
method which is a generalization of that used in L.
Corresponding numerical results will be given in a
forthcoming publication. They will fully include the
frequency dependence of ¢, X} ; ;, @, and b. Effects
considered in this study are such that no wave-
vector dependence of these quantities occurs. This
is the usual situation in diffraction theory."&710:11

Before taking up the next section, let us say a few
words about the convergence of the series occurring
in this formalism. Computer calculations valid in
the case of linear diffraction™!'®!! (i.e., concerning
expansions of the fields at frequencies w; and w,)
have shown that the pump fields are represented
with an accuracy at least equal to 1% when 15
terms are taken into account (from I/=-7 to
I= + 7). Early computer results show that the ra-
pidity of convergence is about the same for the ex-
pansions of the EM field at frequency ws.

+j a3 H(0)
y=0

4. Description of the nonlinear diffracted EM field
at frequency w3 =01+ @,
outside the modulated region

The pertinent equations are Egs. (31)—(35), (40),
and (45)—(47). We have to consider separately the
regions y >86+e and y <O.

a. y>08+e. The transverse variation of each dif-
fracted order at frequency w3 depends on the sign of
a} o3 The diffracted orders for which af,3<0

(VYn,3> k1 (w3)) are evanescent above the modulated
region.

Note that for sufficiently large K, (K, > k(w3))
even the diffracted order n=0 may be evanescent.
This is a specific feature of nonlinear diffraction.
As is well known, in linear diffraction the specularly
reflected wave (corresponding to /=0) is always ra-
diated.

The diffracted orders n for which af,3>0
(74,3 <ki(w3)) are radiated in the outside medium
y>d0+e.

b. y<0. Below the modulated region, the EM
field at frequency w; is a superposition of a diffract-
ed field and of a driven field. The diffracted field is
described by the first term of Egs. (33) or (46).

If Re[ey(w3)]<0, all the diffracted orders are
evanescent in the region y <0. In this case, the or-
ders n for which ai n,3 <0, correspond to diffracted
orders which remain bounded to the modulated re-
gion, i.e., these orders n correspond to surface
waves; the other diffracted orders correspond to ra-
diated waves.

If Re[e;(w3)]>0, one has to compare ¥, 3 with
k,(w;). Diffracted orders n for which y, 3> k,(w3)
are evanescent in the region y <0, whereas those for
which y, ; < k,(w;) are radiated in this medium.

The driven field is a superposition of an infinite
number of subelementary driven fields, each of them
having a wave vector ;,. The longitudinal com-
ponent of K, is always real and, as a consequence,
all the subelementary driven fields, regardless of the
indices / and m, propagate along the x axis. The
transverse variation of each of these driven fields de-
pends on the nature, real or imaginary, of a,;, and
@ p 12 The results are summarized in Table L.

In fact, due to the damping of the nonlinear medi-
um at frequencies w; and w,, @,;; and a; , _;, are
complex. But, since this damping is usually small,
a1 and a,,_;, are either almost real or almost
imaginary. This justifies the classification of Table
I

For metallic gratings A%{‘“ =A¥I%,p =0. For
these gratings there is no driven field in the TE case.

The guided EM waves at frequency w; (surface
plasmons, surface polaritons, guided waves) must be
looked for in the diffracted field at that frequency.
They correspond to diffracted orders n which are
evanescent both above and below the modulated re-
gion. For example, we have the following: surface
waves for a bare grating with Re[e,(w3)] <0 and or-
ders n such that ai,,’ 3<0; guided waves when

Re[e,(w3)] 20 together with a high index coating,

ie, whose permittivity €.(w3) fulfills
Re[e.(w3)] > Re[€p(w3)] (b=1,2), and n such that
a,z,,,,,3<0. These guided diffracted orders at fre-
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TABLE I. Discussion of the nature of the driven fields.

Characteristic of an (I,m)
subelementary driven field

as i Qrp—12

Re Re Propagates in the bulk in the

direction «;,

Propagates in the direction
(Kl,p,x’aZ,l,l)-

Evanescent in the y direction.
Attenuation length: (a;, ;)"
Im Re Propagates in the direction
(Kl,p,JnaZ,p—l,Z)'

Evanescent in the y direction.
Attenuation length: (a,;,)~"
Im Im Propagates in the x direction.
Evanescent in the y direction.
Attenuation length:
(ay+ay,_12)7"

quency w; can be resonantly excited for suitable
values of 6,,0,,d,ws,n [see Egs. (32), (34), and (40)].
In fact, due to the damping of the nonlinear medium
€(w;) is complex and these guided waves do not
propagate strictly parallel to the x axis, but this does
not change significantly the results stated above.

¢. Direction of propagation of the nonlinear dif-
fracted orders at frequency wis=w,+w,. As already
pointed out, the diffracted field contains propaga-
ting and evanescent waves. The direction of propa-
gation of the radiated waves can be deduced from
Egs. (32) and (40) for the medium y >8-+e and
from Egs. (34) and (40) for the medium y < 0.

We get the following result:

nb(k3) . _nl()\'l) ind
. sin b'"_———kl sin6,;
(A)
"‘x 2 sin92+% (54)
2

with n =0,11, £2,..., ny(4,) (b=1,2,v=1,2,3) is
the refractive index of medium b at wavelength A,
(A,=2mc/w,), and ¥ , is the diffraction angle of
the diffracted order n at wavelength A; in medium b
(b=1,2).

Equation (54) is very important since it represents
the nonlinear grating equation. This equation al-
lows determining which diffracted orders n (at the
signal frequency w;) are radiated in medium b
(b=1,2) (by |siny,, | <1). For these orders, their

direction of propagation is given by ¢y, ,.

Equation (54) expresses the conservation of the
longitudinal component of the total impulsion of the
system constituted by the two incident photons, the
signal photon and the grating through the nonlinear
interaction (0 ,w;) —>®3=w|+ ;.

The nonlinear grating equation is valid even for
dispersive media. Notice that the nonlinear diffrac-
tion angles v, , are different from the diffraction
angles corresponding to the linear diffraction of the
pump beams. Thus this novel grating effect allows
separating pump fields and signal.

The geometrical construction, which leads to the
determination of the direction of propagation of the
radiated diffracted orders at frequency ws, is de-
duced from Eq. (54) in the following way (Fig. 3):
Draw two circles C,C, and two half circles C;,C,
with radius, respectively, equal to n;(A;)/A,
ni(A;)/A,, ni(A3)/As, n,(A3)/A;; add the lengths
04 2 to 04 1 to get OBO Then, OBn

A
\ 4.
w. ’
\"2 y
1
\
Gi0
\ wWs
\
‘;Z‘v,-: \
0,
Ny W. 01
1
~ ~ \R.|' ™
[ S. s 0! o
~ v
N ;
R 2
! S VASIN
! " A, A
1B B¢ . I|E X
! )
: . ! g
c, ! R
: ; ws
: :
h '
! l
T, : b
To
[ =
$a,-2
w3
¢2 0
, ws
] 1

FIG. 3. Geometrical construction for nonlinear dif-
fraction when the lower medium is a nonlinear dielectric.
Note that the n=1 diffracted order at w; is radiated only
in medium 2; it is evanescent inside medium 1. All the
diffracted orders n >2 and n < —3 are evanescent in
media 1 and 2. B_zB_l =B_1B() =B()B1 =1/d. With the
arbitrary numerical values corresponding to the figure,
the only propagating orders at the pump frequencies w,
and w, are the orders 0 and —1 (not reported on the fig-
ure).
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(n=0,%+1,%£2,...) is the longitudinal wave-vector
component divided by 2, of the nth diffracted or-
der. The direction of propagation of the nth reflect-
ed (transmitted) nonlinear diffracted order in OR,
(0T,).

Circle C, exists only in the case of a nonlinear
dielectric. When dealing with a nonlinear metallic
grating there is no circle C4: All the nonlinear dif-
fracted orders are evanescent in region y <0. When
0,,6,,A,A, are such that

nl(kl)sin +n1(k2)
Al W

Then, even the n=0 nonlinear diffracted order is
evanescent in medium b (b=1,2).

This case, which has been already considered for
region b=1, corresponds to K, >k, (w;3) (b=1,2). It
is of special interest since, in medium b=1, it corre-
sponds to the nonlinear specular reflection.

When n=0, the nonlinear grating equation, Eq.
(54), becomes

1
M

n,,(M)
Ay

Sin92 >

nl(M)

1|, .
np(As3) + ~ sinyp o= sinf,
2

nl(kz)
A

Sinez .
(55a)

Equation (55a) determines the direction of non-
linear reflection when (b=1), or nonlinear transmis-
sion (b=2), in the case of a plane interface® separat-
ing two media with permittivity €;,€,. It is worth
noticing that only the direction of propagation, and
not the intensity, of the n=0 diffracted order is the
same as that deduced from the theory of nonlinear
reflection.® From Eq. (55a), it is seen that 9, is
different from 6, and 6, when the upper medium is

dispersive.
If n(A3)=n(Ay)=n(A}), we get
1 1 . 1 . 1 .
—}\~1+K—2— smd/lyozl—lsmex—f-xsmez .

(55b)

If in addition 6,=60,, Eq. (55b) shows that
Y1 0=0,=0,, i.e, the nonlinear specular reflected
beam and the specular reflected pump beams merge
together. Figure 4 represents a possible aspect of the
EM field at frequency w; in the case of SHG in a
silver grating.

5. Summary of the EM theory of diffraction
in nonlinear optics

The formalism developed in the previous sections
corresponds to a three-step theory of nonlinear dif-

' '
Ay

FIG. 4. SHG in the bare grating of Figs. 2(a) and 2(b):
w,=w; A=A=106 um; 6,=60,=45; n(A))
=n,(A;)=1. In this case, the nonlinear grating equation,
Eq. (40), reduces to (d /A3)(siny, 3 —sin6)=n (A3=1,/2).
The specularly second-harmonic reflected light (n=0) is
emitted in the direction ¥, ,=0;. Aside from this order,
only the n=—1 second-harmonic diffracted order is
propagating, with a back-diffracted angle ¥, _,=—8.63".
Concerning the diffraction of the fundamental light, w,
only the /=0 (specular reflection) is radiated in direction
0. ; incident pump bezam at w;; =—; radiated dif-

fracted orders at w3;=2w,;; -~ —; evanescent diffracted or-

‘
ders at w3;=2w,. Since the grating material is a metal all
the transmitted diffracted orders are evanescent.

fraction (Fig. 5):

(1) The diffraction of the two pump beams is ac-
counted for by using the rigorous linear theory of
gratings: This allows getting the expression of the
electric field of the diffracted pump beams below
and inside the modulated region.

(2) We then derive the expression of the nonlinear
polarization at frequency w;=w;+w,, not only
below the grating but also inside the modulated re-
gion, in terms of all the diffracted orders at frequen-
cies w; and @,, whatever their nature, radiated or
evanescent, may be.

(3) The expressions (18a) and (26a) of the non-
linear polarization at frequency w; then act as
source terms in the nonlinear diffraction problem at
frequency ;.

6. Comparison with the results of paper I

Contrary to what occurs in I, the nonlinear polari-
zation at frequency w; depends on the groove depth
8. This allows us to account for an enhancement of
the w; EM field through electromagnetic resonance
at the pump frequencies.

Among these EM resonances is the well-known
surface-plasmon or surface-polariton resonance.
But, the theory of nonlinear diffraction presented
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w1 ] theory of linear
— diffraction

—
raall By-4'TH

at frequency w) :
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-
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at freq y w2 . region | region

All the diffracted
| orders, radiated or |
evanescent, at fre-
' quencies W) and “’2'

arising from the
diffraction of | | quency wj |

All the nonlinear |
polarizations at

| A11 the diffrac- |
ted orders, ra-

| diated or eva- |
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Wym W)+ W,

the two pump
beams

FIG. 5. Successive steps of the theory of diffraction in nonlinear optics. 2 “Yw3,8): nonlinear polarization at fre-

quency w3=w;+ .

here, since it also applies to coated gratings, allows
us to predict that nonlinear effects can be enhanced
by using, at least, another kind of EM resonance,
i.e., the guided wave one.

Thls is demonstrated in Fig. 6 where we consider
SHG in a silver grating (d=5556 A, 5=150 A)
coated by a dielectric layer of thickness e; the pump
wave o) is TE polarized. In that case, the optimal
thickness, e, is equal to 5700 A and
| ul,,,ze’“""l(a”) |#m=186 (MM denotes max-
imum maximorum). Consequently, the square
modulus of the nonlinear polarization at 2w, is in-
creased by a factor of the order of 2100 as compared

2
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100.
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[=3=]
a

05 0.6 0.75 (um)

FIG. 6. S Peak  value, |Q |4 of @
ja, 1 (6+e) ) .
= |upie "2 as a function of the thickness e of

the dlelectnc layer. )»1 =1.06 um, index of the layer, 1.49,
d=5556 A 8=150 A.

to the case where a TM incident beam of frequency
o, acts as a pump for SHG in a bare Ag medium
with flat interface.!!

This result has to be compared with the enhance-
ment factor corresponding to a bare silver grating
(i.e., the situation of Fig. 2) with d=5556 A. Com-
puter calculatlons show that §,,=114 A and
| Ty | 2 m=67.05 leading to an enhancement factor
of the square modulus of the nonlinear polarization
at frequency 2w, of the order of 300 (the compar-
ison is still performed with a flat air-Ag interface).

Thus the guided wave resonance leads to a
stronger enhancement than the surface plasmon-
polariton does. With the numerical values of Fig. 6,
the enhancement factor corresponding to the
guided-wave resonance is 7 times greater than that
due to the surface-plasmon resonance.

We also see that the surface-plasmon resonance
contribution depends on d. Indeed, in Flg 2(b),
d=6174 A, &, pt=150 A, and | T4 |2m=110
whereas for a bare silver grating for which d=5556
A, 6= Sopr=114 A, we get | Ty, |MM—6705 This
result has been already pointed out in Ref. 12 where
it has been shown that, in the low modulation range,
the highest modulation 8/d leads to the strongest
EM resonance.

This guided-wave resonance at frequencies w; and
w, is associated with guided EM waves in a dielec-
tric wave guide (the associated smooth structure is a
high index coated plane interface). Consequently,
most of the pump energy is stored into the dielectric
layer. If, in addition, this layer is constituted by a
nonlinear medium, then, with regard to the non-
linear efficiency at frequency ws;, guided-wave reso-
nance should lead to a greater enhancement of non-
linear optical effects than does surface-
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plasmon—polariton resonance. Indeed, the enhance-
ment due to the guided-wave resonance is stronger
than that corresponding to the surface-plasmon one,
and in the case of bare metallic gratings most of the
pump fields lie above the grating, i.e., in the linear
region.

One may wonder if surface-plasmon—polariton
resonance can occur simultaneously at the three fre-
quencies ®;, w,, and w;. In this case, the EM reso-
nance contribution to the enhancement of the signal
at frequency w; would be the greatest.

If this happens, one has

Yi1=Bslw1) ,
Ym,2:BS((’)2) »
7n,3=BS(m3) ’

where Bg(w,) is the surface-plasmon—polariton
dispersion relation at frequency w, (v=1,2,3) corre-
sponding to a flat interface €},¢€,.

For the sake of simplicity, we neglect the small
depression of the surface-plasmon dispersion curve
when § is different from zero (see Refs. 7 and 10).

From Egs. (3c), (3d), (16), and (40), we get

ki(w))sin®©;+1lo=PBs(w;) ,

k(@,)sin0,, ,+mo=Ps(w,) ,

ki(@1)sin®©; 1 +k1(0,)sin®©,, , +no=Ps(w;) .
Thus

Bs(w1)+Bs(wy)+q0=PFs(w1+w,) . (56)

From this equation, we see that if the law Bs(w) is
linear (for example, metal when w <<w,, where w,, is
the plasma frequency), then it is the Fourier com-
ponent ¢g=0 of 77, ,(x,y) which leads to the possi-
bility of a simultaneous resonant excitation of the
diffracted orders / at ©,, m at w,, and Il +m at ;.

If Bg(w) is not a linear function of @ (which is
usually the case), then, for a given integer value of ¢,
there exists a value of d such that Eq. (56) is ful-
filled. In that case, the diffracted orders / at w;, m
at w,, and /+m +q at w; are simultaneously
resonantly excited.

It is worth noticing that the EM resonance at fre-

quencies ®; and o, leads to an increase of the non-
linear polarization at frequency w; and, therefore, to
an enhancement of the whole EM field at frequency
o+ (radiated diffracted orders included).

ITII. CONCLUSION

We have presented in this paper the first rigorous
electromagnetic theory of diffraction in nonlinear
optics. This formalism is quite general. It applies
to any type of gratings, whatever the profile and the
groove depth of the grating and coatings may be.
The coatings themselves can be made with either a
linear or nonlinear material.

This new theory has a wide range of applications.
When no EM resonance takes place at w, (v=1,2,3),
we are concerned with what we may call the usual
nonlinear diffraction. When w;=—0; (@,=0,
0,5~0), we deal with optical rectification (Pockels
effect) in a nonlinear medium whose entrance face is
constituted by a periodic rough surface. When o,
(v=1 and/or 2 and/or 3) is chosen such that
Reley(w,)] <0, we study the surface-
plasmon—polariton resonance contribution, at these
frequencies, to Raman effect if ;> 0, w, <0, and to
SHG if w;=w,. In the case of a coated grating, we
evaluate the guided wave resonance contribution to
enhanced nonlinear effects.

Two important and new results must be em-
phasized:

(1) Each time the associated smooth structure
supports guided normal modes, then, through a
modulation of this structure, the possible EM reso-
nances will lead to the enhancement of nonlinear ef-
fects taking place in this structure. In other words,
depending on the structure which is used, the
enhancement of nonlinear effects can be achieved by
using surface plasmon-polariton or guided waves.
Thus the surface-plasmon resonance is not the only
one and, as pointed out previously, probably not the
more suitable EM resonance to be used when one is
interested in enhanced nonlinear effects.

(2) The contribution of these EM resonances to
the enhancement of nonlinear effects can be opti-
mized when 8=38,. It is worth noticing that this
optimization is achieved for low modulation, i.e.,
Bopt/d~0.02.
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