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The electronic properties of surface space-charge layers on semiconductors whose

constant-energy surfaces are ellipsoids arbitrarily oriented with respect to the surface are in-

vestigated. Optical absorption and its relation to collective modes of the system are exam-

ined within a framework of energy-functional perturbation theory. Linear-response theory
of a quasi-two-dimensional system is applied to study the polarization dependence of the in-

tersubband absorption spectra for Si(111)and Si(110) surface inversion layers. Both the nor-

mal (six- or fourfold) valley occupancy and a reduced (twofold) valley occupancy are con-
sidered. The resonance frequencies and their strengths are calculated for both p- and s-

polarized incident light. Resonances occur at frequencies which are shifted from the quasi-

particle energy separations by an amount which depends upon the polarization of the light
and valley occupancy of the system. In general, the resonance strength depends upon the

angle of incidence and the thickness of the oxide layer and the gate electrode. Results are
compared with existing theories and experiments.

I. INTRODUCTION

The one-dimensional potential well formed when
an attractive electric field is applied normal to the
surface of a semiconductor can quantize the motion
of an electron normal to the surface. For sufficient-
ly large electric fields, this electronic system is
quasi-two dimensional in the sense that the electrons
are confined to the lowest quantized level of the sur-
face potential. Although the electronic wave func-
tion is of finite extent, the degree of freedom associ-
ated with the direction normal to the surface is
frozen out by the quantization at low temperatures.

Following the first pioneering theoretical investi-
gations of the subband structure of semiconducting
surface space-charge layers, ' more sophisticated cal-
culations have shown that the exchange-
correlation effects modify the subband energies sub-
stantially. The Hartree energy separations are of the
order of 10 meV and it turns out that correlation ef-
fects can be as large or even larger.

In recent years there has been a great deal of in-
terest in resonant light scattering and far-infrared
optical studies on semiconducting space-charge
layers. ' It was pointed out that in an optical-
absorption experiment one would not observe the
resonant peaks at the radiation frequencies associat-
ed with the quasiparticle energy separations. In or-
der to compare the optical-absorption experiment
with the calculated quasiparticle energy separations
two additional effects must be taken into account in
the theoretical calculations.

(i) The depolarization shift (or resonant screening
effect) arises due to a finite thickness of the system

normal to the surface, whence enabling the system
of electrons to be polarized and screen the external
electromagnetic relation. '

(ii) The other correction is the final-state interac-
tion between the charged carrier excited to the
higher subband and the hole left behind in the
ground subband. Both of these effects were studied
theoretically for the space-charge layers with isotro-
pic constant-energy surfaces. '

Ando has made an assumption that the
exchange-correlation potential of the static local
density-functional approach can be used to study the
dynamic response of the system, which has not been
justified rigorously. However, it turns out that the
positions of intersubband resonances are shifted
from the corresponding quasiparticle energy separa-
tion by only a small amount due to a fortuitous near
cancellation between the two effects for the case of
Si(100) inversion layers.

Quite recently it has been suggested that the ob-
served resonances in far-infrared absorption in
space-charge layers occur at the frequencies associ-
ated with intersubband collective modes determined
by the self-consistent response function. "

A complete theory of the optical absorption for
the semiconducting space-charge layers is desirable
in order to make a meaningful comparison with ex-
perimental results. In this paper we examine the
electronic properties of semiconducting space-charge
layers related to the optical-absorption and collective
modes. For a system with isotropic effective mass
the motions in x, y, and z directions are not coupled,
and hence only the normal component of the electric
field in p-polarized incident light can induce inter-
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In this section we investigate the relationship be-
tween the collective modes and the resonance ab-
sorption of the quasi-two-dimensional semiconduct-
ing space-charge layers within the framework of
a self-consistent energy-functional perturbation
theory.

A. Condition for collective modes

Collective modes of the system are determined
from the poles of the appropriate response function
which gives the response of the system to an exter-
nal radiation field. We will employ a self-consistent
energy-functional perturbation theory to obtain the
response function of the system. Here we choose an
electrostatic gauge (A=O) for simplicity. '

We begin with the total Hamiltonian in the pres-
ence of the self-consistent field set up by the exter-
nal radiation

H=Hp+Hi . (2.1)

Here the unperturbed Hamiltonian Hp is defined
by18

Hp(x}= p.a p+ Vert(z),
271%

(2.2)

subband transitions. We concentrate on the system
of electrons in silicon inversion layers, one of the
systems presently most commonly investigated by
the experirnentalists. The multivalley structure of
the conduction band in silicon introduces unusual
and controversial properties such as possible insta-
bilities of the ground state, ' the problem of valley
occupancy' ' and the valley-occupancy phase tran-
sitions, ' and the peculiar transport properties, ' etc.
For the system with tilted constant-energy ellip-
soids, such as Si(111) and Si(110), the absorption
spectra are much more intricate due to couplings
among motions in different directions. In general,
the spectra for different polarizations of the incident
light should be distinguished from one another
through the anisotropy of the effective mass of the
system. In addition, since the total microscopic con-
ductivity is strongly related to valley occupancy of
the system, the valley occupancy of a given system
should be reflected in its absorption spectrum.

In Sec. II we investigate the relationship between
the optical-absorption and the collective modes. We
examine the polarization dependence of the absorp-
tion spectra for the intersubband transitions in sil-
icon surface inversion layers in Sec. III. The effect
of the final-state interaction on the resonance ab-
sorption is discussed in Sec. IV. We conclude in
Sec. V by comparing our results with the existing
models and experiments.

II. COLLECTIVE MODES AND OPTICAL-
ABSORPTION

and the perturbing Hamiltonian is given by

H)(x) =—eP(x), (2.3)

where the position vector x is assumed to denote
(x,y,z).

In the remainder of this paper wave vector k and
position vector r are assumed to denote two-
dimensional vectors parallel to the plane z=0 (the z
axis is normal to the system). The eigenstates of Hp
are characterized by" Hp

~
v}=E„~v}, where

E,=E„(k) and

~

v}—= ~n, k}=e g„(z) .

Here we have introduced the symbol

k„a +kyar',

In Eq. (2.3) P(x) is the self-consistent potential and
is the sum of the three contributions:

P(x)=Pp(x)+Ptt(x)+P„(x) . (2.4)

PH(x) and ((}„,(x) are the change in the Hartree and
the exchange-correlation potentials, respectively,
caused by the external potential Pp. The change in
the Hartree potential is given by the solution to
Poisson's equation,

V Ptt(x) = — 5n(x),4me

&sc
(2.5}

where 6n is the change in density induced by the
self-consistent field and e„ is the background dielec-
tric constant of the semiconductor. We assume PH
(also Pp and 5n) to be of the form,

P&(x, t) =PH(z}e'"'

5v„,[n(x)]—eP„,(x)= "' 5n(x) .
5n(x)

(2.7)

where u„,[n(x)] is the exchange-correlation contri-
bution to V,tt. We recall that u„,[n(z)] is a func-
tional of the local electron density n(z).

By using the eigenfunctions and eigenvalues of
Eq. (2.2), we obtain the matrix elements,

where co and q are the angular frequency and the
wave vector parallel to the surface of the perturba-

tion, respectively. The solution of Poisson's equa-
tion can be written,

2KB 1Pe(z)= — —f dz'e el~ —~ ~5n(z') .
~sc 0

(2.6)

On the other hand, ((I„,( x ) is assumed to be
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and

2
—e&nk

~
PH(x) (

n'k') = f dz P„(z)g„(z)e ' f dz'e ~' ' '5n(z')5(k ' —k —q),
eS~q 0

(2.8)

—e&nk
~ y„,(x)

~

n'k') = f dzg„(zg„.(z)e ~ 5n(z)5(k' —k —q) .
5n

The induced electron density 5n(x)=5n(z)e' ' 'q', and 5n(z) turns out to be given by

5n(z)= —gm.„„(q,co)g„(z)g„(z)e ' f dz'g„(z')g„(z')H, (z')e
nn'

The quantity n„„(q,co) is defined by

2E„„(k+q,k)
m„„(q,co)=n„n gf (E„(k))

E„„(k+q,k) — co

(2.9)

(2.10)

(2.11)

where E„„(k',k)=E„(k')—E„(k) and n, and n are the valley and spin occupancies. We have introduced a
self-consistent potential P(x, t) of the form

(2.12)

We see that Pn(x) and P„,(x) can be related to Pp(x) through the induced electron density 5n(z) Com.bining
Eqs. (2.8), (2.9), and (2.4) we obtain the relation between P and Pp. In the electric quantum limit, where only
the n =0 subband is occupied, we have

&O, k
~

H'"'(q, z)
( n, k+q) = g &O, k

~
H&(q, z)

~
m, k+q)M „(q,co) . (2.13)

In Eq. (2.13) M~„(q,co) is defined by

M „(q,co) =5„m„p(q,co)[R—„(q)+T„].

Here R„(q) and T„(q) are given by

2 2

R„(q)=— f f dzdz'gp(z)g„(z)e ~i' ' ig (z')gp(z')e
&SCQ

and

(2.14)

(2.15)

T„(q)= — dz gp(z)g„(z) g (z)gp(z) .
0 5n

(2.16)

Since we are interested in the long-wavelength limit (q~O), which is relevant in optical-absorption experi-
ments, n„p(q, co} can be evaluated for small q,

r

2&Inv
1tg p( q, co )~

Rq'
no+

22m~ 2
- 2

~ 1+ ef
2 2m~—~~p+

2mx

2
'2

3co + co~p+
2mx

'2 2
2

~2 ~ +
2m„

(2.17)

where N;„„ is the inversion-layer electron concentra-
tion per unit area. This result is correct up to terms
of the order of q2. In obtaining Eq. (2.17} we have
assumed that the wave vector q is parallel to one of
the principal axes of the two-dimensional constant-
energy ellipse; q =(q,0,0).

The matrix M(q, co) is the function which deter-

mines the response of the system to the external per-
turbation. The zeros of the determinant of M(q, co)
give the collective modes of the system,

detM(q, co) =0, (2.18)

i.e., Eq. (2.18) is the condition for the collective
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modes in the system.
If we only consider the ground subband, the con-

dition Moo(q, co) =0 gives us the intrasubband
(ground subband) collective modes. On the other
hand, the intersubband (0+-+1, ~2, etc.) collective
modes could be obtained by solving the correspond-
ing higher-order determinantal equations.

B. Optical absorption

The intersubband and intrasubband resonances are
associated with the peaks in the expression for the
power absorbed by the inversion layer. The power
absorption per unit area is defined by

P(q, co)= —,Re f dz j;„d(z) E*(z) . (2.19)

The fields inside the system (z)0) are indicated
with primes. Since the total electric field E'(z) is
given by

4~E '(z) = D '(z)+i j;„e(z),
&sc scCO

Eq. (2.19) reduces to

(2.20)

1 00

P(q, pi) = Re dz' j;„d(z).D * (z) . (2.21)
2esc

For simplicity we assume the electric field of the in-
cident light wave to be independent of the coordi-
nate z normal to the surface D(z) =D. If we consid-
er the electric quantum limit, the induced current, in
the electrostatic gauge is given by'

ficof (Eo(k))
j;„d(z)=— n„n g 2 z 2a f„p(k,q,z)(n ~P(z')e ' ~0),

„k E„p(k+q, k) —R co

where

(n
~

P(z')e '
~

0) = I dz'g„(z')go(z')e ' P(z')

and f„p(k,q, z) is given by

fop(k q»)= t [2"+ q —z(2yk+y~)]g„(z)gp(z) iz fop(—z)g„'(z) g„(z)g—p(z)]Je' ~

Here we recall that in Eq. (2.13),

(n
~
Ppe '

~

0) = QM„(qco)(m
~

P(z')e '
~

0) .

(2.22}

(2.23)

(2.24)

(2.25)

We formally invert the expression for (n
~

P(z')e '
~

0) to obtain

(n
~

P(z')e '
~

0)= gM„'(q, co)(m
~
/pe ~

~
0) . (2.26)

(2.27)

Substituting Eq. (2.26) into Eq. (2.22) gives

fief (Ep(k))
j»d(z)= nvn~ & 2 2 q

a' f o(k q z}M '(q pi)(m
l
Joe

m „k E„p(k+q, k}—A' co

Since the power absorption is proportional to J dz j (z) D ~, clearly the condition for the resonance absorp-
tion is detM(q, co) =0, which is the same as the condition for the collective modes of the system. Therefore, we
understand that the resonances observed in far-infrared optical studies of semiconducting space-charge layers
occur at the values of the frequency associated with intersubband collective modes. In the long-wavelength
limit (q~ 0), if we consider the lowest two subbands only, M i i(q, co) becomes

r

Mii(q, co)=

2 2 4m.e 2

~ —Piio 1+a» —Pii+q (zio) (1—l „)
~SC~ ~P

2 2
CO —CO]p

(2.28)

where y;, a„,and P„are defined by

a;,
Vl a~

(2.29)

8me 2 —1/2anm Ninv nm(~n promo}e„R

2N;„„R„m(q~0)

(nopimo)
(2.30)
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and

2+iIIV ~em

(ro~ooim o)
(2.31)

The symbol I.„ is defined by

L,~ = f dz f dz'gp(z')g„(z')

X f dz"gp(z )g~(z ) .

Hence in the same limit we have

~ ~
00 2

dz j;(z)= i —N;—„„yr

(2.32)

ro. =eoio(l+aii —P») 1/2 (2.34)

The shift in the resonance frequency is due to the
depolarization of the systein (the term with aii) and
the change in the exchange-correlation potential (the
term with Pii} in the presence of the external pertur-
bation. This result agrees with that of Ando' for
the isotropic case where a is equal to the unit ma-
trix. We also note that the above result resumes
those obtained by others for the case of Pi i

——0.
t

2io(zio } &z2

X 7

co —coip[1+ aii —Pi, +O(9}]

(2.33)

where a homogeneous external field is assumed
along the direction normal to the surface, i.e.,

Pp(z) = zD, . —

In this case the resonance absorption occurs at the
frequency cp, ,

III. POLARIZATION DEPENDENCE
OF THE RESONANCE ABSORPTION

In this section we examine the dependence of the
absorption spectra upon the polarization of the in-
cident radiation field. The polarization dependence
of the absorption spectra for the intersubband tran-
sitions is examined explicitly for a system with a
isotropic constant-energy surface, and for Si(111}
and Si(110) surface inversion layers. The effect of
the external radiation field on the system is expected
to be different depending upon the polarization and
the valley occupancy of the ground state. We have
focused our attention on the qualitative difference in
the spectra with different polarization and with dif-
ferent valley occupancy.

The motion of electrons parallel and normal to
the surface can be coupled to one another through
off-diagonal elements of the anisotropic effective-
mass tensor associated with the silicon conduction
band. Hence intersubband transition can be induced
with the incident electric field polarized parallel to
the surface (D~~) as well as in the case where the
field has a component normal to the surface (Di}.
The former configuration of the field is the so-called
s polarization and the latter, p polarization.

The absorption spectra with a given perturbing
field can be obtained by combining Eq. (2.21) with
the microscopic-induced current density. ' Collision
of electrons with impurities or lattice imperfection is
known to affect the linewidth of the spectra. ' ' '
In actual calculation we have taken the collisionless
limit and ignored the nonintersubband part in the
conductivity tensor.

For a single occupied valley 0.,'J
' is given by

eA
4 gf'(Eo(»)[P.;P.,k.'+P„;P„k„'+(P.;0„+P.;0„,)k„k, ]le CO

2 gp(z)g„(z)gp(z')g„(z') + z
-& „"„'a g 2 2

F„(z)F„(z'),
n nO —

where values of a,j and P,z depend explicitly upon
the orientation of valley U relative to the coordinates.
(See Appendix. ) The definition of F„(z) is

F (z) =gp(z)g'(z) —g (z)gp(z) (3 2)

By recalling the definition of P,z, one can demon-
strate that

D = (0,Dy, Dg )e

and for s polarization,

(3 4)

(3.1)

take the following configurations for the polariza-
tion of the incident light:

For p polarization,

(IJ) (IJ)
Jz Yl Xf (3.3) (3.5)

In order to obtain the total conductivity o,j for a
given valley occupancy, one should sum 0.,'J' over all
occupied valleys. In the remainder of this work we

Then in general the expressions of the power ab-
sorption for p and s polarizations reduce, respective-
ly, to
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Pp
— '

Re z z' Dy eylEl'+Dz'azlE D/ (z)= g f dz'ecj(z, z')Ez(z') for z&0, (3.10)

and

(3.6)
where the dielectric tensor E' j is related to our con-
ductivity tensor cr,j by

P, = Re f f dzdz' g D„o„;E
2E'sc

(3.7)

Equations (3.6) and (3.7) can further be simplified
depending upon the surface orientation and the val-

ley occupancy. We make use of the following boun-
dary conditions for the fields at the interfaces: The
tangential components of E and the normal com-
ponent of D are continuous across a semi-
conductor-oxide interface (z =0). In the remainder
of this section we investigate the absorption spectra
for a system with isotropic effective mass as well as
for Si (111)and (110}surface inversion layers, both
with normal' '"' and with reduced valley occupan-
cies. The effect of the final-state interactions on the
absorption spectra is not included in this section and
will be considered in Sec. IV.

e',J(z,z') =e«5&5(z —z')+ . O',J(z,z') .
lCO

(3.11)

Z» =e«g (5»~ N»~—)Z~ (3.12)

where Z„'"', Z„', and N»~ are defined, respectively,
by

and

Z„'"'= f dzF„(z)D,(z),

Zn= z~n zEz z

2
+inv no

Nnm = ~ 2 2 Lnm
ESCTl N COn 0

(3.13)

(3.14)

(3.15)

Multiplying both sides of Eq. (3.10) by F„(z) and in-
tegrating over z gives

A. System with isotropic effective mass

Let us consider a system with a spherical
constant-energy surface. The 0 is the only com-
ponent which involves the intersubband term, since
a =I in this case,

Oxx =Oyy

or

co» o(co» ocom o)
1/2

+nm nm —mO

(3.16)

with L»and a»~ given by Eqs. (2.32) and (2.30).
The continuity of D, across z=0 is used to obtain
Eq. (3.12). It is convenient to write Eq. (3.12) by

Z =e«(l —N }Z',

e co» oe'f IA
N;„„g 1+ 2 2 go(z)g„(z)

~m~

Xgo(z')g„(z'), (3.&)

~ext
that is, we can treat Z (and Z) and N as tensor
quantities in the subband space. Substituting Eq.
(3.16) into P~ gives

e cocoio(zoo)
I
D»

I

Pp ——Re
2 N;„„

i fir«co co~o(1+—a~ &)+2icols~

e fg COo. =
2 N;„„g, 2 F„(z)F„(z') .

2 lail cd» co( »oco co„o)—
(3.9}

Because there are no intersubband components in
0~ and oyy, only D, can induce intersubband transi-
tion, which is described by

1
Pz —— Re f f dzdz'D, cr (z,z')E,'(z') .

2&sc

Now in order to express E/ (z) and D/ (z) in terms of
D, we make use of the constitutive relations charac-
terizing the electromagnetic response of the system:
D; =e,„E; for z &0 (e,„ is the dielectric constant of
oxide), and

(3.17)

where we have restricted ourselves to the lowest two
subbands, and D, is assumed to be homogeneous in
the z direction. A phenomenological relaxation time
r& is introduced in the final expression of the power
absorption. The resonance occurs at the frequency
shifted from subband energy separation co~o, and its
strength is proportional to the quantity
N;„„co&o(z]o) ID, I, wherez„o ——(n Iz IO).

When we consider the case with more than one
excited subband, each resonance frequency for a
given intersubband transition is further modified
due to couplings between different subbands. For
example, for a three-subband system the power spec-
trum is given by
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2 2
2 2 2 4N

Fp =
2 +i N

I
D

I
(N N10)(N N20) +12N10N20

A'e2, t1t2

—1
2 -2 2 -2

N —N2O N —N 1O
+4N +

2
N1O 2 (Z10)

[zio(N N20)+cz12N20V N10N20 20] +4N
t1 .2 .

2
N2O 2 -2 2 (Z20 }+ [z20(N Nio)++12N10V NloN2ozlo] +
72 t1

(3.18)

If we ignore subband coupling [set a12 ——0 in Eq.
(3.18)] the 0~ n transition occurs at the frequency
N 0=N 0( 1+a„„)' . And in the limit Nlr„» 1 its
strength is proportional to N„o(z„o}r„. However,
for finite values of a12 and in the limit Nlr„»1,
the zeros of the denominator in Eq. (3.18) occur at
frequencies,

2 l -2 -2 -2 -2 2II+ 1 N 10+N20 —[(N20 N 10 }

2

Pp =Re . /Vinv
iA

r

ml —mt
NNio(zio}'

I Dy I

'
2ml+mt

~ox(N Nresi +21N/ri }

NNio(zio) IDs I+ ~
Sse(N Nres2+ 2CN/r1 )

2

+4&12N10N20]'"l . where N„,1 and N„,2 are given by
(3.21}

We note that 0+ and Q are shifted up and down,
respectively, from their uncoupled resonance fre-
quencies N2o and N 1o.

and

N res 1 N10

Nres2 =N 10( 1 +ai 1 )
1/2

(3.22)

(3.23)

B. Si{111)inversion layers with normal
valley occupancy

As is shown in the Appendix, electrons in each
valley have the same effective mass for the motion
normal to the surface. However, the masses in the
plane depend upon an individual valley. Let us take
x andy axes along (110) and (112). If we sum o',J'
over all six valleys the off-diagonal terms add up to
zero and each diagonal element has an intersubband
part. Keeping only the intersubband parts, we
have

O'Il= 6 ~ lozz ~

where we have introduced 0. given by

e fi
Ninv

2lm, N

N
X g F„(z)F„(z') . (3.20)

e Neo(N Nno)

In obtaining Eq. (3.21) we have used the relation Eq.
(3.16).

We recall that

ml mt

2ml+m
=-,' g(y. )'=(y.'),

where the angular brackets denote averaging over all
occupied valleys. In Eq. (3.21) there appear two res-
onances at frequencies N„,1 and N„,2 whose
strengths depend upon the y and z component of D,
respectively. The relative strength is given by

2

—,y„cot 8;,
&OX

(3.24)

where 0; is the angle between the direction of the in-
cident wave propagation and the normal of the sur-
face. For the propagation parallel to the surface
(8;=ir/2) one would only have a single resonance at
Nr~2. We note that the first resonance (Nr~i) ap-
pears at N io, the subband energy separation. "

For s polarization we obtain

Since g„y„=g„yz for Si(111) layers with sixfold
valley occupancy, we have cr =o~.

By employing the constitutive relation Eq. (3.10),
one obtains for p-polarized incident light with
homogeneous electric field in the z direction,

e2 ml mt
Ps=Re 2 N;»

i Pie,„2ml +m,

NNio(zio }'
I Ds I

'
X

N —co si+21N/'71
(3.25)
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where co,~i is given by Eq. (3.22). In obtaining this
result we have made use of the fact that
g„(a ) &0. Here we note that the components

D~ in p polarization and D„ in s polarization have
the same effect in the result for the power absorbed,
which is understandable from symmetry considera-
tions. In the p-polarized spectrum, the relative
strength of the two resonances can be diversified by

varying the angle of incidence of the incoming elec-
tromagnetic wave. The strength can also be depen-
dent upon the thickness of the oxide layer and of the
metallic gate in the metal-oxide-semiconductor
structure, because these parameters together with
boundary conditions determine the values of the
components of D at the surface of the space-charge
layer.

C. Si(111)inversion layers with twofold valley occupancy

In Si(111) layers with twofold valley occupancy's there can exist two different kinds of occupied valley pairs
due to the unequal two-dimensional effective masses in the plane parallel to the surface. If we take x and y
axes along (110}and (112},the two valleys along they axis have the inverse effective mass given by

—1
m,

a=m 0 , (m,—+2/m 1)

—1 —1

3
(m, —ml } (3.26)

0 — (m, —ml ) — +ml
3 3 m,

L

+ (m, —ml )
—1 —1

3

i/z
+ (m, —ml )

~~
(

—1 —1)mg mi —,(2/m, +ml )

On the other hand, those for the remaining two pairs of valleys can be written as

1 1 1 V2
m, +ml + (ml m& }—+ (m, —m& )~3 V3

a= m vZ
—,(5/m, +ml ) (m, +ml ) (3.27)

+lJ Vl VJ zz

where o. is given by

(3.28)

The derivations of Eqs. (3.26) and (3.27) are given
briefly in the Appendix.

The components of the conductivity tensor with
nonzero intersubband terms are related to each other
as follows:

mI —mg—2
2m(+ mg

'2

(3.31)

The resonance occurs at the frequency given by Eq.
(3.23). We note that strength of the resonance de-
pends upon the angle of incidence of the polarizing
field. In obtaining Eq. (3.30) we have used the rela-
tion

eA CO

2lm C0 „C0„0(CO C0„0)—
(3.29)

Z'+ Yy Y 1= 1 (I—N) ' Zggg

&ox ~sc &ox

where

X D, +yy
&ox

Dy (3.30)

Let us first consider the pair of valleys with the ef-
fective mass described in Eq. (3.26}. The com-
ponents o„y, cr, oy„, and o vanish for these val-

leys. Under p-polarized incident light the absorption
spectrum becomes

e C0C010(Z10)
2

P 2 inv
lfl6gg CO COqgg+2lCO/1

2

(3.32)
where Y is defined in the same way as was done

~ext
for Z with the replacement of D, with Dy in Eq.
(3.13). There is no intersubband transition with s-
polarized radiation in this case.

Now, let us consider the other pair of valleys tilt-
ed with respect to (112}or (110}.The occupancy
of these pairs of valleys leads us to resonance ab-
sorption with both polarizations. The effective
masses for these valleys are described in Eq. (3.27).
In this case motions in x, y, and z directions are cou-
pled to one another. With p-polarized incident radi-
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ation one obtains the absorption spectrum in the
form of Eq. (3.30), where the values of y» and y~
are, respectively,

' 1/2
3 ml mt

2ml+ mt

coupled with those in the x and z directions,

where

(3.37)

and

mt —ml

2m]+m,

(3.33)
eA CO

2]m» M» N»p(N —N»p)

(3.38)

The resonance occurs at the frequency given by Eq.
(3.23). The coupling of the motions in x and y
directions and that in the z direction shifts the reso-
nance frequency from co10 to ~„,. The strength
again depends upon both D, and D„.

With s-polarized light the absorption spectrum
becomes

e' ~o]]o(z]o)' D. '
~

]%Egg 'N Nyct +2]N /1 ]

where, in this situation, the resonance frequency is
the same as that of p polarization. However, we see
that its strength is reduced by the amount y„. In
obtaining this result we have used the relation

By substituting the last two equations into Eq. (2.21)
and employing the constitutive relation Eq. (3.10),
one obtains the absorption spectra in the form

e o]o]]p(z]o)
I
D»

I

Pq ——Re
]Regg 'co cope@] +2]co/j]

(3.39)

for p polarization, and

coco]p(z]p)
i D»

i m] —mt
Ps =Re . 2 inv

i Ae,„o] o]„,2+—2io]lr] mt+mt

(3.40)

for s polarization. The resonance frequencies are
given, respectively, by

or

NX =(I—g)Z'
&ox

(3.35)

and

~res] ~]o( + ]])
1/2 (3.41)

res2 10 . (3.42)
Z'+ X =(I—N) ' X

~ox
(3.36)

where X'"' is defined by Eq. (3.13) with the replace-
ent of D, by D . We note that resonances occur at

the same frequency for both polarizations in Si(111)
inversion layers with twofold valley occupancy, but
their strength of resonance depends upon the config-
urations of the valleys.

D. Si(110) inversion layers
with normal valley occupancy

Now we consider the case in which only the four
valleys with the larger value of m, are equally occu-
pied. We take x and y axes along (110) and (001),
respectively, so that four occupied valleys are pro-
jected onto the x axis and the other two valleys onto
the y axis. The total conductivity tensor is diagonal
and only the xx and zz components have intersub-
band parts since the motion in the y direction is not

The D~ component in p polarization does not con-
tribute to intersubband transitions. In obtain-
ing Eqs. (3.39) we have used Eq. (3.16). We note
that y„ is just equal to

r 2
ml —m,

The resonance strength with s polarization is re-
duced by this factor relative to that with p polariza-
tionif weassume [D, [

= (D„[ .
With the polarization of

D =(D„,O,D, )exp[i p]t i (q„x+q,z—)]

the resonance would occur at both frequencies co„,1
and co„s2, the relative strengths depending upon the
angle of incidence of the light. There would be no
resonance if we take the polarization

D =(O,D„,O)exp[i']t —i(q„x+q,z)] .

E. Si(110) inversion layers with twofold valley occupancy

Let us take the coordinates in the same way as those in the preceding subsection; x axis along (110) and y
axis along (001). The inverse effective masses are described by
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ma——
2

—1 —1
mg +mI

+(m, ' —m, ')

O +(m, -m, )
—1

2/m,
—1 —1

m, +m)

(3.43)

and the intersubband part in the conductivity tensor
can be written by

IV. EFFECT OF FINAL-STATE
INTERACTION

N I'„(z)F„(z'),
~ ~.o(~' —~'o)

(3.44)

(I—N)Z'= NX
&ox

to obtain the power absorption

e' ~~io(zip}' I D. I

'
P, =Re

2 Ni„„2 y„,
i AE'Ox co co«s +2l co /1

(3.45)

where i,j =x,z.
The p-polarized incident light leads to the absorp-

tion spectrum given by Eq. {3.39) with the resonance
frequency of Eq. (3.41). The finite intersubband
part in o gives the shifts in the resonance frequen-
cy from coip to co«,.

On the other hand, with the s-polarized incident
light we use the relations

In the preceding section we have explored the po-
larization dependence of intersubband absorption
spectra within the framework of self-consistent field
approximation. One of the results is that resonance
frequency depends upon the polarization of incident
light. This resonance screening effect is caused by
the screening of incident light by the inversion-layer
electrons. In the presence of an external electromag-
netic field, in addition to this change in Hartree po-
tential, the exchange-correlation part of the potential
is also modified due to the local change in density
which is really a vertex correction or a correction
due to exciton-like final-state interaction.

In this section we introduce an effective conduc-
tivity to investigate the effect of the final-state in-

teraction on intersubband absorption spectra. The
effective conductivity could be obtained perturba-
tively by adding to the perturbing Hamiltonian the
contribution due to the change in the exchange-
correlation potential:

(3.46) Hi ——— (p.a A+A a p) —eP„, ,
mc

(4.1}

where the resonance frequency is also given by Eq.
(3.41). We note that, in this case, both p and s polar-
izations give similar resonance absorption; the reso-
nance frequencies are equal to each other but the
strength of the s-polarized one is reduced by the
same factor y„. Since cr~ has a finite intersubband
part, the x and z motions are coupled to give a shift
in the resonance frequency from corresponding sub-
band separation. The D„component in p-polarized
incident light has no contribution to the intersub-
band transitions in this case since u„„has no inter-
subband part.

5n (z') =5nH(z')+5n„, (z'), (4.2)

where 5n~(z'} is the change in the absence of P„,
(Ref. 17) and the additional term in Eq. (4.2) is de-
fined by

where the last term on the right-hand side is given
by Eq. (2.7).

We can write the effective change in surface elec-
tron concentration by

f'(&,.(k+q)) —f'(E„(k)) 5v„,
5n„,(z')=n, n~ g g„{z')g„.(z') I d g„z(zg'„(z) 5n .xc v P E k+ k ~ 8 5 5n

(4.3)

In the long-wavelength limit 5n (z') reduces to

5n (z') =5nz(z')+ g 2 2 g„(z )gp(z )V„,
N —CO+ O

(4.4)

where V„ is defined by

00 5v„,V„= J dzg„(z)go(z) 5n(z) . (4.5)

We multiply 5n (z') with

&vxc
g (z')go(z')

5n
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and integrate it over z' to obtain

V =(I—8)V. (4.6)

where j H(z) is the current density in the absence of
p„, in the perturbing Hamiltonian and j„,(z) is
given by

Here we have introduced V„and B„,defined by
j „,(z)=i—E;„„a.z g 2 2 F„(z)V„.

V„= f dz g„(zg'0(z)t'InH(z)
n

(4.7)
(4.10)

and

2X;„, a) o
B~~ =

~ 2 2 ~nm—mO
(4.8)

(4.9)
I

The quantity T„~ is given by Eq. (2.16).
Now one can evaluate the overall induced current

in the system by introducing the modification in the
density matrix due to P„,:

J d(z)= J lr(z)+ J „(z),

We can write Eq. (4.10) in terms of the self-
consistent field E ',

j „,(z) = f dz'Lr"'(z, z') E'(z'), (4.11)

o,"J'(z,z') = (y;yj. )o~(z,z') . (4.12)

If we consider only the lowest three subbands, we
find

2

&ss(z z ) = 2 +inv0I {[0I F10( 1 Pl 1)][r0 0120(1 P22)] P1201100120 jim,

+ ( {f~ ~20(1 P22)]P11~10 P12&10 20IFI (z)FI (z )(co coio—)

+ {[~ —Io(i —PII)]P22~20 P12~20 ID]F2(z)F2(z )(~ ~20)

+PI2+ I0c020[FI (z)F2 (z') +F2 (z)FI (z') ]) . (4.13)

The effective conductivity cr e(rzr, z') is the sum of o"'(z,z') and o~(z,z'} of Eq. (3.1). If we neglect subband cou-
pling [set P12——0 in Eq. (4.13)] the effective conductivity Lr'ft(z, z') becomes

o';J (z,z')=(y;yj )cr~ (z,z'), (4.14)

where
F„(z)F„(z')

Cr~ (Z,Z') =
2 N~„„0Ig 22im, „co„0[01—01„0(1 P„„)+»r0&&„—]

(4.15)

2 2 1/2
res =(res Penn0) (4.16)

For example, in Si(110}or Si(111) surface inversion
layers with normal valley occupancy of four or six
intersubband resonances occur at

0I I0(1+a11—
PI I)' for p polarization

(4.17)
and

roI0(1 —PII)'~ for s polarization . (4.18)

However, for the system with twofold valley occu-

By etnploying the effective conductivity Eq. (4.15)
in the calculation of absorption spectra we observe
that each resonance frequency is shifted from that
obtained in the preceding section to a reduced fre-
quency,

I

pancy the resonance frequency is equal to
0II0(1+aI I —PI I)'~ for both polarizations.

V. RESULTS AND CONCLUSIONS

The electronic properties of semiconducting
space-charge layers with tilted ellipsoidal energy
surfaces are studied in this paper. In evaluating the
quasiparticle energy of low-lying subbands in Si(111)
surface inversion layers we have employed a method
of energy-functional perturbation theory. ' Varia-
tional wave functions are used as the basis functions
in the calculation of the many-body effects. Only
the lowest-order contribution to the self-energy
correction is included, and the plasmon-pole approx-
imation is used to describe the screened electron-
electron interaction. There are several advantages in
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our formalism. We have employed basis functions
which are simple but more reliable than convention-
al variational wave functions due to relatively small
perturbation corrections associated with the differ-
ence between the full electron-electron interaction
and the single-particle approximation to it.

Recently, Cole and McCombe ' have reported
the observation of intersubband resonances on n

type Si(111) and Si(110) surface inversion layers.
They have used the technique of far-infrared
Fourier transform spectroscopy, with which one
can obtain the intersubband absorption spectra as a
function of frequencies of incident light at any
desired surface electron concentration. They ob-
served distinct differences in resonance absorption
for samples with different valley occupancies. The
resonance frequencies for samples with p and s po-
larizations were very close to each other (shift is ap-
proximately 1 meV). The resonance with s polariza-
tion was observed at a reduced intensity compared
to that with p polarization. The resonance frequen-
cies for samples with normal valley occupancy are
observed at frequencies much lower [approximately
8-10 meV for a Si(111) sample] than those with
twofold valley occupancy. However, their observa-
tions for normal valley occupancies appear to lie
below subband separation within Hartree approxi-
mation. Because exchange-correlation effects should
lead to an increase in the subband separation, there
is a discrepancy between experiment and theory, the
cause of which remains undetermined.

In general, the resonance frequency is known to
be shifted from the differences in the eigenvalues of
the Schrodinger equation for the system, i.e., sub-
band energy separation including the self-energy
correction due to the many-particle effects. Both
the effect of the depolarization of the system and
the effect of the final-state interactions are included
in this work and the results are the following: The
magnitude of the shift in resonance frequency is
shown to depend upon the characteristics of the sys-
tem, such as the shape of the constant-energy sur-
face, and upon the properties of the probe, such as
the polarization of the incident light.

We have applied a linear-response theory of
quasi-two-dimensional systems with arbitrarily tilted
ellipsoidal energy surfaces to study intersubband res-
onance absorption and its relation to collective
modes of the system. From the fact that the condi-
tion for resonance absorption is the same as the con-
dition for collective modes of the system, we under-
stand the resonances observed in far-infrared optical
studies of semiconducting space-charge layers to be
associated with the intersubband collective modes of
the system. The polarization dependence of absorp-
tion spectra for the intersubband transitions is ex-
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FIG. 1. Intersubband (0+-+1 and 0+ 2) transition ener-

gy in Si(111) surface inversion layers with n„=2 as a
function of inversion-layer electron concentration in the
energy-functional perturbation method. Some of the ex-
perimental results are also indicated by the pluses (Ref.
25). The solid line represents the transition energy includ-
ing both effects of the depolarization and the final-state
interactions. The dotted lines show the quasiparticle ener-

gy separations (E„o). The dashed and the dot-dashed
curves correspond to E„o(1+a„„)' and E„o(1—P„„)'~,
respectively.

amined explicitly for a system with isotropic
constant-energy surfaces, and for Si(111)and Si(110)
surface inversion layers, respectively.

For a system with isotropic effective mass we
have resonance absorption only with p-polarized in-
cident light, and its strength is proportional to the
dipole matrix element. For Si(111)or Si(110) inver-
sion layers with normal sixfold or fourfold valley
occupancy the conductivity tensor is diagonal and,
hence the motions in different directions are not
coupled to one another. However, each diagonal ele-
ment o;;, except rr~~ for Si(110), has a finite inter-
subband part, which leads to intersubband transi-
tions in these samples. Hence for these cases with
normal valley occupancies we have observed, that
both p- and s-polarized incident light can induce in-
tersubband transitions. Our calculation demon-
strates that former resonance occurs at the frequen-

cy shifted from the corresponding quasiparticle en-

ergy difference due to both the depolarization effect
and the final-state interaction; however; the latter
one is affected only through the final-state interac-
tion. For Si(111) and Si(110) layers with reduced
valley occupancy, both resonance frequencies are
shifted away from the corresponding quasiparticle
energies due to coupling of motions in x (or y) and z
directions. The intersubband transition energies are
shown in Figs. 1 and 2 as a function of the surface
electron density. The enhancement in the resonance
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FIG. 2. Intersubband ((4-+1 and ~2) transition ener-

gy in Si(111) surface inversion layers with n„=6 as a
function of inversion-layer electron concentration in the
energy-functional perturbation method. Some of the ex-
perimental results are also indicated by the pluses (Ref.
25). The solid line represents the transition energy includ-

ing both effects of the depolarization and the final-state
interactions. The dotted lines show the quasiparticle ener-

gy separations (E„o). The dashed and the dot-dashed
curves correspond to E„o(1+a„„)'~ and E„o(1—P„„)'~,
respectively.

frequency for the system with reduced valley occu-
pancy is in agreement with experiment. However,
our agreement is only qualitative because the sub-
band separations are certainly overestimated
through the use of approximate variational wave
functions for excited subbands. We have displayed
some of the absorption spectra for Si(111) surface
inversion layers with twofold valley occupancy in
Figs. 3 and 4 for several different values of relaxa-
tion time. The coupling between the excited sub-
bands shifts the resonance frequencies apart but the
amount of the shift is relatively small in this case.
As one increases the linewidth of the first excited
subband relative to the higher ones the correspond-
ing absorption peak becomes weaker. The depen-
dence of the absorption spectra upon the angle of in-
cidence of the perturbing electromagnetic wave is
shown in Fig. 5 for Si(ill) layers with the normal
sixfold valley occupancy.

In general, the resonance strength for p-polarized
light depends strongly upon the angle of incidence
of the incoming light and the thickness of the oxide
layer and of the gate electrode. In addition, we have
also shown that the resonance strength for s-
polarized light is reduced relative to that for p-
polarized light in a system with given valley occu-
pancy, as observed in experiment. The decrease in
the absorption strength for s-polarized light is relat-
ed to the tilt angle of the system relative to the prin-

0
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I. ~;', , I

40 50
FREqUENCY &meVj

60 70

cipal axes of the occupied valleys.
Finally, we have demonstrated that our calcula-

tion is in qualitative agreement with observations by
Cole and McCombe. It would be useful to demon-
strate experimentally that intersubband resonance
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FIG. 4. Absorption spectra for intersubband transi-
tions in Si(111)surface inversion layers with n„=2. These
are the results with N;„„=10' /cm and Nd, „~

——10"/cm .
The coupling between the excited subbands is neglected in
the calculation; the parameters a~q and P&z are related to
the degree of coupling between the first-excited and the
second-excited subbands. The dotted, the dashed, and the
solid curves correspond to the absorption spectra with dif-
ferent sets of the relaxation times.

FIG. 3. Absorption spectra for intersubband transi-
tions in Si(111)surface inversion layers with n„=2. These
are the results with N;„„=10' /cm' and Nd~~ ——10"/cm .
The coupling between the first-excited and the second-
excited subbands is taken into account in the calculation;
the parameters a~2 and P&2 are related to the degree of
coupling between those two excited subbauds [cf. Eq.
(2.30)]. The dotted, the dashed, and the solid curves cor-
respond to the absorption spectra with different sets of
the relaxation times.
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strength depends upon the thickness of the oxide
layer and of the gate electrode, and the angle of in-
cidence of the infrared light as predicted in this pa-
per. The behavior of the resonances as a function of
these parameters should be a useful tool in identify-
ing which resonances are being observed. The
analysis presented here, together with further experi-
ments of the kind performed by Cole and McCombe
should help to clear up the puzzle of the valley de-
generacy on Si (111)and (110) surfaces.
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APPENDIX: EFFECTIVE-MASS TENSORS
IN TILTED SILICON INVERSION

LAYERS

Let us consider the effective masses in silicon in-
version layers tilted by angle 8 from (110) to (111)
around (110). The surfaces with high symmetry Si
(001), (110), and (111) correspond to 8=ni2, '8=0,
and 8=cos '( —,)'~, respectively. Inverse effective-
mass tensors in each tilted layer are given, for a
given valley u, by
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FIG. 5. Absorption spectra for intersubband transitions in Si(111)surface inversion layers with n, =6. These are the re-

sults with N;„„=10' /cm and Nd, ~~
——10"/cm . The coupling between the first-excited and the second-excited subbands is

taken into account in the calculation; the parameters a&z and P&2 are related to the degree of coupling between those two
excited subbands [cf. Eq. (2.30)]. The angle of incidence is (a) 90', (b) 80', {c)45', aud (d) O'. The dotted, the dashed, and
the solid curves correspond to the absorption spectra with different sets of the relaxation times.
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(v)
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Here m ~"', m2"', and m3"' are the transverse or the
longitudinal principal effective masses for an elec-
tron in a bulk silicon depending upon each valley, —1

m, 0 0

(&oo) interface
FIG. 6. Schematic representation for the constant-

energy surfaces near the conduction-band minima in bulk

silicon. The constant-energy surfaces are ellipsoids of
revolution about the (100) axes. For the (100) surface
orientation those valleys along k„are equivalent and have
the largest effective mass normal to the surface so as to be
occupied by the electrons.
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a'f' —=m 0
2

0

m, 0
—1

0 m('
(A7)

In Eqs. (AS)—(A7), a, b, c, d, e, and f denote, respec-
tively, each valley in Fig. 6.

Here let us show the results for electrons in the
lowest valleys in Si (001), (110), and (111), respec-
tively. For Si(001) it is the same as that in Eq. (A7).
For Si(110),

—1 —1
m, +mi 0 +(m —m )

a(ab, cd)

2

For Si(111),

0
m,

+(m, —mt ) 0

+mr

0

—1
m] +mi

' 1/2

+ (m, —mi ) + — (m, —mt )
1 ] ] 2 —1 —1

3

1 5
+mi

3 m]
rr ' = + (mr mI )—(ab, cd) m —1 —1

2 3

v2
3 ™ (A9)
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3 ™

2 2
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and

m,
-'

a"f'=m 0
1 g 2

m,
3 ml

~2
(

—1 —1)mg ml (Alo)

0 (m, ' —m, ')
3 ™

1 2
+ml

3 mg

The principal inverse effective masses for electrons
in a surface channel are, respectively,

a3——a~ .

The P;J. are defined by

(A12)

(A11)
PlJ +IJ

a~a
(A13)

snd wherei and j arex, y, orz.
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