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Critical exponent r for generalized surface fluctuations
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We study the field-theoretic model of a (d —n)-dimensional interface fluctuating in a bulk

system of d dimensions. With the use of an extension of the effective potential method of For-
ster and Gabriunas, the critical exponent v which controls the local thickness of the interface is

obtained to third order in (d —n). The implications for the interpretation of such surface
models and for the description of systems containing such excitations are reviewed.

This paper is concerned with fluctuating (hyper)
surfaces and their implications for the critical proper-
ties of thermodynamic systems which contain them.
The most familiar type of fluctuating membrane is a
(d —1)-dimensional surface fluctuating in a d-

dimensional bulk and arising in Ising-type systems,
where it represents the interface between adjacent re-
gions of "up" and "down" spins or between liquid
and vapor phases in a fluid. We are interested in this
paper in the generalization to surfaces of d —n

dimensions which fluctuate into the remaining n

dimensions of the d-dimensional bulk. In Ref. 1 the
description of such surfaces is reviewed starting from
topologically stable localized solutions of the Euler-
Lagrange equations (such as vortices) in Landau-
Ginzburg models; finite-energy solutions in n dimen-
sions give rise to finite surface tension. Abrikosov
vortices in superconductors and Z2 lattice gauge
theories are examples of the case n =2. Surfaces
corresponding to more general n arise in the general-
ized Z2 gauge theories described by Wegner; the Is-
ing model is the particular case n = 1. More recently,
it has been suggested4 that the statistical mechanics
of vortex loops in a superconductor in three dimen-
sions are dual to the loops arising in the high-
temperature series expansion of the XF model, ' and
hence that these two systems exhibit the same kind
of phase transition (with low- and high-temperature
phases interchanged) .

Our approach is to study in perturbation theory the
fluctuations from a minimal flat surface. This is basi-
cally a low-temperature approximation. However, by
means of the renormalization group it can be used to
obtain a description of how surface fluctuations can
build up an intrinsic local thickness in the surface as
a critical temperature T, is approached from below,
provided that T, is small, i.e., the system is close to
its lower critical dimension. By this means, interface
fluctuations can give a description of the Ising-
model critical behavior in 1+~ dimensions, 6 with

T, = 0 (e); the critical exponent v arises from the
fractal effect of these surface fluctuations7 and the
exponent P is controlled by the fractal effect of drop-

lets. These calculations can be extended to
describe, in n + e dimensions, critical behavior associ-
ated with generalized surfaces of dimension a (i.e., of
dimension n less than the bulk).

In this paper we report the results of using, for
general n, the efficient techniques of Forster and Ga-
briunas, ' who calculated to order ~ for the Ising
case n =1. Our primary aim is to try to elucidate the
interpretation of the critical points of such models.
We first review briefly the calculation and results and
return then to the question of interpretation.

If we parametrize a flat minimal surface by d —n

(=e) coordinates x, then small transverse displace-
ments of the surface from flat are described by n

fields f'(x) (a =1, . . . , n). The effective energy
for these fluctuations is governed by surface area

fe

X = d'x (detg) '
Tp

where

The evaluation of correlation functions of f, etc. , by
perturbation expansion of X in powers of f gives a
power series in the "bare" temperature parameter
To. The critical behavior is obtained. by introducing a
dimensionless renormalized temperature T, which
depends, for fixed To, on the length scale R at which
it is defined according to

R = p( T) = sT + n T +0 ( T3—)
dT
dR

(The p function here is defined with opposite sign
convention to that in Refs. 6, 9, and 10.) The fixed
point T, = e/n + 0 (e') can be interpreted as a critical
point at which the correlation length measuring the
intrinsic width of the interface diverges with the criti-
cal exponent r =1/p'(T, ).

Forster and Gabriunas' noted two points which
considerably simplify this calculation. First, it is par-
ticularly useful to calculate the effective potential"
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for 8;f(x) =M, ; this gives the generating functional
for all vertex functions of the field f(x) and, in or-
der to study all necessary renormalizations, it is suffi-
cient to work with a vector M; which is independent
of x. In the presence of a mass term —m2f'(x), a

Ward identity' establishes the perturbative depen-
dence of the effective potential on M; in such a way
that it is sufficient to perform the calculation at
M;=0, i.e., only diagrams with no external legs need
be calculated. Second, since at M; =0 all self-energy
corrections to (f ) vanish as e 0, it follows that a
derivative of the effective potential with respect to
the mass must for M; =0 give zero to all orders T~

(p ) 1) in the limit a 0. This means that the
singular part of the effective potential at order T~ is
determined from the coefficients of lower order in T.

This approach can be extended to the case of gen-
eral n as follows. One calculates the effective poten-
tial for 0;f'(x) =M, taking M~ as x independent. A
mass term is again necessary to control infrared
divergences due to long wavelengths. In order to
make the calculations more tractable, it is convenient
to add to Eq. (1) a mass term of the form

2 T & J d'xf'(x)a"fb(x),

where

p, = [det(SJ+M Mg)]' '

and

(a-') b= S"+M'M' .

With this choice of mass term it is tedious but prac-
ticable to calculate to two loops the singular part of
the effective potential for any M; and to obtain the
coupling-constant (T) renormalization required.

The second observation of Forster and Gabriunas
pertains also to the mass term (2) in the general
case, and one may hence deduce the form of the
singular part of the effective potential at third order
from the known (including finite part) lower-order
terms for M =0. The result is

P(T) = aT+ nT + —n2T3+ —(3n —2—)n2T4

+O(V') .

This yields the critical exponent
1

ll =——1 ——+ +O(6 )
1 3

2 2)i

This result for v is consistent with the leading order

in (1/n) expansion9 and with Ref. 10 for the special
case n =1.

By exploiting the approach of Ref. 10 we are hence
able to improve the understanding of the renormal-
izability of the model (I) and to extend previous
results from it. We consider now the implications of
the result (3).

For the case n = 2, (3) purports to give an expan-
sion in 2+ e dimensions for the critical exponent v

for a thermodynamic system where geometrical exci-
tations (vortex Hnes in three dimensions) are impor-
tant. There are at least two potential candidates, the
superconductor' and Z2 gauge theory. ' The predic-
tion according to Eq. (3) of a continuous phase tran-
sition in (2+ a) dimensions does not contradict the
first-order superconducting transition predicted' ' in
4 —~ dimensions; other examples of a change from
second to first order between two and four dimen-
sions are known. ' The second and third terms in
Eq. (3) are, however, incompatible with the e expan-
sion in (2+ e) dimensions obtained from the CP" '

(complex projective) models. " Since by arguments
based on their gauge symmetry and by explicit calcu-
lation in the I/X expansion, the CPn ' models are
believed to be in the same universality class as U(1)
gauge theories; this would rule out the possibility that
(3) describes the phase transition to superconductivi-
ty. Apparently, the absence of any shadow of the
U(1) gauge symmetry in (1) is important.

We are therefore restricted to the interpretation of
(3) in terms of the generalized Z2 models of Wegner3
as suggested previously. Since the Z2 gauge theory
corresponds to n = 2, and is dual in three dimensions
to the lattice Ising model, we are left with the amus-
ing conjecture that Eq. (3) may provide an a expan-
sion in 2+ ~ dimensions which describes the three-
dimensional Ising model (a = 1). The utilization of
such a series for e =1 is, of course, problematical. In
particular, similar duality arguments would imply that
the exponent v for e = 1 should be for all n that of
the Ising model in dimension d = n + e —= n +1; we
would be led therefore to expect the mean-field value
v = —for all n ) 3. Naive resummations cannot be

2

expected to reproduce both this value and a nontrivi-
al v for n = 1 or 2.
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