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We study in detail, within the adiabatic approximation for the structural degrees of free-
dom and on exact grounds for the magnetic ones, the d=1 magnetostrictive spin-% Xy

model in the presence of an external magnetic field along the z axis. We calculate the
specific heat, magnetization, isothermal susceptibility, and the structural order parameter
and spectrum (including the sound velocity). The system presents, in temperature-field
space, three structurally different phases: the uniform (U), the dimerized (D), and the
modulated (M) phases (the latter can be either commensurate or incommensurate with the
other two). The critical frontiers U-D and U-M are of the second-order type while the D-M
one is of the first-order type; all three join at a Lifshitz point. The U-M frontier presents a
new type of multicritical point on which the frozen structural wave vector vanishes. The
phase diagram is quite anomalous for high values of the elastic constant. Several other ef-
fects are predicted. The present theory is expected to be applicable to substances like TTF-
BDT  [tetrathiafulvalinium  bis-cis-(1,2-perfluoromethylethylene-1,2-dithiolate)-metal],
TTF-BDS  [tetrathiafulvalinium  bis-cis-(1,2-perfluoromethylethylene-1,2-diselenolato)-
metal], MEM(TCNQ), (N-methyl-N-ethyl-morpholinium ditetracyanoquinodimethanide),
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and eventually the alkali-metal tetracyanoquinodimethanides (TCNQ).

I. INTRODUCTION

In the last decade a considerable amount of work
has been dedicated to the study of the so-called
spin-Peierls instability (SPI) (for an excellent recent
review see Bray et al.!), which induces structural
phase transitions in systems that are quasi-one-
dimensional in magnetic interactions although three
dimensional in crystalline interactions. Typically,
the systems present a uniform (U) phase (referred to
as the disordered one from Landau’s standpoint, cor-
responding to a system of atoms equally spaced
along the chain) at high temperatures and a more
complex phase (referred to as the ordered one) at low
temperatures; this phase can be structurally dimer-
ized (D phase) or can present complex structural
modulations (M phase) depending on external
parameters such as the magnetic field.>~> The
structure of the M phase might be either commensu-
rate or incommensurate®~° with that of the U phase;
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in any case, the problem is quite analogous to that
of systems exhibiting Peierls instability.”'°~!2 The
spin-Peierls type of structural phase trans-
ition has been exhibited on several substances, par-
ticularly on the TTF-BDT [tetrathiafulvalinium
bis-cis-(1, 2-perfluoromethylethylene-1, 2-dithio-
late)-metal] and TTF-BDS [tetrathiafulvalinium
bis-cis-(1, 2-perfluoromethylethylene-1, 2-diseleno-
lato)-metal] compounds® >~ {(TTF)*-
[MX4C4(CF;),]~, with (M,X)=(Cu,S), (Au,S), and
(Cu,Se)} and AT-(TCNQ)~ [4 *-tetra-
cyanoquinodimethanide,'®~2* with 4%+ equal to
Na*t, K+, Rb*, Cs*, and NH,"; within certain re-
strictions we could include herein 4 equal to
MEM;, ,, (Refs. 25—28), NMP (Ref. 29), and TTF
(Ref. 30), where MEM?* is N-methyl-N-ethyl-
morpholinium and NMP is N-methyl-phenazinium],
through magnetic susceptibility,'> 821252729 electri-
cal conductivity,!8=222252% gpecific heat,!>?":2%30
magnetization,'»'” latent heat,'® optic proper-
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ties, 2022 x-ray,”' neutron scattering,“"17 and EPR

(Refs. 13 and 18) experiments. The theoretical ap-
proaches to this phenomenon have been performed
through the use of the magnetostrictive quantum
XY (Refs. 2,3,531—37) and Heisenberg®”343%-4
models; the former, although less frequently realis-
tic, presents the advantage of being exactly solvable
with respect to the magnetic degrees of freedom.
For both models, and more particularly for the
Heisenberg model, preliminary or detailed discus-
sions have been performed concerning various quan-
tities such as entropy,*® specific heat,”** magneti-
zation,*3® magnetic susceptibility,>’>34244 ang
structural order parameter,!1:32:3%36.39=41 55 wel] ag
the influence, on some of them, of an external mag-
netic field>»10:3438404344  and of an external
stress.246

Letl us now concentrate on the magnetostrictive
spin-5 XY model where the magnetic coupling con-
stants are assumed to depend only on the mean dis-
tances between spins (adiabatic approximation®’),
i.e., the structural fluctuations are neglected; this as-
sumption is expected to be acceptable if we take into
account that the system is three dimensional with
respect to the crystalline degrees of freedom.
Pincus®! showed that an XY antiferromagnetic chain
is, at vanishing temperature, unstable with respect to
dimerization, Beni and Pincus®? exhibited next that
this instability induces a second-order phase transi-
tion between the U and D phases, under the assump-
tion that no other phases have to be considered. Du-
bois and Carton3? proved next that, at the critical
temperature T, and coming from high temperatures,
there appears a structural order which indeed is a di-
merization. Finally, in a recent paper*® we have ex-
hibited that below T, down to T =0, no contribu-
tions to the structural order appear other than the
pure dimerization one; the same statement seems to
be true’’ in the presence of an XY coupling anisotro-
py.3335

If a magnetic field H (perpendicular to the XY
plane) is applied to the system, important modifica-
tions appear in the equilibrium configuration, as the
wave vector g, characterizing the “frozen” structure
might no longer be that which corresponds to a di-
merization, and consequently phase transitions to-
ward a new phase, namely the M phase, might
occur. The magnetic field dependence of ¢, has al-
ready been detected both theoretically>>* and exper-
imentally*; however, the available discussions can be
considered as preliminary. Within this respect we
have recently’ presented the complete phase diagram
in the T-H space (all three U, D, and M phases)
where two special points clearly appear, one of them
being a Lifshitz point, the other one, referred to as

starting point, has a nature which we attempt to elu-
cidate herein (Sec. IV). Furthermore, in Sec. II we
present all the details concerning this phase dia-
gram; the influences of T, H, and the harmonic and
anharmonic elastic coustants on the dimerization or-
der parameter (Sec. III) and on the specific heat,
magnetization, isothermal magnetic susceptibility,
sound velocity, and relevant optic frequency (Sec.
V), are discussed as well.

II. UNIFORM CHAIN

Let us consider a cyclic linear chain (witl} a fixed
lattice parameter equal to unity) of spins 5 whose
magnetic contribution to the Hamiltonian is given
by

N N
Hom=— 2, J;(S]S}11+5}S] 1) —nH Y, ST,
j=1 j=1

(1

where p is the elementary magneton, H >0 by con-
vention, and {J;} are local exchange integrals, and
where, for future convenience, we have considered
an even number of spins. Through the Jordan-
Wigner transformation*®4°

j—1
I1 2s7

i=0

aj= Sj+ , (2)

we may introduce pseudofermion (spinless magnetic
excitations) creation (a jT) and annihilation (a;) opera-
tors, and rewrite the Hamiltonian as follows:

Xt t
Hm=—7 2 J(8;8;11+8;1.19))
j=1

n o
+uHY, aja;—NuH , (3)
j=1

where the additive term comes from the transforma-
tion

Sf=%—a}aj . 4)

By introducing next the Fourier-transformed quanti-
ties

1 2N
b= ekq; (—m<k<m) (5)
V2N El !
and
1 2N iia 6
qui—ﬁjzle Jj (—7T<qﬁﬂ') , ( )

the Hamiltonian becomes

Hopg=K0+V, ()



6898 LIMA AND TSALLIS 27

where

Ho=|Jo| |3 exbib—Nh (8)
k

(this contribution is the only one in the uniform
phase) and

V=1Jo| 3 Augbibi_g )
q9#0 k
with
€x=h —cosk , (10)
h=uH/\|Jy| , (11)
Aqu——zl- I:ZI (e e'la—h) (12)

The present treatment holds for both Jy>0 and
J

kT I #/kyT #

_j!

—1

) T

Jo <0. However, strictly speaking, Eq. (8) is correct
as it stands only for J > 0; for J, <0, one can intro-
duce a description in terms of holes (instead of par-
ticles*”) and verify that the Hamiltonian remains
equivalent to that of Eq. (8), except for the sign of
the magnetic field.

Let us now calculate the magnetic contribution
F,, to the free energy of the system by treating V as
a perturbation to 5, within the temperature-
dependent Green’s-function framework™’; we obtain

Fp=Fy+F"+FP 4 .-, 13)

where F(" is the magnetic free energy associated

with %, [the superscript (1) has been introduced for
future convenience, and refers to the fact that the
crystalline unit cell under consideration contains
only one atom], symmetry excludes odd-order terms,
and

JkpT
fO dry--- fO de<Tf[Vint(Tl) e Vint(Tj)] >con (j=2,4,...). (14)

where T'; is the chronological operator, the thermal average is denoted by angular brackets, whose subscript
“con” denotes that only connected diagrams are to be considered, and

Hoyr/h

Vie(T)=e Ve "%

In the expansion (13) we shall retain only the first two terms (F

(15)

‘1) corresponds to a simple two-vertex ring dia-

gram) as we are presently interested only in the detection of the structural mode (characterized by its wave vec-
tor g) responsible for an eventual instability of the system, later on we shall come back to this point. We ob-
tain, through use of the quasicontinuum limit ,, —N /7 _"dk,

FBI )

2t 7
=—~;fo dk In |2 cosh

:l

l w
F0= 1 dk | Ay, | %G (k,q) ,
= 7T.,§of° [ Akg |

with
t=ksT/|Jo|

and

1
i, —eNio, —-é'k_q) ’

t
G(k,q)= 5 > (

@p

where w, =tm(2n +1), with n =0, +1, +2,.. ..
(12), we finally obtain

%

(16)

(17)

(18)

(19)

Through standard complex-plane integration and use of Eq.

2
fiV=— 1 > foﬂdk cos’k

217,1;&0

0

tanh(€y 4 4,,/2t)—tanh(€g _g/»/2t)

(20)

€k +q/2—€k—q/2
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Let us now take into account the elastic contribu-
tion F, to the free energy of the system. Unlike the
case for the magnetic contribution, this one will be
treated only approximately (in the adiabatic approxi-
mation; see Ref. 47) in the sense that we neglect
structural fluctuations; this approach should be very
crude if applied to a fully one-dimensional system,
but is hopefully quite acceptable to describe sub-
stances which are three-dimensional from the
structural point of view although fairly one-
dimensional in the magnetic interactions. By
neglecting anharmonic elastic contributions (they
play a minor role as will become clear further on) we
have

2N C )
Fe= 2 ?(XJ+1—XJ)
j=1
=2NC3, (1—cosq) | X, |2, (1)
q9

where C is the first-neighbor harmonic elastic con-
stant, X; is the mean position of the jth spin (with
respect to its position in the uniform phase), and

2N

X,=—
‘TIN&

e —iqu j . (22)

We can now go back to the magnetic contribution.
If we assume that the interaction between first-
neighboring spins is characterized by an exchange
integral J(u) where u denotes the incremental dis-
tance (with respect to that of the uniform chain) be-
tween two spins, and expand up to the linear term
(higher-order terms play a minor role as will become

Wq (k=04)
L I -h=06, t=0092
o0-h=03,1t=015
06} mM-h=03,t=0M11

1
i
I
i
i
04t '
i
i

02}
o ] co o o
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FIG. 1. Uniform-chain relevant phonon spectra associ-
ated with sets of reduced temperature ¢, magnetic field A,
and elastic constant K. The cases I and III exhibit the
trigger of incommensurate (or high-order commensurate)
structural instabilities.

clear later on), i.e.,

J(u)=J(0)+J'(0)u , (23)
we obtain the parameter J; which appears in Eq. (1),

Ji=J(0)+J'(0)X; 11 —X]) , (24)
and hence

Jq =J(0)8q,o+J'(0)(e_i"—l)Xq ) (25)

where we have used Eqgs. (6) and (22) [we note that
Jo=J(0)]. By substituting Eq. (25) into Eq. (20)
and by taking into account Egs. (16) and (21), we ob-
tain the total free energy F of the system:

_ _F (1, 1 2,2
f=——=fo +5 > w;m;, (26)
N|J0| 0 250 q'7q
where
w;=(1—cosq)(K —L,) , 27
k=CLIOL (28)
| J'(0) |
1
L=———
77 47sin(q/2)
T cos’k
X Jo kG
% tanhh—cos(k+q/2)
2t
_tanhh——cos(k——q/z) . (9)
2t
and
_, J'(0)X, (30
19=<1"7(0) )

The critical surface in the (¢,h,k) space which

03 04 05 o6t Ol/ 05 10 15 20 t

FIG. 2. Critical lines (solid) in the reduced-temperature
magnetic field space; they separate, for different values of
the reduced elastic constant K, the uniform (U) from the
dimerized (D) and modulated (M) phases. Various
constant-q. lines (dashed) are indicated as well; those as-
sociated with g, =m and g, =0, respectively, correspond to
Lifshitz (solid dots) and “‘starting” (open dots) points.
Note that the (a) and (b) scales are different.
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separates the disordered phase (uniform chain) from
ordered phases (dimerized or modulated chain) is
determined by a soft-mode criterion, namely
coqc(t,h,K)=0 [i.e., K———ch(t,h)], where ¢, is the
wave vector of the first (coming from the U phase)
structural mode with respect to which the system
becomes unstable, i.e., g. maximizes L, for fixed ¢
and h. To be more precise, o, =0 determines the

metastability limit of the U phase; this limit coin-
cides with the critical one if and only if we are fac-
ing a second-order phase transition; this seems to be
indeed the case all over the critical surface, as
strongly suggested by the analysis of the particular
cases treated in Sec. III [if it is so, neglecting F, and
higher-order contributions in Eq. (13) is fully justi-
fied as long as we do not enter into the ordered
phases]. We have illustrated in Fig. 1 the influence
of ¢ and 4 on the spectrum w,. In Figs. 2(a) and 2(b)
we present ¢-h phase diagrams associated with dif-
ferent values of K; several constant-g. lines are
presented as well. We remark that (a) at fixed value
of h and increasing ¢t we obtain the sequence (non-U
phase)—(U phase) if h <1, and the sequence (U
phase)—(non-U phase)—(U phase) if 2 >1 and not
too high; the critical frontier is universal (the same
for all values of K) at the first-order asymptotic con-
tribution in the limit £—0, and is given by

h~1—tIn(2KV'7t )~1—(¢/2)Int .

(b) At fixed value of ¢ and increasing 4 we obtain, at
intermediate temperatures, the unusual possibility of
‘a sequence (non-U phase)—(U phase)—(non-U
phase)—(U phase) if K >K*~0.2; this possibility
disappears for K <K* It is remarkable that the
same value K*~0.2 separates’’ two different re-
gimes in the y-t phase diagrams where ¥ denotes a
spin-XY coupling anisotropy which can be intro-
duced® in the model (in our present model ¥=0).
(c) The constant-g. lines cut the 4 axis at points

fe

0.8+

0.6+
U

o4

02 D
e

FIG. 3. Reduced-temperature—inverse-elastic-constant
phase diagram associated with vanishing magnetic field;
U and D, respectively, denote the uniform and dimerized
phases
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qC
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FIG. 4. Variation of the wave vector g. (associated
with the structural instability) along the critical line [g,
against the reduced temperature (a) or magnetic field (b)]
associated with given values of the reduced elastic con-
stant K; LP and SP, respectively, denote Lifshitz and
“starting” points; g.=0 and g.=m, respectively, denote
the uniform and dimerized phases. (b) The K =« curve
(dashed) satisfies & =cos(g. /2); the g, =0 variation of the
K =0.2 line has been designed slightly below the abscissa
only for visual purposes.

satisfying h =cos(q, /2); this fact can be easily un-
derstood if, following along Peierls lines,”! we re-
mark that g, =2k where ky is the Fermi wave vec-
tor of the problem [through Eq. (10), €, =0 implies

h =coskp]. (d) For a given value of K, the g. =7
and g, =0 points are special ones: The former is an
inflection point and corresponds (as we shall illus-
trate further on) to a Lifshitz point where two
second-order (U-D and U-M) critical lines and one
first-order (D-M) critical line converge; the latter is
a peculiar one (obtained, as far as we know, for the
first time and referred to hereafter as starting point)
whose characteristics will be discussed later on (it is
systematically located slightly above, in what con-
cerns h, another inflexion point). (e) The critical
temperature at vanishing magnetic field (see Fig. 3)

satisfies?3336:37
1 w/2 Sinzk COSk
Koo W™ 31
o f() COSk an 2 ( )
Llnl if t—0 o)
T ot
K~
1 .
w (31"

8t
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(04)

INioaz) P
(086) % — $ 1 (87;
TF Th=t1 ! i + T i (075)
P i : ! ! 081)
1 L i PR L
0 it n 31 m G
4 2 2

FIG. 5. Locus of the maxima of ch with respect to g.:

several constant-field (solid) and isothermal (dashed) lines
are indicated. Constant-field lines: (a) the vertical
asymptotes  (dotted-dashed lines) are located at
q. =2 arccosh; (b) A =0 (h— o) is associated with the axis
q.=m (axis L, =0). Isothermal lines: (a) all of them
start, for h =0, on the axis q.=m and are partially con-
tained therein; (b) all of them are partially contained in
the axis ¢.=0 and finish, for h— 0, at the corner
qc =ch=0; (c) the t—0 (t—> ) line corresponds to
Ly — o (Lg —0). The solid (open) dots correspond to

Lifshitz (“starting”) points. The numbers between
parentheses are the associated values of ¢.
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FIG. 6. Vanishing magnetic field dimerization order
parameter 7] as a function of the reduced temperature ¢
and elastic constant K; a=0, V8. The lower K is, the
more important become the anharmonic effects (a > 0) in
order to avoid an unphysical growth of % in the low-
temperature region.

Along the t-4 critical line associated with a given
value of K, g, varies continuously [see Figs. 4(a) and
4(b)]. It is interesting also to analyze the main prop-
erties of the function L, because it does not depend
on K: In Fig. 5 we present the locus, in the ge-Lq,

space, of the maxima of L, with respect to g (as ¢
and h vary). The thermal dependence of L,(¢,0)
provides the vanishing-field critical line in the ¢-K
space (see the basal plane of Fig. 6).

III. DIMERIZED CHAIN: ORDER PARAMETER

A. Equation of state

Let us now consider the dimerized phase of our system, i.e., each unit cell of the crystal now contains two
spins (hence the lattice parameter is twice its value in the uniform phase). The magnetic contribution to the

Hamiltonian can be written as follows:

N N
Hom=— 3, [J(20)(S5;_185;+5%; _18%,)+J (—2m)(85;85; 41 +5%8% + 1) ]—nH Y, (85;_1+S53%;), (32)

j=1

j=1

where 7 is the dimerization or order parameter (the distances between neighboring spins are now alternately
1427 and 1—27%). By using, as before, the transformation (2), we obtain

N
P =—%2 [J(Zn)(agj_1a2j+a§ja2j_1)+J(—2n)(a;jazj+1 +a;j+1a2j)]

j=1

N
+/J‘H2.(a;j-102j—l +a;ja2j)"NﬂH

J=i

1

=—3 2 [T 2n)e ~*e)5 +e™gler) +J (—2n)(e
k

—ik=t ikt

Crcx +ecr 8y )] FuH Y, (c,:rck +E,ZEk )—NuH ,

(33)
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where —7/2 <k <w/2 and

1 N
=—— expli(2j —1)kla,;_, ,
Ck r—N 121 XP[I J ]2} 1 -
& ik
ck=—\/TN_—j=Ele (12j .

In order to diagonalize the Hamiltonian, we finally
introduce new fermionic operators through the
transformations

1
Cp= 7_2—(ak +Bx)

i 0 (35)
Ek=—‘7-2—(ak—3k)€l .,
where
0, =arctan(7 tank) (36)
with
—_ |J(27)—=J(-27) (37)
T=Ten I (—2 |
Whenever Eq. (23) holds we have
=_o |00 | _ 37
=270 |~ B7)

where we have used Eq. (30). The Hamiltonian be-
comes

= |J(0)] E(G‘ialak +e£B£Bk)—Nh, ,
k
(38)
where
€x =h —(cos*k +7*sin’k)!/?
(39)

€2 =h +(cos?k +7°sin?k)!/2 .

The free energy F\ [the superscript (2) denotes di-
merization] associated with this Hamiltonian is
given by

2= Fg”
° T |1J(0)|N
_ £ /2 ez
== fo dk |In 2cosh5
e
+1n ZCoshE (40)

It is straightforward to see that =0 provides ex-
pression (16). The total free energy is given by

n -
05 =0 :
0.4t !
03 !
0.2} E
01 b ! hMi
oo N Ew, . \m
0O 01 02 03 04 05 h
h
o6t (K=04)
hm
O.4_.\D\U-I|ne (U)
RS (c)
h'r;“'ji}; LP
O0.2F""UD-line
(D)
o ol 02 031

FIG. 7. Dimerization order parameter 7 as a function
of the reduced temperature and magnetic field; a=0, V8.
(a) The projection of the surface on the 7 =0 plane is indi-
cated as well (dotted-dashed). (b) Isothermal lines; the
dotted-dashed lines indicate the 15£0<«>n=0 first-order
phase transitions (¢ =0, 0.05, and 0.1 imply h* =0.325,
0.312, and 0.285); (c) magnetic field temperature phase di-
agram; the solid and the dotted-dashed lines are, respec-
tively, second- and first-order critical lines; the UD and
DU lines are metastability limits. LP denotes the Lifshitz
point.

=F
~ |JO|N

where U(7;a,6) is an elastic potential more general
than K7° in the sense that it may include even
anharmonic contributions (characterized by the
parameters a >0 and 0<6 < 1); these contributions
(which modify absolutely nothing in the results ob-

f =f&+U(Fa,8), 41)
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tained in the preceding section) play, for small
values of K, an important role as we shall see in the
present section (the role played by odd anharmonic
contributions is a relatively secondary one and is
neglected herein). In order to perform numerical ap-
plications we shall adopt

—4
U(Ta,8)=K |7+ —2— |, (42)
1-%°/6

which provides K7 if a=0, diverges if 7 grows
up to 8, and whose asymptotic expansion in the lim-
it —0 is given by K (2 +a7). To be precise let us
point out that the inclusion of anharmonic terms in
the variable 7 (instead of m) simultaneously covers
possible departures of F,/N from C(27)* and of
J (1) from J(0)+J'(0)u [see Eq. (23)]: this fact be-
comes clear if we remember the definition (37). Ac-
cording to our choice of a unit lattice parameter,
|| cannot exceed % (a physically acceptable F,
should diverge at this point); in the (highly probable)
case that J(u) [or J(—u)] vanishes before reaching
this point, we must have 8=1 because |7 | can
grow up to unity [see Eq. (37)]; in the (speculative)
case in which J(u) could remain finite up to
7| = —;—, then

8= [J(N)—J (=D | /|J(D+J(=1)| <1.

The equation of equilibrium states Jf/37=0
eventually admits, besides the trivial solution =0
(U phase), the following one:

af(Z) U
e

a(FT) A7)
Therefore [through use of Egs. (40) and (42)],

=0. (43)

x — A7%a,8) fm dk sin’k
2 0 (cos?k +7’sin%k)!/2
ek €
X tanh;—tanh; ,
(43")
where
=2 =282y |~
— (2—7°/8%)
A(7a,8)= 1+£’-7———ﬂ——— (44)
7 (1—7%/8%7

This equation (discussed in Secs. IIIB and IIIC)
provides, for given values of K, a, and §, the order
parameter 7j(¢,h) in the dimerized phase (by defini-
tion 7j > 0) [see Figs. 7(a) and 7(b)].

B. Vanishing temperature

The discussion of the case ¢t =0 is rather complex
and it is useful to separately describe six cases,
respectively, associated with six different possibili-
ties for the pseudofermion spectrum (see Fig. 8).
Let us first point out that in the cases (c) and (f) no
tion 740 exists. The solution in the other four
cases [(a), (b), (d), (e); see Fig. 9] satisfies

4 ku sin’k
k=2 ™axk ,
T fkm (cosk +7j°sin%k)/?

0<k, ngg% . (45)

Let us first of all discuss the case a=0 (V§):
Equation (45) becomes

k
=211/2 _F=h1/2y | M
F(k,(1-7)'"?)—E(k,(1=7)"?) if <1 (46)
77'(1""7]2) km
K= w/2—k
=2 =2 1\1/2 /=y =2 1\1/2 /= m
TE(k,(7 =12 /) —F(k,(]"—1)'"*/7) if7>1 (46')
mn(f—1) 72—k,

where F(x,y) and E (x,y), respectively, denote the elliptic integrals of the first and second kind, and where
k,, =0 and ky, == /2 in the cases (a) and (d), k,, =0 and kj, =k, in the case (b), k,, =k, and kjy =7/2 in the
case (e), with

2 172

(47)

k. =arcsin

1-7°

We remark that if & <1 and h <7 [cases (a) and (d)], Eqgs. (46) and (46') imply 7(0,4)=7(0,0) where 7(0,0)
satisfies
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K([1—75%0,001")—E([1—7%0,0)]'7?)
m[1—7%0,0)]

[7%0,0)—1]'/?

7%(0,0)E

ifK>K=7 (48)

—K

7(0,0)

[7%(0,0)—1]'72
7(0,0)

77(0,0)[7%(0,0)—1]

where K (x) and E (x), respectively, denote the com-
plete elliptic integrals of the first and second kind;
K=K E% implies 77(0,0)=1; Equation (48) leads,
in the limit K — oo, to 7j(0,0) ~ (4 /e)e ~™X; Equation
(48') leads, in the limit K—O0, to 7%(0,0)
~1/7K; 7(0,h) presents two branches (see Fig. 9)
which join at & =hy, and we verify that k), <7%(0,0)
(the equality holds if and only if X > K).

In the case (b), the lower branch of 7(0,4) cuts the
h axis at h =h,, (see Fig. 9) which satisfies

1 1+(1—h2)Y2  (1—h2)172
:—n . .
2r 1—(1—h2)\? p
(49)
Hence
&k
~_° o
hg 3 P I
O<fi<h<1 (b)

57 o] kK

1< h<fi

(e)

FIG. 8. Six typical possibilities for the pseudofermion
spectrum. At ¢ =0 only the regions with €, <0 are popu-
lated. In (b) and (¢) we have indicated the wave vector ¢,.

K<K=+ (48)
[
1—“?2KU3ﬁqu
B ~ %eﬂﬂlfK_nn 49)

Let us summarize by saying that the harmonic
apprgximlation is physically acceptable for
K > K=+ and leads to interesting features such as
the evidence of first-order phase transitions at van-
ishing temperature and h =h* (h,, <h* <hy). On
the other hand, severe defects are present if K <K:
We shall exhibit now that all the anomalies disap-

- (aC=0)
]
___________ k=016 |
25¢ T
i ~o
i N
! N
i N\
1
| 1
20k i ! case (e)
____________ K=o15 ! !
P !
| \ !
| \ ]
i L
150 case (d) i i/
= //I ’ //
| /, case (f)
i i
L
1 W
Vg
v |
1Obmc e K=K=174 i
4 . K=0
case (a) I
}5210/?5 case (¢)
—— K=0116
case (b)

o hm 05 hm 10 15 h

FIG. 9. Vanishing temperature dimerization order
parameter associated, for different values of K, with the
six cases (separated by dotted-dashed lines) for pseudofer-
mion spectrum (see Fig. 8); a=0, V8. The lines within
regions where the harmonic approximation is physically
unacceptable are dashed. The small figure shows the K
dependence of h,, and hy,.
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A(00)=hy

' K=0,Q =0

[ol:

K=0.116, & =05

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

/
e (a)

K=0—

——§=10
~~~~~ §:065

s
0o 02 04 06 o8 i0 h O 05 10 15 K

FIG. 10. Effect of anharmonicity on the vanishing
temperature dimerization order parameter 7j(0,4); (a) the
order parameter as a function of A for selected values of
K, a, and §; (b) hp=7(0,0) as a function of a for K =0.4
and different values of §; (c) ks as a function of K for
a=0.5 and different values of §.

pear when anharmonicity is allowed to come in
(a>0).

The ¢t =0 discussion of the order parameter goes,
for the anharmonic case, similarly to that of the
harmonic one. The results are illustrated in Figs.
10(a)—10(c). We remark that (a) increasing a and
(1—8) lead to decreasing 7(0,h) [in particular
a— o and/or §—0 imply 7%(0,h)—0]; (b) K =0
leads to 7j(0,h)=8 < 1 for any value of a; (c) anhar-
monicity leads to no (large) qualitative modifications
for K>K =% (K <K); see, for example, the case
K =0.4 (K =0.116) in Fig. 10(a) [Figs. 9 and 10(a)];
(d) A, is independent from a and 8 (as expected if
we take into account that it concerns the limit
7—0) and is still given by Eq. (49); (€) A3, =7(0,0)
strongly depends on a and § (in particular, for §=1
it joins A, in the limit K—O0 for any positive value
of a), and (f) within the (speculative) hypothesis
8 <1, unusual sequences of two first-order transi-
tions may occur [see the case
(K =0.116; =0.5; §=0.65) in Fig. 10(a)]. To
conclude this section let us emphasize that anhar-
monicity is able to provide 7 < 1 for all values of K
as physically desirable.

C. Finite temperatures

We shall now go back to the complete equation of
states [Eq. (43')] and discuss the dimerization order
parameter at finite temperatures; in order to sim-
plify _ thF numerical analysis we restrict to
K>K=+, a fact which authorizes us to neglect
anharmonic contributions, i.e., we adopt a=0, and
hence 4 =1 [see Eq. (44)]; the results for K > K are
qualitatively the same as long as @ >0 (and §=1 in
order to concentrate on the physically relevant
models). The results obtained for # =0 are illustrat-

ed in Fig. 6; those obtained for general values of 4
are illustrated in Fig. 7. We remark that for a given
value of K and sufficiently high values of A, the
transition (U<«>D) becomes of the first order: The
special point [characterized by (¢;,h;)] which
separates the second-order from the first-order re-
gimes appears, within the present context, where no
other structural order than dimerization is under
consideration, such as a tricritical one (in fact, it will
become clear later on that it is a Lifshitz point and
therefore its nature is much closer to that of a bicrit-
ical one in the sense that two second-order and one
first-order critical lines converge on it). From this
point start two metastability lines, namely that of
the U phase into the D phase (noted as the UD line
and cutting the s axis at & =h,,) and that of the D
phase into the U phase (noted as the DU line and
cutting the 4 axis at h =hyy); see Fig. 7(c). The DU
line is, of course, the projection of the surface 7(t,4)
on the plane (#,h) and, if prolonged with the
second-order critical line, it exhibits an inflection
point (which is precisely the Lifshitz point).

The first-order critical line runs between the UD
and DU lines [see Fig. 7(c)], cuts the h axis at
h =h*, and is determined by the condition

f(,h;7(t,h))=f(t,h;0) . (50)
Therefore, |
f(O,h*;5*)=£(0,h*;0) , (50)

where 7*=7%(0,h*)=7%(0,0). This equality leads,
through the use of Eq. (41) (with @=0), to

[1—(h*?]2+h* arcsink* +12’i<ﬁ*)2

=E([1-(9%*'?), (51)

which together with Eq. (48) determines/n* and A%
we can verify a remarkable property, namely,

h*=vfigh,, , (52)

where we have used the property A =7%(0,0) and
Eq. (49); in the limit K—>w we obtain
h*~(2V2/e) e "X,

IV. MODULATED CHAIN AND STARTING
POINT

Up to now we have seen that, for a given K (as-
sumed from now on to be high enough to neglect
anharmonicity), a critical frontier in the ¢-h space
separates the U phase from the polymerized ones,
namely the D phase (which occupies the low-A zone
of the ordered region, and has been the specific sub-
ject of Sec. III) and the M phase (which occupies the
high-A zone of the same region). In the present sec-
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tion we intend to provide an analysis of the M
phase, and more specifically concerning the two fol-
lowing points: (a) What is the structural order in
the M phase, and (b) what is the order of the transi-
tion across the UM line? (Across the UD line the
transition is a second-order one; see Sec. III). This
discussion will also enlighten us as to the peculiar
nature of the “starting point.”

The full performance of this analysis demands the
knowledge of the free energy as a function of an ar-
bitrary structural order characterized by an order
parameter 7),, where the wave vector ¢ might or
might not be commensurate with the first Brillouin
zone associated with the uniform chain. With
respect to the M phase we shall restrict ourselves to
two particular cases (both commensurate), namely,
the trimerized and tetramerized chains (respectively
associated with “frozen” modes with wave vectors
g =27/3 and g =7/2; note that an “acoustic” mode
with ¢ =27 /3 corresponds to an “optic” mode with
q =m/3). By following along the lines of Sec. ITI we
obtain the s-merized total free energy given by?

f(s) (s)+f(s) , (53)

where f,, ) and fe’) are, respectively, the magnetic
free energy and the harmonic elastic potential given
by
(s)
f(S)E F"f
™7 |JO)|N

2 & /s
P> [ dkn[1+exp(—€l’/n] (54)
r=1

(if s =2, r =1 and r =2 correspond, respectively, to
the previous families a and B) and

(s) s

F, C
(8) — e — _ 2
CETHON 70 &, M

(55)

The trimerized (s =3) and tetramerized (s =4) cases
that we have considered have the energy spectra
given by

3
&l=h [%2}(},‘”)2 cos%k—,
(29 11 172 ¢
=h++ [;20,(3))2’ cos—il/.:ﬁs'n—i] (s=3),
r=1 3 (56)
1 3 2
_3_2 3))2] [H](3) COSZ(3k)
=1 r=
¢ =arctan d ; 1 e[0,7], (56)
T |cos3k
r=1
and
234 19 i@z |1 e @2 ’ LI
=h+7 1533 G2+ |+ 2 +2 | [ j-cos(4k)
r=1 r= r=1
12 172
(1(4) (4)) (1(4) -(4) )2] ] (s =4) , (56

where j{** are the reduced exchange integrals. The

analyses of these two cases were performed by tak-
ing in the Eqgs. (56) and (56’) the expansion

jB3P =14 ((8))(77,+1 —7,) (57)

and assuming in Egs. (55) and (57) a sinusoidal
structural order parameter—this is reasonable for
not too low temperatures—given by

n,=ncos(2wr /s +1), (57

with r=1,2,...,5s. We have used the phases

[
Y=57/6 for s =3 and Y== for s =4, obtained
through minimization of the total free energy.

From the equilibrium condition 3f/d(n?)=0
and Egs. (53)—(57') we obtain the respective equa-
tions of states for the trimerized and tetramerized
configurations:

3 3 —(ef70 g
k=-S5 [Pt —_ % (3
3 a=1"9 1+e—55‘r /t 8(7]3)

and
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—(elm
e (/0 aeﬁg’

8 & w4
K=—— dk (s =4).
wa% fo 1+e—es‘”/t 3(1—73)

(59)

The results are presented in Figs. 11(a) and 11(b).
The transitions are of the second order on the UM
line (and only there).

Let us now conjecture what happens in the M
phase. We have seen*® in the case h =0 that

these spectra is performed. The quantities », and
w, were obtained through a quite long but straight-
forward calculation of the free energy associated
with Hamiltonian (1), conveniently written in the
form (7), where 27, corresponds now to a pure di-
merization (associated with the “optic” ¢ =0 mode
in the reduced Brillouin zone) and where V corre-
sponds to the rest of the modes. We treat V as a
perturbation to 5, within the temperature-
dependent Green’s-function framework, and obtain

through the U-D critical point down to vanishing a)é:mq-% [ ng | I <g< r ,
temperature there is no other structural order than 2 2
pure dimerization. The same is true for 4 >0 in the (60)
whole D phase, as no other instability than that as-
sociated with g =0 (reduced Brillouin zone) is exhi- )2 T T
bited by the spectra w,(t,h,7(t,h)) and wg =mg—|ng| Ty sI<5
wg(t,h,7(t,h)). At this point let us interrupt our
analysis in order to indicate how the calculation of where
.|
1 w/2 2 2
my,=K +§T*f0 dk {G (k,q)[cos*(k — O 4)+cos“(k +6y )
—2cosq cos(k — 6 g)cos(k 40y 4)]
+G'(k,q)[sin*(k — 6y, 4)+sin’(k +6kq)
+2cosg sin(k — 6 4 )sin(k +6; ,)1} , (61)
1 2 —ig, 2 ig 2
ng =K cosq + _2~17f0 dk{G (k,q)[e ~"cos™(k — 0y 4)+e'Icos™(k +0y 4)
—2cos(k —6 4)cos(k 46 4)]
+G'(k,q)[e ~“sin’(k — 6y ;) +e"sin*(k + 6y ;)
+2sin(k — 6 g )sin(k +6; )1} , (61')
€ €5
G(k,q)E—% - 1 - tanh—972 _ tanh—K=92 ]
€k +q/2—€k—q/2 2t
€t e _
+ 1 tanh k+a/2 _ tanh——972 R (62)
Rign—€h_gn 2t 2t
and
B
1 €k+q/2 €k—qn2
G'(k,g)=— < tanh —tanh
! Gf +q/2_€£—q/2 2t
€f € _
+—3 1 tanh k+q/2 —tanth—/2 , (62")
€k +q/2— €k —q/2 2t
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FIG. 11. (a) Critical lines (solid) in the ¢-h space for
different values of K; the constant-g. line (dotted) associ-
ated with the wave vector g, =m/2 (tetramerized modula-
tion) is indicated as well; the dashed lines indicate the
7n=0 metastability limit associated with the fictitious
uniform-tetramerized transition. (b) Critical line for
K =0.4; the uniform-dimerized and the (fictitious)
uniform-tetramerized transitions are indicated as well (the
dashed and dotted-dashed lines, respectively, denote me-
tastability limits and the first-order critical line). (c)
Phase diagram indicating the uniform (U), dimerized (D),
and modulated (M) regions; the ¢ =27/3 and ¢ =7/2
first-order critical lines (which possibly correspond to
constant-q,, lines; see the text) are indicated (dashed) as
well; the g ~O0 line is qualitative and has been included in
order to characterize the nature of the starting point (SP);
LP denotes the Lifshitz point.

where €f and €} are given by Eq. (39).

Let us now take up again the conjectural discus-
sion concerning the M phase. If we neglect soliton
effects as well as eventual three-dimensional mag-
netic ordering ones, it is plausible that in the M
phase things happen similarly to the D phase in the
sense that at a given point (#,h) a unique wave vec-

Ta

FIG. 12. Example (K =0.4) of the relevant phonon
spectrum along an isothermal line (r =0.1) as a function
of the magnetic field 4. The cases I—VI correspond to
those indicated in Fig. 7(b) (cases VII-IX are not indicat-
ed therein). In case I we are in the D phase, below the UD
line (this is the type of spectrum we observed in the entire
D phase, below the first-order DM line); in case II we are
in the M phase, between the DM and DU lines; the DU
line (wo=wo =0) is achieved between the II and III cases;
the (unphysical) case III corresponds to the location of the
DM line (wq presents its most negative value); the case IV
corresponds to the UD line (wy=0); in case V we are in
the M phase, above the DU line; in case VI we are in the
U phase; in cases VII and VIII we are once more in the M
phase; in case IX we are crossing the UM line (which,
above the starting point, is simultaneously a constant-q,
line as well as a constant-g,, line with g, =g, =0).

tor g is “frozen”; constant-q,, lines are expected to
exist and they should cut the U-M line at the point
associated to g, =q,, [see Fig. 11(c)]. Within an as-
sumption of continuity the constant-q,, lines should
run along the superior (with respect to 4) branch of
the phase diagram associated with the fictitious
uniform-polymerized transitions [see Fig. 11(b)], and
possibly coincide with their “first-order critical line”
[see Fig. 11(c)]. The whole image enlightens the na-
ture of the “starting point” and is consistent with
the A dependence (at fixed #) of the spectrum
wq(t,h,7(t,h)) and wg(t,h,7(t,h)) as illustrated in
Fig. 12. Let us stress that negative values of o, and
w, denote that the order parameter which has been
taken into account [the dimerization parameter
7(t,h) in the present case] is not the appropriate one
(other wave vectors are “freezing”). In other words,
it seems plausible that 7,(,4) is essentially a Dirac
8 function of ¢ whose evolution at ¢ =0 for instance,
is as follows: For h <h* it is located at g =7 (ex-
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FIG. 13. Reduced specific heat (per couple of spins and in units of kp) as a function of temperature. (a) Universal (K-
independent) U-phase curves for selected values of the magnetic field; (b) vanishing magnetic field curves for selected
values of the elastic constant (the dotted-dashed line indicates the locus of the maxima of C, which occur at the respective

critical points).

tended first Brillouin zone), and while & approaches
unity its location monotonically runs down to ¢ =0
(the amplitude should vanish as well in order to pro-
vide a second-order phase transition).

V. DIMERIZED CHAIN: OTHER PROPERTIES

Let us now turn back to the D phase in order to
discuss the influence of T and H on the isochore
specific heat, magnetization, isothermal magnetic

J

susceptibility, sound velocity, and the g =0 “optic”
frequency. We shall consider an harmonic elastic
constant K high enough to neglect effects from
anharmonicity.

The reduced isochore specific heat C, is given by

2
&

Cy=— ,
’ ot |,

(63)

where f is given by Eq. (41) (we recall that a=0).
We obtain, for 77=0 (U phase),

/2 _ 2 2
e ek | o
mt cosh? ———— coshz—T—
Pty
42 if t—o0,Vh
t .
C, yl————(l_—hz)m ift—>0and A <1 (64"

y,Vt if t—0and h=1
o—h=D1t
LEREY

[(h—1)24ysh —1)t +y5t?] if t—0and h>1

(71,72 - -»¥s are pure positive numbers), and, for 740 (D phase),
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1 m/2
Co= ot | o

(€f)? N (ef
cosh(ef/2t)  cosh¥(ef /2¢)

[ fow/Z dk

1 + 1
coshX(ef /2t) ' cosh(ef /2t)

€k . 21 sin’k :
cosh¥(€f /2t)  cosh™(ef /2t) | (cos?k +7 2sin’k )72
2t [tanh(ef /2t) —tanh(ef /21)]
(cos’k +7j %sin’k )1/2

f - e , (65)
0 cos*k +7 %sin’k
where € and €} are given by Egs. (39). Note that C, is universal (the same for all K) in the U phase. The re-
sults are presented in Figs. 13(a) and 13(b): Their low-temperature region compares qualitatively well with the
results presented in Ref. 3; let us stress, however, that the specific-heat jump may occur at a temperature higher
than the maximum of the corresponding universal U-phase curve [see the case K =0.3 of Fig. 13(b)].
The reduced magnetization m is given by

m

ol \
\ h=0258

008[
051 (K =04)
0.06

004

0.02

0L

0081

006

004

0.02_

0 0l 02 03 )

FIG. 14. Influence of the temperature ¢ and maénetic field 4 on the reduced magnetization m (for K =0.4). Constant-
field lines [(a) for h <h;~0.258; (b) for 4 >h;]: The dotted-dashed line indicates the locus of the “knees” which occur at
the respective critical points and the dotted line corresponds to the first-order DM line; although graphically not visible,
the A =1.04 line cuts the dotted-dashed line twice [see Fig. 2(a)]. Isothermal lines (c): both ¢ <7, ~0.151 and ¢ >, are
represented; the dashed part of the ¢ =0.1 line is qualitative as it corresponds to the M phase where the equations of state
are unknown; the ¢ =0.3 line lies within the uniform region; in the small figure we illustrate the magnetization saturation
which occurs in the high-field limit for all temperatures.
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__9f
m=—— R (66)
We obtain, for 7=0 (U phase),
_ 1 g2 h —cosk h +cosk
m= . f o dk tanh-————2t +tanh———2t , (67)
% if 1 o0, VA
1 : t 2y1/2 .
m~ | [arcsinh +Y6(1—h2)1/2 (exp{[ —(1—h*)""*/t] arcsinh } 67)
—exp{[ —(1—h*)'2/t] arccosh})] if t—0and h <1
T—yVie =D/ ift 0 and h>1
(v and 7y, are pure positive numbers), and, for 740 (D phase),
/ (encll 1 22 \1/2 2 1 520021172
m ___Lf" dk tanhh (cos“k +7sin"k) +tanhh +(cos“k + 7 sin’k) (68)
27 J0 2t 2t

The results are presented in Figs. 14(a) and 14(b): They provide, as particular cases, situations which are com-
patible with those appearing in Fig. 2 of Ref. 34.
The reduced isothermal magnetic susceptibility X is given by

om 3%f
= = =L 69
X oh |, on? |, ©9)
We obtain, for 7=0 (U phase),
/2
L 1 e , (70)
4t 70 cosh’[(h —cosk)/2t] = cosh’[(h +cosk)/2t]
1 h? |
It— 1— Zt_z if t—> 0, Vh
1 .
X~ ———_—_w(l—hz)'/z if t—>0and h <1 70)
(R
(v ift—>0and h>1
(g is a pure positive number), and, for 7540 (D phase),
1 /2 1 1
= dk
X 2t f 0 cosh’(ef /2t) + cosh¥(ef /2t)
/2 a EB .2 2
f dk |tanh? S5 _tanh? Sk _—sn}_l_c—] _
1 0 2t 2t | (cos*+7 %sin’k )2 ' 1)
2 1 1 €t et sin‘k .
dk —2t [tanh— —tanh—
f 0 coshX(ef/2t)  cosh¥(€f /2¢) £tan 2 A, (cos?k +7 %sin’k )12
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FIG. 15. Thermal behavior of the reduced isothermal
magnetic susceptibility; (a) the universal (K-independent)
U-phase curves for selected values of the magnetic field;
(b) illustration, for selected values of the elastic constant
K and vanishing magnetic field (appearance of a discon-
tinuity ); the dotted-dashed line represents the locus of the
peaks (it suggests a divergence as the Lifshitz point is ap-
proached).

The results are presented in Figs. 15(a)—15(c). They
provide, as particular cases, situations which are
compatible with those appearing in Fig. 5 of Tan-
nous and Caillé (Ref. 3); let us also remark that the
curves are universal (the same for all K) in the U
phase.

Finally, the reduced sound velocity v is defined
through

Wo
05

v
042
040

038

036

034+
0 01 02 03 04 05 06t

FIG. 16. Thermal dependence of the g =0 optical
square reduced frequency (a) and the reduced sound velo-
city (b) for K =0.4 and different values of 4 <h; ~0.258,;
in the — o limit wy and v, respectively, saturate at V2K
and VK /2.

Oy
vV=—"" , (72)
aq q=0
where w, is given by Eq. (60). The results, as well as
those obtained for w, (soft mode), are presented in
Figs. 16(a) and 16(b).

VI. CONCLUSION

The spin-Peierls instability which occurs in mag-
netically quasi-one-dimensional and structurally
three-dimensional systems [TTF-BDT, TTF-BDS,
MEM(TCNQ),, alkali-metal TCNQ, etc.] is at the
origin of a great richness of thermodynamical and
dynamical properties. It seems plausible*’ that the
influence of the magnetic coupling being of the
Heisenberg-type, or rather, of the XY type, is a
secondary one (the same is not true*>*” if the model
approaches the Ising one). On the other hand, the
eventual presence of an external magnetic field (per-
pendicular to the XY plane in the case of an XY
model) substantially modifies the physical charac-
teristics of the problem. In the present paper we
have, for the magnetostrictive spin —-;— XY model,
exactly taken into account the magnetic degrees of
freedom (in the uniform and dimerized phases) but
only approximatively taken into account the
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structural degrees of freedom (more precisely we
have neglected structural fluctuations, an approxi-
mation which should not be too crude if we consider
that the system is a three-dimensional crystal; we
have, furthermore, neglected eventual soliton ef-
fects).

We have extended (in what concerns the domains
of variation of the temperature, magnetic field, and
harmonic elastic constant) the available results>”
for the specific heat, magnetization, and magnetic
susceptibility (see Figs. 13—15). Furthermore, a cer-
tain amount of interesting phenomena have been ex-
hibited (for the first time, as far as we know). We
now recall those phenomena which seem to be the
most relevant among them:

(a) The system presents, in the T-H space, three
structurally different phases: The uniform (U), the
dimerized (D), and the modulated (M) phases. In
the whole region of existence of the D phase, a
unique wave vector gy, (namely g, =m/a, where a is
the lattice parameter of the uniform chain) charac-
terizes the “frozen” structure. This is probably still
true in the M phase in spite of the fact that ¢, con-
tinuously varies (between O and 7 /a) therein, by tak-
ing values which can be commensurate or incom-
mensurate with the Brillouin zone associated with
the U phase.

(b) The first-order critical frontier which separates
the D and M phases is such that the critical magnet-
ic field increases (decreases) with temperature if the
harmonic elastic constant is sufficiently small
(large).

(c) The frontier which separates the U phase from
the other two phases is a second-order one, and
presents two special points; one of them is a Lifshitz
point and corresponds to the point where the
relevant wave vector g, begins to differ from 7 /a (it
is an inflection point of the frontier; furthermore,
the first-order D-M frontier joins precisely there the
second-order frontier); the other point, referred to as
“starting point,” exhibits a quite peculiar nature [see
Fig. 11(c)] and corresponds to the point where g,
vanishes (this fact occurs at finite temperature). The
Lifshitz and starting points monotonously approxi-
mate to each other for the decreasing harmonic elas-
tic constant.

(d) For sufficiently high elastic constants, fixed
temperature, and increasing magnetic field, it is pos-
sible to observe [see Fig. 2(a)] the unusual phase se-
quence nonuniform-uniform-nonuniform-uniform;
for all values of the elastic constant, intermediate
values of the magnetic field and increasing tempera-
ture, the sequence which occurs is U-M -U.

(e) The thermal dependence of the sound velocity
presents a gap at the U-D critical points (possibly at

the U-M critical points as well) which grows consid-
erably in the presence of an external magnetic field.
Less spectacular effects (softening) are predicted for
the g =0 “optic” frequency (some experimental indi-
cations for this softening are already available').

Experimental evidence of the above effects would be
very welcome.

As a final conclusion let us present a few numeri-
cal comparisons of the present theory with other
available theoretical and experimental results:

(i) The location of the Lifshitz point is character-
ized by Ty /Tc(H =0); experimental values [ob-
tained for TTF-Au-BDT, TTF-Cu-BDT, and
MEM(TCNQ),] range between about 0.65 and 0.8
(see Ref. 1 and particularly Fig. 24 therein); theories
from Bray’ and Bulaevskii et al.3* provide 0.54, and
that from Cross’ provides 0.77; the present treat-
ment yields values which range from 0.59 to 0.68
while the reduced (harmonic) elastic constant K de-
creases from 0.6 to 0.06.

(ii) The location of the Lifshitz-point critical
magnetic  field H; is characterized by
H; /T.(H =0); this quantity is experimentally deter-
mined [for the same three substances in (i)] to be
10.5+0.6 (Ref. 1), with H given in kilo-oersteds and
T in degrees kelvin; the Bray’ and Bulaevskii
et al.* theories provide 11.2 and the Cross’ theory
provides 10.3. In terms of the present reduced vari-
ables we have

HL/TC(H=O)=(kB/§,U-B)(hL /t.(h =0))

=7.4Th; /t,(h =0) ,

where we have used the gyromagnetic ratio §=2
(EPR results'® for TTF-Cu-BDT yield g ranging be-
tween 2.0016 and 2.0151) and Bohr magneton upg;
H; /Tc(H =0) varies from 7.4 to 8.0 while K in-
creases from 0.3 to 0.6.

(iii) It is both experimentally and theoretically
found that, in the limit H—0,

T(H=0)-T.(H)
T.(H=0)

upH 2

kzT,(H =0)

H

A>0.

A is theoretically determined to be 0.44 [Refs. 7
(Bray) and 34] or 0.36 [Ref. 7 (Cross)]; our treat-
ment provides A~0.9. A first analysis' of the exper-
imental data [relative to the same three substances in
()] was compatible with our value, while further
analysis' was more compatible with the other two
values.

(iv) The vanishing-field isothermal magnetic sus-
ceptibility also enables severe comparisons: for ex-
ample, in the region of the “knee at T, namely the
quantity



6914 LIMA AND TSALLIS 27

dX(T)/X(T)1/d[T/T.]| P=r, -

Experimental results (Fig. 10 of Ref. 1) for TTF-
Cu-BDT provide the value 2.7; in our treatment this
quantity presents, in the neighborhood of K =0.4, a
maximum value of about 2.5 (its value is about 2 for
both K =0.3 and 0.6).

(v) The vanishing-field derivative dX/dT | ¥=Tc
could, in principle, be negative; however, typically it
is positive; in this case by further increasing the
temperature (T > T,), X achieves a maximum X,
at T =T,,,,; the experimental evidence (Fig. 10 of
Ref. 1) on TTF-Cu-BDT provides a ratio
Tmax/T.~4; in our treatment this ratio is, for
K =0.6, 2.5 and achieves the value 4 for K > 0.6.

(vi) In what concerns the ordinates of graphs X vs
T (vanishing magnetic field), it is possible to extra-
polate, in the limit 7—0, the thermal dependence of
X in the uniform phase, thus obtaining X(T =0; ex-
trap); the already-mentioned experiment (Fig. 10 of
Ref. 1) on TTF-Cu-BDT provides a ratio
X max/X(T =0; extrap)~1.4; this ratio equals, within
the present treatment, the value 1.1 in the neighbor-
hood of K =0.4; within the Beni and Pincus ap-
proach’? the result is similar.

Similar to the other theoretical proposals available
in the literature, the present one is not strictly cap-
able of numerically reproducing, with a single set of

parameters, a large variety of experimental results;
this is not surprising if we take into account its in-
trinsic simplicity. However, we have exhibited that,
with values of K (quantity related to a subtle one,
namely the space variation of the exchange integral)
ranging from, for example, 0.4 to 0.6, an overall
description is possible which numerically is accept-
able and which qualitatively is no doubt quite satis-
factory. This fact raises (at least in our minds) the
hope that most of the predictions provided by the
present theory (particularly points (a)—(e) in this
section) can be verified in nature.

Note added in proof. Very recent experimental re-
sults [J. A. Northby, H. A. Groenendijk, L. J. de
Jongh, J. C. Bonner, I. S. Jacobs, and L. V. Inter-
rante, Phys. Rev. B 25, 3215 (1982); J. A. Northby,
F.JAM. Greidanus, W. J. Huiskamp, L. J. de
Jongh, I. S. Jacobs, and L. V. Interrante, J. Appl.
Phys. 53, 8032 (1982)] provide a quite clear sugges-
tion of the existence in nature of the phase diagram
indicated in Fig. 11(c) (particularly with respect to
the neighborhood of the Lifshitz point).
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