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The general form of the interaction between tunneling two-level systems (TLS) and con-

duction electrons is discussed for metallic glasses. The particular form of the Hamiltonian

is given in the case where only a single atom tunnels between two positions. There are two

couplings corresponding to the two basic scattering processes: In the first one, the tunneling

atom does not change position; the second process is the conduction-electron-assisted tun-

neling process. The two coupling parameters are estimated. The difference in the angular

dependence of these couplings on the directions of the incoming and of the outgoing elec-

trons is responsible for the appearance of logarithmic corrections in the scattering ampli-

tude. Scaling equations are derived for the couplings in terms of changing the bandwidth

cutoff. It is shown that the scaling equations lead to especially strong coupling in two

conduction-electron scattering channels which are linear combinations of the s-, p-, and d-

like spherical wave functions. The Hamiltonian scales to a spin S=—, antiferromagnetic

Kondo Hamiltonian, which indicates the formation of a "bound state, " where the motions

of the tunneling atom and of the conduction-electron screening cloud around the TLS are

strongly correlated; thus the Friedel oscillations follow the tunneling atom. The crossover

temperature, below which the correlation becomes especially strong, is determined in the

leading logarithmic approximation.

I. INTRODUCTION

Since great improvements have been achieved dur-

ing the last ten years in understanding the
anomalous features of insulating glasses, ' the low-

temperature behavior of metallic glasses has attract-
ed considerable interest. ' In understanding the
low-temperature properties of glasses, the key step
has proved to be the introduction of the two-level
system (TLS) by Anderson, Halperin, and Varma
and independently by Phillips. The TLS's are the
typical excitations of a glass, which are associated
with a larger atomic volume at some places where
an atom or a group of atoms can be found in two
different configurations with a small energy differ-
ence E between them (Elktt &50 K). If only one
atom is involved, then a double potential well de-
scribes the two quasistable energy minima, and the
atom oscillates between these minima by tunneling
(see Fig. 1). If several atoms are involved, then the
description is not so simple, but the actual situation
is very similar to the case of a single tunneling atom.

Recently, the interaction between the TLS and the

conduction electrons has been investigated experi-
mentally and theoretically in great detail. The most
striking experimental results concerning this interac-
tion have been obtained by ultrasonic measurements
as ultrasonic absorption and the change in the sound

velocity. ' In metallic glasses the giant ultrasonic
power necessary to saturate the ultrasonic absorp-
tion has clearly indicated that the TLS's in metals
have faster relaxation by several orders of magni-
tude than in insulating materials. ' For this fast re-

laxation the generally accepted explanation is that
the TLS can create electron-hole pairs in the relaxa-

tion process, just as the nucleus spin does in the case
of the Korringa relaxation. These experiments gave
the first direct evidence for the crucial importance
of the TLS-electron coupling in the TLS relaxation
processes. Very recent experiments on supercon-
ducting metallic glasses show that the coupling be-

tween the TLS and electrons can be especially
large. ' Beyond the ultrasonic measurements there
are also anomalies in the bulk electrical resistivi-

ty.2' Namely, in a considerable number of cases
resistivity minima occur in the temperature depen-
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dence of the electrical resistivity, and at the low-

temperature side the behavior shows some logarith-
mic temperature dependence. In spite of the fact
that the resistivity minimum with logarithmic slope
may be caused by magnetic impurities, there are
speculations that such effects may be due to electron
scattering by TLS's. It must be emphasized that the
experimental situation is far from clear. Further-
more, there are several experimental data for glasses
which can be explained by anomalously short inelas-

tic scattering time r;„Th.ese measurements, which
are related to the electron localization" or to the
phase-slip centers in superconducting bridges, ' have
been carried out on samples of small size. The com-
mon nature of these experiinents is that the inelastic
relaxation times obtained were always shorter
roughly by 2 orders of magnitude than expected on
the basis that the electrons are inelastically scattered

by the TLS's."' This controversy justifies further
theoretical study of the interaction between electrons
and TLS's.

Cochrane, Harris, Strom-Olsen, and Zuckerman'
were the first to point out the possibility of logarith-
mic contributions in the electron-TLS scattering am-

plitude. This work contains a perturbation study of
an appropriately chosen Hamiltonian, and a loga-
rithmic correction ln(ks T/D) has been obtained for
the electron lifetime in third-order perturbation
theory where D is the characteristic bandwidth cut-
off for the electron gas and T is the temperature.

The idea has been raised also that an analogy may
exist between the TLS-electron interaction and the
magnetic Kondo problem in dilute alloys. This
problem has also been attacked by Kondo' ' who
suggested, surprisingly, that the first correction to
the temperature dependence of the electrical resis-
tivity is proportional to (InT) and that occurs in the
fourth order of the perturbation theory. In this pa-
per the conclusion has been drawn that a new type
of infrared catastrophe may occur in metallic
glasses. The correction obtained by Kondo was,
however, too small to observe experimentally. It has
been well known since the work of Mahan' and of
Nozieres and De Dominicis' that a change in a lo-
calized potential acting on an electron gas is fol-
lowed by a very slow buildup of the screening in the
electron gas, and this slow formation of the screen-

ing is associated with Anderson's orthogonality ca-
tastrophe. ' This catastrophe is based on the fact
that the unperturbed and perturbed ground states
are different in electron-hole excitations of very
large numbers with very small energies where the
number of excitations goes to infinity as the volume
of the electron gas increases. This phenomenon is
closely related to the formation of Friedel oscillation
around the potential change. Yamada and Yoshi-
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FIG. 1. Potential for single tunneling atom is shown,

which has two minima with energy splitting A.

da' also raised the idea that a particle oscillating
between two positions in an electron gas may be in-
volved in the orthogonality catastrophe due to the
particle-electron interactions. The scaling technique
was first applied by Black and Gyorffy for metal-
lic glasses.

The situation remained somewhat unclarified
from the point of view of the appearance of loga-
rithmic corrections. It turned out that the differ-
ences between detailed features of the investigated
models have been responsible for this unclear situa-
tion of whether logarithmic corrections occur, as
suggested by Kondo, ' '" or whether those with a
considerable amplitude do not exist, as claimed by
Black and Gyorffy. In order to point out these
differences, the two different electron-TLS scatter-
ing processes must first of all be introduced. Let us
present the problem in the case where a single atom
is tunneling and the generalization is rather obvious.
The electron scattering is called diagonal (or V' pro-
cess) if the tunneling atom does not change position
during the scattering. The scattering amplitude,
however, does depend on the position of the tunnel-

ing atom even if the absolute value of the scattering
amplitude remains the same. Furthermore, the
scattering is called off-diagonal (or V" process) if
the atom changes position by tunneling during the
scattering. In this case, that change in the tunneling
amplitude is of interest which is due to the conduc-
tion electrons. This term is also called electron-
assisted tunneling. Because in this process an atom-
ic tunneling is involved, the off-diagonal scattering
must be smaller than the diagonal scattering by at
least 3 or 4 orders of magnitude. ' ' ' Therefore, at
first glance the assisted tunneling process is negligi-
ble. These two processes are shown in Fig. 2. The
labels V' and V for these processes have the follow-
ing origin: If the operators in the two-dimensional
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FIG. 2. Scattering of electron by TLS is shown: (a) the
atom does not move (diagonal process), (b) the atom
moves from one position to the other (off-diagonal pro-
cess). The occupied postions of the atom are shaded.

space describing the TLS are written in terms of
Pauli operators, then these scattering amplitudes are
associated with the Pauli operators o' and o
respectively.

Furthermore, it is very important to point out
that the nonlocal nature of these ele:tron-TLS cou-
plings in the real space is of crucial importance. As
has been emphasized by the present authors, the
occurrence of logarithmic vertex corrections in the
scattering behavior depends on the existing differ-
ences between the nonlocal properties of the diago-
nal and off-diagonal scatterings. This difference ap-
pears as the different dependences of the scattering
amplitudes on the incoming electron momentum k&
and on the outgoing momentum kz. The two funda-
mental processes contributing to the vertex correc-
tions of first order are shown in Fig. 3. If the cou-
plings depend on the momenta in a similar way
(couplings commute in the momentum space if the
electrons are on the Fermi sphere), then the contri-

(a)

(b)

FIG. 4. Change of the potential due to the tunneling
atom is shown. The solid and dotted lines represent the
two potentials corresponding to the 2' of freedom of the
TLS, and the associated Friedel oscillations are represent-
ed in the same way. Case (a} is where the height of the
potential is oscillating (commutative model), case (b) cor-
responds to the tunneling atom oscillating between two
positions (noncommutative model).

butions due to these two fundamental diagrams can-
cel each other, as in the case of simple potential
scattering. The commutative case is realized, e.g.,
when both couplings have the form of a Dirac 5
function. If the momentum dependence of the cou-

plings, however, is essentially different (couplings do
not commute), then there is a logarithmic vertex
correction~~ as in the Kondo problem of magnetic
impurities. In the latter case there are logarithmic
contributions to the electrical resistivity in the lead-

ing logarithmic order (contributions of form
V" +2ln" even if the term with n = I is missing for
some particular reason). The fact that the results
obtained for metallic glasses are sensitive to the
momentum dependence of the coupling was first
pointed out by Kondo. '

Let us turn to the explanation of the physical situ-
ation concerning the momentum dependence of the
couplings, where two scattering amplitudes V' and
V, describing the couplings between the electrons
and the TLS, must be considered. The difference
between the commutative and noncommutative
cases can be presented in the following way.

time A. Commutative model

FIG. 3. Diagrams for electron-TLS scattering are de-

picted in second order. The solid lines represent the elec-
tron and the dotted lines stand for the TLS which also in-

dicates the time flow. In diagram (a) an electron, in dia-
gram (b} a hole is in the intermediate state.

If the shapes and the positions of the potentials
are independent of the internal degree of freedom of
the TLS and only their amplitudes are affected, and,
futhermore, if the assisted tunneling is described by
a similar potential, then the model is obviously com-
mutative. Thus in this case the two fundamental
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momentum

distribution
of the

scattered

electron

FIG. 5. Momentum distribution of the electron scat-
tered by the TLS is shown. In higher-order processes this

distribution depends on the order of the different (diago-
nal and off-diagonal) scattering processes.

vertex diagrams (see Fig. 3) cancel each other, and a
recent careful study shows that in the electrical
resistivity no logarithmic term occurs in the leading
or in the next-to-leading logarithmic approxima-
tions. In this case the Friedel oscillation does not
change its position when the TLS tunnels; only the
amplitude of the Friedel oscillation is modified [see
Fig. 4(a)]. The case considered here is not the one
which is believed to be realistic for a glass, because
it is rather difficult to accept that the amplitude of
the potential is modified by the TLS.

Finally, we mention that in the commutative
model the combination of the couplings (V ) +
(V*) is invariant if scaling transformation is per-
formed to reduce the bandwidth cutoff D. The most
likely realization of the commutative model is the
trivial case, where the assisted tunneling is so weak
that V" can be ignored.

B.Noncommutative model

The simplest realization of the noncommutative
case is when the potential moves with the tunneling
atom; thus the two potentials are of the same shape
but at different positions [see Fig. 5(b)]. The V'
term in the interaction describes the change in the
potential; thus it is proportional to the difference of
these potentials. Furthermore, the V' term is odd
under a reflection transformation through the sym-
metry plane of the two positions of the TLS. On the
other hand, the assisted tunneling amplitude (V
term) must behave like an even function under this
transformation. Hence it is obvious that the scatter-
ing depends very much on the order of the different
scatterings; in other words, the model is noncommu-
tative. In this model the Friedel oscillation must
also change position following the hopping of the
tunneling atom. This inodel is very difficult to treat
in general; therefore, a simplified model has been
suggested where, considering the scattering process-
es, only two of the spherical harmonics have been
kept 21'22

The appropriate method to treat that model is the
bandwidth scaling where the less interesting part of

the conduction-electron phase space is eliminated by
changing the bandwidth cutoff from D to D', but in
order to keep the physical quantities unchanged the
coupling constants and the parameters of the TLS
are adjusted. The solution of this scaling equation
shows that the couplings tend to infinity. The
model formally scales to a Hamiltonian which has
the form of the antiferromagnetic Kondo problem.
This means a very strong resemblance to the Kondo
problem, where at low temperature a highly corre-
lated state (bound state) is formed in which the spin
of the impurity is completely screened by the
conduction-electron spin polarization and the
ground state is a singlet. There is a crossover tem-
perature below which the correlated state builds up.
This phenomenon is very much based on the fact
that in the scattering of electrons by the impurity,
the electron scattering amplitude depends strongly
on the order of the spin-flip and spin-conserving
processes. This strong dependence can be traced in
the spin part of the scattered wave function.

In the case of the TLS the scattering amplitude is
sensitive on the order of the V" and V' processes,
but the influence of the order is in the orbital part.
Namely, the angular dependence of the scattered
wave function is affected by the position and motion
of the TLS (see Fig. 5). The detailed investigations
show2' that below an appropriate crossover tempera-
ture the motion of the TLS system and electron
screening cloud exhibiting the Friedel oscillation
move tightly together. Thus the noncommutative
model behaves like an "orbital Kondo problem, "
where the impurity spin is replaced by the TLS, and
instead of the conduction-electron polarization a
spin-independent charge screening cloud is formed.
It is worthwhile to emphasize that the formation of
the correlated ground state is not obvious in the
sense that while in the original spin Kondo problem
the total spin is a conserving quantity, in the case of
the TLS there is no similar quantity for the orbital
motion. Several results concerning the noncommu-
tative model have been indicated in a previous short
communication and summarized elsewhere.

The aims of the first of the present three papers
are the following. In Sec. II, the general form of the
conduction-electron- TLS Hamiltonian is given,
which is followed by a detailed description of the
general properties of that Hamiltonian in Sec. IIB.
Section II B is devoted to the model of a single tun-
neling atom and the couplings V* and V" are derived
and their ratio is estimated, where concerning V' the
line suggested by Black, Gyorffy, and Jackie s is fol-
lowed, and concerning V" an idea that has previous-
ly been suggested ' is elaborated. This estimation
plays a crucial role in the different applications of
the theory presented in paper II. In Sec. II C the an-



1568 K. VLADAR AND A. ZAWADOWSKI 28

gular dependences of the couplings are worked out
in great detail to demonstrate that the model studied
is indeed noncominutative.

The scaling equation valid in leading logarithmic
order is shortly derived in Sec. III. This is followed
by a general discussion of the structure of the fixed
point in Sec. III A. Section III B is devoted to prov-
ing that, concerning the spherical harmonics, there
is justification for retaining a two-dimensional sub-

space, and a procedure is given to find that ap-
propriate subspace. The application of this pro-
cedure to the model of the single tunneling atom is
presented in Appendix A. In Sec. IV, the scaling
equations are solved approximately, and the cross-
over temperature is determined for the case of the
two-dimensional subspace where a simple version of
the Hamiltonian is assumed. The case of a general
Hamiltonian has already been briefly discussed else-
where, ' but in Appendix B a generally applicable
method is given. In Appendix C the exact
mathematical solution of the scaling is also given
for comparison with the approximate method
presented in the main body of the paper. The gen-
eral features of the results achieved are discussed in
Sec. V.

The present (first) paper is restricted to the lead-
ing logarthmic approximation and to the general
concepts of the TLS's. In the second paper (II) the
scaling equations are generalized to the next order,
and the correct form of the crossover temperature
will be derived. That form will be the basis for fur-
ther numerical estimations. Finally, the amplitude
of different measurable quantities such as resistivity,
electron inelastic relaxation time, and the relaxation
rate of the TLS will be calculated in the third pa-
per s (III).

II. THE MODEL

The physical phenomenon associated with the
TLS is a particular part of lattice dynamics in amor-
phous materials. In amorphous materials at low
temperature the bulk phonons play a negligible role;
thus we restrict our considerations to the localized
motion due the TLS's. This motion can be regarded
as an oscillation between two configurations by tun-
neling. At low temperature no excited states around
the two configurations of the TLS must be con-
sidered. Thus these two almost orthogonal configu-
rations can be described by a pair of either boson or
fermion creation and annihilation operators b and
b with a=1,2. As these configurations are alter-
native, only one excitation can be present at a given
time; therefore, the Fermion representation will be
preferred. In the special case where the TLS means
a single tunneling atom, the operators b and b are

the creation and annihilation operators of the atom
at site a=1,2. In the general case, however, these
operators are, rather, related to collective variables
describing the two configurations. In this formal-
ism unphysical states occur when neither or both
states are occupied. These unphysical states are not
involved in any dynamical process, but they have an
effect on the statistical weight. The usual way to
cure this situation is to assign a very large chemical
potential A.» to these fermions to prevent the system
from double occupation and to correct the normali-
zation of the statistical weight by a factor of the
probability of single occupation, which is propor-
tional to exp(PA»), where P is the inverse tempera-
ture. The operation in this two-component space
can be described in terms of Pauli spin operators o'
(i =x,y, z) acting on the two states as

~

t ) =b i ~
0)

and
~
l) =b2

~
0), where

~
0) is the vacuum state,

and in the case of a single tunneling atom the states

~

1) and
~

&) correspond to the atom sitting in the
potential well on the left and on the right. In the
spin representation the b operators are the
Abrikosov's pseudofermion representation of the
spin. The general form of the TLS Hamiltonian can
be written as

HTis=A& gb b + 2 /kb 0pbp'
a a,P,

(2.1)

where i =x,y, z. The term with b; describes the en-

ergy splitting between the two states while b; and
b» stand for the tunneling transition. If the two
configurations of the TLS are described by a real
wave function, then the overlap integral (tunneling
matrix element) is real; thus )V=0 will be assumed
without losing the generality. Thus HrLs will be
written as

HTLs =~»+blab~+ , g(hb~cr~pb —p

a a,P
+hpb e'pbp), (2.2)

where 6 is the energy splitting and hp is the tunnel-

ing matrix element which is proportional to the tun-

neling rate e &1. This Hamiltonian (2.2) can be
diagonalized by a rotation around the y axis in the
quasispin space. The energy splitting is
E=(b, +hp)'~ in the diagonalized form.

The conduction electrons will be taken as free
electrons. This simplification is justified in treating
the TLS system, as in this theory the electron densi-

ty and not the wave function is of importance. In
the particular model of single-atom tunneling the
wave function is considered only at very short dis-
tances (smaller than atomic distance) at the center of
the TLS. The use of spherical harmonics may help
to visualize the dynamics in the conduction band
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even if we are aware of the fact that the spherical
wave functions do not have any reseinblance to the
real wave functions in amorphous materials.

Thus we can have the electron Hamiltonian as

form of the Hamiltonian (2.6):
(i) H] is Hermitian; thus

Vk, k, =(Vj,k, )' . (2.7)

H, =gekak~ak~, (2.3)
k, o

where ak and ak are the free-electron creation and
annihilation operators with energy ek and with spin
cr. The ek is measured from the chemical potential.
The real electron spin will not play an essential role
in inost of the following considerations; thus o will
not be indicated in most of the formulas. The effect
of the real spin will occur as a factor of 2 for closed
electron loops.

The general form of the interaction between the
electrons and the TLS is ' z z

Vk2k) V- k) —k2 (2.8a)

(ii) The time-reversal symmetry can be formulated
easily because the real electron spin does not enter
into this problem in an essential way. If the TLS is
described by a real wave function, then for the ma-
trix elements the following must hold:

(k2crP
~

H]
~

k])Ta) =( —k])Ta
~

H]
~

—k2)TP),

where
~

koa) is the product of the wave functions
of the TLS and of a single electron. By comparison
with the form of Hamiltonian (2.6) one gets

H', = g bpak', VP*„ak,~b, .
k), k~, g,

a,P

(2.4) Vk, k, =V'k, k,

~k, k,
= —~-k, -k,y

(2.8b)

(2.8c)

where i =x,y, z. The last term is due to that part of
the potential scattering which is independent of the
position of the TLS. This term can be eliminated by
choosing the electron wave functions to be eigen-
functions in the presence of the potential Vk k .

2 1

Thus we can use the Hamiltonian in the following
form21, 22.

«k, ~Vk, k, ak, ~)b p~'p b
k), k~, o',

a, P,
i =x,y, z

(2.6)

In the following the summation will not be indicated
for the pair of indices.

The physical significance of the couplings V", V»,

and V' are as follows. V' describes the difference
between the electron scattering amplitudes corre-
sponding to the two positions of a rigid TLS. The
terms V" and V" describe the processes where the
electron scattering is associated with a tunneling
process of the TLS. These processes will be called
conduction-electron-assisted tunneling. In the case
of a single tunneling atom these processes are shown
in Fig. 2.

A. General properties of V'

It will be useful, for the following discussion, to
list the general properties of the interaction given in

In the Hamiltonian the inverse of the volume of the
sample must appear in front, but for the sake of
brevity it will be dropped. The matrix element Vk pk

can be decomposed in terms of Pauli operators as

Vt~k) g Vk2k) )»pa+ +kik) ~pa i (2.5)

Vk2k) =0 (2.11)

holds. It is important to emphasize that this proper-
ty does not sustain for the renormalized vertex, be-
cause the higher-order terms in 5p are not necessari-
ly local, thus V can be generated by the interaction
as if it has first been pointed out by Kondo. '

B. Estimation of V" and V'for the model
of single tunneling atom

In the special model treated here, a single atom is
tunneling in a double-well potential. The minima
are separated by a vector d shown in Fig. 1. The es-

(iii) It is very reasonable to assume that in the
electron-assisted tunneling the role of electrons ap-
pears in terms of electron density operator

p(r)= g exp[i(k] —k2) r]ak ~ak, ~, (2.9)
k), k~, cr

because the fluctuations 5p in the electron density
may result in the change of the tunneling barrier
height due to the interaction between the tunneling
atom and conduction-electron density at the atom.
The tunneling rate being a functional of p(r), which
depends only on the difference k] —k2, the follow-
ing notation can be introduced:

Vk k, V(kl k2) . (2.10)

It can be emphasized that only the property (iii)
does imply a restriction on the Hamiltonian. By
combining (ii) and (iii) it is easy to show that restric-
tion (iii) has a strong effect on Hamiltonian (2.6),
namely
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(I)](R)=(t) R——
2

(2.12a)

timation of V' follows the works by Kondo' and by
Black, Gyorffy, and Jackie. Furthermore, V" is
estimated in the way suggested by one of the present
authors ' which is more detailed than the original
version given by Kondo'

Following Kondo let us assume that the single
atomic wave functions ()I)] and (]])2 at the minima
0=1,2 are similar; thus only the variables of the
functions are shifted as

be considerably larger. For further estimates d can
be related to the Fermi momentum kF -1 A ' as

kFd =Q. 15—0.5 . (2.18)

Turning to the expression for V' the electron-
atom interaction must be considered which can be
described by a pseudopotential U. The pseudopoten-
tial may be a nonlocal function in space. As V' is
the difference between the two potentials corre-
sponding to the two atomic positions (a = 1,2), thus
V'has the form

V'(r)= fu(r —R)r [d,(R) —(kr(R)]d R,
P,(R)=P R+—

2
(2.12b) (2.19)

where the wave function along the axis of the TLS is which has the Fourier transform

1

]n ]ne p
ro 2rO

(2.13)
V[,r, = U(k, —kr) fd R exp[i(k, —kr) R]

X —,[p](R)—$2(R)], (2.20)

ro (AIMcoo) '~——, (2.14)

where M is the mass of the tunneling atom. Consid-

ering typical values as iruuo-100 —500 K, M =50m&
(mz is the proton mass), one obtains (in angstroms)

r[]-0.1—0.03 . (2.15)

The off-diagonal term b,o in Hamiltonian (2.2) can
be simply estimated as

50 fkgoe (2.16)

where A, is the Gamow factor. If our interest is
focused on low-energy excitation, which can be
thermally excited at T=l K, then it must be as-

sumed for the TLS energy that E=(ho+6, )'~ &1
K; thus 50&1 K or e "&10 2

(A, &5). Further-
more, as e "-exp( —d /4ro), therefore dIro&4. 5,
and because of Eq. (2.15), d & 0.2 A for the TLS of
present interest. On the other TLS, d cannot be
larger than d-0. 5 A, because then the tunneling
rate would become very slow to consider the
electron-assisted tunneling. Thus we can expect d to
be (in angstroms)

which is the solution for a quadratic potential well;
furthermore, ro is the averaged extension of the
wave function in the minimum. The zero-point en-

ergy is
3 coofi, where coo is related to Ro as

where the factor —, is due to the Pauli operator in

the Hamiltonian (2.6). The typical value of this cou-

pling can be obtained by assuming that the wave

functions ()t (R) are well localized at R —+d /2 and,
furthermore, that

~

k i
—k2

~
-kF, and by expanding

with respect to the small parameter, we assume that
—,kFd -0.15 « 1. Thus the following estimated

value is obtained:

Vk k, -(d/2)(k i
—k2) U(k i

—k2), (2.21)

Vg,g{z)= Vg(z)+ 5'(z), {2.22)

where V][](z) is the height with the electron density

in equilibrium 5p=0 and 5V& is due to the fluctua-
tion 5p. The fluctuations in the height of the barrier
must be measured from the averaged shifts of the
potential at the minimum of the potential wells.

Thus the density fluctuation of interest is

5p(r ) =p(r ) ——,[p(d/2)+p( —d/2)], (2.23)

where d is directed in the z direction.
Concerning the electron-assisted tunneling, we

follow the outline of Ref. 21, which takes into ac-
count the change in the barrier due to the interac-
tion between the tunneling atom and the fluctuation

5p in the conduction-electron density. The effective
height of the barrier at point z is

0.5&d &0.15, (2.17) and then the fluctuation in the height of the barrier
is expressed with the pseudopotential U as

for an atom with M-50m~. The value of d can be
even larger by a factor of 2, if the potential between
the minima is not so high as it is in the case where
the potential is composed of two quadratic minima.
For very light atoms such as hydrogen, ro and d can

5V~(r)=U5p(r), (2.24)

where for the sake of simplicity a local pseudopoten-
tial is used (see Fig. 6).
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where dz covers the area of tunneling z~ &z &z2. If
5p=0, then the exponential factor is e " and an ex-
pansion is taken around this value; thus

Z2

((reee ( ——f «z (/dp(z)dz'( [2M'(z)]'~

(2.26)

FIG. 6. Fluctuation in the double-well potential for the

TLS is shown. These fluctuations are produced by the

density fluctuations 6p in the conduction-electron band.

The shift of the potential is proportional to the pseudopo-

tential U for the electron-atom scattering.

This expression has a simpler form if the barrier is
taken as squarelike with width to and height Vz and
with the Gamow integral

Z2

Rcooexp ——jt [2MVz, rr(z) ]
' dz

1

(2.25)

The overlap integral between the two wave func-
tions P (r) (a=1,2) can be calculated easily in the
presence of the conduction-electron density fluctua-
tions, and the result is

A, =A' 'u)(2MV~)'i

being introduced; therefore one gets

((eeee
z ( — f Sp(z)dz

2W VB z(

where 5p(z) can be replaced by Eq. (2.23), thus

(2.27)

Z2

((eeee ( — f (p(z) ——, [p(d/2)+p( —d/2)](dz
2w V~

(2.2S)

Finally, using the expression (2.9) for p(r) one can make an expansion in the factor
+ +

exp[i(k& —k2) r]ak ak

assuming that kFm & kFd « 1. The result of this expansion is

(I 2e

2
zb, k,

8
(&k, ) dxak ak ~2~ (2.29)

where the notation b,k, =k t
—k 2 has been intro-

duced.
This expression gives a good approximation for

the electron-assisted tunneling rate as

Vk k -~0 16' (2.30)

V -bo (kFd)2 .24' (2.31)

By comparing expressions (2.21) and (2.31) an es-
timation for the ratio V"/V' is obtained:

where the notation (2.16) has been used and w-d
has been replaced. In order to get an estimation for
the amplitude of Uk k one can use the average of
(b,k, ),„-, kF, thus—

Vx X(kFd )
kFd

V' 24 V~ 12K, r',
(2.32)

where A, =(2MV&)'~ . u) and Eqs. (2.14) and (2.16)
are taken into account to make the result more tran-
sparent. To get a numerical value one can use
w-3ro, kFd-0. 3, and A, -5, and then one gets

Vx -10 —10 (2.33)

which is correct for TLS with hp-1 K. This es-
timation means that for single-atom tunneling one
can expect V"/V'&10 for a large number of
those TLS which play the dominating role at tem-
perature range T-1 K.
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C. The angular dependence of the couplings
V" and V'

As it has been emphasized in the Introduction and
as it has been pointed out earlier by one of the
present authors, ' the momentum dependence of the
coupling V" and V' plays a crucial role in formation
of the Kondo-type ground state. In order to give an
explicit form for the momentum dependence, the
nonlocal behavior of the pseudopotential must be
specified. Taking the incoming and outgoing mo-
menta at the Fermi sphere the angular dependence
of the pseudopotential can be expressed in terms of
differential partial waves as

m =I
U(k) —k2)=gai g Yi (k2)Yi (ki)

l m= —1

This expression is diagonal in the quantum number
m as the axis of the TLS is directed in the z direc-
tion and, therefore, z is a rotational axis. In order to
perform a concrete calculation we can simplify our
formulas by neglecting the extension of the TLS in

the directions perpendicular to the z axis. In this
case only m=0 plays a role. The forms (2.30) and

(2.31) obtained for V" and for V' show that V" is
even and V' is odd with respect to the inversion

symmetry where the symmetry plane is perpendicu-
lar to the z axis and goes through the center of the
TLS. This is rather obvious because the scattering
amplitude difference in V' must be odd, while the
tunneling matrix element must be even. Thus one
obtains that

21+1
ul~l(cosek k4 1 2

(2.34)
Vi, i, (m)=0 for ii+12 ——odd, (2.38a)

where Yi are the spherical functions with quantum

number 1 and m, and ai is the scattering length for
the different partial waves. Finally, k& and k2 are
unit vectors.

The coupling can be expressed in partial waves as
well. Let us first have the coupling expanded in

terms of a complete set of orthogonal functions

f (k ), which depends only on the direction k as

V'-„-„-V„„- =gfii(k, ) Vik,
a, P

(2.35)

Vi, I, (i' ) =0 f«1) + 1z ——even. (2.38b}

Vk k
= (kFd) —(ap+3aicosek k )(ki —k2)k2k) 2 1

(2.39)

With the use of expressions (2.30) and (2.31) for the
angular dependence of the couplings and the form
(2.34}of the pseudopotential,

where it is assumed that the coupling also is sensi-
tive only on the direction of k& and of k2, but not
on their absolute values. It turns out that the most
convenient choice is

Spy,
vk k

= „(kFd) —(ap+3a] cosek i, )
2 1 Vg 4n. 2 1

f~(k)=i'v'4nYi (k), .

and then the matrix elements of Vk k are
2 1

(2.36) x(ki —k;)', (2.40)

.l1 —l2

V& &
(m)= f Y& (k&)Vk Y Y~ (k&)dQ~dQq .

(2.37)

where only ap and a& are kept (this is an adequate
approximation except for transition-metal impuri-
ties). The matrix forms of the interaction in chan-
nels 1=0,1,2,3 are

(ap —a, )/v 3
[V'(m =0)i,i, ]=

(ap —ai)v 3

0

2ai/v 15

0 0

2ai/v 15 0

0 0

0

(2.41a}

and
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2 2

3QO —9a]
2 4

3vS ' 3vS '

(kj;d)2 Loud
[V"(m =0)]j,j,—— 2 4

3v"S ' 3vS '

2 6
ao+ ga1Q1

It is interesting to note that the zeros necessarily ap-
pear in the even and odd positions (alternately),
respectively.

In the following we will use extensively dimen-
sionless quantities. It is easy to check that the cou-
plings multiplied by the conduction-electron density

po taken at the Fermi energy for one spin direction
are dimensionless. In the following the dimension-
less coupling is defined as

U'= V'po

for an arbitrary representation.

(2.42)

III. SCALING

This section is devoted to the scaling equations in
the leading orders. As we have discussed in the In-
troduction, the perturbation theory leads to logarith-
mically divergent contributions as the electron ener-

gy tends to the Fermi energy and the temperature
approaches zero. The two simplest vertex correc-
tions are shown in Fig. 3, where the solid lines stand
for the electrons and the dotted hnes for the pseu-
dofermions. As the pseudofermion has a very large
fictitious energy A.~„ the interaction points on the
dotted lines are therefore time ordered as indicated
in Fig. 3. With the use of the Hamiltonian (2.6), the
contributions of these diagrams can be calculated
easily if a constant electron density po is assumed
near the Fermi surface and a symmetric sharp band-
width cutoff is applied. Beyond the sign the essen-
tial differences in the contributions of diagrams (a)
and (b) in Fig. 3 are in the factors due to the interac-
tion, which are

(2.41b)
I

second order [see Eq. (S), Ref. 22] and it has the
forin for T=0

Vk k 2ipo—g I (V'k k Via )e'i n
l,j

A. St:aling equations

The idea of scaling is to reduce the cutoff and at
the same time to correct the bare couplings in order
to keep the scattering amplitude nearby the Fermi
energy unchanged. The scaling equation can be con-
structed in the "poor-men' s" style suggested by An-
derson, ' and it has the form

~ =2i OX&"'J" Vk, k(»Vkk, (D)
l,j F

(3.2)

which leaves the scattering amplitude given by the
vertex (3.1) invariant. One can write this equation
in a more convenient form by using the matrix rep-
resentation Vp given by Eq. (2.3S) for the couplings
and by introducing the dim ensionless variable
x =in(DO/D) with the original physical value of the
coupling Do and with the scaled value D as

where co is the ingoing energy, the Levi-Civiti sym-
bol e'j' is due to the commutation relations for the
Pauli operators, dSk is a surface element, and SF is
the total area of the Fermi surface (SF=4m.kF }. It is
important to emphasize that the self-energy does not
contribute to the leading order.

(V"" o)(V"" o)k2k kkl
8 V' p(x) = —2ig e'j'g V' r(x) Vjyp(x) . (3.3)

(V~~ ~ g )(V ~.g~)
kkj k k

respectively. In diagram (a) in the intermediate state
there is an electron while in (b) there is a hole.

The vertex can be calculated easily up to the

The boundary condition for the scaling equation is
that at the original physical value of the cutoff
D =Do(x =0), the scaled coupling matches the un-
renormalized bare coupling V'(0}; thus
V'(x =0)= Y'(0). It is important to emphasize that
all of the equations quoted in this six:tion are valid
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only if D/kii and fico/kJi are larger than the tem-

perature T and the parameters of the TLS as b, and
b,o. In the other case the in(D/iruu) term in Eq. (3.1)
should be replaced by

ln[D/max(fuu, kp T 5 Ap)],

and thus the scaling equation given by Eq. (3.3) can-
not be applied for D &kpT, b, , hu.

The solution of these scaling equations for the
coupling is equivalent to the summation of the par-
quet diagrams for the vertices. (The parquet dia-
grams are those which can be cut into two pieces by
cutting one electron and one pseudofermion line in
such a way that the diagrams produced are also par-
quet diagrams. )

It is interesting to note that if two of the cou-

plings differ from zero and if they do not commute,
then the third coupling is generated by the scaling
equation (3.3). The behavior of the system essential-

ly depends on whether or not the couplings com-
mute. In the commutative case the vertex is not re-

normalized in the leading order nor is the "invariant
coupling" enhanced in the next-to-leading logarith-
mic approximation. However, we have seen that in
the physical model of a single tunneling atom the
couplings given by Eqs. (2.41a) and (2.41b) do not
commute. Considering the noncommutative model
the scaling equation (3.3) cannot be solved for arbi-

trary couplings V'
p, therefore, we have to restrict

the calculation to soine subspace. In Ref. 21, a
two-component subspaee was used without physical
justification; however, the scaling was discussed in
considerable detail. The following two sections,
III B and III C, are devoted to giving physical justi-
fication for using a two-component subspace and to
providing a procedure for how this subspace can be
found. Here a detailed analysis will be given for
those results which are quoted in Ref. 24.

B. The general features of the fixed point

The problem treated in the present work is not a
real three-dimensional one from the point of view of
phase transition. There is a single TLS and the elec-
tron states of interest can be characterized by the ab-

solute value of the wave vector k of the spherical
waves and by a few quantum numbers such as
1=0,1,2 and the corresponding m values. Wilson3

has shown that such an electron gas can be mapped
on a single chain of fermions decorated by the
discrete quantum numbers and the chain is semi-
infinite with the TLS at the end. If a finite number
of l, m are kept, then the problem is a real one-
dimensional problem without phase transition;
furthermore, according to Anderson's argument '
there is no finite singular point on the scaling trajec-

Bu~(x) =2+ v„'(x)uJ (x), its
Bx

(3.5)

and

i V*p(IM) =g g V'p(p) VrpJ(p)e"' (3.6)

As a consequence of the last equation, the V~'p(JM )

must be the infinitesimal generators of an irreduci-
ble unitary representation of the rotational group
characterized by a spin S&. The dimension of the
subspace is 2S„+l.

Turning to the amplitude equation (3.5) the solu-

tion can be looked for in the following form:

v„'(x) =g„(x)+u„'(xo)

where g satisfies the following equation:

8 =4v "(x)u (x)v'(x),

(3.7)

(3.8)

with the boundary condition g„(xo)=0 at an ap-
propriately chosen xo. For the infinite fixed point

~ f„~ ~ oo, thus v„'(x) must tend to a uniform am-
plitude function vz(x) &0 which is independent of
the index i The P„ f.unctions will be different in the
different invariant subspaces; thus, disregarding the
possibility of accidental degeneracy, one of the f„'s

tories. Thus fixed points may occur only at zero or
at infinity. However, using the model with two
spherical modes, it has been pointed out in Ref. 21
that only the finite fixed point is stable.

In order to explore the consequences of the ideas
mentioned above, attention must be focused on the
matrix structure of the scaling equation (3.3). In a
certain approximation near the fixed point, the vec-
tor space in which the matrices operate can be divid-

ed into invariant subspaces, and the scaling equa-
tions can be separately studied. More precisely, in a
well-established approximation scheme at the fixed
point, there is at least one subspace which can be
treated independently of the others. In the treat-
ment of Sec. IIIC, that subspace is of two dimen-
S10IlS.

Let us consider one subspace labeled by p, . After
eliminating a large part of the phase space by scal-

ing, it can be generally expected that the matrix
character of the coupling u'

p does not change with
further scaling. Thus in the neighborhood of the
fixed point the matrices u'

p can be factored as

v' p(x) ~u'(x) V*p, (3.4)

where the unitary matrix V*,p describes the matrix
structure near the fixed point and v'(x) &0 is the
amplitude. In this ease the scaling equation (3.3)
falls into two parts,
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must be larger than the others. Let us call that sub-
space p, and for our purposes only that subspace is
considered. Summarizing the results obtained, the
scaled Hamiltonian H„ for x~ ao for subspace p&m

can be written in the following form:

1
v~ ( x)cT

0

X pmk2P pm pmk)a 2 1~

where ak 's are annihilation operators for properly
normalized spherical waves with momentum k (k is
scalar) and with index a. The result (3.9) shows that
keeping only the dominant subspace p the scaled
Hainiltonian is equivalent with the Kondo Hamil-
tonian for a single magnetic impurity with spin
S=—;however, the electrons have generalized spin2 ~

t

S& . The first spin S=—, corresponds to the TLS
and the second S& corresponds to the different

P~

spherical orbitals. The coupling is isotropic in space
and its strength v (x) tends to infinity as x~ ao.

It will be shown in Sec. IIIC that the dominant
subspace p is two dimensional. This result may be
conjectured on the basis that the TLS with two posi-
tions is mainly coupled to two different spherical
waves. The positive sign of the coupling V& (x) &0
corresponds to the antiferromagnetic Kondo prob-
lem which scales to the infinite strong coupling re-

gion also. Thus the present problem scales to the
S=—, antiferromagnetic Kondo Hamiltonian. It is

interesting to note that our starting Hamiltonian
does not exhibit any conservation law, but for the
scaled Hamiltonian there is a conserving quantity,
namely, the fictitious total spin

(3.10)

The appearance of a conserving quantity indicates
that the ground state is highly correlated (Kondo-

type ground state) in contrast with the high-
temperature behavior.

Finally, we may mention that at very low tem-

perature, if several invariant subspaces exist, the
coupling can be very large in more than one sub-

space. In this case the single TLS spin is coupled
simultaneously to several electron quasispins
representing the electron orbitals. Thus the scaled
Hamiltonian is the sum of the Kondo Hamiltonian

but here the single impurity spin produces a strong
coupling between different subspaces. The ground
state for this Hamiltonian must be a very highly
correlated state. We assume, however, that the tem-
perature range of interest is not low enough for for-
mation of this ground state of a new kind; thus it is
sufficient to retain only one subspace and to consid-
er the single Hamiltonian (3.9). It must be pointed
out that, at very low temperatures, the dimensionali-

ty of the dominant subspace may change by lower-

ing the temperature. The next section is devoted to
showing that the subspace of interest is two dimen-
sional and to giving a practical procedure to find
that subspace.

v'(x) = Utv'(x) U,

where v (x=0) is diagonal as

[v (0)] p
——v~(0)5 p .

(3.12)

(3.13)

The result of the transformation of this kind is
presented for the model of single-atom tunneling in
Appendix A. The linearized version of the scaling
equation for the coupling matrices is given as

Bv'(x)
(3.14a)

Bv (x) = —2i [v"(x),v'(x)] (3.14b)

8v~(x) =2i [v'(x), v'(x)]
Z

(3.14c)

C. Search for the relevant two-dimensional

subspace

It will be shown that according to the scaling
equation (3.3) the rate of increase is different for dif-
ferent a,P components of the coupling v'

ti
representing the angular behavior of the electron
wave function. This consideration is based on the
fact that it is assumed that in the first region of
scaling the electron-assisted tunneling for the TLS is
rather weak, thus v', v &&v' (v, v~-e "). In this
case we can expand the right-hand side of the scal-
ing equation (3.3) with respect to the small parame-
ter e; actually we linearize in v and vi'. This
procedure becomes transparent if we choose a repre-
sentation where v' is diagonal. With the use of the
matrix form of the couplings, v' can be diagonalized
by a unitary transformation U; thus the new repre-
sentatian is given as

1
gv~(x) 0'

0 p,

n, p
pk2P p, pk &a 1 2~

which are valid in the region of x where v "(x),
v"(x) &&v'(0) and the square brackets with subscript
—is the commutator. The variables can be separat-
ed by considering the differential equations for
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second order for the couplings. From Eqs.
(3.14a)—(3.14c) it follows that

8 u'(x)
z

——4[(u', u'), u']
X

(3.15)

which has a simpler form in the new representation
3.S

u'p(x)=5 pv '(0),

v"p(x)=v p(0)cosh[2[up(0) —u (0)]x],

u~p(x) =iv p(0)sinh[ 2[v p(0) —v'(0)]x ) .

(3.17a)

(3.17b)

(3.17c)

The components u~p and u~~p with those indices
a,P increase in the fastest way, for which

~

vp(0) —v'(0)
~

(3.18)

is the largest. If the other differences of this type
are somewhat smaller, then the corresponding ma-
trix elements are negligible during scaling. Only
coinponents a,P associated with the largest differ-
ence are kept. In this way we have a procedure for
finding the dominant representation which is two di-
mensional. In the concrete model of the single tun-
neling atom the subspace consists of two linear com-
binations of spherical functions 1 =0, i = 1,
and l =2 with m =0. (See Appendix A.)

8 u p(x)
=v p(x)[v'(0) —up(0)], i =x,y

X

(3.16)

where the correct boundary condition is u"(0)=0.
The solutions of these equations can be given as

U =4u"u', (4.3a)

=4u'u",
Bx

(4.3b}

Bv =4U"U~. (4.3c)

ponents. The scaling equations (3.3) become signifi-
cantly simpler if vJ are diagonal; thus vJ =v'5;J and

V~p = V (0'~p)~, (4.2)

with no summation on index i. According to the re-
sults [(A5) and (A6)] derived in Appendix A this is
actually the case for the model of single-atom tun-
neling, and this will be assumed in the following
part of the paper. The general case with nine cou-
plings vj has already been discussed in Ref. 21 and a
more general method is suggested in Appendix B,
where it has been shown that by performing dif-
ferent rotations in the quasispin (upper index) and
electron wave-function space (lower index), uJ can
always be diagonalized. Thus the assumption (4.2)
only means that the correct representation has been
chosen. The diagonal case is similar to an anisotro-
pic x-y-z Kondo problem, which was first discussed
by Shiba. In the major part of this paper we
present a method to solve the scaling equation,
which can also generalize to the more complicated
case of more than two components and to the case
of the second-order scaling to be treated in the fol-
lowing paper. For completeness the exact solution
of the scaling equation will be represented for the di-
agonal case in the Appendix C.

The scaling equations (3.3) to be solved in the spe-
cial two-dimensional diagonal case have the simple
form

IV. SOLUTION OF THE SCALING
EQUATIONS

Making use of the results of the preceding section
we retain only two components in the scaling equa-
tions (3.3). In this limited case we can write
v'

p (a,/=1, 2) as a linear combination of the Pauli
operators (cr p), and of the unit operators (I p), ;
thus

V'
p
——vo(I,p), +g VJ(o' p), (4.1)

J
as has been done in Ref. 21, where the subscript e
refers to the fact that the inatrices act in the space
describing the spherical part of the electron wave
functions. The term proportional to (I p), can be
dropped, because the term vo is not enhanced due to
scaling and does not effect the other coefficients as
uj. The coupling VJ (i,j =x,y,z) has nine com-

These equations will be integrated in two intervals
where (i) V~&V &&v' and (ii) v -u" &v', and the
solutions will be matched at soine arbitrary points

xi in the region between (i) and (ii). The final result
will be independent of the choice of xi. The main
purpose of solving the scaling equations
(4.3a)—(4.3c}is to find the crossover temperature Tz
(frequently called Kondo temperature) which corre-
sponds to that small value of the cutoff where the
scaled couplings approach the order of unity. At
this region the scaling treatment in the present form
loses its applicability because the right-hand side of
the scaling equation has been determined in the
framework of perturbation theory. Thus the cross-
over temperature or energy separates the weak and
strong coupling regions where the behavior of the
system is essentially different.

Let us consider the two regions separately:



THEORY OF THE INTERACTION BET%'EEN. . . . I. . . .

u"=u (0)cosh[4u'(0)x],

u~= u "(0)sinh[4u'(0)x] .

Let us choose xi so that 4u'(0)x i »1; thus

u"(xi ) -u"(xi )-u"(0)—,exp[4u'(0)x i] .

(4.4a)

(4.4b)

(i) Region u~(x) & u'(x) &&u'(0). The solution for
this region has already been presented. With the use
of the notation (4.2) the result given by Eqs.
(3.17b)—(3.17c) can be written in the form

It is important to notice that u (x i ) does not appear
in this equation, and that makes the method pro-
posed here applicable.

Let us define the crossover temperature as '

z(0)
i /4U (0)

ka Tx ——Dc (4.11)
4u'(0)

which has a singular point of u'=0. With the use of
this expression for Tx, Eq. (4.10}can be written as

Furthermore, u"(xi )-u~(xi ) &&u'(0). One can ex-
press xi from the equation above as

1 0x= +ln
4u*(x)

(4.12)

2u (xi)
x, = ln

4u'(0) u (0)
(4.5)

(ii) Region u"(x)-u"(x) & u'(x) . In this region we
have only two equations to be considered as u"-u~,
thus

(4.6a)

and

Uz
=4v "u'. (4.6b)

1 O' —Cx —x, = ln
8C

ln
1 u' —C

u'+ C

V (Z))

u"(x i )—21n
u'(xi )+C

(4.8)

where, using Eq. (4.7), u(x) has been inserted with
x =x, . Making use of u (x, ) «u'(xi) one obtains
that C=v'(xi )=u'(0), and then the above result has
a simpler form for u'»u'(0) as follows:

1
X —X)

4u'(0)

uz(0) u "(xi )—ln
u' 2u'(0)

(4.9)

In this region there is a scaling invariant, namely

[u'(x)] —[u (x)]2=C' .

The first equation can be integrated after elim-
inating (u ) with the aid of Eq. (4.7). The result
can be obtained in a straightforward way; thus

i(

I

I

04- I

I

o~-
I

I

I

0.2-
I

I

I

I

I

I

I

K
10' &0'

~ (0) =0.)5
v" (0) =0,00015

v" (0) =0

10 D/Do

The numerical solution of the scaling equations for
u" and u' as a function of D/Dc[x =In(Dc/D)) is
shown in Fig. 7. If u'& 1, then D is proportional to
Tx and the proportionality factor depends only on
u', and that is the order of unity. Thus Tx indeed
indicates the crossover from the weak to the strong
coupling region. It is interesting to note that
u, ~ ao as D~kji T&, but this result has no physical
significance because it occurs where the scaling Eqs.
(4.3a)—(4.3c) of first order are not applicable. In
Fig. 7 the scaling of v" and v' is also shown. As we
have earlier discussed in this section, the initial
value of coupling u" is u"(0)=0, but that increases
faster than u does; thus for D &Doexp[ —1/4u'(0)]
the couplings u" and ui' are approximately the same.
The region where v~ &&u" is so short that it cannot
be seen clearly in Fig. 7. In the next region, where
u"-u~&&u', the coupling u' is almost constant and
that is approached by the increasing u" and u". If D
is in the order of magnitude of the crossover tem-
perature Tx, then u"-u"-u'

1 1 4u*(0)
4u' 4u'(0) u'(0)

(4.10)

Finally, by adding Eqs. (4.5) and (4.9) one gets FIG. 7. Scaling of the couplings v", v", and v' are cal-
culated using Eqs. (4.3a)—(4.3c} with initial values
u'(0)=1.5X10 ', u"(0)=1.5X10, and u*(0}=0. The
crossover temperature given by Eq. (4.11) is indicated by
the dotted line.
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The crossover temperature given by Eq. (4.11) has
a singular point at v'(0)=0; therefore, if v'(0) de-
creases, then Tz is approaching zero. Using the
typical values u"/4v'-10 [see Eq. (2.33)] and
D0 —10 eV -(10 K)kii, we can conclude that v'
has a lower bound v'~ 0.2 in order to get Tz & 1 K.

V. DISCUSSION

The present paper is based on the previous obser-
vation that the commutative and the noncommuta-
tive models behave in very different ways. Treating
the noncommutative model in the first order of the
perturbation theory, the electron-TLS scattering re-
sults in different angular distributions for the mo-
menta of the outgoing electrons depending on
whether the diagonal or the off-diagonal term in the
interaction has been taken into account. Further-
more, it has previously been emphasized that in the
higher order of the perturbation theory the angular
distribution of the scattered electrons keeps some
memory of the subsequent order of the different
scattering processes (u' and v' processes). This
behavior is somewhat similar to the problem of
magnetic impurity where a similar memory is built
in the spin polarization of the scattered wave func-
tion of the conduction electrons. Studying a simpli-
fied model with two spherical wave functions, it has
been shown also ' that the scaling in the cutoff
drives the system into the strong coupling region.
The present paper has been focused to show that
this conclusion is independent of the special details
of the model. On the other hand, all of the general
features have been demonstrated using a simple
physical model for the TLS where only a single
atom is tunneling.

The general structure of the Hamiltonian con-
sidered here is completely independent of the special
features of the model studied here (see Sec. IIA);
thus the structure of the scaling equations derived in
Six:. III and their solution presented in Sec. IV hold
for the general case. The scaling equation (3.4) has
been constructed by using elementary consideration;
thus on the right-hand side of this equation only the
first term of a polynomial has been kept. As the
problems studied here are scaled to the strong cou-
pling region, the application of the first-order scal-
ing equations is, therefore, limited to the high-
temperature region T~ Tx. With the use of the
general structure of the scaling equation (3.4) it has
been concluded in Secs. III A and III 8 that, in the
space of the angular distributions of the incoming
and outgoing momenta for the electrons, it is suffi-
cient to keep only two angular functions

f~ (a=1,2) and, furthermore, a procedure is sug-
gested to determine these functions. With the use of

a general argument (see Sec. III A) supported by the
detailed calculations of Sec. IV, the conclusion has
been drawn that in the relevant subspace for the
spherical harmonics the problem scales to a strong
coupling Hamiltonian with a form which coincides
formally with the s-d Kondo Hamiltonian with im-
purity spin S= —, . In this correspondence the
quasispin of the TLS and the magnetic impurity
spin are related and furthermore, the angular depen-
dence of the scattered electron wave functions and
the conduction-electron spins are related. The
ground state of this scaled Hamiltonian is a highly
correlated state, where the TLS and the screening
conduction-electron cloud move together. It is an
interesting feature of the theory that the original
electron-TLS Hamiltonian given by Eq. (2.6) does
not contain any conserving quantity, but for the
scaled Hamiltonian there exists a fictitious total spin
[see Eq. (3.10)] which is conserved. This is a strong
indication that at low temperature there is a strong
correlation between the quasispin of the TLS and
the angular distribution of the electron momenta.

Solving the scaling equations (4.3a)—(4.3c) of the
first order, the crossover temperature T~ given by
Eq. (4.11) has been determined which is between the
weak and strong coupling regions. For the correct
value of the crossover temperature Tx the scaling
equation of the second order must be used with qua-
dratic correction on the right-hand side of Eq.
(4.3a)—(4.3c). The construction of these scaling
equations is more sophisticated; therefore, those will
be discussed in the following paper (paper II). As
the crossover temperature T~ is very sensitive on the
coupling u', the detailed discussion of the order of
magnitude will be presented in the following paper
(paper II), where the correct expression for Tx will

be derived. The main feature found in Sec. IV,
however, remains valid, namely, that v' must exceed
some critical value to obtain a crossover temperature
in the observable temperature range. If the coupling
u' is too small, then the coupling v" remains negligi-
ble in the whole range of scaling; thus the commuta-
tive model is appreciable.

The scaling argument presented here can be ap-
plied to temperatures which are large compared to
the energy splitting E. Below this temperature re-

gion there is no essential temperature dependence
because the TLS cannot be excited by thermal exci-
tations. It is to be noted that the splitting E itself is
also renormalized in an essential way, as will be dis-
cussed in the following paper (paper II).

In addition to the general treatment, the model of
the single tunneling atom has been treated in consid-
erable detail. It has been found that the two angular
modes for the momentum dependence of the elec-
tron wave functions are linear combinations of the
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s-, p-, and d-like harmonics. Expressions (2.21) and
(2.30) have been derived for the two bare couplings
and the ratio v "/v' given by Eq. (2.32) has been es-
timated, and it has been found in the order of mag-
nitude v"/u'-10 . This ratio apppears in the ex-
pression (4.11) of the crossover temperature; thus
that plays a role of crucial importance. Even if this
value has been obtained in the particular model
treated here, we are going to accept it as a rough es-
timation for the general case.

Finally, we mention that we have used a free-
electron-like wave function for the conduction elec-
trons, which is not realistic in the case of metallic
glasses. We may note, also, that the actual dimen-
sion of the sample in real space does not enter in this
problem, because that affects not the energy density
of states but only the energy spacing of the levels.
The spacing of the levels does not play any signifi-
cant role, unless it becomes larger than the scaled
value of the cutoff D. The latter case does not look
interesting for real physical systems. Furthermore,
the main results obtained here are certainly valid in
the case where the TLS excitations are at the surface
of the sample.

It is interesting to point out concerning the Ham-
iltonian suggested by Cochrane et al. ,

" that the ex-
act form of that Hamiltonian has been recovered in
the scaling region (ii) (Sec. IV) where
v"(x)-u"(x)(u', and an interpretation has been
given for the orbital indices a=1,2 assigned by
them to the conduction electrons. Thus the suggest-
ed Hamiltonian appears in the present theory as the
scaled Hamiltonian with the scaled couplings in re-
gion (ii) (Sec. IV).

In the following paper (II) the scaling equations of
the second order are constructed in order to obtain
the correct expression at the crossover temperature
Ttt and the scaling of the energy splitting E Apply-.
ing these results and the scaling, different physical
quantities such as electrical conductivity, TLS relax-
ation time, and inelastic electron lifetime are calcu-
lated and compared with the available experimental
results in a separate paper (III).

APPENDIX A

For the model of single-atom tunneling the
transformation which diagonalizes the matrix u'

given by Eq. (2.41a) can be constructed easily. The
basic wave functions for the diagonalized form are

f )
——[(cos8 Yo —sin8 Yz )+i Y, ],
2

(A 1)

f2
——[—(cos8 Yo —sin8 Y2 )+i Yo],

2
(A2)

f3 —cos——8 Y2 —sin8 Yo,0 ~ 0 (A3)

f4 i Y—3——, (A4)

with

1 0

[u'(0)] ti-u'(0)
()

0 0

0
(A5)

and

[u "(0)]~p- u "(0) (A6)

where for the sake of simplicity the components of
no importance are indicated by X. In the form
above, both v'(0) and v (0) are positive and

'2 1/2

u'(0) =pv ,dkF—Qp —Q] 4 2+ &5 (A7)

8=arctan[&4/5a i /(ao —a i )] .

Furthermore, the coupling matrices (2.4la) and
(2.41b) have the new forms
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We have mentioned in Sec. IV that, after restrict-
ing the space of spherical harmonics to a two-
component subspace, the general form of the cou-
pling matrices decomposed in terms of Pauli opera-
tors [see Eq. (4.1)],

U~p =g Ui~(rr~tr)q

J
(B1)

One can work out the channels with m&0 also, but
it turns out that they are not the dominant channels.

APPENDIX B
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where the term of unit matrix is dropped; thus the
corresponding term in the interaction is

where o' acts on the states of the TLS and (cr' ~), on
the spherical harmonics for the conduction elec-
trons.

First it should be pointed out that rotations can be
performed separately in the TLS pseudospin space
and in the space of the spherical harmonics. The ro-
tations correspond to the introduction of a new set
of basic functions for the TLS or for the spherical
harmonics, respectively. We show here that one can
always find a representation where the coupling ma-
trix vj is diagonal.

Let us consider the appropriate transformation
to diagonalize the matrix V with real (ij) compo-
nent vj. These transformations are associated with
rotations of the spin operators [o' and (oj),] or with
the introduction of new basic vectors, but the latter
will not be discussed in detail. The main steps are
the following:

(i) V V is symmetric matrix and real; thus

( V V) ' exists; furthermore the matrix 0,
=(V V) '~ V is orthogonal, where Vobis the tran-

sposed of V.

(ii) Let us transform the upper index of uj by the
orthogonal matrix 0& as O~ V=(V V)'~, which
is also symmetric. This transformation means a
rotation in the spin space representing the TLS.

(iii) An orthogonal matrix 0 must exist which di-
agonalizes the symmetric matrix 0

&
V. This

transformation leads to the diagonalized matrix
0 0 VO+ and the transformation means a rotation
in the TLS-spin space and in the electron-spin space
(describing the spherical harmonics) simultaneously.

and (3.8) the matrix part of the coupling has been
given by spin operators instead of Pauli matrices.
With the use of Pauli matrices an extra factor 2 ap-
pears on the right-hand side of Eqs. (3.4) and (3.8).
Then the differential Eq. (3.8),

=4{tt'+[ "(0)]'I'"{0'+ [ '(0)]'l '"

(C 1)

can be easily integrated as

(C2)

1 . f {[u'(0)]' —[u "(0)] }
' '

u'(0)

(C3)

where F is an elliptical integral of the first kind. In
the interesting region, g » v "(0) holds; thus

arctan[flu�

"(0)]-m.l2 and F(ml2, y) =K(y. ), and

1 {[u'(0) ] —[u"(0)] )
'

v'(0) v'(0)
(C4)

Furthermore, by approximating the complete elliptic
integral of the first kind K,

1K(m)= —,ln for m —1.
1 —m

(C&)

Thus in the limit u'(0) »v'(0),

where we used the fact that v (0)=0. By using the
integral on p. 245 of Ref. 36,

APPENDIX C
1 4v'(0)

4u'(0) v "(0)
(C6)

The integration of the scaling Eqs. (4.3a)—(4.3c)
can be carried out exactly. First we note that the
solution of the scaling equation can be written as
given by Eq. (3.7) in terms of the function g; if in
the right-hand side of (3.8) v'(x)'s are expressed by tt(

and by their initial values u (0), then in Eqs. (3.4)

It is interesting to note that the integral calculated
very slightly depends on P in region g»u"(0), and
the result given by Eq. (C6) is equivalent to that ob-
tained for the crossover temperature T~ by the ap-
proximation given in Sec. IV [compare with Eq.
(4.11) for x =ln(D, Ik&T+)].
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