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Multilayer lattice relaxation at metal surfaces
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Relaxation at simple metal surfaces is studied via minimizaton of the total energy of a semi-

infinite crystal. Systematic analysis of the contributions to the total energy demonstrates the im-

portance of a proper, three-dimensional treatment of electronic response. Multilayer relaxation

is shown to be essential for quantitative predictions. Results for the low-index faces of Na and

for Al(110) are presented. Good agreement with detailed low-energy electron diffraction data

for oscillatory multilayer relaxation in Al(110) is obtained.

Metal surface structural information is essential for
the understanding and elucidation of a large number
of surface phenomena. Consequently, major efforts
have been devoted in recent years to the develop-
ment of surface structure experimental probes and
their analysis. Progress in the formulation and im-

plementation of theories of structurally predictive ca-

pability has been limited, hindered by the complexity
of the problem. Such theories, however, are of great
importance since they can provide structural input
parameters to be employed in the analysis of data and
reveal the nature of the forces (and their relative
contributions) which govern the atomic arrangement
and in particular structural modifications (relaxation
and reconstruction) which are expected (and indeed
observed) at the surface region of materials. These
observations have led to the recent formulation' of a
simple electrostatic model which predicted, semiquan-
titatively, multilayer surface relaxation in both fcc
and bcc materials dependent upon surface crystallo-

graphic orientation and other material parameters.
The existence of multilayer relaxation phenomena
has since been verified by several careful examina-
tions of low-energy electron diffraction (LEED) for
several systems [e.g. , Al(110, ' Cu(110), ' V(100),4

Re(0101) (Ref. 4)]. In this Rapid Communication
we report the first results of calculations based on
total energy minimization which provide quantitative es-
timates of metal surface structural parameters, eluci-
date the nature of forces governing the structure,
multilayer relaxation in particular, and improve upon
previous theories in several ways. We illustrate the
theory by applying it to the low-index surfaces of Na
and to Al(110) and obtain good agreement with re-
cent experimental data.

The total energy ET is expressed as the sum of the
ground-state electron gas energy Eo, the Madelung

electrostatic energy E~ of point ions in the presence
of a semi-infinite negative neutralizing background,
the interaction of point ions with the surface dipole
layer EDL, and of the Hartree and band-structure
contributions, EH and E~s, respectively:

Er (l[.„}= Ep+ E~(X„)+EoL(X„)+EH(&))) + Ess( nl[}

(1)
In our calculation we retain the explicit dependence

of the total energy on the crystalline structure. In
particular the last four terms depend on layer posi-
tions, z„"=(n ——+X„)d, n =1,2, . . . , where dis
the layer spacing in the bu1k and X„d is the deviation
from the truncated bulk location of layer n. E~ and
Egs depend in addition on intralayer structure and on
interlayer registry [AR will denote the shift in origin
of the two-dimensional (2D) lattice between adjacent
layers, and is characteristic to the exposed face]. The
total energy is minimized with respect to X„,
n =1, 2, Ns

In the evaluation of the Hartree and band-structure
energies we use the local form of the Heine-
Abarenkov model pseudopotential,

IZV, (R,z), R'+ &zr,'

Ze'u, /r„R +—z ~ r,'
where

V (R ) = —e'(R'+ ') [~'

Z is the valence, and u, and r, are the pseudopoten-
tial parameters (chosen to fit the bulk compressibili-
ty and lattice parameter and used to determine vacan-
cy formation energies). [For Na (r, = 3.931ap),
r, = 2.076a p and u, = 0.3079; for Al (r, = 2.064a p),
r, = 1.388ap and u, =0.3894. ]

The dipole-layer energy is given by

E [ )DLEEX fdic J/d' [p'(z) —
p (p)]pp(E, —*„) (3)

where R is a 2D vector in the surface plane. The Hartree contribution,
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Etr(~~} = Q JI d'R J~dz p'(z)[Vp(R, z —z.') —ZV, (R,z —z„')]

constitutes together with ED~ the first-order correc-
tion to the electron-jellium system (Eo) due to the
replacement of the positive background by the ionic
pseudopotentials. In Eqs. (3) and (4) the back-
ground density is denoted by p+(z) = (3/47rr, 3)8(z),
where 8(z) is the Heaviside step function, and the
ground-state electron density in the presence of
p+(z) is p'(z). In our calculations, we employ the
Lang and Kohn electron density.

In the most primitive model (the PITB model)
the system consists of point ions in the presence
of a truncated bulk electron density, Er IX„}
= Ep+ E3r Ih.„}.The addition of the diPole-layer and
Hartree contributions (the DLH model) significantly
improves the physical picture and predictive value by
including a more realistic description of the inhomo-
geneous surface conduction-electron density and its

I

first-order interaction energy with the ions.
However, the DLH model of surface relaxation

(sometimes termed the "frozen profile model" )
which has been used previously to predict multilayer
relaxation' does not include the response of the elec-
trons to the presence of the ions. Attempts to fur-
ther improve on this model have all been limited to
single-layer relaxation' and in certian of these an
approximate one-dimensional potential has been
used. As is demonstrated by our results and their
comparison to experimental data both multilayer re-
laxation and the full three-dimensional nature of the
ionic system must be included in a proper and quanti-
tative treatment of surface relaxation.

The band-structure energy (second order in the
pseudopotentials) can be written as

Eas[X„}= 3 $ $[ epx(iG AK)]" J dz p„"(G;z) W "(G;z)
n, m

where 6 is the 2D reciprocal lattice vector, and W "(G;z) is the 2D Fourier transform of
md

W~(R, z) = Vp(R, z —z") —
J d R' J dz'p+(z') Vc(IR —R'I, z —z')

Ng (m-&)e (6)

(N~ is the number of ions in a layer). The induced (screening) electron density is linearly related to W„ through

p„"(G;z)=
&I

dz'n (Go;z, )z[W„(G;z')+Q„"(G;z')]

y„"(G;z) = Jt dz'g (G;z,z') Vc(G;z —z') p„'(G;z')

(7a)

(7b)

where o.o is the random-phase approximation polari-
zability and correlation and exchange are included via
the local field correction g. The solution of Eqs. (7)
is facilitated by using the infinite barrier response
model, '0 "and by the ansatz g (G;z, z')
=g(G;lz —z'I) (Ref. 12).

Including only the 6 = 0 contribution to Eas [Eq.
(5)] is equivalent to a one-dimensional treatment of
the electron response obtained by averaging the ionic
potential over the layers (we denote this 1D electron
response model of E~ by DLHBSO, to contrast with

the model, denoted by DLHBS, in which the com-
plete Eas is included).

Results for the surface structures of the low-index
faces of Na and of Al(110) obtained via minimization
of the total energies corresponding to the various
models and those obtained by other theories, as well

as values obtained from experimental analyses, are
summarized in Table I. Percent changes, 5„„+~,of
the interlayer distance between layers n and n +1
from the bulk value, for differing numbers N, of
layers allowed to relax, are given. Inspection of the
results shows that relaxation is more pronounced for

the open faces, and that multilayer relaxation is
essential in all the models and systems considered.
Note, for example, the change in sign in 5~2 obtained
via DLHBSO for Na(100) and Na(111) when allowing
for multilayer relaxation. [Although for N, = 6 the
relaxations did not yet converge for Na(111), calcula-
tions with W, = 9 in the PITB and DLH models did
not significantly change the values of 5 ~2 through
534. ] We find damped oscillatory relaxations with a
period equal to the stacking period [three for
Na(111) and two for the other surfaces]. Compar-
ison of the results of the DLH and PITB models il-
lustrates that the interaction of the ions with the in-
homogeneous surface electron density tends to de-
crease relaxations, resulting from a reduced deviation
of the first layer from its position relative to the bulk.
The importance of the full inclusion of the band-
structure contribution is vividly illustrated by compar-
ing the results of the DLHBS and DLHBSO models.
Agreement with detailed experimental results' for
Al(110) is dramatically improved by using the com-
plete band structure (DLHBS) and allowing mul-
tilayer relaxation. These results also demonstrate
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TABLE I. Surface relaxations for the low-index faces of Na and for Al(110) expressed in percent changes d „„+~of the in-

terlayer distance between layers n and n + 1 from the bulk value. N, is the number of layers allowed to relax. The larger

value of N, is the one for which convergence is obtained. Negative values of 4„„+~indicate contraction of the interlayer

spacing. Results for the various models (see text) are shown in order of increasing complexity. Note the effect of the mul-

tilayer relaxations and their oscillatory character.

Model Na(100) Na(110)

PITS

DLH

DLHBSO

DLHBS

Expt.

Ref. 8

Ref. 9

—7.0
—10.8

—1.3
—1.9

1.2
—0.4

—3.6
—2.7

4.0

0.7

1.2

0.7

—1.2

—0.4

0.4

—1.0

—0.69
—0.72

0.29
0.15

1.0
0.09

—0.08
—0.16

=0
(Ref. 13)

0.0

—5.0

0.03

0.12

0.25

0.08

0.01

0.82

0.01

Na(111)
~34 ~45 ~56 ~67

Al(110)
~~2

PITB —34
—67 —10 53 -40 6 18

—11
—26 16

DLH

DLHBSO

DLHBS

Expt.

Ref. 8

Ref. 9

—13
+3

—10
4

—20
—8

—12.5

—35

—32

—29

27

24

23

0 -15 11

0 -12 10

—2 —11

—4
—12

—5
—14

—14
—10 4

-8.4 4.9
+0.8 + 1.0

(Ref. 2)

Could not
find minimum

—1.6
+ 1.1

that the multilayer relaxation phenomena predicted
by the simple electrostatic models' (PITB and DLH)
do occur when electron response is included properly,
and is necessary for quantitative theoretical structural
predictions. These observations resolve questions
raised by several authors related to this issue. ' Fi-
nally, we note the magnitude' and sequence of
predicted relaxations for Na(111) which would pro-

vide an interesting challenge for experimental en-
deavor.
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