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Possibility of Jahn- Teller glass formation
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Jahn-Teller ions in crystals exert forces on their neighbors and are, thereby, indirectly
coupled by Ising-type interactions. By a simple physical argument it is shown that the sign
of the interaction can be positive or negative, depending on the relative positions of the ion
pairs. This is the condition for Jahn-Teller glass formation in randomly doped crystals. At
low enough temperatures, the lattice would be randomly statically strained.

The tetragonal rare-earth zircons, with D4~ space
symmetry, have been of interest over the past decade
because of their ideal suitability for the study of the
cooperative Jahn-Teller (JT) effect. ' More recent-
ly, it has been shown that the degeneracies, which
the JT phase transition resolves in a cooperative way
are, in fact, already resolved in a random way above
the phase-transition temperature. That this is like-
ly can be seen by applying the displaced oscillator
transformation' to the effective Hamiltonian which
is usually introduced to describe the cooperative JT
effect,
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which shows that the pseudospin-phonon interaction
[the second term in Eq. (1)] can be replaced by an
Ising-type interaction between the pseudospins [the
second terin in Eq. (2}]. Each pseudospin can thus
be regarded as being in a local field due to the other
pseudospins. (It should, however, be noted that the
argument is not entirely satisfactory because the
starting Hamiltonian A does not include all terms
which will be present in an actual system. In partic-

where the two terms refer, respectively, to the pho-
nons and their interactions with the JT ions
represented by pseudospins S". After the transfor-
mation, the equivalent Hamiltonian is

S =+%co(k)(ykyk+ —,)—gJ„S,"S, , (2)
k n, m

where

ular, there are no terms which lead to pseudospin
flips. } The resolution of the degeneracies in the
high-temperature phases of TmV04 and TmAs04
has been confirmed by experiment. ~ 6

In a fully concentrated crystal there is a transi-
tion, at low enough temperatures, to a cooperative
phase which, usually, is the analog of a ferromagnet-
ic transition. The processes which induce pseudo-
spin flips then become relatively unimportant and
each pseudospin has a definite direction of align-
ment, all alignments being the same for a ferrodis-
tortive phase. The phase change is then recognized
because the crystal structure is altered.

In view of the present interest in spin- and oth-
er "glasses, the question arises as to whether a di-
luted JT system will show a JT glass phase. As the
JT-induced strains are triggered by initial electronic
degeneracies, the JT glasses would closely resemble
the ordinary spin-glasses which also arise from elec-
tronic degeneracies. It is already known that in a
paradistortive phase the pseudospin lifetimes are
quite long, '2 but the essential requirement for a
glass, that the effective Ising exchange interactions
appear with both positive and negative signs, '

though indicated by the form of the interaction in
Eq. (3), has not been convincingly demonstrated. If
both signs do occur, then in a diluted system it is
possible to envisage that at low enough temperatures
each pseudospin will become aligned in a definite
direction, but with some pseudospins directed along
the positive z direction and others along the negative
z direction. (These are not true spatial directions be-
cause pseudospins are being used. Rather, they cor-
respond to local distortions of the lattice. ) The main
purpose of this paper is to present a simple argu-
ment, for a model system, which shows that both
signs of interaction can be expected.

For simplicity we introduce, in Fig. 1, a two-
dimensional square lattice of ions which are not
themselves JT active but are simply to provide crys-
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FIG. 1. Ideal infinite-square lattice distorted by a sin-

gle Jahn-Teller ion at the origin.
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where

Q =Xi+X2 —X3 X4 Y, + YP+Y3 —Yg
0 0 0 0 0 0 0 0 0

(4)

and (X„,s„) denote the displacements of the nth
neighbor (n =1,. . .,4) of the JT ion at the origin.
Suppose first that the JT ion has S,=+—,. The
physical interpretation of the interaction is that
there are forces on the immediate neighbors and,
therefore, on the lattice as a whole. It will, there-
fore, distort. Taking the nearest-neighbor displace-
ments to be (5, —5),(5,5),( —5,5), ( —5, —5), so that
the immediate neighborhood is rectangular, Q be-
comes 85 and the S,= —, state has an energy change
—415. It is typical of JT systems that if the ion is

tal fields of the required symmetry. They are taken
to be at the positions a (p+ —,,q+ —,), where a is the
lattice constant and p and q are integers. In general,
the JT ions will be at positions R~ =a (p, q) but for
the moment we assume that only one JT ion is
present at the origin and the other sites are occupied
by non-JT ions. The JT ion is, therefore, in a tetra-
gonal crystal field, and we assume that its energy
level pattern is such that the lowest energy is doubly
degenerate, and described by a pseudospin —,.

It is next supposed that the degeneracy can be re-
moved by a B~g distortion so that the immediate
neighbors of the JT ion at the origin form a rectan-
gle rather than a square. If the neighbors at the
(p, q) positions (0,0) (0,—1), ( —1, —1), and ( —1,0)
are denoted, respectively, by 1,2,3,4, the JT,coupling
can be written as

alternatively in S,= ——,, the sign of 5 is reversed,
the distortion is reversed, and its state is changed in
energy by —4iN, which is precisely that found for
S,=+—,. Whichever state is chosen, the symmetry
of the immediate neighbors will be rectangular and
this symmetry will also be found for the lattice as a
whole. However, a randomly chosen unit cell is un-
likely to show this symmetry and in detail there is
very little symmetry left. It is a remarkable result, a
consequence of assuming that the lattice is harrnon-
ic, that the vibrational spectrum is unaltered. ' The
vibrations do, of course, take place about the distort-
ed lattice.

Now suppose that a second identical JT ion is
used to probe the local distortions in the crystal, and
that like the central ion it is only sensitive to the dis-
placements of its neighbors which contribute to the
local Q. That is, if the neighbors of the probe at

point R were also numbered from 1 to 4 as for the
central ion, the probe would measure

(6)

The important question with regard to glass
behavior is whether, as the probe moves through the
crystal, it sees local Q's of both signs, for a definite
state of the central ion. (The distortion Q at R~ is
produced by the JT ion at the origin. Of course the
probe ion will itself induce lattice strains, but as the
strain fields in a harmonic crystal are additive, they
are not relevant. ) It is a difficult problem to deter-
mine the value of a local Q because it involves a
knowledge of the lattice potential. Rather, it is
much more convenient to determine the sum of the
Q's (produced by one JT ion at the origin) for some
chosen region of the crystal. The important con-
sideration here is that if a lattice-point interior to
the region is considered, its displacement contributes
to four Q's because the point belongs to four tinit
cells. Further, its net contribution to the sum van-
ishes, as can be seen from the structure of Q. It fol-
lows that the only contribution to the sum over a
given region comes from the lattice points on its
boundaries.

Consider, therefore, the line y =a/2 in Fig. 1.
With the strain present, the point x =a/2 on this
line (point 1) has a displacement (5, —5), where 5 is
positive. It can be expected that all lattice points on
the line with positive x will have displacements in
approximately the same direction, so that the dis-

1 1

placement at a (p+ —,, —, ) can be taken to be
(5pi, —5pz) where 5pi and 5p2 are both positive.
Next, consider the line x =a/2. The displacement
at a( —,,q+ —, ) can be expected to be (5qi, —5q2)
with 5q~ and 5q2 both positive. These two lines, to-
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gether with a boundary at infinity divide the crystal
into two regions. That for which p and q are posi-
tive will be called region I. Assuming that the
points at infinity are fixed, the sum of all Q's of all
the cells in region I is just the sum of the contribu-
tions from the points on the two lines. For p, q &0,
the point a (p+ —,, —, ) makes a contribution —25pz,
for it belongs to two cells in region I, in one of
which it contributes like ion 2 of the central cell and
in the other like ion 3. Similarly, the point

1 1
a ( —,q+ —) contributes —25qt. There remains the2 2]
point a ( —,, —, ) which belongs to only one cell.
It contributes —25. Thus the total contribution
from all the cells in region I is negative. A similar
argument shows that the contribution from region II
shown in Fig. 1 is positive. This result, that the
sums of the Q's in the two regions are of opposite
signs, is enough to show that some local Q's are pos-
itive and some are negative, so that conditions are
right for obtaining effective Ising exchange interac-
tions of both signs.

The argument is readily extended to a three di-
mensional lattice, by simply considering each lattice
plane in turn. Another possibility is that the cou-
pling to the JT ion depends on a 82& distortion:

Q'=Xi —X2 —X3+X4+Yi+ Y2 —Y3 —Y4 .

The same choice of regions shows that both signs
will occur. Another point is that crystal fields de-
pend on relative coordinates and perhaps the JT
probe is not at the center of its cell. Denoting its
position by (Xp, Yp) it could be reasoned that
Xi —Xp, etc. should be used instead of Xi, etc. It
will be noticed that if this is done, Q does not in-
volve Xp and Yp, so the reasoning is unaffected.
The weakest point in the argument comes if the

crystal being considered is such that the JT ion is
coupled to neighbors which are within the unit cell,
rather than on its boundaries. The cancellation for
interior cells do not then occur, at least by the argu-
ments presented. Nevertheless, it would be surpris-
ing if the local strains are not proportional to the
unit cell strains when they would continue to cancel.

As far as is known, there is no experimental evi-
dence for JT glasses —lattices with frozen-in
random-strain fields due to the presence of JT ions.
However, the prospect that they will exist looks
promising for it is certainly possible to dilute JT
crystals with non-JT ions. These diluents may also
introduce strains, due to the size differences, which
at the JT sites will appear as static contributions to
the local Q values. It will be a requirement that they
be much smaller in magnitude than the JT strain iv,

the glass phase. Present evidence in fairly dilute
crystals of Tm„Y& „VO& is that this can be
achieved.

Another, though less attractive possibility, is to
achieve the effect of random doping by thermal
means. If the temperature is raised it is not uncom-
monly found that the excited states of the JT ions
are singlets and so do not show JT couplings. A
further possibility, along the same lines, comes as re-
cent work' has shown that in some cases it is possi-
ble to thermally populate higher levels, which do
show JT couplings, even though the ground level is
non-JT. This result has been obtained by studying
the electron spin resonance spectra of Gd3+ impuri-
ties in TmP04.

We conclude that there is a strong probability that
the analogs of Ising spin-glasses will be found with
Jahn-Teller systems, and that, in them, frozen-in
random strains, arising from the initial electronic
degeneracies, will take the place of randomly aligned
magnetic moments.
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