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Landau theory predicts that the bcc, spin- —, Ising model with nearest-neighbor ferromag-

netic interaction K~ and next-nearest-neighbor antiferromagnetic interaction K~ has a con-
tinuous transition with a two-component order parameter (n =2) between the paramagnetic
and the type-II antiferromagnetic (AF2) phases for K~/K2 & —.For K~/K2 & 2, we show

that this system has a transition temperature, determined from matching high- and low-

temperature free-energy series, which is well above the temperature at which the susceptibil-
ity diverges. This supports the conclusion, also drawn from renormalization-group and
Monte Carlo calculations, that the transition is driven first order by fluctuations. In the

deep AF2 regime, K~/K2 & 1.3, our series evidence cannot distinguish between a continuous
transition and a first-order transition with small discontinuities.

I. INTRODUCTION

Transitions which Landau theory predicts to be
continuous can be driven first order by the fiuctua-
tions neglected in this approximate theory. ' We
have investigated the possibility of such a
fiuctuation-induced first-order transition in a sim-

ple, bcc-lattice spin- —, Ising model with competing
interactions: a nearest-neighbor (NN) ferromagnetic
interaction of strength E~ and a next-nearest-
neighbor (NNN) antiferromagnetic interaction of
strength E2. The Hamiltonian of the model is

For E& & 1.5E2, the ground state of the model is one
of the two ferromagnetic states with all spins
aligned, S;=+1. For E& &1.5E2, the ground state
of the model is one of the four type-II antiferromag-
netic (AF2) states in which each of the two sc sub-
lattices (A consisting of the cube corners and B of
the cube centers) orders independently
as a simple two sublattice antiferromagnet, i.e.,
Sz ———S„=+1,where A

&
and A2 are the two fcc

sublattices of sc lattice A, similarly Ss ———S~ =+1
for the cube centers. For E~ & 1.5Eq, Landau
theory predicts a continuous transition between the
paramagnetic phase and the ferromagnetic phase
characterized by a one-component order parameter
(n =1); for J

&
&1.5E2, Landau theory predicts a

continuous transition between the paramagnetic
phase and the AF2 phase characterized by a two-

component order parameter (n =2); and for
E~ ——1.5E2, Landau theory predicts an n =3 bicriti-
cal point [Fig. 1(a)].

Ninth-order high-temperature series for the ap-
propriate staggered susceptibility were analyzed in
the AF2 region, E& &1.5%2. The results of this
analysis were inconsistent with the predictions of
Landau theory in that the index y, characterizing
the divergence of the staggered susceptibility, had a
value consistent with the n =1 universality class
rather than the predicted n =2 universality class.

An e expansion predicted that noncritical modes
in the Hamiltonian produced a cubic field placing
the system in a region where iterations do not lead
to a fixed point, which is indicative of a first-order
transition. Monte Carlo calculations also predicted
a first-order transition in the vicinity of the expected
bicritical point, E~ &1.5E2. Although each of
these methods has its own weaknesses and ambigui-
ties, the consistency of results from the two different
methods naturally increases one's confidence in the
results. Our work further strengthens this confi-
dence because we show that the series method leads
to the same results.

We have used tenth-order high-temperature sus-
ceptibility series to locate the divergence of the sus-
ceptibility determining the "second-order" phase
boundary of Ref. 5. Because high-temperature
(low-temperature) free-energy series should converge
down (up) to the transition temperature, the tem-
perature at which the high-temperature free energy
equals the low-temperature free energy (the match-
ing temperature) is the transition temperature in-
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FIG. 1. Three possible choices for the phase boundary of this model. The dashed lines show first-order transitions; the
solid lines show second-order transitions. 0 indicates a bicritical point, while V indicates a tricritical point. (a) shows the
mean-field prediction. Even though our analysis favors the phase boundary in (b), it does not rule out the possibility of a
first-order transition with very small discontinuities in the deep AF2 regime, E~ /K2 & 1.3, as shown in (c).

dependent of whether the transition is continuous or
discontinuous. Our results show that, just below
the bicritical point, i.e., K~ & 1.5K2, the transition
temperature is unambiguously higher than the tem-
perature at which the susceptibility diverges. There-
fore, the susceptibility does not have a divergent
singularity at the transition indicative of a first-
order transition; the susceptibility does have a diver-
gent singularity at a lower temperature on a "spino-
dal. " This is consistent with the e expansion and
Monte Carlo results of Ref. 4. Further into the AFz

regime, E~ &1.3E2, our results seem more can-
sistent with a second-order transition; if so, the
failure of the series to predict XY-like indices in this
deep AF2 regime is undoubtedly due to the failure of
the short series (ten terms) to reflect the crossover
from the E& ——0 Ising-type (n =1) behavior to the
finite K~ XY-like (n =2) behavior because the cross-
over is characterized by a crossover exponent which
is expected to be quite small ' [Figs. 1(b) and 1(c)].

In Secs. II and III we present the necessary series
and discuss their derivation. In Sec. IV, we discuss
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and present examples of our analysis leading to our
conclusions which are discussed in Sec. V.

II. SERIES DERIVATION

In order to address the relevant questions about
the order of the transitions, it is necessary to have
high-temperature series for the uniform susceptibili-
ty and for the appropriate staggered susceptibility to
locate the second-order phase boundary; it is also
necessary to have free-energy series in the three
phases to locate the phase boundary by free-energy
matching. To derive the high-temperature series we
have modified existing computer programs for
deriving tenth-order series for nearest-neighbor
models so that we can derive tenth-order series for
the correlation function (S 0 S-, ) of this model.
The necessary high-temperature series can then be
determined from these correlation function series.
For the uniform susceptibility per site

x=g((s-, s-, )+(s-, s-, ,-, ))
SC

= g b„(Ki/K2)K2
n=0

(2.2)

associated with the AF2 order-parameter fluctua-
tions. For the zero-field, free-energy per site in the
paramagnetic phase

P
13F= —ln2 —J E(13')dP'

= ln2+ g fp (K2/Ki)K& (2.3)
n =2

where E(13) is the energy per site given by

E(p) = —4Ji (s-. s( I2)(1,1, 1) )

+3J2(S,S,~, ~), (2.4)

where r„=a(i,j,k) are the cube corners occupying
sc sublattice A and r„+b, b= —,a(1, 1,1), are the
cube centers occupying sublattice B. For the stag-
gered susceptibility per site

y, = g( —1)'+J+"((S-,S-, )+(S-,S-„-))
SC

= g a„(K2/Ki)Ki,
n=0

(2.1) where K~=PJ . The new series for X, g„and PF—
are given in Tables I, II, and III, respectively.

10

TABLE I. Coefficients in the high-temperature susceptibility series (2.1).

a„(x=E2/VCi )

1

8 —6x

56—96x +30x
389——984x +768x —148x

2610——8992x + 10704x —5248x '+ 706x

17 473
&5

74 800x + 12 3 104x 93 488x +32 704x 3360 8x

115250——597 324.8x+ 1 234 120x —1305 898—x +716944x —192588.8x

+15753—x

759 545 —, —4 579 739—, x + 11 520 102.4x —15 406 570—x'+ 11 854730
3
x

50 30 x +
4966694—,—34386 356—, , x +101 103 355—„x —165 271099—, x

+161551909—x —96768302—x +33341947—, x6—5977370 x7

+342 619—, x

32 458 605.211 992—252 399713.523- 79x +854 687 254. 552 37x
—1 638 855 259.0223x + 1 964 204 200.5332x —1 500 892 997.3331x

+730 987 764.622 33x —210393 177.295 29x +32 069 724.038 057x
—1 590 370.289 9469x

211 100973.265 04—1 829 175 811.1151x+6 975 616 824.3807x
—15 440906 690.642x +21 770 155032. 178x —20449 276 648. 104x'

+ 12 749 667 633.777x —5 204 224779.7855x + 1 280085 077. 1811x
—169006 631.686 42x +7 346 967.445 501 3x '
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TABLE II. High-temperature staggered susceptibility series (2.2).

b„(y =E)/E2)

10

6

30—8y

148—24y

706—336y —34
3

3360.8—1072y 2+688y4
——10672y —4792y —869—,y

73753—, —35139.2y +55338—y +20238
&

y

342 619—, , —297 646—„y —308 357—,y —306 542—„y —20 710—„,y'

1590370945 1010278 ~p$y +2789291—„y +3497051—,y
715387 ys

7 346 967——7 749 409—, y —14 348 047—,y —35 265 466—y
—14263 537—„-y —557 079—, y

'

In the ferromagnetic phase, seventh-order high-
field series were derived in Ref. 9. In the limit of
zero field, these series can be recast as a low-
temperature series through eighteenth order in the—2K~ —(4K) —

6K2 )
variable u~ ——e (the ferromagnetic re-

gime occurs for 4K» 6K')
00

PI' =(4K, —3K, )+ , g—f„(z)uD—,
n=0

—2K2
where z=e . These series for the free energy
per site are presented in Table IV.

III. DERIVATION
OF THE LOW-TEMPERATURE

AF2 SERIES

We start from one of the four equivalent AFq
ground states, specifically S '=S '= —S '

8~= —S =1, and perform a standard cluster expan-
sion in the number of overturned spins. ' Since this
expansion is usually derived as a strong field expan-
sion, we modify the Hamiltonian in (1.1) by adding
not only a uniform field h but also a staggered field

10

TABLE III. High-temperature free energy series (2.3).

fp „(x=K2/Ki )

2+ 1.5x
—12x

11—+48x +2.75x4

—160x —200x

132—+1438x +820x +18—x
—3176—, x —10810—x —3505.6x

2214 its +45578 &sx +735573x +14794 rsx +14784px

77 263
2&

x 50 677 1
9 x 467 38 1

3
x 63 820 ~] x

45 866
2p2s + ]pg + 9 + 8

45

—2 098 511.214 3894x —22 491 733.434 917x —40 972 237.937 782x
—16530 630.298 401x —1 190001.278 309 5x
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TABLE IV. Low-temperature free-energy series in the ferromagnetic phase (2.5).

f„(z=e )

4

7

8

10

11

12

13

14

15

16

17

18

42

16z
—30z +12z
64z'+48z4
—352z +96z
24z +24z +373—z —288z + 60z

'

288z +384z4+ 144z
—2808z —720z +384z

192z +480z +7872z6 —4608z +720z'
1416z + 1968z + 1188z —4203z +6564z' —2586z &2+ 332z' + 12z

144z —20160z —15384z + 1440z'

16+1392z +4368z +99360z —14400z —13680z ' +2976z '2+ 96z '

h, coupled to the chosen ordered state

134 =—Ki g S;SJ K2+S;S—J.

[-I
''

+h g S;+hg g g;Si, (3.1)

where g; =+1 on A1 and 81 sites and —1 on A2
and Bz sites. The lattice gas reformulation of this
Hamiltonian

have changed from a notation where i labels one of
N sites on the bcc lattice to a notation where i labels
one of the N/4 primitive cells (which form an fcc
lattice) containing 4 sites—one Ai site, one Bi site,
etc.

Performing a cluster expansion in the number of
"particles" (overturned spins} for this Hamiltonian
gives a free energy of the form

NPF=+ ln—Tre

PA =(3K—,+h, )N

A1 A2 B) B2
+4Ki $ (n( n; )(—nj nj )—

&ij &

=(3K2+h, )N+ g [a,f3,y, 5,r,s]

xX, '~X +'b'b'

(3.3)

+4K2+(n; 'nj'+n; 'nj ')
!VI
B 2

p, 'n
i a=A 1=1

with the occupation numbers

(3.2a}

(3.2b)

where X~=e =e, b1 ——e, b2 ——e
Pp~ Pp~ —4K ) +4K2

and where the coefficient [a,p, y, 5,r,s] gives the
free-energy contribution from a overturned
spins, P overturned A2 spins, y overturned Bi spins,
and 5 overturned B2 spins with r nearest-neighbor
(NN) pairs and s next-nearest-neighbor (NNN) pairs.
In actually deriving the cluster expansion we have
used a modification of the shadow lattice method of
Sykes et al. in which we determined the partial gen-
erating functions

Pp, '=Pp '= —12K2 —2h —2hg,

Pp '=Pp '= —12K2+2h —2h, .
(3.2c)

Note that in going from (3.1) to (3.2a)—(3.2c), we

chosen so that the magnetic ground state is the vac-
uum state (n;=0} of the lattice gas. The chemical
potentials used in the Hamiltonian are given by

NF pr gg [a,P,y, 5——,r,s]Xzb &bz
5=0 r, s

by simple combinatorics for a configuration of a A i

sites, P A2 sites, and y Bi sites, and from these the
free-energy coefficients. For example, if you have
one occupied A1 site with all A2 and B1 sites empty
(a,P,y) =(1,0,0), there are N/4 ways of occupying
one of the A1 sites. If you then put r particles on
the four B2 sites which are nearest neighbors to the
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N 4—X1
4

g rXr+t
1 2 (3.4)

where

4

occupied A1 site and t particles on any of the other
( , N—4—) Bq sites, the contribution to the partition
function is the number of ways of putting r particles
on the four NN sites times the number of ways of
putting t particles on the remaining ( ,N —4)—sites
times the energy weight factor, i.e.,

1V——4
4

4 +4 4
XiFioo= —.Xi g g „,(biXz)"Xz

r =Ot =0

= —,Xi(1+biX2) /(1+X2) (3.5)

The partial generating functions for other values of
(a,P,y) can be found in a similar way. The main
advantages of this method are that one only need
consider the number of ways of putting particles on
three of the sublattices and that sublattice sym-
metries provide relations between the free energy
coefficients

is the binomial coefficient
[a,p, )',5,r,s] =[p,a, Y, 5, —r, s ],
[a,p, y, 5,r,s]=[a,p, 5,y, r,s]—, (3.6)

N 4—X1
4 T

4
g rXr+2

1 2

so that the contribution to the free energy for one
occupied A i site and all numbers of particles on the
B2 sites is

4t

r!(4—r)!

Note, given our Hamiltonian the particles on the B2
sites interact only with particles on other sublattices
not with each other. The contribution to the free
energy is the part of the contribution to the partition
function which is linear in N, i.e.,

[a,p, y, 5,r, s]=[y,5,a,p, r,s],
which enable one to determine unknown coefficients
from ones already derived: e.g., the coefficient for
[a, py, 5]=[1,0,0,4] can be determined from the
partial generating function in (3.5); from [1,0,0,4]
and the relations in (3.6) one can then determine the
coefficients [1,0,4,0], [4,0,1,0], [4,0,0,1], [0,4,0,1],
[0,4,1,0], [0,1,0,4], and [0,1,4,0], which significantly
reduces the amount of actual labor which is to be
performed.

The partial generating functions necessary to
derive fifth-order high-staggered-field series are tab-
ulated in Table V. In the limit of zero-uniform
field, the high-staggered-field series takes the form

pNF=N(3K2+—h, )+ g gg [a,p, y, 5,rs]X +~+r+ bib2
aPy5 r s

where

=N(3K2+h, )+N g L„(ui,u2)p",
n=1

(3.7a)

NL„(u i,u2) = g g [a,p, y, 5,r,s]u iu,'"
aPy5 r s

n=a+P+y+5

(3.7b)

1
—2A

and where u1 ——b1, u2 ——b2, p =e ', and
X=pu 2.

3

The polynomials L„(u i,u2) for n & 5 are given in
Table VI. Since we are interested in the free energy
with zero-applied field, we must also take the limit
of zero-staggered field. In this lim. it, the natural ex-
pansion variable is the low-temperature variable—4K~
u2 ——e . To determine the correct coefficients in
this low-temperature series we need to know how

undetermined Ln's contribute. For example, we are
able to determine the coefficients in the low-
temperature series through twelfth order in u2 for
the following reasons. Earlier work on the nearest-
neighbor Ising model for the simple-cubic lattice, to
which our model reduces if K~

——0, shows that there
are contributions of order u2 and u2 to 1-6 from
six-point cluster diagrams with seven and six u2
lines (NNN bonds) respectively, and that there are
contributions of order u2 to L7 from seven-point
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TABLE V. Partial generating functions. In this table we have used a modification of the code in Sykes et al. (Ref. 10)
where, e.g., (k, mb], nb] ',pb]»2, q»2, r»2}= (1+b]X) (1+b] 'X)"(1+b]b2X) (1+b2X)~(1+»2X)'/(1+X) .

2F000 = 1n{1 +X)
2F]00=

q
(4,4»])

2FOO] ——
2 (6,6»p)

2F200 ——3(7,»],6»] )—3 4 (8,8»] )

2F002 ——3(10,2»2s8»p)+ ~ (11»2,10»2)—4 4 (12, 12»2)

2F]]0——3»2(4, 2»],2»] ')+2{6,3»],3»] ')—5(8,4»],4»] ')
2F]0]=2»] '(7,»],3»]»2, 3»2)+6(9,3»],b]b2, 5»2) —8(10,4»],6»2)

2F003 ——4(13,b 2& 3» 2, 9»2 )+6(14&b 2& 2» 2, 11»2)+15(14&4»2 & 10»2)+24(15&3» g, 12»2)

+ '7 —(16,2»2, 14»2)—84(16,2» 2, 14»2) —48(17,by, 16»2)+75
3 (18,18b2)

2F300 ——2(9,3b],6»] )+21(10,2»],8»] )—60{11,»], 10»] )

+2(10,»],9»] )+35 6 (12,12»])

2F210 6»2(6, 5»],b] ')+6»2(8, 6b],2»] ')+ 2»p(4, 4»])+3(8,6»],2»] ')

+18»2(7,»],4»],2»] ')—48(11,»],6»],4b] ')—38(10,7»],3b] ')
—48»2(8, 6»],2»] ')+18(9,»],5»],3b] ')+6»2(6, 5»],b] ')+75

2 (12,8»],4b] ')

2F]op 3» ] ( 1072» ]b p & 2» ]b 2 ~ 6»2 )+3( 12s 2b ]s 2» ]»2 s 6»p& 2» p )+6b ] ( 127 b ]s 2» ]»2s b ]5 2 ~ 8b2 )

+24( 14 2»] 2»]»2s 10»g)+ 12»] ( 1 1 b] 2»]»2 2»]bgsbgs6»2)+42( 13 3»] b]»2s2»2s7»2)

+6»] '(11,»],3»]»2, 2»2, 5»2)+6»] '(12,4»]b2, 8»2)+30(14,3»],b]»2, »2, 9»2)

+6»] '(12,»],3»]»2, »2, 7b2) —44b] '(13,b],3»]b2, 9»2)—42(15,4»],»2, 10b2)
—168(15,3»],b]»2, 11»g )—72(14,4»],2» 2, 8»2)+. 182(16,4»], 12»2)+6(13,3»],b]b 2, b 2, 8» p )

2F]]]——6»]»2(8,2»],2»] »2s4»g)+6»] '»2(8, 2»] ', 2»]»2, 4»2)+6»2(8, »],b] ',b]b2, »] 'b2s4»2)

+12»2(10,2»],2»] ', 6»2)+6», (10,3b„b, ',2»] 'bg, 4»2)+6», '(10,»„3», ',2»]»2, 4»p)

+12»] '(10,»],3»] ', 3»]»2,»] '»2, 2»2)+12»](10,»] ', 3»],b]»2, 3»] 'b2, 2»2)

+2»] '(9, 3»] ', 3»]»2, 3»2)+2»](9,3b],3b] '»2, 3»p)+2(8, »],b] ', 3»]»2, 3»] '»2)

+18(11,2»],3»] ',b]»2, Sb2)+18(11,3»],2»] ',b] '»2, 5b2)+ 18»2(9,»],2b] ', b]»2, 5»2)

+18»2(9,2b],b] ', b] '»2, 5»2)+60(12,3b],3b] ',b]»2, »] '»2, 4»2) —132(13,4b], 3b] ',b] '»2, 5b2)
—132(13,3»],4»] ',b]»2, 5b2) —34b] '(11,»],4»] ', 3»]»2, 3»2) —34b](11,4b],b] ', 3b '»2, 3b2)
—66b2(10,2»],2b ] ', 6»2) —52(12,3»],3» ] ',6»2)+246(14,4b],4» ] ', 6»2)

2F20] ——3(12,6»],b ]»2, 5»2)+ 3» ] (8,2»],b ]»2s 4»]b2, »2)+ 12b ] '(10,4»],b ]b2,2»]»2, 3»2)

+6» ] '(10,b ],3»],3»]»2, 3»2)+ 12» ] '(10,4»],4»]»2, 2»2)+ 54(12,5»],b ],b]b2, 5»2)

+ 30(12,6»],2»]»2, 4»2) —78(13,6»],b],6b2) —38»] '(11,5b],3»]»2, 3»g)
—150(13,7b],b]»2, 5b2)+ 146(14,8b],6»2)

cluster diagrams with nine u2 lines. The work of
Plischke and Chan shows that there is no E&
dependence in these orders, i.e., there are no six-
point diagrams with seven u z

' (NNN) bonds and u ~

(NN) bonds, etc. Therefore, the contributions to
eleventh and twelfth orders in u2 which are not in-
cluded in our L

&
through L5 are just the above men-

tioned contributions from six-point diagrams with
seven NNN bonds (18u&'), from the six-point dia-
gram with six NNN bonds (496u2 ) and from the
seven-point diagrams with nine NNN bonds (8u2 ).
The twelfth-order low-temperature series

r

13I'=3K,+ g— g (u& "+u&) u™2,
m n

(3.8)

including the corrections to our high staggered field
series are presented in Table VII.

IV. SERIES ANALYSIS

For a continuous transition the susceptibility re-
lated to order-parameter fluctuations diverges at the
transition temperature E, ' as (1 E/E, ) r; how-—



M. J. VELGAKIS AND M. FERER 27

TABLE VL The coefficients [n;rs] in L„(u &, u2) = g„[n;r,s]u &u i" ' for the free-energy series in zero field (bcc lat-

tice) Eq. (3.7).

n=1
Pl =2

ll =3

0
0
0
1

—1

0
0
0
1

—1

2
—2
—1

1

0
0
0
0
1

—1

2
—2

3
—3

0
—1

1

—1

1

2
—2

0
0
1

0
0
0
1

2
0
0
0
0
1

1

0
1

2
3
0
0
0
0
0
0
4
1

1

2
2
1

1

2[n; rs]

2.0
—15.0

6.0
4.0
4.0

194 2/3
—120.0

30.0
—88.0
—88.0

12.0
12.0
24.0
24.0

—3361.5
2706.0

—1089.0
166.0

1948.0
1948.0

—474.0
—474.0

44.0
44.0

6.0
—1056.0
—1056.0

216.0
216.0
108.0
108.0

n=5 0
0
0
0
0
1

—1

2
—2

3
—3

4

0
—1

1

—1

1
—1

1

2
—2

2
—2

2
—2

3
—3
—1

1

0
1

2
3
4
0
0
0
0
0
0
0
0
5

1

1

2
2
3
3
1

1

2
2
3
3
1

1

4
4

2[n; rs]

68 584.375
—67 296.0

34 536.0
—9192.0

804.0
—45 680.0
—45 680.0

15 180.0
15 180.0
—2568.0
—2568.0

182.0
182.0
96.0

35 856.0
35 856.0

—12 984.0
—12 984.0

1784.0
1784.0

—7344.0
—7344.0

1248.0
1248.0

8.0
8.0

528.0
528.0
24.0
24.0

ever, for a discontinuous transition, the susceptibili-

ty does not have a divergent singularity at the tran-
sition temperature, although the smooth continua-
tion of the high-temperature susceptibility may
diverge at a lower temperature on a spinodal.

To locate the divergence of the high-temperature
susceptibility for fixed values of a=Ki/K2, we
have used standard Pade methods" to analyze the
logarithmic derivative of the high-temperature series
for the susceptibility appropriate to that value of a,
i.e., X, for E& &1.5E2 and X for E»1.5E2. The
apparent convergence of the series worsened as the
values chosen for a neared 1.5, the mean-field "bi-
critical" point. This apparent convergence was im-
proved somewhat by the use of a variable transfor-
mation which moved the competing singularity
from K2 —KI, (a), the critical poin——t of the simple
Ising antiferromagnet with the same value of the ra-

tio a =Et/E2 but both interactions negative, out to
—00. The variable transformation used was
K'2 ——in[1+K2/KI, (a )]. This "second-order"
phase boundary locating the divergence of the sus-
ceptibility at T& is shown in Fig. 2. As was found
in Ref. 5, the index, y, characterizing the divergence

. of the appropriate susceptibility is Ising-type
(y=1.24) for the whole range of Ki agreeing with
Landau theory for the ferromagnetic regime
E& &1.5E2 but not for the AF2 regime E& &1.5E2.
This disagreement with the predictions of Landau
theory has several explanations, only one of which is
the fluctuation-induced first-order transition; it
might also be due to the failure of short series to re-
flect the crossover from n = 1 to n =2 type
behavior.

To investigate the possibility of a fluctuation-
induced first-order transition, we have determined
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TABLE VII. Coefficients q „ for the low-temperature
expansion of the free-energy expansion in zero-staggered
and external fields (bcc lattice) (3.8).

(a)

m =7
m=8

m =11

7tl = 12

0
0
0
1

0
0
1

0
1

2
0
1

0
1

2
0
1

2
3

gm, n

+ 1.0
3.0

—7.5
4.0

15.0
—57.0

24.0
180—

3

—88.0
12.0

—496.5
216.0

1773.0
—1032.0

108.0
—5771.75

3732.0
—446.0

44.0
0.00

0.00

6. 00

0.40 0.80 1.20 1.60
I I

2.00 2.40

K, IK&

an estimate of the free-energy matching tempera-
ture, T~, the transition temperature. Fixing K~/K2
and K2, we have formed tables of Pade approxi-
mants F(N, D,K2,K&/K2) to the appropriate free-
energy series in order to extrapolate our finite free-
energy series to determine an estimate of
I"(K2,K&/Kz). For example, Table VIII presents
the table of Pade approximants I'AF, (N, D,K2
=0.275, K ~ /K2 ——1.40) to the low-temperature
free-energy series in the AF2 phase, while Table IX
presents the table of Pade approximants to the
high-temperature free-energy series for the same
values of K2 and K~ /K2. Graphing our estimates of
the free energy in the paramagnetic phase,
Fp(K2~K& /K2 ), and the free energy in the AFq
phase, FzF (K2,K, /K2) as a function of Kz for

fixed K&/K2 yields a graphical estimate of the
matching temperature T, which is the transition
temperature independent of whether the transition is
first or second order. Figure 3 presents these free-
energy graphs for K~/K2 ——1.40; the free energies
have a physical intersection (where both free-energy
slopes are positive, consistent with negative energies)
at E2 ——T =0.29.

In addition to these graphical determinations of
T~, we have made more direct numerical determina-
tions of T for fixed values of K~/Kz by equating
the (N, D) Pade approximant of the high-
temperature free-energy series to the (N', D') Pade

5. 00.
-1

K2

4. 00.

3. 00.

2. 00.

1.00.

0. 00
1. 20 1. 30 1. 40 1. 50 1.60 1. 70

K, IK2

FIG. 2. The phase boundary of the bcc, spin- —Ising

model with competing interactions. The temperatures lo-
cating the divergence of the susceptibility, Tz, are indicat-
ed by 0 for the staggered susceptibility and by 0 for the
susceptibility. The free-energy matching temperatures,
T, are indicated by 6 for the paramagnetic (PARA) to
type two antiferromagnetic (AF2) transition, by + for the
PARA to ferromagnetic (FERRO) transition, and by Q
for the AF2 to FERRO transition. The Nt indicates the
transition temperatures as determined by the Monte Carlo
calculations of Ref. 4. (b) shows the region near the "bi-
critical point" in greater detail.
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1. BO)

-BF

0. 00
0. 00 0. 08 0. 16 0. 24

K
0. 56

T~ '=Kg(N, D,N', D', Ki/K2) .

Table X shows a subset of these estimates for
Ki /K2 1.—4—0, and (N', D') =(4,3),(4,4). In the
usual way, we rely heavily on the near-diagonal,
higher-order approximants to determine estimates of
the "best value" of T and corresponding uncertain-
ties which include most of the values from the
near-diagonal, higher-order Pades. In Table XI and
Fig. 2 we present these estimates of the matching
temperature for the phase boundary between the
paramagnetic and AF2 phases, between the
paramagnetic and ferromagnetic phases, and be-
tween the AF2 and ferromagnetic phases. In the
latter case, we determined the set of estimates locat-
ing the phase boundary by equating two Pade ap-
proximants to the free energies for fixed K2

Fp,F,(N, D,K2,Ki /K2 ) =Frerro(N', D', K2,Ki /E2)

(4.2)

and then solving numerically for the value of
K i/Kq on the phase boundary.

FIG. 3. The free-energy as a function of K2, for
Ki/K2 ——1.40. The 6 indicate our estimates from Pade
approximants of the high-temperature, free-energy series,
and the 0 indicate our estimates from Pade approximants
of the low-temperature, free-energy series in the AF2
phase.

approximant of the low-temperature, free-energy
series; for the AF2 phase,

Fp(N, D,K2,Ki /Kp )=Fp,F,(N', D', Kp, Ki /K2 ) .

(4.1)

Numerical solutions of this equation for Kz provides
a set of estimates of the location of the phase boun-

dary, i.e., the value of K2 on the phase boundary,

V. CONCLUSIONS

The results of our analysis are most clearly sum-
marized in Fig. 2. In the near AF2 regime, i.e.,
E, & 1.5E2, our estimate of the transition tempera-
ture from free-energy matching, T, is as much as
15% larger than Tz, the temperature locating the
divergence of the staggered susceptibility, which
supports the conclusions of Ref. 4 that the transition
in the near AF2 regime is first order.

Elsewhere, our estimate of T is a few percent
below T~. Experience has shown that these
methods of determining T consistently underesti-
mate the transition temperature by about 5% or
less. 6 This tendency to underestimate T~ is reflect-
ed in our results for the ferromagnetic regime where
T~ should equal Tm since the transition is certainly

TABLE VIII. [N,D] Pade approximants to the low-temperature energy for the AF2 ground
state at Ki/K2 ——+1.40 and for K2 ——0.275. We estimate I'AF (0.275, 1.40) =0.898+0.008.

2

1 0.909 364
2 0.871 608 0.891024
3 0.884249 0.893034
4 0.883 996 0.907 107
5 0.889 650 0.895 765
6 0.888 946 0.899 859
7 0.893 428

0.886 352
0.892 681
0.889 835
0.898483
0.897 781

0.899 924 0.902 838
0.903 305 0.900404
0.896 311 0.897 380
0.897 879

0.891 963 0.903 162
0.896625
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TABLE IX. [N,D] Pade approximants to the high-temperature free-energy for the AFq-
ground state at K~/K& ——1.40 and for K2 ———0.275. We estimate Fp(0. 275, 1.40) =0.91+0.04.

1

2 0.9429
3 0.8580
4 1.3743
5 0.7708
6 0.6364
7 0.7078
8 0.6877
9 0.6949

0.9189
0.9007
0.9086
0.9039
0.9117
0.8986
0.9299
0.8706

0.8881
0.9070
0.9055
0.9068
0.9066
0.9075
0.9073

0.9330
0.9051
0.9064
0.9067
0.9068
0.9074

0.8641
0.9086
0.9066
0.9063
0.9076

0.9835 0.7586
0.9045 0.9119
0.9072 0.9074
0.9074

1.2267 0.1823
0.9012

second order. Furthermore, this tendency to un-

derestimate T supports the slightly higher values
of the Monte Carlo determination of the transition
temperatures in the near AFz regime, and further
strengthens the conclusion that the transition is first
order in this regime. The agreement of the three
complementary approaches, e expansion and Monte
Carlo of Ref. 4, and this series work lends additional
credence to our mutual conclusion about the near
AF2 regime.

Further into the AF2 regime, Ki /E2 & 1.3, our es-
timate of T is a few percent below Tq, suggesting
that T =T& indicative of a second-order transition.
Although our results do not rule out a first-order
transition, they do show that any first-order transi-
tion would be nearly second order, in that the stag-
gered susceptibility would be nearly divergent,
order-parameter discontinuities would be small, etc.,
over a large range of values of Ki. If the transition
is second-order, our failure to observe XY-like in-

dices in the deep AF2 regime is undoubtedly due to
the failure of our short (ten term) series to reflect the

crossover from the Ei ——0 Ising-like behavior to the
finite E~ XF-like behavior because the crossover is
characterized by a crossover exponent which is ex-
pected to be small. ' Near this K~ ——0 decoupling
critical point, recent work has shown that while the
pairwise interaction E& is irrelevant, in second or-
der, it generates a relevant ferromagnetic, four-spin
interaction with crossover exponent P =al-0. 12.'

Past experience with such ferromagnetic four-spin
couplings in other systems leads one to expect cross-
over from the decoupling critical point to a first-
order transition. ' If the transition in this system is
also first order, the scaling form for the free energy
from Ref. 12 leads to the conclusion that the latent

2(a i —1)
heat varies as L ~Xi '

', the large power of Ei,
2(ai ' —1) 15, would imply a "nearly second-
order" transition with small discontinuities, etc., in
the deep AF2 regime. Unfortunately, our work is
not able to distinguish between this more likely pos-
si6ility, a first-order transition with small discon-
tinuities, and the possibility of a second-order transi-

TABLE X. Location of phase boundary for K~/K2 ——1.40 from matching Fp(N, D,K2, 1.40)
with FAp (N', D', K2, 1.40) to determine K2(N, D,N', D', 1.40).

0.2867
0.2883
0.2887
0.2898
0.2904

K2(N, D,4, 3, 1.40)

0.2890 0.2887
0.2887 0.2890
0.2882 0.2916
0.2908

0.2905
0.2904

0.2904

0.2872
0.2888
0.2892
0.2903
0.2908

Kp(N, D,4,4, 1.40)
0.2895 0.2892
0.2892 0.2895
0.2886 0.2920
0.2912

0.2909
0.2909

0.2909
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TABLE XI. Estimates of the phase boundary location from free-energy matching.

E) /E2

Paramagnetic-AF2
boundary

E2 E)/E2

Paramagnetic-ferromagnetic
boundary

E2

AF2-ferromagnetic
boundary

E)/E2 E2

1.500
1.475
1.450
1.425
1.400
1.350
1.200
1.000
0.600
0.200

0.316+0.006
0.309+0.003

0.3015+0.0020
0.296+0.002
0.291+0.003
0.282+0.003
0.265+0.005
0.250+0.OOS

0.236+0.006
0.226+0.006

1.S385
1.6950
1.8868
2.1277

o.278+0.005
o.217+0.008
p. 168+p.p04
o.134+0.004

1.488+0.020
1.491+0.008
1.494+0.004
1.496+0.003

1.4970+0.0015
1 4978+0 0010
1.4984+0.0004
1.4993%0.0001

0.30
0.31
0.32
0.33
0.34
0.35
0.36
0.40

tion with Ising-type effective exponents due to the
smallness of the crossover exponent.
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