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We present the first accurate values of X(gq,zz"), the static susceptibility of a jellium surface,
including (i) finite surface wave vector gq;; (i) Friedel oscillations (from an exact kinetic energy
functional); (iii) Kohn-Sham exchange-correlation effects (Wigner form); (iv) self-consistent
screening; (v) realistic Lang-Kohn zero-order profile; and (vi) comparison, for rg=2.07, with a

useful approximation.

The self-consistent and non-self-consistent suscep-
tibilities X( T — 7') and X°( T — ) of the uniform
electron gas have been quite thoroughly studied.!?
Computation of their space Fourier transforms X(gq)
and X°(q) [=x'indhard(2)] is facilitated by transla-
tional invariance in T space. For the jellium model
of a metal surface,? broken symmetry in the z direc-
tion leads one to consider susceptibilities X(gy,z,z")
and X°(gqy,z,z") defined as follows:

An(F) =cos(@i- F) J x(quaz)aves(z)a

+0((AV=)?) 0}

=cos(qy- ) f_m X°(quz2)VAVS(z") dz’

+0((AV*)?) . 2

Here An(T) is the change in electron number densi-
ty at T, induced by an external source yielding an
electron potential energy

AV T) =cos(qy- T)AVE(z)

where @)= ¢,X +¢q,». AV*is a total effective self-
consistent potential which, in density functional
theory, includes external, Hartree, and exchange-
correlation terms.

It has recently been argued*’ that X(qy,z2’) is im-
portant in the study of static and lattice-dynamical
properties of simple-metal surfaces within a pseudo-
potential model. Accurate results equivalent to
values of X(g,=0,zz") are already known within lo-
cal density functional theory®’ but no such results
exist for finite gy, so that features arising from crystal
surface structure cannot reliably be described. A
number of workers® have used finite step or barrier
models, neglected exchange and correlation, used
semi-classical approaches which omit Friedel oscilla-
tions, or have given expressions considered too com-
plex for practial numerical evaluation. Our method,
while similar to others, avoids these limitations. Full
details of our formulas, which are related to ones for
spin susceptibility and atomic polarizability,’ will ap-
pear elsewhere.* A summary follows.

z

Consider electrons moving in an external potential
Vil (2) due to a half-space z < 0 of uniform jellium
background, plus an external three-dimensional per-
turbation AV**( ). The self-consistent Kohn-Sham
equation'? is

[—2292/2m + Vi (2) +AVE(F) W o( T)
=ep¥(T) . (3)

Here the total self-consistent potential energy is com-
posed of external, exchange-correlation, and self-
consistent Coulomb terms:

VK (z) +AVS(T)
=V (2) + AV T) + uel nix (z) +An(T)]

nix (z') +An(1T")
+ezfd3r' LK
[T — 1

, 4

where u,.(n) is the exchange-correlation contribu-
tion to the chemical potential of a uniform gas of
density n.

The zero-order problem [AV*t=0=AV*,
An (1) =0] is the one-dimensional jellium problem
solved by Lang and Kohn,? with box-normalized
eigenfunctions

V() =2/ Vexpli(kex + k) Wi (z) . (5)

Ue(z) ~ sinlkz—y(K)] . (6)

—_——

(a) Non-self-consistent susceptibility X°(q,,z,z'). We
temporarily assume the total self-consistent
potential-energy perturbation AV*( ) to be known,
and to have a sinusoidal variation in the xy plane.
Then the first-order correction AW, to the zero-order
Lang-Kohn solution \I'O;'( '), satisfies

(=522 2m + V¥ (2) — LAY 2(T)
=—AV*(z)cos(qy- PIVR(T) . (D

The solutions A¥ ~( T') have a surface-parallel posi-
tion dependence expli(K, £ @) - F1, leading to a
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one-dimensional (1D) Schrédinger equation containing the zero-order potential VX (z), with energy E = ¢'%

k

—#2(Ky £q)%/2m. [Note: E can lie below the minimum of VX (z).] We solve the 1D equation via a Green
function constructed from “‘right’’ and “‘left”’ zero-order solutions at energy E, thus avoiding infinite summations.
This gives an expression for An( ) in the form of Eq. (2) with

Xo(qn,z,z')=(8m/'rrh2)fd3k@(kp—k)tb;;(z)d/;?:(z’)l!l,,+(2>)111§(2<)/|p| : ®)

Here, p = (k2—2k.q,—q#)? (which can be imaginary), while %%, y§ are solutions of

[—72d*/(2mdz?) + VEK (2) = ViR (= 00) —E2K?2m g (2) =0 , 9

satisfying the following boundary conditions:
(i) For K real,

bi(z) ~ sin[Kz —y(K)], z——o
0,

Z o0 ,

cos[Kz—y(K)]l, z——o

oo, z—+oo .

YE(z) ~

(ii) For K imaginary,

[
Ferrante!!; these are self-consistent and employ lo-
cal exchange-correlation potentials derived from the
Wigner interpolation formula.!> We performed the &,
integral in Eq. (8) analytically, and converted f dk,
to fdp. There resulted a two-dimensional integral in
the k,, p plane involving [for q; < 2kr (bulk)] finite
pieces on both the real-p and the imaginary-p sheets.
The results for aluminium (r;=2.07) are shown in
Fig. 1.

Features of the solution are as follows: (i) For
z ~z' << —1 a.u., X°reduces to the bulk result

¢;(Z) ~ (;exp(_:—-l"Klz)/Z, Z ——o0
2 < Xo(qllizrzl) ~X0bu“((q||, |Z_ZI|)
oi(2) ~ exp(|K|z), z——o0 =(2")_1f XLindnard[ (g2 + g2)1/2]
oo, z=—+too . et
xexp(igz)dq . (10)
We obtained ¢+ and ¢ numerically, using zero-order
Lang-Kohn surface potentials V{* (z) generated by (ii) For z'~0 and z — —oo,
3
, sin[(4kZ—qf) ' ?lel — ), qi<2k
(qnzz) ~clel? FZ qii : |l/§2| b1, q F
expl—(qf —4kA 2L, gy > 2kr an

where é=z —z’, and ¢ and c are independent of z
Thus Friedel oscillations appear only when ¢ < 2kp.
(b) Self-consistent screening. From Eq. (1), the
self-consistent susceptibility is just the linear

response, at z, to an external perturbation

AV T) =8(z—2") cos(Ty- T)

We put this into the linearized form of Eq. (4) and
performed the x- and y-Coulomb integrations
analytically. Multiplying the resultant expression for
AV=(z;) by X°(qy,z,z,), and using Eq. (2), we ob-
tained

x(quzz") =x°(qy,2z2")

+fd21Q(qu,Zer)X(qn,Zl,Z') , (12)

where
0(qpzz)= f[u;c(zl)ﬁ(zz—zl)
+2me? eXp(“erlzl -z /aqy]

X XO(KIH,Z,Zz)de , (13)

I
and g (z)) is the density derivative evaluated at the
Lang-Kohn density nix (z;).

We discretized Eq. (12) and solved it iteratively,
taking care with the Friedel oscillations for ¢, < 2kr.
The results appear in Figs. 1 and 2.

(c) A simple approximation for X. The lack of
Friedel oscillations for g, > 2kr does not indicate that
our solutions in this regime are the Thomas-Fermi
ones. A quasilocal approximation is available, how-
ever: Consider

Xansatz(q”’z,z’) = Xbulk(q", |Z —ZII ,ﬁ) , (14)

where X"k is the self-consistently screened version
of Eq. (10), including exchange and correlation. The
bulk density 7 used in (14) is the average of zero-
order jellium densities, 7 =[nx (z) +nix (z)1/2.
Figure 2 shows that, in the case of aluminum at
least, this ansatz is very accurate for ¢, > 2kr and
surprisingly good for g, < 2kr, though the Friedel os-
cillations in the latter case are, of course,
misrepresented. These results largely vindicate the
use of X2"2Z rather than X in a recent calculation of
the surface energy of Al.’



RAPID COMMUNICATIONS

6544 J. F. DOBSON AND G. H. HARRIS 27

DISPLACEMENT z FROM JELLIUM EDGE (ay1)
8 7 6 5 4 321

=-0.01
VVY

-004 rs=2.07au.

ELECTRONIC SUSCEPTIBILITY, X (a.u)
[e)
Q

-0.05

rs=207au

ql I= 1.343au.

8765432101 2

FIG. 1. Electronic susceptibilities of the Lang-Kohn jelli-
um surface with Fermi wave number k=0.927 (alumi-
num), for two nonzero surface wave vectors . The
dashed line represents the non-self-consistent susceptibility
X%(qy,z.z") from Eq. (8). The solid line represents the self-
consistent susceptibility X from Eq. (12). All quantities are
in a.u. (atomic units, e =A#=m,=1). The cusps indicate the
location of z’.

In practice, we suggest the use of Eq. (14) for z
and z’ both near the surface, or both deep in the
metal, in the case gy < 2kr, and for all z,z" in the
case q; > 2kr. We have developed efficient algo-
rithms for X*“*(gq,, |z —z’|,7). Equations (11), to-
gether with other results which we are developing to
deal with asymptotic reflection and interference
terms, should then reduce the amount of tabulation
required to give a complete summary of X. Detailed
calculations based on wave functions may therefore
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FIG. 2. Comparison between the self-consistent suscepti-
bility X(gy,zz") from Eq. (8) (solid line) and the average-
density approximation X2%4%(gq,.z,z") from Eq. (14) (dash-
dotted line).

\

be unnecessary in the future. We should also point
out that, because of the simple way in which g,
enters this theory [see Eq. (13)], improved and even
nonlocal density functionals can easily be included.
We can thus hope that, shortly, lack of a reliable stat-
ic jellium surface susceptibility will no longer be an
obstacle in the theory of simple-metal surfaces.
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