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Single-ion and pair-interaction potentials near simple metal surfaces
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We present a model for semi-infinite simple metals which does not require crystalline order or a

single species, and thus is applicable to problems of defect energetics near the surface and random-

alloy surfaces as well as ideal metal surfaces. The formulation is based on the use of ionic psuedopo-

tentials and linear-response theory. An expression for the total energy is obtained which depends ex-

plicitly on ionic species and position. This expression is decomposed into a density-dependent term

and single-ion and ionic pair-interaction potential terms. The single-ion potentials oscillate about a

constant bulk value, with the magnitude of the oscillation decreasing rapidly away from the surface.

The interaction between pairs of ions near the surface is shown to be a noncentral force interaction

which differs significantly from the central-force bulk pair potential. The effect of quantum interfer-

ence in the response of the semi-infinite electron gas to the ions is seen in both the single-ion and the

pair-interaction potentials. Results are presented for the simple metals sodium, potassium, and rubi-

dium.

I. INTRODUCTION

Fundamental investigations of certain physical proper-
ties of solid materials such as crystallographic structure,
dynamics, and defect energetics (formation and migration)
require detailed knowledge of, and the ability to calculate,
the total energy or total-energy differences for various
configurations. The total energy of metals, simple metals
in particular, contains contributions of different origins,
e.g., terms in the electronic energy which are density
dependent (independent of the location of atoms) and
terms which depend on the spatial arrangement of the
atoms. ' It is important to recognize that the dominant
factors underlying various physical properties may relate
to terms in the total energy which are of different origins.
Thus, for example, the determination of crystallographic
structure requires a minimization of the total energy in-
cluding the contribution which is only density dependent
while the dominant contributions in studies of vibrations
of bulk metals come from those terms which depend on
the interatomic position vectors. ' Determination of the
surface atomic arrangement (relaxation and reconstruc-
tion) may require, in addition, terms which depend on the
positions of individual atoms relative to ideal (truncated
bulk) crystal planes.

Essential to the construction of theoretical treatments of
the properties of perfect bulk crystals is the translational
invariance of the lattice. The lack of translational symme-

try causes major difficulties in the exploration of proper-
ties of imperfect crystals, and theoretical formulations
which can provide quantitative estimates of structure, en-

ergetics, and dynamics of real (imperfect) materials, while
most desirable, are less abundant. Material surfaces in the
ideal case possess two-dimensional translational symmetry
parallel to the surface plane but lack translational symme-
try along the surface normal. Consequently, theoretical
treatments of surface properties are complex and require
new formulations or adaptations of bulk methods with
major modifications. Among the formalisms which have
greatly enhanced our understanding of surfaces are

density-functional-based techniques, ' methods which em-

ploy real-space or mixed representations (recursion tech-
niques, Green's functions ), and surface band-structure
computations9 (slab and supercell techniques}.

While significant progress in the theory of the electronic
structure of ideal metallic surfaces and with ordered ar-
rays of adsorbates has been achieved, calculations which
employ minimization of the total energy yielding surface
structural information, ' ' calculations of force con-
stants for use in surface vibrational studies, and evaluation
of interaction potentials for use in molecular-dynamics
and Monte Carlo simulations are in their infancy. ' ' The
introduction of single or randomly arranged defects to the
surface region compounds the complexity since the lack of
translational invariance is exhibited by both components
of the system. Thus traditional band-structure calcula-
tions are not applicable and application of the density-
functional method becomes difficult, involving approxi-
mate perturbative (most often first-order's) treatments, or
it may entail a reduction in the dimensionality through
averaging over the ionic potentials in layers.

The purpose of this article is to develop a theoretical
method for simple (sp bonded) metals which retains the
three-dimensional character of the system, maintains the
essential features of the electronic structure, and allows (a)
systematic investigations of ionic potentials (effective pair
potentials and single-ion potentials in the surface region},
(b) studies of surface structure (relaxation and reconstruc-
tion), (c) analysis of the energetics of single and randomly
distributed defects, and (d) studies of surface segregation
phenomena' in alloys (layer concentration profiles) via
minimization of the surface free energy. An application
of the formulation developed here to the prediction of the
relaxed surface structure of the low-index faces of Na and
Al, yielding good quantitative agreement with available ex-
perimenta1 results, has been reported. ' A detailed descrip-
tion of the surface relaxation calculation and a discussion
of the results are given in the second paper of this
series. ' ' Impurity and vacancy formation energies and
surface segregation in alloys have been reported' by us
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and will be treated in forthcoming publications.
To enable us to perform the studies listed above we need

first to obtain an expression for the total energy of a
semi-infinite metal which depends explicitly on the atomic
species and their positions. Pseudopotentials, often in

conjunction with linear-response theory, have been instru-
mental in investigations of bulk metal systems. ' In partic-
ular, the application of local model pseudopotentials has
yielded effective interaction potentials which have been
well tested in studies of vibrations, ' elastic properties
and vacancy formation energy and volume, and in
molecular-dynamics simulations.

In Sec. II of this paper we present the general formula-
tion and obtain an expression for the total energy of a
semi-infinte simple metal. This total-energy expression is
most general in that it does not require crystalline order or
a single species. The formulation employs local model
pseudopotentials embedded in a semi-infinite interacting
electron gas. The response of the electron gas to an em-
bedded ion is obtained through the solution of a single
one-dimensional integral equation and involves the use of
a linear-response model applicable to the semi-infinte sys-
tem. A decomposition of the total energy into (a) a
density-dependent term, (b) terms which depend on the
coordinates of a single ion, and (c) terms which depend
jointly on the coordinates of pairs of ions is accomplished.
In Sec. III we apply the theory to the calculation of
single-ion and pair-interaction potentials in the surface re-

gion of simple metals. We find that near the surface the
single-ion potentials oscillate about the (constant) bulk
values and that the pair-interaction potentials are anisotro-
pic and differ significantly from the bulk interaction.

II. TOTAL ENERGY OF SEMI-INFINITE
SIMPLE METALS

tracts the potential due to the jellium background and
adds the potential due to an arrangement of ion s
represented by local model pseudopotentials.

In this study we employ pseudopotentials of the simpli-
fied Heine-Abarenkov form,

Vp(13;r) =
—Z(P)e Ir, r &r, (P) (4a)

(4b)

where p;( r ) is the electron density induced by the potential

w;( r), and EM is the Madelung energy of the ionic system.
The second term in Eq. (5) is a first-order correction due

to the replacement of the positive background by discrete
ions, and the third term is second order in m;, usually

called the band-structure (BS) energy Eqs.

B. Screening

where the core radius and level parameters, r, (P) and

u, (P), are chosen to fit bulk properties (lattice constant
and bulk modulus ) of the pure species P.

The ground-state energy Eo and electron density p (r)
of the jellium system described by H [Eq. (2)] is given in

a seminal study by Lang and Kohn. With the use of the
coupling-constant integration method and assuming linear

response, the total energy Eq of the semi-infinite metal is

given by

Er=E +g fd rp (r)w;{r)

+ z g fd r p (r)wj(r)+EM,

A. Total-energy expressions

The metal surface system which we wish to study is
conveniently represented by a semi-infinite interacting
electron gas in the presence of a neutralizing positive
background (jellium model), to which we add the ap-
propriate ionic potentials. The Hamiltonian for the elec-
trons is written as

H=H +gw; .

H is the many-body Hamiltonian of the interacting
electron-jellium system,

H'=T+ V„+V+,
where T and V„are the electron kinetic energy and
electron-electron interaction operators, respectively, and

V+(r) is the potential due to the positive background.
The potentials associated with individual ions, m;, are
given by

The major task in obtaining the total energy, Eq. {5),for
an arbitrary arrangement of ions is to obtain a self-
consistent solution for the induced, or screening, electron

density p;(r). We use linear-response theory, yielding a
pair of coupled integral equations,

p;(r)= fd r' (aorr')[w;(r ')+P;(r ')], (6a)

P;(r)= fd r'g(r, r ')vc(
~

r —r '
~
)p;(r '), (6b)

where ao(r, r ') is the random-phase-approximation (RPA)
response function (polarizability). P;(r) is the effective
potential due to the electron density p;( r }, which includes
exchange and correlation effects via the function

g(r, r')=1 —G(r, r'), and vc(r)=e /r is the Coulomb
interaction. G(r, r ') is a local-field correction, related to
the electron pair correlation function of the jellium sys-
tem, which takes into account short-range correlations
arising from both Coulomb and exchange effects. '

Translational invariance parallel to the surface requires
that

w; ( r ) = V& (P;;
~

r —r;
~

) N'Z(P; ) V+ ( r ), —
ao(r, r ')=ao(

~

R—R' ~;z,z')

where V~(P;;
~

r —r;
~

) and Z(P;) are the bare ionic pseu-
dopotential and valence charge, respectively, of the ion of
species P; located at position r;, and N=Q, Z(P;). The.
second term in the right-hand side (rhs) of Eq. (1) sub-

and

g(r, r ')=g(
~

R —R' ~;z,z'),
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with r=(R,z) (here and in the following, upper-case
letters denote two-dimensional vector, parallel to the sur-

face). An evaluation of the response function requires
knowledge of the single-particle wave functions and ener-

gy eigenvalues of the interacting electron-jellium system.
These are of the form

where 6 is the Heaviside unit step function. The surface
barrier is located at z=0 and the jellium edge position,
determined by charge neutrality, is zo ——3m/8kF (Ref. 38);
the layers of an unrelaxed crystal will be located at
z„=zo+(n ——, )D, where n = 1 for the surface layer and D
is the layer spacing. Substituting Eqs. (9) into Eq. (Sa)
gives the infinite barrier model response function

( ) fl —1/2 i K ~ Rq ( )K,K

E(K,a)=Pi K /2m+a„,
(7) ap(Q;z, z') =2Q / QW(Q;», »')sin(»z)sin(»z )

K, K

X lc (z') p„(z'), (8a)

respectively, where Q=NQO is the volume of the semi-
infinite metal (Qo is the volume per electron). The
response function (retarded polarizability) is given in a
mixed representation by

ap(Q;z, z') =2fl /3+&(Q;», »')g„'(z)P„'(z)
K, K

)& sin(~'z)sin(~'z')6(z)6(z') . (10)

The analytical convenience of this response model is due
to the vanishing of ap(Q z,z') if either z&0 or z'&0, or
both; thus it is possible to symmetrize the problem by re-
flecting across the z=0 plane. We define symmetrized
quantities p;, ( r), w„( r ), and P;, ( r ), and their three-
dimensional Fourier transforms, by

~(Q. i) ll —2/3y f(K—Q/2, ») —f(K+Q/2, »')

x E(K—Q/2, ») —E(K+Q/2, »')

p;, (r)=p;(R, ~z
~
),

p. (q)= Jd3re'q 'p;, (r),
(1 la)

(11b)

(8b)
where f(K,») is the Fermi-Dirac distribution function,
and W(Q;», »') is the two-dimensional RPA response
function.

To obtain the response function, Eq. (8a), we must
either numerically evaluate the single-particle wave func-
tions, l(„(z), or use an approximate analytical form. Our
choice is to use the wave functions of a noninteracting
electron gas confined to the half-space (z &0) by an infin-
ite barrier. This choice is dictated primarily by
analytical convenience. Other choices are possible; for
instance, one could solve for the single-particle wave func-
tions resulting from the potential due to the Lang-Kohn
electron density plus the positive background. However,
the increased complexity of such choices results in formu-
lations which are impractical or impossible to use in a sys-
tematic study which retains the three-dimensional charac-
ter of the system. Lert and Weare have used the infinite
barrier response model to calculate the electron density at
the Na(100) surface and report that comparison of their
results with the self-consistent nonlinear results of Appel-
baum and Hamann indicates the joint validity of the
linear approximation and the infinite barrier response
model. The overconfinement of the electrons outside the
jellium surface in this model might contribute to the sur-
face energy. However, we are interested primarily in
total energy differences -resulting from a rearrangement of
the ions or a change in species of some ions, and contribu-
tions due to overconfinement are expected to be of less sig-
nificance due to cancellation. In addition, the success of
this response model in predicting the relaxed surface
structure of simple metals' ' " lends some a posteriori
validation to the approximation.

The basis-set wave functions and energies associated
with the infinite barrier response model are given by

ap(q) =rr Jd» W(Q;»+q, /2, » —q, /2) (13)

Integrating Eq. (12) over q, results in a useful sum rule,

fdq, p;, (q) =0, (14)

expressing the fact that the induced density is zero at
z =0.

The equation for the self-consistent effective potential,
Eq. (6b), takes, in the symmetrized system, the form

P (q)= fd'r e'" 'f d'r'g(
~

R'—R' ~;z,z')

Xuc(
~

r —r
~

)p (r )

X [1—8(z)8( —z')

—8( —z)8(z')] .

In order to simplify Eq. (15), and to allow the solution of
the coupled integral Eqs. (12) and (15) to be reduced to the
solution of a single one-dimensional integral equation, we

will assume that g (
~

R—R' ~;z,z') can be adequately ap-
proximated by

etc. Using these definitions, we obtain from Eq. (6a), after
some manipulation, an equation in reciprocal space for the
induced electron density in the symmetrized system (see
Appendix A),

p;, (q) =ap(q)[w;, (q)+P;, (q)]
' fd» W(Q;»+. q, /2, » —q, /2)

X [w;, (Q, 2»)+P;, (Q, 2»)] .

Here ao(q) is the three-dimensional Fourier transform of
the polarizability of an infinite electron gas as given by
Lindhard,

g„(z)=sin(»z )8(z),

K
2m

(9a)

(9b) where 6(
~

r —r '
~

) is the local-field correction evaluated
for the bulk electron density. This approximation may be
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justified for several reasons: (a) It introduces only
second-order errors, (b) G (r, r ') does not depend sensitive-

ly on the local density, and (e) experience with other sys-

tems indicates that anisotropic or inhomogeneous correc-
tions in condensed systems are usually small.

Employing the above form of g(r, r '), Eq. (15) becomes
(see Appendix 8)

y;, (q)=g(q)vc(q)p;, (q)+vc(q)o';(Q)+X;(q), (16)

where g(q) is the Fourier transform of g (r) evaluated for
the bulk electron density. We use the analytical fit

g(q) =1—A [1—exp( Bq'/k—F)]

given by Singwi et al. ' Uc(q)=4~e /q is the Fourier-
transformed Coulomb potential. vc(q)o;(Q) and X~(q)
are functions which subtract the interaction of the induced
electron density with its image in the symmetrized system.
The Coulomb interaction between the induced electron
density and its image is canceled by

o';(Q) = —(Q/2') fdq[p,;(q, )/q'], (17)

which can be regarded as a fictitious surface electron den-

sity, and

X;(q)= —fd re'" ' fd'r'[g(
I

r —r 'I ) —1]

xvc(
I

r —r
I )p;, (r ')

x [e(z)e( —z')

equations are solved numerically by successive iteration.
Since cr;(Q) is independent of q„substituting Eq. (19) into
Eq. (17) yields immediately an expression for o;(Q) in
terms of u;(q) and u (q).

Note that in Eq. (19) the first term on the rhs describes
the bulk response to the potential [w„(q)+vc(q)o;(Q)].
It is apparent that u;(q) and u (q) in the second term
contain the effects of quantum interference associated
with the semi-infinite bounded electron gas. These quan-
tum interference effects become small, as does cr;(Q&0)
(the nonvanishing contributions to the fictitious surface
electron density due to u;), as the ion position r; moves
further from the surface, and bulk screening is obtained
for ions far from the surface. The semiclassical limit
(A~O with RkF ——const) amounts to neglect of these
quantum interference terms. However, in this limit the
position of the jellium edge is at zo ——0 and, therefore,
there is no response beyond the jellium edge.

C. Total-energy decomposition

The total energy, Eq. (5), can be decomposed into a
term U' '(Qo) which depends only on the average electron
density of the semi-infinite metal, terms U'"(IIO;P;,z;)
which depend on the species and the positions of individu-
al ions relative to the surface, and terms U' '(QO, P;,
r;;pj, rj ) which depend on the species and the coordinates
of pairs of ions; thus the total-energy expression becomes

Er ——U' '(IIp)!gU'"(Qo', P;,z;)!e( —z)e(z')] (18) !—,
' OUI '(Qo, P;, r;;Pj., rq) . (22)

subtracts the exchange-correlation potential due to the im-

age electron density. Since the local-field correlation func-
tion G(r) =1—g(r) is short ranged, and since the induced
electron density p;, (r ') vanishes as z~O, X~(q) can be
neglected. A posteriori validation of this approximation is
provided by the observation that the sum rule, Eq. (14)
(which was derived with no approximation), is satisfied by
our numerical results when X;(q ) is neglected.

The coupled integral equations, Eq. (12) and Eqs.
(16)—(18), can be decoupled by setting

p„. (q)=ao(q)[w (q)+vc(q)o;(Q)]/e(q)

+[u (q)+u (q)& (Q)]/[g(q)vc(q)] (19)

where

The purpose of this section is to show that this decompo-
sition is possible and to derive the expressions for the
single-ion and pair-interaction potentials, U'" and U' '. It
should be noted that this decomposition is not particularly
useful in performing most calculations since it is usually
simpler to take advantage of the geometry specific to the
problem and do the calculation in reciprocal space. How-
ever, we can gain some insight into how ionic interactions
differ at the surface and in the bulk, and the decomposi-
tion may be useful in, for instance, molecular-dynamics
and Monte Carlo simulations.

We begin by separating w;(r) and p;(r) into ionic pseu-
dopotential, w; and p;, and positive background, Vp and

p+, parts:

~(q) = 1 —g (q)Uc(q)~o(q) (20) w;(r) =Z;[w;(r) —(Qo/Q) V+(r)] (23a)

is the (bulk) electron dielectric function, and u;(q) and
u (q) are to be determined. Combining Eqs. (12), (16),
and (19), and requiring that the coefficients of o;(Q) can-
cel, results in a single one-dimensional integral equation
for u;(q),

u;( q )= —[g (q)vc(q) /e(q) ]m

X f der W(Q;a+q, /2, a q, /2)—

p;( r ) =Z;[p;( r ) —(Qo/Q)P+ ( r )],

where for notational convenience we have defined

w;(r)=Z; 'V~(P;;
I

r —r;
I

)

(23b)

X [u;( q ')+ w;, (q ')/e(q')], (21)

where q '=(Q, 2a), and in a similar equation for u ( q) in
which m;, (q ') is replaced by U~(q') in the integral. These

[see Eqs. (3) and (4)] and Z;=Z(P;). In defining the
Fourier transforms of the symmetrized quantities w;, (r)
and p;, (r) we shift the ions to the origin in the x —y
plane,
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w„. (q)= d R e' ' fdzcos(q, z)w„(r),
g.( R —R;)

(24)

etc. The reciprocal-space representations of the potentials

w„(q) and V+,(q) are given by (see Appendix C)

w„(q)=2Z; 'V~(P;;q)cos(q, z;)+vc(q)e ', (25)

where Vz(P;;q) is the Fourier transform of Vz(P;;r), and

V+, ( q ) =(2n )'Qv '5(Q)u+, (q, ), (26a)

where

v+, (q, )= —2Qo vc(qx)[ir5(q ) —»n(q*zo)/q*] .

(26b)

The induced electron densities p„(q) and p+, (q, ) are ob-

tained as before using w„. (q) or v+, (q, ) with Q=O,
respectively, in place of w (q) in Eq. (12). Finally, we de-

fine o;(Q) by using p„(q ) in place of p;, ( q ) in Eq. (17).
With this definition, cr;(Q) is given by

o;(Q) =Z;[ir;(Q)+(2n)'Q 5(g)] . (27)

It can be shown [see Eq. (B7)] that limni Orr;(Q) = —1, in
agreement with our numerical results.

The total energy, Eq. {5), expressed in terms of the
reciprocal-space functions m„(q) and p„(q), is

Er Ev+——g fd r p (r)w;(r)
l

+ ,' g(—2') fd q p„(q)wj, (q)+EM . (28)
J,J

The factor of 4 instead of —,
'

in the third term (the band-

structure energy) is due to the symmetrization of the sys-
tem (in effect we have two noninteracting semi-infinite
systems). Substitution of Eqs. (23)—(26) into Eq. (28)
yields, after some algebra,

Er Ev fd——irPv—(r)V+{r)+—,'(Q/Qo) ~ (2m) ' fdq, P+, (q, )v+, (q, )+gZ; fd rP (r)w (r)

,'Qo —' '—QZ;(2') ' fdq, [p„(0,q, )u+, (q, )+p+, (q, )w„{o,q, )]

+ —,
' QZi(2m) ifdiq p„(q)w;, (q)+ ,' g'Z;ZJ—(2n)fd q'p„(q)wp(q)e ' ' +Em ~

I l,J

(29)

where the primed sum g', omits the i =j terms.

The on]y terms in Eq. (29) which depend on the coordinates of more than one ion are the last two terms. Thus we de-

fine the pair-interaction potential U' ' to be

U'i'{QvP;, r;;P~, rj)=ZZ~/
~
r; —rj

~
+ ,'ZZ~(2v) —fd q[p;, (q)wj, (q)+pz, (q)w (q)]e (30)

Since the two-dimensional (2D) vector R; does not appear in the definition of w;, (q ) or p;, ( q), it is evident that the pair-

interaction potential depends on
~
R; —R~ ~, the magnitude of the distance between two ions parallel to the surface.

However, this pair-interaction potential depends on the z coordinates of the two ions separately rather than just on

~z; —z, ~, i.e.,

U' '(Qv, P;, r;;Pj, rj. )= UI '(Qv;
~
R; —R) ~;P;,z;;Pi,zj) .

For this reason U' ' is not a pair-potential in the usual sense but can be regarded as a three-body potential, where the

third body is the electron-jellium system described by 0, Eq. (2).
The single-ion potential is contained in the fourth, fifth, and sixth terms on the rhs of Eq. (29) since these terms de-

pend on the z coordinate of a single ion,

U'"(Q, ;t3z, )=Z, fd r p (r)w;(r) 4Q&& Z;(2vr—) ' fdq, [p (O, q )u+, (. q, )+p+, (q )w;, (O, q )]

+ ,'Z; (—2m) fd'q p;(q)i,v;(q) ,. (31)

The physical origins of the three terms on the rhs of Eq.
(31) are, respectively, (i) the interaction of the bare ion
with the unperturbed electron density, (ii) the interaction
of the ion and the (subtracted) positive background density
through their screening electron densities, and (iii) the in-
teraction of the ion with its own screening electron densi-
ty. The terms (i) and (ii) taken separately are divergent
since the system is semi-infinite, but the sum of the two is
finite.

In order to evaluate Eq. (31}the direct interaction of the
ion with the positive background is added to the first term
and subtracted from the second. The expression for this

ion-positive background interaction energy is

—fd'rP {r)Z;w;(r)

= ——,
' Q '~'Z;(2') ' f dq, [p;, (O,q, )u+, (q. )]

,' Q z~iZ—;(—2ir) ' fdq, [p,(q, )w;, (O,q, )], (32)

where p {r)=QO 8{z—zo) is the positive background
{jellium) density, with symmetrized Fourier transform

P(q )=( n2) Qo '5(Q)p, (q, ),
and
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TABLE I. Parameters used in the calculations: r, =(30p/4~)' ' is the electron density parameter, r,
and u, are the pseudopotential core radius and depth (Ref. 25) [see Eq. (4)], and A and B are the param-

eters in the local-field correction G(q) Ref. 30 [see Eq. (6)].

Metal

Na
K
Rb

rs

3.931ap
4.862ap
5.197ap

rc

2.076ap
3.033ap
3.551ap

0.3079
0.5723
0.7273

0.9942
1.0119
1.0161

0.2631
0.2406
0.2337

U" (Qo Pr, z;)=Es+EH+EBs

where

Es ,'Z (—2n——) 'f d'qp„(q)w;, (q),

EH=Z; Jd r[p (r) —P (r)]w;, (r),
and

(33)

(34a)

(34b)

EBS 4 00 Zi (2m.

X jdq, t[p. (O, q, ) —p;, (O, q, )]v+,(q, )

+[p, (q, ) —p+, (q, )]w (O, q, )] . (34c)

Z;p;, (q) =vc(q) '2 V~(P;;q)cos(q, z;)

is the positive density which gives rise to the ionic pseudo-

potential [see Eq. (C5)]. With the use of Eq. (32) as dis-

cussed above, the expression for the single-ion potential
becomes

we employ were determined by Popovic et al. to repro-
duce the experimental values of the bulk modulus and
equilibrium lattice constant. These authors used the pseu-

dopotentials, and the local-field correction of Singwi
et al. ', in calculations of vacancy formation energies and
volumes for the alkali metals and Al, obtaining results in

good agreement with experimental values. We have calcu-
lated the cohesive energy of Na, K, and Rb using the pseu-
dopotentials and find that the calculated and experimental
values agree to within less than 0.3% in each case (experi-
mental values are summarized in Ref. 20). To our
knowledge these pseudopotentials have not been used in

lattice-dynamics calculations; nevertheless, the bu1k pair-
potentials which we obtain are similar (in terms of loca-

Na

We remind the reader that p;, and p+, are induced elec-
tron densities corresponding to the potentials w;, and v+„
respectively [Eqs. (25) and (26)], which are in turn the po-
tentials due to the densities p;, and p, which represent the
ions and positive background, respectively. Having
described in this section the physical model and derived
the expressions needed for the evaluation of the total ener-

gy and its decomposition into density, single-ion, and
pair-interaction potentials, we turn now to a discussion of
results for the single-ion and pair-interaction potentials.

III. RESULTS AND DISCUSSION

In this section the theory developed in Sec. II is em-

ployed in a systematic study of the single-ion and ion
pair-interaction potentials in the simple metals Na, K, and
Rb. The values of the bulk electron density parameter r„
the pseudopotential core radius and depth [Eq. (4)] r, and

u„and the parameters A and 8 in the analytical fit to
the local-field (exchange-correlation) correction G(q) (Ref.
31) which were used in the calculations are given in Table
I.

Rb

(«o)

t

(ioo)

In general, the practice of determining model pseudopo-
tential parameters is guided by the adequacy of the fit be-

tween calculated and measured material properties. When

treating metal surfaces, and possible structural relaxations,
it is essential to use a model which yields the correct bulk
lattice constant and reproduces the elastic properties of the
bulk. In addition, if the model is to be applied to alloys
(heats of formation, surface segregation, etc.) it is of ut-
most importance that the model also yield the correct total
energy, and thus the cohesive energy, of the bulk pure
species. The pseudopotential parameters„r, and u„which

] I

Z Zp (kF)
10

FIG. 1. Electron densities App (z) for Na, K, and Rb. The
Lang-Kohn (Ref. 30) densities are shown as solid curves and the
dashed curves are the infinite barrier noninteracting electron
density. The truncated bulk density is also shown as a solid line,
and the (100) and (110) layer positions are indicated by arrows.
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—0.185-
(ioo)

~ -0.190—

-9.195-
I I I I I I I I I I I I I I I I I I I l I I I

10

z-z, (a,)

20

FIG. 2. Single-ion potential U'"(z) for K. Layer positions

are indicated by arrows.

zI =zo+(I ——,
' )D, (35)

where zo ——3~/8kF is the position of the jellium edge, and

tion, depth, and curvature —see dashed curves in Figs.
3—7) to the M 1 model pair potentials of Dagens et al. ,
which do yield rather satisfactory agreement with experi-
mental dispersion curves.

The Lang-Kohn surface electron density p (z) for the
three metals is shown in Fig. 1. These densities were ob-
tained by Lagrange interpolation between the densities at
the r, values given in Ref. 30. The positions of the (100)
and (110) crystalline layers, also shown in Fig. 1, are given

by

D=-(2kF) '(6d)' for the (100) layers and

D=(+2kF) '(6' )'/ for the (110) layers [the Fermi
momentum kF is related to r, by kF =(9n/4. )' /r, ] T. he
Lang-Kohn electron density enters the calculation through
the first-order correction to the total energy and contri-
butes to the EH term in the single-ion potential, Eq. (34b).
The surface electron density of the infinite barrier model
is also shown in Fig. 1. We have found that the use of
this infinite barrier electron density in place of the Lang-
Kohn density yields values of EH which are in close quan-
titative agreement with the results obtained using the
Lang-Kohn density, particularly for large z. We use the
infinite barrier density to extend p (z) to values of z larger
than those provided in the tables of Ref. 18(a).

In performing the numerical integration over Q and q,
to obtain the results presented in this section we have used
a grid of points in Q, q, with spacing hQ =b,q, =0.04kF,
and have truncated the integrals when convergence is ob-
tained (in most cases a maximum of q=12kF is suffi-
cient). The derivatives of the potentials U" '(z) and
U' '(R;z&,z2) which are presented in the tables were ob-
tained numerically in each case by evaluating the quanti-
ties at points z,z+0.01D and R,R+0.01D, where D is the
(100) or (110) layer spacing. The units of energy and of
length used in the tables are e kz and kz ', respectively, to
facilitate comparison of the results for the different met-
als.

The single-ion-potential results are summarized in
Tables II, III, and IV for Na, K, and Rb, respectively.
The general behavior of U"' as a function of ion position

TABLE II. Single-ion potential for Na, U"'(z)=E, +EH+Ebs and derivatives, evaluated at the

(100) and (110) layer positions z =z0+(l ——,
'

)D; D is the layer spacing. The units of energy and length

are, respectively, e k~ and kF ', where kz ——(9~/4)' /r, and r, is given in Table I.

E,
EH

0Ess
U(1)

BE./Bz
BE.'/B.
BE' /Bz
BU")/Bz
B'E, /Bz'
B E.'/B"
BE.",/B"
B'U" '/Bz'

—0.2739
0.0328
0.0085

—0.2326
—0.0107

0.0316
—0.0304
—0.0095

0.032
0.006

—0.010
—0.027

—0.2697
0.0356
0.0002

—0.2338
0.0039

—0.0039
—0.0006
—0.0006
—0.003

0.010
0.007
0.013

(100) layer
—0.2660

0.0369
0.0000

—0.2290
0.0008

—0.0004
0.0026
0.0031

—0.000
—0.002
—0.001
—0.003

—0.2648
0.0359

—0.0005
—0.2294

0.0004
0.0002

—0.0015
—0.0009
—0.000

0.000
0.003
0.003

—0.2643
0.0358
0.0009

—0.2276
0.0002

—0.0005
0.0003

—0.0000
0.000
0.000

—0.003
—0.002

E,
EH

Ess0

U(1)

BE./Bz
BEH /Bz

BEas /Bz
BU("/Bz
B'E, /Bz'
B2E /Bz~

BEgg /Bz
BU"'/Bz'

—0.2760
0.0428

—0.0013
—0.2346
—0.0008

0.0119
—0.0128
—0.0017

0.017
—0.059

0.051
0.009

(110)
—0.2668

0.0365
—0.0015
—0.2317

0.0014
0.0016
0.0005
0.0035

—0.001
—0.003

0.005
0.001

layer
—0.2648

0.0360
—0.0009
—0.2297

0.0003
0.0002

—0.0013
—0.0008

0.000
—0.000

0.003
0.003

—0.2642
0.0355

—0.0002
—0.2289

0.0001
—0.0000
—0.0014
—0.0013
—0.000

0.001
0.000
0.001
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TABLE III. Single-ion potential for K, and derivatives. See the caption for Table II.

E,
EH

0Ess
U(1)

aE. /az
aE.

'
fa.

aE' /az
aU("/az
$2E /Qz 2

a'E /az'
8 Egs/Bz
O2U")/ez2

—0.2674
0.0222
0.0059

—0.2393
—0.0119

0.0134
—0.0190
—0.0175

0.034
0.018

—0.019
0.032

—0.2633
0.0167
0.0001

—0.2465
0.0039

—0.0034
0.0001
0.0006

—0.003
0.012

—0.007
0.002

(100) layer
—0.2596

0.0185
—0.0001
—0.2413

0.0008
—0.0003

0.0022
0.0027

—0.000
—0.003
—0.000
—0.003

—0.2585
0.0174

—0.0005
—0.2417

0.0004
0.0004

—0.0013
—0.0005
—0.000

0.001
0.002
0.003

—0.2580
0.0176
0.0007

—0.2398
0.0002

—0.0004
0.0002
0.0001
0.000
0.000

—0.003
—0.001

E,
EH

0Egs
U(1)

aE. /az
aE.'/a
BEgs/Bz
aU") faz
g2E /gz2
a'E /az'
a2E' /az'
g U(1)/gz2

—0.2698
0.0277

—0.0020
—0.2441
—0.0015

0.0066
—0.0128
—0.0077

0.019
—0.049

0.047
0.018

(110)
—0.2604

0.0179
—0.0013
—0.2438

0.0013
0.0020
0.0002
0.0036

—0.001
—0.002

0.004
0.001

layer
—0.2585

0.0175
—0.0006
—0.2417

0.0003
0.0005

—0.0011
—0.0003
—0.000

0.000
0.003
0.003

—0.2579
0.0174
0.0000

—0.2404
0.0001
0.0000

—0.0012
—0.0011
—0.000

0.000
0.000
0.000

TABLE IV. Single-ion potential for Rb, and derivatives. See the caption for Table II.

EH
0

EBs
U(I)

aE. /az
aE.'/a.
BEgs /8
aU")faz
a'E, /az'
g2EH /gz2
a'E' /az'
g2U(1) /gz2

EH
0

EBs
U(1)

aE. /az
BEH /Bz
BEBs /Bz
aU")/az
a'E, faz'
a'E fez'

() E /BZ2
U(1)fgz2

—0.2677
0.0203
0.0046

—0.2427
—0.0111

0.0060
—0.0144
—0.0196

0.034
0.005

—0.007
0.032

—0.2701
0.0229

—0.0015
—0.2487
—0.0007

0.0023
—0.0112
—0.0095

0.019
—0.032

0.031
0.017

—0.2633
0.0113

—0.0002
—0.2523

0.0039
—0.0032

0.0006
0.0013

—0.003
0.012

—0.006
0.003

—0.2605
0.0124

—0.0009
—0.2490

0.0013
0.0017
0.0003
0.0033

—0.001
—0.003

0.003
—0.001

(100) layer
—0.2597

0.0128
—0.0000
—0.2469

0.0008
—0.0005

0.0015
0.0019

—0.001
—0.002
—0.000
—0.003

(110) layer
—0.2586

0.0119
—0.0005
—0.2472

0.0003
0.0004

—0.0007
0.0001

—0.000
—0.000

0.002
0.002

—0.2586
0.0118

—0.0005
—0.2473

0.0004
0.0004

—0.0009
—0.0000

0.000
0.000
0.002
0.002

—0.2580
0.0119

—0.0000
—0.2461

0.0001
0.0001

—0.0008
—0.0006

0.000
0.000
0.000
0.000

—0.2581
0.0120
0.0004

—0.2456
0.0002

—0.0000
—0.0000

0.0000
0.000
0.000
0.000
0.000
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2

( ——) = +(I ——)
' h l fl l2 ues o l, q are indicated in the u er ri ht- a

'
ons,

y an ao o r radius), respectively.

eu em t-ha . uni so en-

z is shown graphically in Fig. 2, which was drawn from
the values of U'"(z) and its derivatives at the (100) and

(110) layer positions for K.
The largest contribution to the single-ion pot t' 1 U"',

q. ), is the interaction of the ion with its
en ia

EH, w ic comes from the first-order energy and corre-

l ~

sponds to the direct interaction of tho e ionic pseudopoten-
tial with the difference, p Iz) —0 'e(z —z )0 z —zo ), between the

Both E an
ang- o n electron density and a truncated b lk de u ensity.

, and EH oscillate about a constant bulk value as z
increases, and the magnitude of the oscillations decreases
as t e distance from the surface increases. The h
tribution, E is

'
n, zs, is much smaller in magnitude and '1-

lates about a bulk value of zero, but the magnitude of the
Il osci-

oscillation deerdecreases more slowly as z increases. It is the
oscillations in U'" rrather than the magnitude which are
important in determining surface str tuc ure, since these os-
ci ations give rise to forces on the ions normal to the
face lane.p . Differences in the magnitude of U"' for dif-

o e sur-

erent ionic species (evaluated for th 0
tant in etermining impurity formation energies and sur-
face concentration profiles in alloys b t h hu t is is the subject

here.
o a p armed future publication and will n t b d'i no e iscussed

The derivative of the single-ion potential BU"'/0
ne ative for

'
7 z, is

(110
g e for ions in the surface layer of b th th (100

) surfaces of each of the metals considered, corre-
spon ing to a force on the ions toward the bulk. There is

a large amount of cancellation between the derivatives of
t e t ree terms E„EH, and EBs near the surface. EH and

Bs are related in that EH is a direct interaction while EBs
is an interaction mediated by the screening electron densi-

tend to cancel in the surface layer. The cancellation is al-

most complete for the higher electron density metal, Na.

(100 la
e single-ion orces on ions deeper than abo t th h' d

) ayer or second (110) layer are prirnaril due t '1-

lations in E'
ns in qs, which are in turn due to quantum interfer-

ence effects in the solution for the screening electron d
sities.

on en-

The results of calculations
~ ~

tial U Rz'"az ations o the pair-interaction poten-
R,zi, zq) are summarized in Figs. 3—7 and T bl

hese interaction potentials are not two-bod
central-foa - orce potentials in the surface region since they de-

0 wo-

pend on the z coordinates of the two ions separ t 1

ever, U does depend on the magnitude of the ionic
separation parallel to the surface R d

4

e, , an we can get some
feeling for how U' ' differs from th b lk

'
e u interaction by

plotting U iR,zi,zi) vs r=[R +( — )z& —z2 as R is
varied while keeping zi and zz fixed. This is done in Figs.
—7, where z& and zz are layer positions for (100) or (110)

curve in
layers. The bulk pair potential is shown as th d h de ase

in each figure. For ions near the surf h
minimum 'n ~ ~

um in the pair-interaction potential may be signifi-
e u pair-potentialcantly deeper or shallower than the bulk air-

minimum and may be shifted to larger or smaller interion-
ic distance r depending on the z coordinates of the two
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FIG. 4. Pair-interaction potentials for ions in adjacent (100) layers. See the caption for Fig. 3.
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TABLE V. First derivative of the pair-interaction potential with respect to z &,
BU' '(R;z&,z2)/c}z&,

for K ions in the same layer, zi ——z2 ——zp+(l~ ——, )D, evaluated for second- and third-nearest-neighbors

(NN) ions in the first five (100) layers, and for first-, second-, and third-nearest-neighbor ions in the
first four (110) layers. The units of energy and length are, respectively, e'kF and kF '.

2 3 Bulk

Second NN
Third NN

—0.001 36
—0.000 13

—0.000 13
—0.00002

(100) layer I& ——12

0.00004 0.00001
0.00000 0.00002

0.00001
0.00001

0.0
0.0

First NN
Second NN
Third NN

—0.000 21
0.00021
0.00009

—0.00001
0.00001
0.00003

(110) layer I& ——12

0.00001 0.00001
0.00001 0.00001
0.00002 0.00001

0.0
0.0
0.0

ions. In addition, the magnitude of the Friedel oscillations
in the interaction potential as r increases may be either in-
creased or decreased. It has been shown by Lau and
Kohn that the oscillatory part of the interaction between

point ions adsorbed on a substrate with a spherical Fermi
surface is proportional to cos(2kFR)/R, in contrast to
the R dependence in the bulk. We have not attempted
such an asymptotic analysis, and the inclusion of quantum
interference effects may alter this behavior. However, as
the distance of the two ions from the surface increases, the
bulk behavior must result. The interaction between ions in
the same layer (zI ——z2) is essentially bulklike for ions
deeper than the third (100) layer, but the effect of the sur-
face on the interaction between ions in different layers ex-
tends further, i.e., the interaction between ions in the third
and fourth or third and fifth (100) layers still shows
marked differences from the bulk interaction. The differ-
ences between U' ' and the bulk pair potential are fairly
uniform for the three metals, although there is a trend to-
ward larger differences in the higher electron density
(smaller r, ) metal Na.

In order to examine the dependence of the pair-
interaction potential on the z coordinates of the two ions
we have calculated the first and second derivatives
BU' '/Bz, , BU' '/Bz2, 8 U' '/BRBzI 2, 8 U' '/0 zI 2, and
3 U' '/BziBz2 for ions at lattice sites in the (100) and

(110) layers, and compare these to the derivatives of the
bulk pair potential in Tables V—VIII (for K only). The
units of energy and length used in these tables are
again e kF and kF ', respectively.

The fact that the pair-interaction potential is not a
central-force interaction is first clearly illustrated in Table
V, which gives BU' '/BzI ——BU' '/Bz2 for ions in the same
layer (z, =z2). While in the bulk this derivative is zero,
for ions in a layer near the surface it is not zero and for
nearest and next-nearest neighbors it is about an order of
magnitude smaller than the force due to the single-ion po-
tential. This amounts to an additional force normal to the
surface on each ion in the layer since the potential energy
due to interaction between ions in the layer can be de-
creased by moving the entire layer. Table VI gives the
derivatives BU' '/Bzi and BU' '/Bz2 for ions in different
layers. In contrast to the bulk where
BU' '/BzI ———BU' '/Bzz, in the surface region the deriva-
tives with respect to z& and z2 are not equal in magnitude
and may not be opposite in sign [e.g. , second nearest
neighbors in (100) layers 1 and 3].

Table VII and VIII give the second derivatives of U' '

with respect to various combinations of z&, z2, and R.
Again we see that the derivatives of the pair-interaction
potential for ions in the surface region are significantly
different from the derivatives of the central-force bulk

TABLE VI. First derivatives of the pair-interaction potential for K ions, U' '(R;zl, z2), with respect
to z~ and z2, evaluated for ions in different layers, zi ——zp+(ll —

2 )D and z2 ——zp+(12 —
2 )D, for first

nearest neighbors (NN) in (100) layers and first and second nearest neighbors in (110) layers. The units
of energy and length are, respectively, e kF and kF '.

(1,2) (2 3) (3,4) (4,5) Bulk

First NN BU")/8,
g U(2) /gz

0.005 86
—0.003 59

(100) layers (l&, 12)
0.005 13 0.005 09 0.005 20

—0.005 33 —0.005 09 —0.005 10
0.005 13

—0.005 13

First NN BU' '/Bz,
g U(2)/gz

Second NN BU' '/az,
aU(2)/az,

0.00707
—0.007 44
—0.00073

0.00012

0.007 33
—0.00706
—0.000 51

0.00058

(110) layers (11,12)
0.007 32

—0.007 12
—0.000 49

0.00060

0.007 26
—0.007 26

0.000 51
—0.00051

Second NN c)U' '/Bzl
g U(2)/gz

—0.000 81
—0.00070

(100) layers (ll, l2)
—0.000 66 —0.000 77

0.001 32 0.000 50

—0.000 73
0.000 73
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TABLE VII. Second derivatives of the pair-interaction p tential U(2}(Z;z„z2) for K ions in t e
same layer, zl ——Z2 ——zo+(I —

2 )D, evaluated for second nearest neighbors (NN) in (100) layers and for

first and second nearest neighbors in (110) layers. The units of energy and length are, respectively, e 2k~

and kp '.

Second NN g2U(2}/gggz,
g2 U(2) /gz 2

g2U(2}/gz gz

(100) layer Ii ——I2

0.00211 —0.00002 -0.00001 0.00000 0.00001 0.0
0.002 15 0.000 13 0.00021 0.000 19 0.000 21 O.GGG 19
0.003 62 —0.00018 —0.00021 —0.000 17 —0.00020 —0.00019

First NN 8 U' '/MBzl
g2U(2}/gz2

8 U'"/Bzl BZ2

Second NN 82U( }/MBZ~
82U(2}/Bz

1

82U(2}/BZ, BZ2

0.001 16
—G.G01 30

0.005 30
0.00047
0.001 02
0.001 12

0.00001
—0.002 63

0.002 75
0.00005
0.00021

—0.000 12

(110) layer I) ——I2
—0.00001 0.00001
—0.002 62 —0.002 61

0.002 65 0.002 61
0.00000 0.00000
0.00019 0.00019

—0.00017 —0.000 19

0.0
—0.002 63

0.00263
0.0
0.00019

—0.000 19

pair potential, and may have the opposite sign.
Thc results prcscntcd ln Tables V—VIII support thc

conclusions stated earher in the discussion of the figures
that (a} the pair-interaction potential in the surface region
is significantly different from the bulk central-force pair
potential, (b) the effect of the surface on the interaction
between ions in different layers (different z coordinates)
extends further than the effect on the interaction between
ions in the same layer, and (c) in any case, the interaction
between pairs of ions both of which are deeper than about
the fourth (100) or third (110) layer positions is essentially
bulk like. The major differences of U' ' from the bu1k

pair potential are due to quantum interference effects in
the solutions for the screening electron density, the terms

uI(q) and II~(q) in Eq. (19). If these quantum interfer-
ence terms are simply set equal to zero only the interaction

between pairs of ions very close to the surface [the (100)
surface layer] deviate from the bUlk 1ntcractlon. In thc
semiclassical 111111t (Illclltlollcd Ill Scc. 118}thc quantUm
interference terms do not occur, but the position of the jel-
lium edge is zo ——0, so the effect of the surface on the
pair-interaction potential in the semiclassical response
model might extend somewhat further. However, the
semiclassica1 response model restricts the choice of ionic
pseudopotential since there is no response of the electron
gas for z&0, and therefore the positive charge density
which gives rise to the ionic pseudopotential must not ex-
tend past thc jc111um cdgc (scc Appendix C).

The single-ion and pair-interaction potentials derived in
Sec. IIC and discussed in this section are, in principle,
sufficient to treat problems involving surface relaxation,
dcfcct cncrgics, and surface scgrcgatlon ln a11oys. Ho%vcv-

TABI E VIII. Second der1vatives of the pa1r-interact1oll potent1al U (R;zi,z2), foi' K ions in ad)a-

cent layers, zi ——zo+(Ii ——,
'

)D and Z2 ——zo+(l2 ——,
' )8 with /2 ——I&+1, evaluated for first nearest neigh-

bors (NN) in (100) layers and for first and second nearest neighbors in (110) layers. The units of energy

and length are, respectively, e kF Rnd kF '.

(4,5)

Firs~ NN g2U(2}/ag az,
g2 U(2}/gg gz
82U(2}/az2

32U(2'/Bz, Bz
32U(2}/Bz2

—0.01706
0.015 51
0.00886

—0.01022
0.008 85

—0.016 18
0.01654
0.00902

—0.00869
0.00918

{100) layers (ll, l2)
—0.01630

0.01622
0.008 80

—0.00893
0.008 68

—0.01638
0.01634
0.008 92

—0.00892
0.00900

—0.01629
0.01629
0.008 88

—0.008 88
0.008 88

First NN 9 U' }/MBzi
3 U' }/MBZ2
g2 U(2) /gz 2

32U(2}/Bz
1 BZ2

g2 U(2}/gz 2

Second NN 82U( }/BRBzl
a2U(2}/Maz

2 U(2}/gz2

i3 U' }/Bzlz2
82U(2}/Bz'

—0.01639
0.01594
0.02013

—0.02069
0.01829

—0.003 97
0.003 87
0.004 19

—0.00420
0.003 14

—0.01641
0.016 12
0.02037

—0.02054
0.02001

—0.00406
0.003 86
0.00414

—0.00423
0.00386

{110) layers (11,I2)
—0.01635

0.01623
0.02044

—0.02048
0.02043

—0.00405
0.003 94
0.00417

—0.00422
0.004 13

—0.01629
0.01629
0.02041

—0.02041
0.02041

—0.003 99
0.003 99
0.00418

—0.004 18
0.004 18
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er, due to the long-range nature of the pair interactions
and the fact that in the surface region they are not two-
body central-force potentials, a real-space approach to
such problems is cumbersome. Calculations using a
reciprocal-space approach to minimize the total energy
and determine the relaxed surface structure are reported
elsewhere, ' ' "and surface segregation and defect ener-
getics will be treated in planned future publications.

The model as developed here is not directly applicable
to surface vibration. s because the use of the jellium system
as a starting point and the infinite barrier response model
specifies the location and orientation of the surface plane
with respect to the coordinate system; thus the dynamical
matrix obtained from this model would not satisfy the
condition of rotational invariance. It is clear, however,
that two-body central-force potentials are not sufficient to
describe the interionic interactions in the surface region
and that the interaction of the ions with the inhomogene-
ous electron gas, which is the origin of the single-ion po-
tentials, must be included. It may be possible to impose
rotational invariance and obtain and approximate dynami-
cal matrix. The single-ion and pair-interaction poten-
tials can be used in Monte Carlo or molecular-dynamics

simulations. Monte Carlo studies on liquid-metal sur-
faces have shown that the inclusion of a single-ion po-
tential leads to stable density oscillations at the surface.

In summary, we have developed a formulation based on
the use of ionic pseudopotentials and linear-response
theory which is applicable to problems involving minimi-
zation of the surface energy of a simple metal with respect
to ionic species and/or position. The formulation main-
tains the full three-dimensional nature of the system and
does not require crystalline order; thus it is possible to
treat defects near the surface and random alloys as well as
ideal surfaces. We have decomposed the total-energy ex-
pression into a density-dependent term and real-space
single-ion and pair-interaction potentials. An examination
of these potentials shows that both the single-ion poten-
tials and the non-central-force nature of the pair-
interaction potentials are important in surface structure
and energetics and in surface lattice virbations of simple
metals.
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APPENDIX A

In this appendix Eq. (12}for the Fourier transform of the symmetrized screening electron density is derived. Substitut-
ing Eq. (6a) into Eq. (11b) and using the fact that ao(

~

R—R '
~;z,z') vanishes for negative z' gives

p„(q)=2fd'8 e'O'" f dzcos(q, z) fd'R' f dz'ao(
~
R —R' ~;z,z')[w;(r ')+p;(r ')]. . (A 1)

When the integrals over R and R' are performed we obtain

p„(q)=2f dz'[w;(Qz')+P;(Qz')] f dzcos(q, z)ao(Q;zz') . (A2)

The integral over z in Eq. (A2) is evaluated using Eq. (10) for ao(Q;z, z ) and the integral representation of the Dirac 5
function

n5(k)=1+ f dzcos(kz) .

The result is

f dz cos(q, z)ao(Q;z, z') =—f adsin( Irz)f. dIr'sin(Ir'z')~(Q;a, «')
0 m

)& [5(q, +« «')+5(q, «—+«') 5(q,—+a+a')—5(q, —« —«')—] .

From the definition of the two-dimensional RPA response function, Eq. (Sb), it is clear that W(Q;Ir, jr ) is invariant to
transformations which interchange ~ and x' or change the sign of x,x', or both:

W(Q;«, «') =W(Q;a. , —«') =W(Q;Ic', Ir) .

These symmetry properties are used together with the fact that x and x' are to be integrated over both positive and nega-
tive values to obtain

f dzcos(qz)ao(Q;zz')=n 'fd«W(Q;Iraq, /2, « q, /2)[cos(—qz') —cos(2Icz')] . (A4}

We now substitute Eq. (A4) back into Eq. (A2) and evaluate the integral over z'. The result is Eq. (12) of the text:

p„(q)=ao(q)[w;, (q)+P„(q)]—m
' fdIr &(Q;z+q, /2, « q, /2)[w;,—(Q, 2x)+P;, (Q,2z)],

where

ao(q)=n ' fd«W(Q;x+q, /2, Ir q,/2)—
is the RPA response function for an infinite system.

(A5)
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APPENDIX B

In this appendix we derive Eq. (16) for the Fourier transform of the self-consistent effective potential due to the screen-
ing electron density in the symmetrized system. From Eq. (6b) and the definition of the symmetrized system we have

P„(r)=fd r'g(r, r ')uc(
~

r —r '
~ )p (r ')[I—6(z)6( —z') —8( —z)6(z')], (B1)

where g (r, r ') =1—G(r, r ') and G (r, r ') is the local-field correction discussed in the text. The Fourier transform of Eq.
(Bl) is

P„(q)= uc(q)pa(q) f—d r e' '' f d r'G(r, r ')uc(
~

r —r '
~ )p;, (r ')

—fd r e' ~ ' ' fd r'uc(
~

r —r '
~

)p (r ')[8(z)8( —z')+6( —z}8(z')]

+fd"e" ' fd'r'G(r, r ')vc(
~

r —r '
~ )p;, (r ')[6(z)8( —z')+6( —z)8(z')] . (B2)

Owing to translational invariance in the x-y plane, G(r, r ') =6(
~

R —R '
~;z,z'); thus the remaining integrals over R

and R' in Eq. (B2) result in two-dimensional Fourier transforms of the functions 6, vc, and p„. If, as discussed in the
text, we make the assumption that G ( r, r ') =6 (

~

r —r '
~

) the second term in the rhs of Eq. (82) becomes

—fd r e'7 'f d'r'G(
~

r —r '
~

)vc(
~

r —r '
~ )p;, (r ') = —G(q)vc(q)p;, (q) .

To evaluate the third term on the rhs of Eq. (82}we use the identity

e e d K2 2 2

vc(r)= —= exp( iK R—K~z—
~

)
r 2n K

(B3)

and substitute the inverse Fourier transform of p ( k) for p;, ( r ') to get

—fd r e' ~ "fd'r'vc'(
~

r —r '
~
)p„(r ')[8(z)6( —z')+8( —z)8(z')]

2 I

fdk, p„(Q,k, )fdz e' *'fdz'e
' *' [6(z}8(—z')+6( —z)6(z'}]e

fdk, p (Q,k, ) f dze '* 'f dz'exp[( ik, +—g)z']+ f dze
' '+ 'f dz'exp[( ik, —Q)z']—

2

(B4)

Since p„(g,k, ) is an even function of k„
k,fdk, p„(g,k, ) , =0-

k;+g'
and

2

fdk, pa(g, kg)

=u, (q)o;(Q),
where vc(q) =4m.e /q and

o;(Q)= — fdq,
g p„(q)
2'

It is also evident that

g p (q)
lim o;(Q)= lim dq,
Q-+0 Q~O 2' q

(B5)

(B6)

of positive charge (in units of the electron charge e ) which

gives rise to the potential, i e., p„(q = 0)=0, since tv( r) is
a neutral perturbation due to the replacement of part of
the jellium positive background by the ionic pseudopoten-
tial.

The last term in Eq. (82) is

X(q)= fd're'"' f d'r'G(r, r')uc(
~

r —r'~ )p„(r')

X[8(z)8(—z')+8( —z)8(z')] .

(B8)

We do not attempt to evaluate this term here. It is not
possible to reduce X;(q) to a form similar to uc(q)cr;(Q},
i.e., the Coulomb potential multiplying some function
which is independent of q, . Thus this term prevents the
reduction of the problem of solving for p;(r) to the solu-

tion of a single-integral equation. However, X;(q) is

negligible because, as discussed in the text, G ( r, r ') is very

short ranged and because p„(r ) vanishes at z =0.

= ——,'p„(q=0) . (87)

p„(q=0) is the integrated screening electron density in-
duced by the potential m„(r) and is equal to the amount

APPENDIX C

In this appendix we derive Eqs. (25) and (26) which give
the Fourier transforms of the symmetrized potentials
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r3„(r) and V+,(r). The definition of IJ;,(r) can be written
as

ui„(.r)=Z(p;) '[ V~(p;; ~

r —(R;,z;)
~
)e(z)

+ V~(P;; f
r —(R;, —z; }

f
)8(—z)],

(Cl)
t

where r; =(R;,z;) is the ion position, Z(P;} is the charge
in units of e, P; designates species, and V&(P;;r) is the
local-model pseudopotential for ionic species P;. For no-
tational convenience in the following we will omit the
specification of ionic species.

From Eq. (24} we have

L +zo
ui. (q)=2Z ' f dz cos(q, z)fd'R e'O 'R V~([R'+(z —z;)I]I~I), (C2)

where L =0 is the thickness of the semi-infinite metal (the limit L +ao w-ill be taken) and zo is the distance of the jel-
lium edge from the z =0 plane. Substitution of the inverse Fourier transform of V~(k) for Vz(r) yields

Z —1 k ~+'o
ulcc(q)= fdk, e ''Vz(Q, k)f dze * 2cos(q, z) . (C3}

The integral over z in Eq. (C3) is

I +so
~ lk&g-

2f dz exp[ ik, (—z —z;)]cos(qz) =
I exp[ —ik (L +zo z}]—exp[ iq (—L +zo)] e—' '

j

ikgs;+ [exp[ ik, (L—+zo —z )]exp[iq, (L+zo)]—e ' 'j .
k, —q,

%'e will now express the ionic pseudopotential as

&~(q)=—,Zp (q), (C5)

where Zep (q) is the Fourier transform of a spherically symmetric positive charge density which gives rise to the local

pseudopotential. An obvious restriction is that p (
~

r —r; j )=0 for z —z; (0; or, in the case of the simplified Heine-

Abarenkov potential which we use, r, (z;, where r, is the core radius [see Eq. (4}].
Equations (C4) and (C5) are substituted into Eq. (C3) to obtain

'I

III„(q}= f dk, [ 4n.e p (Q1, —k)]

1 ik s;
X Iexp[ —ik, (L +zo —z;)]exp[ iq, (L+zo—)]—e * '

j
kg +qg

1 ik s,+ Iexp[ ik, (L+zo—z;)]exp[iq—,(L+zo)]—e ''j

Thc liltcgral ovcl kg ill Eq. (C6) Is dolic by colltour llltcgl'Rtlon, ilslllg colltollrs whlcll avoid thc poles oil thc real axis Rt

k, =+q, and which close around either the upper or lower half-planes as required by the exponents. The result of this in-

tegration 1s

4 e
III (q)=, p'(q)2cos(q, z;)+, -p (Q, ig)e

+ lim, p'(g, —ig) —*sin[q, (L+zo)] co[sq( L—+z)o] exp[ —Q(L+zo —z;)l . (C7)

Now pl(q)=p [(Q +q, )'~2], and thus p (Q, +ig)=pl(q
=0) (a more rigorous proof of this identity is possible but
will not be given here), and p (q =0)=1 since the ionic
charge Ze is factored out of the definition, Eq. (C5}.

In the limit I.~os the last term in Eq. (C7) vanishes
for Q&0 due to the exponent. For Q =0 the only contri-
butions to Rn intcgfRl over q~ 1nvolving this term Rs part
of the integrand are at q, =0 and at any poles due to other
terms in thc intcgrand. To cvaluatc such integrals, which
occur in the single-ion potentials, it is useful to note the
phys1cal 81gnificRncc of thc second and th1nI tcrIIls of the

rhs of Eq. (C7). In writing Eq. (C2) we have assumed an
infinite periodic system with period 2(L+zo} in the z
direction, which is symmetric about both z =0 and
z=L+zo. The second term on the rhs of Eq. (C7)
represents the potential due to a two-dimensional density
at z =0 which cancels the interaction between the negative
and positive z parts of the periodic system, and the third
term does the same at z =L+zo, so that III„(r)=81(r) for
0&z &I. +zo. Thus, while these terms may contribute to
the (Q =O,q, ) integrals involved in the single-ion poten-
tials, their contribution is independent of the ionic posi-
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tion and is in fact canceled by similar terms arising from
the subtraction of the positive background potential.

The positive background potential V+(r) is given by

V+(r)=i fd'r'Qo 'e(z' zo—)e'/~ r —r ' ~, (CS)

by replacing )opt'(q) with Qo
'

[the Fourier transform of
Qo '5(r)] and integrating over the space occupied by the
positive background density. The result of this operation
1s

where Qo is the volume per electron in the bulk of the
semi-infinite system. The symmetrized Fourier transform
can be obtained from the expression on the rhs of Eq. (C7)

V+,(q) =(2sr) Qo 5(Q)u+, (q, ),

where u+, (q, ) is given by

(C9)

u+, (q, )= —
2

Q o [2tr5(q, )—2sln(q zp)lq ]
Cs

4me 2

+ lim
2 Qo L 1 ——sin[q, (L +zo)]—cos[q, (L +zo)]

qg

The part of Eq. (Clo) which depends on the system size L does not contribute to the single-ion potentials [see the discus-
sion following Eq. (C7)].
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