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Magnetostatic spin-wave modes of a ferromagnetic multilayer
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The spin-wave spectrum of a ferromagnetic multilayer is derived in the dipolar-

magnetostatic limit. Restrictions are imposed with respect to in-plane magnetization M,
and propagation of the spin waves in plane and perpendicular to M, . A formula is derived

from which the spin-wave branches of a multilayer with a finite number N of magnetic

layers can easily be calculated. In the limit of infinitely large N the solutions form a band

whose edges and density of states are given by simple expressions. The existence of an ad-

ditional singular solution depends on the ratio of the thicknesses of magnetic and nonmag-

netic layers. We show that these modes can be classified by an integer number j, where

j=1, . . . , N —1, and derive a relation between j and the amplitude distribution. As an ex-

perimental test of these theoretical results we have also observed the multilayer modes by

means of light scattering, and we find good agreement between theory and experiment.

I. INTRODUCTION

Owing to the rapid development in evaporation
techniques, there is now a strong interest in modu-
lated structures and multilayer systems. Also, lay-
ered structures of alternating magnetic and non-
magnetic films have been investigated. ' Some
novel and interesting properties, in particular with
respect to the static magnetization, have been re-
ported. Since in many cases the information was

mainly drawn from ferromagnetic resonance (FMR)
experiments, we have considered it worthwhile to
explore the possible spin-wave modes of such a fer-

romagnetic multilayer and also to attempt for the
first time to attack the problem of a multilayer con-

sisting of an infinitely large number of single layers.

This work can also be regarded as an extension and

continuation of some previous work on ferromag-

netic double layers.
The basic physical assumptions as well as the

way they are exploited mathematically go back to
the work of Damon and Eshbach (DE). For this
reason and also in order to have some important
symbols and equations conveniently at hand, we
find it appropriate to introduce the topic by repeat-

ing a few short sections out of the DE article.
After linearization, the equation of motion reads in
the component form

8% . 8%4@m„=x —iv
BX By

. 8% 8%
4&Ply =l v +K

BX By

Here m„and m~ are the transverse precessing mo-
ments of the magnetization whose static part points
in the z direction. The related h-field components
are written in terms of a magnetic potential qt:

8% 8%h„—,hy—
BX By

(1.2)

+0 CO

Q~ ——,Q=4', y4m'M,

(1.3)

Ho is the external field, M, the sample magnetiza-
tion, and y the gyromagnetic ratio. In the way it is
written here the formalism applies only to a thin
ferromagnetic film or plate, strictly extending infin-
itely in the y and z direction. Only this case will be
treated here.

With the use of the equation of motion, the boun-

dary conditions for m and h that follow from
Maxwell's equations can be written in terms of the
potential 4, to yield

gy int pe int
gory

ext

(1+«) iv-
3y BX

and

y int y ext

Physically, this means that Eddy currents are
neglected. Here the following abbreviations have
been used:

Qa Q
2 2' 2 2

QH —Q QH —Q
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at the interface between magnetic and nonmagnetic
matter. Here 4'"' is the potential inside magnetic
matter and %""tthe same outside.

Following the DE theory, we write the potential
4'"' in the form

y int ~int iky (1.5)

which means that we restrict ourselves now to prop-
agating waves in the y direction, the related wave
vector being k. The DE theory shows that the same
k appears also in the x dependence X'"' of 4'"',
which can be written as

,k+&, k. (1.6)

The coefficients g and h must still be determined.
The potential outside magnetic matter is written
down in the same form, but by exploiting the condi-
tions (1.4) at the two surfaces the related coeffi-
cients can be eliminated. What remains are the fol-
lowing two equations for g and h:

N magnetic loyers

FIG. 1. Ferromagnetic multilayer. There are N (here
N =7) magnetic layers of thickness d separated by a dis-
tance do. The layers are supposed to have infinite extent
in the +y, +z directions, the external field 80 and mag-
netization J (+4nM, } are oriented along z, and spin-wave

propagation k is along y.

(a+v)g+(v —a —2)e h =0,
(a+v+2)e g+(v —a)h =0 .

(1.7)
lishes the agreement between theory and experi-
ment.

w =1+ (v —a —2)(a+v+2)
K —V

and (1.7) only has solutions if
—2kd

(1.8)

(1.9)

This is the DE surface mode. From the definition
(1.8) for w one can show that (1.9) is equivalent to

Here d is the thickness of the film or plate, and the
other symbols have been defined above. We now in-
troduce a new quantity w, which is defined by

II. MODE FREQUENCIES

The case of N magnetic layers of magnetization
M, and thickness d separated by nonmagnetic
spacer layers of thickness do that we want to treat
here is illustrated in Fig. 1. We introduce a coordi-
nate system in such a way that the midplanes of the
films intersect the x axis at points xi (l = 1, . . . , N),
and we choose xi ——0. Then xi=/ —1(do+d). In
analogy to (1.6) we write the following for the x
dependence of the potential in the lth layer:

Q =QH+QH+ —,(1—e ), (1.10)
Xi =giexp[k (x —xi)]+hiexp[ —k (x —xi )] .

which is the usual way of writing this solution. Us-
ing the quantity w, however, has the great advan-
tage that all magnetic parameters have been nor-
malized out, and the possible range of values obvi-
ously is between 0 and 1. So far we have only re-
peated parts of the DE theory with some slight
modifications in the nomenclature. It is straight-
forward to extend this formalism to the case of
more than one film or plate. Here we want to 'treat
the case of an arbitrary number of identical films
which are equally spaced such that a periodic struc-
ture results. In the limit of infinitely many films,
the solutions become particularly simple. We will
also briefly discuss possibilities of testing these re-
sults experimentally and show that the observation
of these modes by means of light scattering estab-

(2.1)

Here

m 1g~+ m2hI +m 3gI+1+m4hI+1 ——0

mSgI+m6~~+ 7gI+1+m8 I+1— ~

(2.2)

Here we have suppressed the index int of Eq. (1.6)
because we now refer always to potentials inside
magnetic matter. The potentials in the nonmagnet-
ic spacer layers can be written in the same form but
with the use of other coefficients. These can be
eliminated just in the same way as indicated above
for the single layer by using the boundary condi-
tions (1.4). What follows are two relations for the
coefficients of adjacent layers:
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mi =(K+v+2)exp(kd), m2 ——(v —~), m3 ———(a'+v+2)exp( —kdo),

m4 ———(v —a )exp(kd)exp( —kdo), m5 —
(~+v)exp(kd), m6 ——(v —~ —2),

m7 ———(a +v)exp(kdo), ms ———(v —s —2)exp(kd)exp(kdo) .

(2 3)

There are as many pairs of such equations as there are spacer layers, i.e., N —1 pairs for the N-fold multilayer.
We complete this set of 2N —2 equations for the 2N coefficients gi, Iii by adding the two equations

magi +mbIi1=0~ magN+mpAN=O, (2.4)

which, in the same way as (1.7), come from the two outer surfaces on the first and last magnetic layer of the
system. From (1.7) we have

m =(K+v), ms =(v —a —2)exp(kd), m =( s +v+2)e xp(k d), my=v @-
This set of 2N equations has solutions if the associated determinant vanishes. Hence

(2.5)

a mb

mg

lm,
I

m2 m3 m4

m6 m7 m8
I

I
I

m3 m4
l

I m5 m6 mp ms
I —I

(2.6)

I m)
I m5

mz m3 m4
I

m6 m7 m8

mp

where we have indicated only nonzero elements and there are N —1 framed 2 &(4 submatrices.
By applying the usual operations which leave the zeros of a determinant unchanged, Eq. (2.6) can be written

in a form involving only a three-band determinant. Since in the first row this contains only one element equal
to 1, we can reduce it to a determinant of dimension 2N —1 and Eq. (2.6) now becomes

Ib —1

I

I

I

I

—aw

I—1

—I

—aw =0 (2.7)
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Here the boxes along the main diagonal appear
N —1 times and we have set

a =exp( —kdp)exp( —kd),

b =1—exp( —2kd),

c = 1 —exp( —2kdp),

(2.8)

and used the quantity w defined in (1.8). The
parameters a, b, c characterize the system, and we
are looking for solutions in w. Suppose w has been

found, then from its definition (1.8) and the rela-
tions (1.3) the spin-wave frequency co is given by

co =y[w(J/2) +Bp+BpJ]' (2.9)

Bp is the external field and J (64irM, ) the sample
magnetization. Note that at this point we go from
the cgs over to the SI nomenclature. The cgs sys-
tem was frequently used in earlier work, including
the DE article, but for the comparison with experi-
ment we favor the SI units. Changing the units
here is particularly easy because w is dimensionless.

For the limiting values of w we obtain

w =0~co =&QBp(Bp+J),
w =1~co=y(Bp+ J/2) .

(2.10)

The first case corresponds to the dipolar volume
mode and the second to a DE surface mode on a
half space.

For a finite number of layers, N, one could in

principle stop here and treat the problem numerical-

ly further. Since we are mainly interested in the
limiting case N~ao, we simplify the problem in
the following way. First, after some algebra, we
find the following recurrence relation for the deter-
minants associated with the N+ 1-, N-, and N —1-
fold layer

PN+, + [bc —(1+a ')w]P„+a'w'P„, =0,

type of fractional chains, Eq. (2.11) and the treat-
ment that now follows can also be applied to evalu-
ate these. These more mathematical aspects are
beyond the scope of this paper and are planned to
be communicated elsewhere. The solution of Eq.
(2.11) follows if we set

PN ——A, (2.13)

(2.15)

In the following we must distinguish between the
two cases where A, i and A2 of Eq. (2.14) are complex
or real.

Case 1. A, i and A,2 of Eq. (2.14) are complex if w

lies in the interval

bc bc

(1+a)' (1—a)' (2.16)

In this case, from (2.14) we obtain A, i ——iLz, and to
exploit this feature in a convenient form we write

1,i
——a +iP =re'~,

(2.17)
A,2

——a iP=re—
where

Insertion of (2.13) into (2.11) yields a quadratic
equation in A, which has the two solutions

A, i 2 ———,[(1+a )w bc]—
+ , I[(l+-a )w bc] —4a w—J'~

(2.14)

Hence, PN ci A, i +——c21iz, and the coefficients ci,c2
have to be determined from (2.12). This yields

P 2 (gN —1 1N —i)P2

where

Pi =w —b

P2 ——(w —bc)(w b) abw . — —

(2.11)

(2.12)

a = —,[(1+a )w —bc],

P (a 2W2 2)1/2

r =aw, P =arctan —.
CX

With the new variables, we obtain from Eq. (2.15)

P& ——0 indeed yields the DE mode of a single layer
whereas P2 ——0 is identical with the quadratic equa-
tion which has previously been found for the double
layer. Equation (2.11) is a linear recurrence rela-
tion for PN with a coefficient which is quadratic in
w. PN therefore does not fall into the class of the
orthogonal polynomials. Since the determinant of
Eq. (2.7) can also be written in the form of a special

pN —2

PN . t P2sin[——(N—1)p )
sing

—rPi sin[(N —2)P ]], (2.18)

where from (2.16) nyP y 0. .
PN as a function of p has the following proper-

ties:
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(i) For large N the zeros are equally spaced on the

P axis, and
(ii) the band edges P =m and P =0 are as zeros of

PN asymptotically approached for large N
These properties are plausible from Eq. (2.18) but
are planned to be proved in a more strict mathemat-
ical way in a forthcoming paper. Hence for large
N the zeros of PN form a band extending from

P =m to /=0 or w =bc/(1+a) to ic =bc/(1 —a),
and the density of solutions dn/dP is constant over
the P axis.

From dn/dP=const follows that dn/dw is pro-
portional to dP /dw. Then from (2.17) we find

=const X
dn abc

i

dw 2 N
(2.19)

P~ ——Psin[(N —1)$+g] . (3.1)

P becomes zero at the band edges. Hence the densi-

ty of states given by Eq. (2.19) is finite in the inter-
val (2.16) but diverges at the band edges. This is a
very common feature of a density of states.

Case 2. When A, i and A,2 are real, i.e., outside the
range given by (2.16), one can show that for large
N and dc&d the largest zero of P~ approaches
w= 1 asymptotically for large N. To illustrate these
features we display a numerical example in Fig. 2.
The area between the solid lines starting at do ——0,
w=0 gives the range defined by Eq. (2.16) and
hence represents the spin-wave spectrum in the lim-
it of N —+00. In addition, there is a singular solu-
tion at to= 1 (solid line) equivalent to the DE mode
of the half space when do &d. We also display the
density of states for one particular do as indicated.
This shows the divergence at the band edges but
note that the divergence is stronger at the lower
boundary. This comes from the variable w appear-
ing in the denominator of Eq. (2.19).

To get an idea of what can be expected for a real
system, i.e., finite N, we display in Fig. 2 results for
a 20-fold layer also. To treat this case, Pz has been
written in terms of powers of ic where the coeffi-
cients of that polynomial can easily be found from
the recurrence relation (2.11). Then the usual nu-

merical methods for the zeros of a polynomial have
been applied. From inspection of Fig. 2 one can see
that the N= 20 case, both for the frequency band as
well as for the distribution of the solutions, already
indicates the features of the oo-fold multilayer.

III. MODE CLASSIFICATION
AND AMPLITUDE DISTRIBUTION

For a classification of these modes, we rewrite
Eq. (2.18) in the form

This is fulfilled if
rPi sing

tang=
P2 rP—icos/

'

T
N —2

(r P, +Pz 2rP—,P2cosg) .
sing

(32)

The importance of Eq. (3.1) is only that it gives a
means to classify the solutions, because the jth zero
PJ. of Pz is given by

(N 1))—J. +p, =jn. . (3.3)

Hence inside the band defined by Eq. (2.16), the
solutions can be classified by the number

j=—1, . . . , N —1 and in addition we have a solution
which forms the surface state as dp~O.

Equation (3.1) becomes particularly simple for
large N when g can be neglected, and we obtain

(3 4)

1.0

0,8

d =30nm
k = 0.0182nm-~

0.6

0.2

I

250500 150 300
do(nmj

FIG. 2. Spectrum of the quantity w (see text) vs film
separation do. Solid lines starting at w =0 show band
edges for N~ oo,' solid line starting at w =1 represents
surface mode for N ~ oo. Dotted curves represent
N =20. Density of states dn/dw vs w for a fixed do
(along the broken line) is also displayed.

100

for the zeros of Pz.
With the use of Eq. (3.3), the classification of the

modes by ineans of j is possible for any value of N,
and we now want to find a connection between j
and the amplitude distribution of the corresponding
mode. This means that we must determine the
coefficients gi, hi of Eq. (2.1). To reduce the com-
putational effort somewhat we treat only the case
Ho ——0, from which according to the definition (1.3)
we get z=O. The generalization to Ho+0 is also
easily possible but does not yield any additional
physical insight. Setting @=0 we obtain from (1.8)
v=2/v w and the two Eqs. (2.2) can be written as
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r

(1+v w )a &1—c gi+ i

1 ~iu
V'1 —c hi~i

1+v w

v'1 b—(l —v w ) hi

(3.5)

where we have used the parameters a,b,c previously
defined. We now introduce the two-component vec-
tor

(3.6)

and

01

D=
0 A, 2

(3.14)

c(v w —1)
w&1 —c

w —c
aw

c(v w+1) aCa+
wv'1 —c w (1—c)

and write Eq. (3.5) in the form

from which follows

UI =C U1
I —1

For the matrix C we obtain from (3.5)

(3.7)

(3.8)

(3.9)

The components of S and the two eigenvalues A, i, A,z

are found by the usual methods of vector algebra.
It turns out that

1
~1,2= ~1,2 ~ (3.15)

gi ——gz ———cia,

from which follows that

(3.16)

'91=C11—~1 (3.17)

where A, i z and r have already previously been deter-
mined [Eqs. (2.14) and (2.17)].

For each of the two eigenvectors we are free to
choose one component and we set

Let

k kz
e1= e2=

91 92
(3.11)

This matrix and the relation (3.7) is just another

way of writing the boundary conditions.
For the determination of the integer powers of C,

we need its eigenvalues X; and eigenvectors e;,

(3.10)

and

92 C11 k2 (3.18)

The relation (3.5) establishes only the ratios be-
tween the coefficients gi, hi, not their absolute
values. Experimentally, without external excitation
of course, the values corresponding to thermal
equilibrium, i.e., the thermal amplitudes would be
attained. Here, however, we are free to choose the
value of one coefficient and we set

be the eigenvectors. From the eigenvalues we define
a matrix Then from (2.4)

h, =V'1 —b l(v w —1) .

(3.19)

0 A, j' (3.12) The vector vi describing the 1th layer then from
(3.8) is given by

and from the eigenvectors we define

91 92

Then

(3.13)

(3.20)

By writing C ' in the form given by Eq. (3.14)
and evaluating the resulting relation, one obtains
the following, after some algebra:
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gt
—— (A i

—A2 )
—it -I
2

gt, hi describes only the potential in the /th layer,
and there is no superposition of these functions.

h = 'P (X'-' —X'-')
2

(3.21) IV. EXPERIMENTAL TEST
AND CONCLUSIONS

where

t= [bc+(a —1}w],
2 (3.22)

p= —+—c ———1
au c b c

p(v~w —1}v'I—c 2 2 w

Using P as introduced by Eq. (2.17), we obtain

iLi '+A, 2
' ——2cos(/ —1)$,

(3.23)

and hence the coefficients gt, hi which describe the
potential in the /th layer are given by:

gt =t sin(/ —1)P+cos(/ —1}P,

ht =p sin(/ —1)p+h i cos(/ —1)p .

(3.24)

The parameters t,p, hi are still functions of the
spin-wave energy, which is mainly determined by
the quantity w. For fixed w and running /, however,
Eqs. (3.24) reveal the oscillatory behavior of the po-
tential across the multilayer. This is a typical
feature of a standing spin-wave mode. For a large
number of films according to Eq. (3A) we may for
the jth solution replace P by

Then j just counts the number of oscillations in g&

and ht from / =1 to N. Inside one film, however,
the potential remains as is given by Eq. (2.1), i.e.,
there is exponential decay away from the surfaces
which is a typical feature of a surface mode.

Hence the modes which lie inside the band given

by Eq. (2.16) have both the features of standing
bulk and surface waves. Each of them is described

by a set of coefficients gt, ht (/=I, . . .,N), which
can be calculated from Eq. (3.24). This is analogous
to the usual set of symmetry-adapted linear com-
binations but not quite the same because one pair

The existence of the DE surface mode has experi-
mentally been established by means of microwaves
and by light scattering. In a normal microwave ex-
periment such as in FMR the observed wave vector
k is practically zero, in which limit the surface
mode merges with the bulk band. This difficulty
has been overcome by introducing artificially a fin-
ite value of k through the use of stripe couplers. If
we set k =0 then it follows for the constants de-
fined in (2.8) a =1, b =c =0. It is easy to show
that in this case we get for the multilayer only solu-
tions at m=0, corresponding to the bulk mode.
Hence an observation of the typical multilayer
modes derived here would only be possible by em-

ploying stripe couplers just in the same way as for
the DE mode.

The other possibility is light scattering. The
values of k observed by this method are on the or-
der of 10 cm '. This is a very convenient range of
wave vectors because they are just large enough that
all features of the DE mode can easily be observed
but not too large so the DE mode becomes modified
by exchange effects. Apart from single layers the
method has already successfully been applied to
double layers. In this case in a diagram as
displayed in Fig. 2 from the many lower branches

Vl

Ol

C:

Cfl
C:

C$
LJ
Vl

d =3nm do=6nm

J =2.)T g =2.1

Bo = 0.2T I I i & I

/i0 20 0 -20 -40

I ii I li

-20 -25 -30
frequency shift (GHz)

FIG. 3. Light scattering from spin waves in a Fe-Cu
multilayer with N = 10. The main part shows the portion
on the Stokes side where scattering is observed. Vertical
dashed lines indicate theoretical positions of the modes
calculated with the given parameters. The complete
spectrum is shown in the inset.
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which form a continuum as N~ ao only one is left
over. This was proven experimentally. Still it
seems worthwhile to investigate experimentally also
the case of more than two layers and to find out if
the theoretical predictions hold.

In Fig. 3 we display a representative spectrum
from a multilayer composed of ten Fe films with
thickness d =3 nm (30 A) separated by 6 nm thick
Cu films. The spectrum shown in the main part of
Fig. 3 is a computer plot based on Lorentzian line
shapes. Line position, half bandwidth, and oscilla-
tor strength are taken from the direct experimental
spectrum, which is shown in the inset.

To have a better resolution we display in the
main part only the frequency band on the Stokes (S)
side where scattering is observed. There is a band
at lower and a single line at larger energy shifts. As
seen in the inset the band is also observed on the
anti-Stokes (aS) side with somewhat reduced inten-

sity, but there is no corresponding line on the aS
side for the single peak. This indicates the unidirec-
tional propagation of the corresponding mode. s

Upon field reversal the spectra on the S and aS side
interchange.

As mentioned before, the quantity w which de-
scribes the spin-wave spectrum of a multilayer de-

pends on the geometrical relations such as
thicknesses and number of films, but is independent
of the magnetic parameters. These come in by Eq.
(2.9), which relates w with the mode frequency. By
variation of the parameters in Eq. (2.9) it is there-
fore very convenient to fit a given experimental
spectrum. The quantity w, which is somewhat
more difficult to calculate, can be kept constant
during that procedure.

We have calculated the spectrum of to from the
geometrical parameters given above. For the mag-
netic parameters we take the values given in
the literature for bulk Fe: J (64m.M, ) =2. 1 T and

y=1.85X10" sec ', which corresponds to a g fac-
tor of g =2.1. The theoretical mode spectrum is
also shown in Fig. 3 by the dashed vertical lines.
We think that the agreement between theory and
experiment is quite satisfactory.

The theoretical frequency spectrum of Fig. 3,
however, also indicates the limits of the theoretical
treatment as presented here. From this it is, for ex-

ample, not possible to deduce scattering intensities,
so it remains unknown how these modes should
show up in a light-scattering experiment. An
analysis involving the linear response formalism as
already performed for single films' " would be
necessary for this.

The experimental spectrum of Fig. 3 is only
representative, but we have found that altogether in
these experiments the peak positions are fairly
reproducible. Peak intensities are less reproducible
hence both theoretically and experimentally is this
point still rather unclear.

These statements indicate along which lines fu-
ture efforts should go. Another important step in
the theory would be the generalization to arbitrary
inplane direction of the wave vector. If the thick-
ness of the magnetic films is small enough such a
generalization would even yield the full mode spec-
trum excited at low temperatures. Hence in the
usual way of a spin-wave approximation this would
allow to calculate the magnetization curve, heat
capacity, and various magnetotransport properties
of such multilayers. For simplicity and because this
case is the easiest one to test experimentally we have
confined ourselves to transverse spin-wave propaga-
tion, but hopefully the mathematical procedure
presented here will turn out to be helpful also in the
general case. We have learned recently' that Cam-
ley, Rahman, and Mills have treated the case
E~oo for arbitrary in-plane mode propagation.
They also present a theoretical study of the light
scattering from these modes.
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