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The energy gap of the A phase of superfluid 3He has two singular points on the Fermi
surface. These singular points lead to various theoretical puzzles, including one recently
discovered by Volovik and Mineev. These authors, using a generalized —gauge-trans-

formation approximation, find a term in the T=0 supercurrent which is nonanalytic in gra-
dients of the order parameter. %e use the quasiclassical equations invented by Eilenberger
to check the validity of their approximation; we find that the generalized —gauge-
transformation approximation fails, in that terms it leaves out make important (in fact,
divergent) contributions to the nonanalytic supercurrent. %e then formulate a new way to
calculate the leading nonanalytic terms in the supercurrent.

I. INTRODUCTION

The order parameter of the A phase of superAuid
He has a structure which has led to several related

theoretical puzzles. These include:
(1) A coefficient in the gradient free-energy densi-

ty which diverges at low temperature as lnT. '

(2) A strange term in the supercurrent, the signifi-
cance of which eludes understanding. '

(3) A term in the zero-temperature supercurrent
which is nonanalytic in gradients of the order
parameter.

These puzzles all originate from the fact that as a
function of k (the direction in momentum space on
the Fermi surface) the A-phase energy gap has two
singular points. The gap vanishes at these two
points, and its phase changes by 2~ upon circling
one of them. It is important to realize that these
singularities are topologically stable; they cannot be
removed by a small deformation of the gap's func-
tional form.

In this paper we discuss puzzle (3). Volovik and
Mineev (VM) have discovered a term in the zero-
temperature A-phase supercurrent which is nonana-
lytic in gradients of the order parameter. To do
their calculation, they rely on a generalized —gauge-
transformation approximation. We use the method
of quasiclassical Green's functions to assess the va-
lidity of their calculation, and find their approxima-
tion leaves out important effects. We then calculate
the current in a different way, in an effort to avoid

the pitfalls of the gauge-transformation scheme.
Our conclusion is that the T =0 supercurrent does
indeed contain nonanalytic terms; one of the VM
type appears, but with a different numerical coeffi-
cient.

The leading terms in the supercurrent are analyt-
ic, and are first order in gradients. The nonanalytic
terms are second order in gradients and are smaller
than the leading terms by a factor of (foV tt), where

go is the zero-temperature coherence length. Hence,
the nonanalytic terms are primarily of theoretical in-
terest; the breakdown of the power-series expansion
in gradients at so early a stage means that the usual
hydrodynamic method for deducing the current fails
if pushed beyond the leading terms.

Nonanalytic terms in the gradient free energy
may well be more experimentally interesting, since,
as mentioned in puzzle (1), a leading term in the gra-
dient expansion has a diverging coefficient. %'e

hope to study this question in the future.
The plan of this paper is as follows. In Sec. II we

review the VM calculation. In Sec. III we use the
quasiclassical method to check the approximation
involved in their calculation; we do this by consider-
ing the terms not included at their level of approxi-
mation. An infinite set of new terms turns out to
contribute to the leading nonanalyticities. In order
to sum up all leading terms, a different way of or-
ganizing the calculation is needed. In Sec. IV we ex-
plain a new way of extracting the leading nonanalyt-
ic terms in the supercurrent. Section V contains a
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summary and discussion. For the sake af compar-
ison, in the Appendix we discuss nonanalyticities
which can arise in the polar phase at zero tempera-
ture.

II. VOLOVIK-MINEEV CALCULATION

In this sectian we review the VM calculation.
The A-phase gap is of the form

hdtv(R, f)=i d o ~o„+(R,k ), (1)

6(R,k)=b,o(m+in) k,
where d is a real unit vector and m, n, and l =m Xn
farm an R-dependent orthonormal triad. We will
always keep the spin part of the gap fixed, sa that
d is independent of R.

A crucial concept, which we now explain, is the
k-dependent phase of the gap. s s We write 6(R,k )
in the following form:

6(R,k) =D(R,k }e'~' "' ' (3)

(2)

with

and

D =50[(m .k ) +(n k )i]'~~ (4)

n.k
(()=at'ctail

mk

We also introduce the quantity w{R,k), defined by

w(R, k}= VRI)) . (6)

Thus (('I(R, k) is the phase of the gap at each point
on the Fermi surface k and at each point in space R;
we can think of w as a generalized, k-dependent su-
perfluid velocity. w can be written as the sum of
two terms,

w(R, k) =v, (R)+u(R, k ), {7}

where v, ={A'/2M)m V n is the usual superfluid
velocity, and u is given by

(k l )[(k x l ) V/I]
8/(R, k ) = . (8)

(k xl)'
One should note that u diverges as k~+1. The
points k =+l are the two singular points referred to
in the Introduction; the divergence of u reflects the
fact that the phase of the gap changes by 2m if these
points are circled.

The phase (()(R,f) of the order parameter can now
be eliminated by a gauge transformatian. An ap-
praximate solution to the gauge-transformed
Gorkov's equations yields the following expression
for the supercurrent:

2N(0) 2 p dk g(g )= MP "~
pR f f deF(E+pRk w)k .

2N(0) dk

(9)

Here F(x) is the Fermi function, E = (e +
~
6

~

)'~,
and N(0) is the density of states at the Fermi sur-
face for one spin population. The first term can be
viewed as the condensate current, and the second as
the current of excitations with the narmal fluid velo-
city v„equal to zero.

Note that the argument of the Fermi function
in (9} contains a term peak u. The quantity k u

A W A
diverges as k —++l, as long as (l V)l is nonzero.
Thus it is not surprising that the nonanalytic term
in J will turn out to be proportional to

~

I.V 1 ~.
Moreover, the term in the gradient free energy
which has a divergent coefficient, as mentioned in
puzzle (1), is precisely (l Vl) .

It is simple to check that (9), when evaluated to
first order in spatial gradients, agrees with the result
for J obtained by Cross. ' VM use (9) to evaluate J
beyond first order. To do this, they expand the Fer-
mi function to first order in v„but keep all powers
of u,

F(E+pRk w)~(E+pRk u)

+F'(E+pRk u)peak v, .
(10)

At zero temperature we have

F'(E+pRk u)= 5(E+pRk u—) . {11)

Thus at T =0 the term in J arising from the term
in (10) linear in v, is

2N(0) 2 f dk f dek(k v, )

X5(E+ppk u), (12)

which leads to a term in J of

3 'RVP AAJ=——p l(l v, )/1 Vl/
4 hp

In the next section we will show how the expres-
sion (9) for J emerges from an approximate solution
to the gauge-transformed quasiclassical equatian. In
this framework it is possible to examine the validity
of the approximations leading to (9}. We will see
that corrections to {9}are indeed important, and
then suggest an alternative way to calculate the
complete leading nonanalyticities.
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III. QUASICLASSICAL ANALYSIS [ia„T3 i—DT2,g]+iupf V Rg =0 (19)

We now check the VM approximation using the
quasiclassical theory. For expositions of this theory,
see Refs. 7 and 8. Since we are keeping d fixed we
can calculate the quasiclassical propagator g for one
spin population and then multiply by 2 to allow for
the other. Hence we can regard g as a 2/2 matrix
in particle-hole space; g is a function of position
R, momentum direction k, and Matsubara frequen-
cy e„. The current is given by

J(R)=N(0)UFT g J Tr[T3g(k, R;e„)k] .
7T

n

with

a„=e„+iUfk.w . (20)

(21)

Note that both (14) and (16) are still valid for g.
So far (19) is still exact. To get an approximate

solution we proceed by iteration, treating the Vzg
term as a perturbation. The zeroth-order term
represents the VM approximation. To get a formal
perturbation expansion beyond the VM terms we set

g g(0)+g(1)+g(2)+. . .

g
' satisfies

(14)

To compute g as a function of the order-param-
eter matrix dk we use the equation of motion

[ia„T3 iDT2—g' ']=0,
-l0)-(0) (23)

[ienT3 6&g]+—!UFk'VRg =0
I

along with the normalization condition

gg= —n I.
The matrix Z(k, R} is given by

(15}

(16)

0

b n( —k, R)

6(k, R)
(17)

g—=exp —i T3 g exp +i
2

(18}

Equation (15}then becomes

To solve (15}via the gauge-transformation approxi-
mation, we introduce the gauge-transformed Green's

function by

g satisfies

[ia„T3 iD'T2, g —]+lupk'VRg =0,
-(1)-(0) —(0)(1) 0

g~2) satisfies

[l an3TlDT2, g—)+lUpk ' VRg =0 ~

-(0) (2)+ -(2) (0)+—(1)—(1)

(24)

(25)

(26)

(27)

etc.
Note that this procedure for solving (19) is not a

straightforward gradient expansion; an already con-

tains a gradient of the order parameter, and g
' con-

tains all power of a„. The gauge transformation al-

lows us to fu11y incorporate the effects of w into
g' '. Effects due to V w, VD, ... appear in higher-
order terms.

Solving the above equation yie1ds

—u (ia„T3—iDT2)

(a2 ~D2) 1/2

k (DVRa„a„VRD)—
( 2+D2)3n

Q2)
g =C2'12+ C37 3,

c2 up 2
———2.2&2 [—(6Da„+D )V;a„VJa„+5Da„V;DVJD+(6a„4a„D )V;a„VJD-

8j (a2 +D2)7/2

+(2Da„+2D an)V;V~a„(2a„+2D a„)—V;V&D],

(28)

(29)

(30}

(3&)

c3 ———
Up 2 &2 [ 5D a„V;a„V—Ja„+(a„+6Da„)V;DVID+(4Da„6D )V;a„VJD—n, I n 1 n

+(2D2a„+2D4)V;Vja„(2Da„+2D a„)V;V—JD] . (32)
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It is simple to check that g' ', when substituted into (14}leads to the VM expression for J, Eq. (9}. g+" con-

tains no ~3 component, so g' ' contains the first correction to the VM current. Before examining g' ', we pause
to illustrate how to extract nonanalytic pieces from g' ' at T =0.~(0)

We will call J the supercurrent arising from g' '. Performing the frequency sum at zero temperature
yields

J =2%(0)u~ f I(k)k
4m

with

I(k)=q —q(1 D /q—)'~ e(q D) .—

We have defined

(33)

(34)

g=—PFk'W .

The first term in I(k ) leads to the well-known, first order in gradients, analytic expression

(35)

Jg =pv, + PV'xI — p&(1 V'xI) . (36)

The second term in I(k) produces the nonanalytic behavior
To examine the consequences of this second term, we consider the following special case: At a given point R

we have (};l~=Az;x~, l =z, and a given small v, . Note that A has dimensions of (length) ', but can have either
sign. We use spherical coordinates (8,$) to do the k integral, so that Dz= +sin (). For small A the only con-
tribution to the angular integral comes from the regions close to 8=0 and 8=m. Near 8=0 we approximate

D 608 (37}

RuFA sin(})}

0—PF vs ~+
28

Then we get
2

~(p) ~(0) N(0)))lug
l
A

lJ =Jg- f d(t) f dt[zp~v, .z
l

sin(t) l
l(1 t ) +yl—u~A l sin(()

l
(1—~ ) I2]2 1/2 ~ 3 2 1/2

4mhp

(38)

(39)

or

(p) (0) 3 kVF
p IA lz(v. z) ——

p +U~y .
0

(40)

~(0)
This means that J contain the two nonanalytic
terms

~(0) 3 AVF ~ w ~ -+~
JN~ ————p I(l v, )

l
I Vl

l4 hp

——p l
l 7/

l
( v x l —l 1 v x l ) .

(41)

The first term is the current discovered by VM; the
second is implicit in their theory but has escaped
their attention. They were interested in nonanalytic
corrections to p„and the second term does not con-
tribute to ps. Further, we should also mention that
the texture we are considering is not the most gen-

I

eral one possible, so that Eq. (41} does not include
all the nonanalytic terms that could be generated by
g' '. However, since a nonzero value for

l
I Vl

l
is

the essential ingredient in producing nonanalytici-
ties, we can understand the essential physics by a
careful study of this special texture.

Having recovered the VM current in the first
term of our "perturbation expansion, "we now check
if this term captures the leading nonanalyticities.
We might hope that the correction terms would con-
tain (besides analytic pieces) nonanalytic terms of
higher order than those in Eq. (41). This hope will
be unfulfilled.

The first correction term that contributes to the
current is g' '. It would be very laborious to expli-
citly evaluate the current arising from it, so we
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adopt a more roundabout plan. %e give simple or-
der of magnitude estimates for the integrals by es-
timating the relevant range of 8 and e integrations.
This allows us to conclude that g

' (and higher
terms) will contribute to the nonanalytic part of J
in the same order as the "leading term" g '. Hence
g' ' will generate terms like those in (41). These
simple estimates do not allow us to determine the
numerical coefficients of the nonanalytic terms aris-
ing from g' '. A more thorough investigation of the
term like the second one in (41) reveals that it, in
fact, has a divergent coefficient. Thus the gauge-
transformation strategy appears to fail. This forces
us to develop a new plan to calculate the leading
nonanalytic terms in J.

%e complete this section by giving more details
on the order of magnitude analysis. %e define a
length scale by L —=1/

I
A

I
. The crucial regions of e

and 8 are given by (at T =0 e„becomes the continu-
ous variable e)

i /2
p

L
(42)

%e are then led to define a small parameter s by
1/2

(44)

JN~- I(& V)l I(V XI 1/ VXl) . —

To estimate the nonanalytic currents arising from
g

' and g' ' we then use the following:

8~$, E~kg$,

h(k) -s, (gpVii )-s, (45)
~o

J d8 s, J-de-Sg .

We can explain the estimate for (gp Va) quite sim-
ply. It adds a factor of gp/L, which gives s; how-
ever, the function being differentiated has its power
of s reduced by 1. Combining these two effects
yields (s )(s ')=s.

First, consider the case v, =0. Using the above
estimates in evaluating (14) we can conclude that
both g ' and g ' give, for the special case we are
considering, a current of the order

I
J I-s4. (46)

This means that both g and g give rise to a non-
analytic current of the form

JN~-I(&'vs) I~'~I
I

. (49)

IV. SCALING THEORY

In this section we develop a new method of calcu-
lating the leading nonanalytic terms in the current
density J. The essential idea is to locate the (very
small} region in k, s,R space that determines the
nonanalyticities, and to solve the quasiclassical
equations exactly in that region. By an appropriate
scaling of the k, e,R variables, we enlarge the region
of interest and eliminate the irrelevant parts of
k,e,R space. The solution of the rescaled quasiclas-
sical equations allows us to express the nonanalytic
contributions to J in terms of two well-defined seal-
ing filnctioils y~((x) and yi(x).

Using the insight gained in Sec. III, we recognize
that the important regions of the 8 and E integrals
for contributing to the nonanalytic currents are near
the nodes of the gap,

0(m 8(+gp/—L,
and near zero energy,

b,pQgp/L (e&—hpQgp/L .

(50)

(51)

L is the typical length scale of the order parameter
texture. In order to investigate nonanalytic terms
like those arising in the preceding section, we con-
sider the following texture:

a(k, R)=ap '"'[a(z)+if] k (52)

X(z)=2mv, z/i',

a(z) =x cos(z/L)+z sin(z/L),

b=y .

(53)

(54)

(55}

The gap depends on z, and we are interested in the
current at z =0. At this point l=z, v, =o,z, and
(l.V)l = —x/L. %e set

k =cos8z+sin8singy+sin8cosgx .

The quasiclassical differential equation (15) connects
the point of interest z =0 with its neighborhood.
The important range of influence is

We now permit a nonzero v, . The first term in
(41) arises when

pF(v. I)
(48)

do

Using this estimate, we can conclude that g' also
leads to a term of the form
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Q—vpL/hp &z & QuFL/6p . (56)

Thus we define the following dimensionless vari-
ables

e= sy'uFho/L,

8=8/"t/uF/Lhp,

z =z/')/vFL /kp

Q =pFvs/+uFho/L .

(57}

(58)

(59)

(60)

The typical range for the variables with a bar is of
order l, so we can approximate

cos(z/L) =cos(z+v~/d pL )=1,
sin(z/L) =sin(z+uF /hoL )

=zQui;/hpL,

(61)

(62)

and find the dimensionless quasiclassical differential
equation'

[(iZ Q)ri —l (8 sing—ri+ 8cosgr2+z r2),g ]

+i g=0 .—(63)
. a

az

Equation (63) is the central equation of our theory.
It correctly keeps the leading terms in an expansion
in Qvz/hoL. Formally, it is a system of simple
first-order (ordinary) differential equations whose
solution, subject to the proper normalization and
boundary conditions, yields the matrix function
g(z). g(z) depends on the parameters e, 8, P, and Q.
Let us denote by g( s, 8,$,Q }the rs component of
g(z) atz=0. Thus

g(K, 8,$,Q) = , Trr& g—(e,8,P, Q,z =0) .

We can express the current at z =0 in terms of g.
However, we must be careful. To extract only the
nonanalytic terms, and to prevent a divergence at
large 8 when we integrate, we must subtract out the
piece of g leading to the first order in gradients ana-
lytic term. A study of the asymptotic (Z, 8~oo}
solution of Eq. (63} reveals that after this subtrac-
tion we are indeed left with convergent integrals.

For the particular choice of gap we have made,
Eq. (52), there will be two nonanalytic terms in J,
corresponding to the two terms of (41). These are

VFJ NA zN(0)hpvF——
0

3/2 '2
VF

4~~(Pi v /+li'OvF/L )+yN(0)li'pvF Pl(PFv /V ~pvF/L )
50L

(65)

The two scaling functions are defined by the integrals

f~~(Q) = f dE f d8 f dp 8[g(F,8,$,Q) h(E, 8,$,Q—)], (66)

gi(Q)= f de f d8 f d&8 sing[g(e, 8,&,Q) h(e, 8,&—,Q)] . (67)

The subtraction term h is given by

im{F+iQ) — m8 sing

[(Z+iQ} +8 ]' 2[(F+iQ) +8 ]
(68}

Equation (65) is the main result of this section. We have expressed the current JNA in terms of two
parameter-free mathematical functions g~~{Q) and fi(Q). To our knowledge, these functions cannot be written
in terms of standard functions of the mathematical literature. A discussion of g~~ and Pi must start from the
defining differential equation (63) for the matrix function g, and the integrals (66) and (67) over the rq com-
ponent of g. Several limits are relatively easy to discuss. For small v, (more precisely, p~v, &&+alt p/L ) we
can expand f~~ and fi around zero, and find

2 3 2

JN„zN(0) tl't~(0)v—,——+yN(0) 1{i(0)—VLF, 1 ~ VF 1

hp
' L hp L

Il(0)l(l v, )
I
l'Vl

I

——p gi(0)
I
l Vl I(VXl —ll'VXl ) .2 50 '

2 50M (69)
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The current has in this limit the same structure as
found by the gauge-transformation approximation.
However, the numerical coefficients have changed.

V. SUMMARY

We have used the quasiclassical theory to discuss
the generalized —gauge-transformation approxima-
tion. As Volovik and Mineev discovered, this ap-
proximation leads to nonanalytic terms in the T =0
A-phase supercurrent. While the approximation is
instructive in revealing nonanalytic possibilities, a
more comprehensive way of doing the calculation
proved to be necessary, as discussed in Sec. III. The
failure of the gauge-transformation approximation
is perhaps not surprising. It relies on the small ex-
pansion parameter tv~ ~

Vh
~

/~ b
~

(= qual, ), with

q a typical wavelength of the texture and

gq =k)~/
~

h(k }
~

the zero-temperature coherence
length. At 4=+1 the gap ~b,

~

vanishes and gI,
diverges. Hence there is a small neighborhood
around k =+I where the expansion parameter ceases
to be small. This region contributes decisively to the
nonanalytic terms and has to be treated carefully.

In Sec. IV we developed a scaling method of
studying the nonanalytic terms. This method in-
volved an appropriate rescaling of the variables in
the quasiclassical equations such that the size of the
decisive region becomes of order 1. After rescaling
we could take the limit q ~0, and find a dirnension-
less differential equation for the propagator in the
region of interest. The propagator gives us the lead-

ing nonanalytic terms in the current. Of course, the
propagator carries more than this information (exci-
tation spectrum, textural energies, etc.};we have not
explored these possibilities here. In general, we be-
lieve the scaling method establishes a theoretical
framework that allows a detailed study of physical
effects that originate from "singularities" of the or-
der parameter in k space.

Throughout this paper we have assumed that the
gap is of the A-phase form. Since the application of
a magnetic field can cause the A phase to exist at
low temperatures, the calculations presented here are
not just of theoretical interest. However, a more irn-

portant point can be raised, of whether the nonana-
lytic terms in J are in fact a signal that the gap will
distort and leave the A-phase form. This is difficult
to answer at present; a crucial consideration is that
the singularities responsible for the nonanalytic
behavior are topologically stable, and so cannot
be cured by a small change in 5(R,k). We hope
that a study of the free-energy density will shed
some light on this question.
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APPENDIX

v = ~ Va |i' .

We will examine a special case,

(A2)

2MUsX
6(R,k)=60(k z}exp i (A3}

Then, both c =z and v, =u, x are spatially uniform.
In this case a gauge transformation leads to an exact
solution of the quasiclassical equation. Define

g—=exp i r3 g—exp +i
2 2

(A4)

(x„—=E„+lpFk 'xv (A5)

D=bpk z .

Then g is given by

—~(ia„~3—iD~2)
(lt2+D2)1/2

and this leads to a supercurrent of

(A6)

(A7}

PFJ=pvx —p v, iv, ix . (AS)S g S S

We then see that J contains a term which is nonan-
alytic, and second order in v, .

If we study the weak-coupling gap equation using

The A-phase, T =0 supercurrent has no nonana-
lytic terms in the presence of a uniform v, if the I
vector is also spatially uniform. In contrast to this,
a polar-phase gap does lead to nonanalyticities in J
in the presence of a constant v, ; this is because the
polar-phase gap vanishes along a line on the Fermi
surface, whereas the A-phase gap vanishes at just
two points.

The polar-phase gap is of the form (1},with

A(k, R) =he(k c )e'& . (Al)

Here c is an R-dependent unit vector and g an R-
dependent real number. The superfluid velocity is
given by
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(A9)

g, we find that a gap of the form (A3) is indeed a
solution. The amplitude 50 is reduced by v„ if we
denote the amplitude when v, =0 by 500, we find

pF I U. I

'
ho ——~xp

360

Of course, the fact that a gap of the form (A3) is a
solution of the weak-coupling gap equation does not
mean it is the solution with the lowest energy. Fi-
nally, we should stress that Eqs. (AS) and (A9) are
derived assuming that the quantity (p~

~
U,

~
/ho) is

small.
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