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Distribution of activation energies for impurity hopping in amorphous metals
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The distribution of activation energies 5 for classical over-the-barrier hopping is comput-
ed for a model amorphous metal. The spread in 6 is determined by the variation in
equilibrium-site and saddle-point sizes for the assumed model of dense random packing
(DRP) of soft spheres. The size distribution is related to the radial distribution function in a
manner which reproduces recent numerical results for the interstitials in DRP models. Size
(distance) variation in general is related to energy variation by the form of the potential en-

ergy V(r). We show, however, that the distribution of equilibrium-site energies can be relat-

ed directly to the impurity-induced lattice expansion and bulk modulus without detailed

knowledge of V(r). The form of V(r) is necessary for the saddle-point distribution, and we

estimate this using simple analytic expressions which fit the observed lattice expansion and

impurity (hydrogen) vibrational frequency. The effects of a hard core plus lattice relaxation
at the saddle point are also considered. Specific account is taken of the correlation between

saddle-point and equilibrium-site configurations in the computation of the distribution of h.
Results are compared with recent data on hydrogen internal friction in amorphous Pd~gi20
and good agreement is found between our first princip/es d-istribution and that used to fit
the data.

I. INTRODUCTION

The structure of amorphous metal and metal-
metalloid alloys has been of interest to many work-
ers' for some time. More recently, bulk diffusion
and internal friction of small amounts of hydrogen
have been studied in these systems. ' Internal fric-
tion is a measure of local hopping among different
sites. For a random system it is reasonable that
such hopping be characterized by a distribution of
activation energies since the sites have nonuniform
environments. Indeed the internal friction for H in

Pd80Si20 shows a non-purely-Debye character which
was fit to a rather broad distribution of activation
energies.

Non-Debye relaxation [i.e., lack of single relaxa-
tion (correlation) time which has an Arrhenius tem-
perature dependence] is well known to be
observed —more often than not —in experiments on
dielectric relaxation and NMR as well as on internal
friction. The data are frequently, as in Ref. 3,
described by a distribution of relaxation times with
varying activation energies. However, I am aware of
no previous work in which the width of the distribu-
tion has been calculated a priori, although an esti-
mate for the distribution of site energies has been
given. Thus the description is largely phenomeno-
logical, and a major question remains: Is the re-
quired spread of activation energies plausible in

terms of the structure and interactions? This paper
addresses just that question and answers in the affir-
mative for the data on H in PdscSiip.

The question assumes additional importance in
light of the proposed "universal response function. "
In that model a time correlation function of the
form exp[ (t /r}t'] is—assumed with 0 &p & 1 (p = 1

is the usual Debye case with a single correlation
time r} It is ar.gued that such a function, which
works very well as long as p is chosen to fit the data,
has more fundamental significance than a distribu-
tion of relaxation times. The need for such an addi-
tional "intrinsic" non-Debye relaxation should hinge
to some extent on whether it is reasonable to expect
distributions of the required widths.

The distribution of activation energies for a parti-
cle hopping in an amorphous metal is governed by
(i} the distribution of particle —metal-ion distances at
interstitial holes and saddle points and (ii) the
particle —metal-ion potential as a function of dis-
tance. We assume that the diffusion is classical
hopping between equilibrium interstitial positions
which are separated by a saddle-point barrier. Thus
the activation energy is simply the difference be-
tween saddle-point and local-minimum potentials
(with proper account taken for the zero-point vibra-
tional energy at the minimum). Any tunneling, pho-
non assisted or otherwise, is neglected. This classi-
cal picture is thought to be acceptable for H dif-
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fusion in fcc Pd, though it clearly is not for the bcc
metals.

Assuming classical hopping, one must therefore
delineate the interstitial holes and saddle points for a
random system. This has largely been done for
models of the dense random packing (DRP) of
spheres. ' The salient feature for the present work is
that the sites are predominantly at the centers of
tetrahedra and octahedra, which are in general dis-
torted from their regular shapes in a crystal. The
faces of these polyhedra form triangles, the centers
of which may be taken as saddle points. Ahmadza-
deh and Cantor9 have further provided distributions
for the sizes of the octahedra, tetrahedra, and trian-
gles. From these, together with a suitable
hydrogen-metal potential, a distribution of activa-
tion energies can be constructed. In fact, they point-
ed this out themselves, although they were content
with calculating only an average activation energy
by a questionable (see Sec. IV) procedure. I show
here that the relevant quantity for determining the
site (saddle-point) energy is the sum of the lengths of
the polyhedron edges (sides of the triangle) and that
the distribution for such can be related simply to the
pair radial distribution function (RDF). In this
manner one can actually predict some of the
interstitial-size distributions found in Ref. 9.

The hydrogen-metal potential is difficult to obtain
from first principles. As in Ref. 6, it is shown that
the width of the equilibrium-site energy distribution
is directly related to the hydrogen-induced lattice ex-
pansion. Thus one actually does not need to con-
struct a model potential in this case. Consideration
of the saddle-point energy distribution, however, is
more tenuous, and it is discussed in terms of simple
analytic potentials with parameters chosen to fit the
observed lattice expansion and hydrogen vibrational
frequency in crystalline Pd. Effects of a hard-core
and lattice relaxation are also treated.

Section II presents a general theory for computing
the distribution of activation energies in terms of the
RDF, assuming the potential is known. Application
to H 1n Pd80S120 18 made in Sec. III, where questions
such as modeling the potential and which type of
site (octahedral or tetrahedral) is occupied are ad-
dressed. Discussion of several points is made in Sec.
IV, and the paper is summarized in Sec. V.

II. THEORY

In this section we express the energy of a particle
at equilibrium inside a geometrical figure in terms
of the dimensions of the figure and then show how
to express the resulting energy distribution in terms
of the RDF. Consider a regular figure of n vertices
centered at the origin. The displacement from
the origin to the ith vertex is R; with each R; hav-

ing the same magnitude Ro. Figure 1 illustrates the
case for a triangle. A metal ion is at each vertex and
a hydrogen at the center. If the hydrogen-metal po-
tential V(R) is central [V(R)= V(R)], it is evident
that the origin is a position of equilibrium, though
not necessarily stable, as long as

g R;=0,

d2

/&

d3
F3

FIG. 1. Host atoms forming distorted triangle of sides
d &, dz, and d3 made by displacing ith vertex of equilateral
triangle (side do) by r;. The equilibrium position for im-
purity shifts by r; from 0 to 0'.

and the energy is Uo nV——(RO), assuming nearest-
neighbor interactions only. Now let the positions~Qof the vertices be changed to R;=R;+r;. We show
in Appendix A that the new equilibrium energy is,
to lowest order in r;,

n " ~o
U = Up+ g (d —dp) V'(Rp),

i=1 0

where E is the number of edges of the figure, do is
the edge length of the regular figure, and d; is the
length of the ith edge of the distorted figure. Table
I lists the values of n, E, and Ro/do for the figures
of interest: triangle, tetrahedron, and octahedron.
As is common practice, we work in units of do,
which is the hard-sphere diameter, assuming the fig-
ures correspond to close-packed arrangements of
spheres. In the study of elastic effects of hydrogen'
and other defects, it is convenient to define a dipole
force tensor
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Figure

Triangle
Tetrahedron
Octahedron

3
6

12

Ro/do

1/W3
+3/8
1/V 2

TABLE I. Some useful geometry for regular figures. n

is the number of edges of length dp, N is the number of
vertices, and Ro is the distance from center to vertex.

p (Y}=f dyi" f dy~p(yi) "p(yN)
N

X& gy; —Y (6)

where y;—:d;/dp —1, p(y;) is the RDF, and pz( Y) is
the distribution for g,. iy;= Y. For a Gaussian
RDF

n
0

P~p QF——(~Rgp, (3)

p(y;)=exp( —y; lo ),
in which 0 is the halfwidth at 1/e height of the
RDF in units of the hard-sphere diameter dp, we
have

TrP+p =3P=—nR p V'(R p ),
so that Eq. (2}becomes

N

U=Uo 3P (1/N) p-
i=1

(3a}

(4)

in which P is the same as defined in Ref. 10 and the
quantity in square brackets represents the mean per-
centage change in length of the edges from the regu-
lar figure. One can show further from the theory of
elasticity' "that

P =KIEV,

where E is the bulk modulus and b V is the change
in sample volume per hydrogen atom. Equation (4)
does not include a change in energy, proportional to
P2, brought about by relaxation of the metal lattice
upon introduction of the hydrogen Howe. ver, as
noted in Appendix A, this term is independent of r;
to lowest order, and so the above represents the
complete first-order change in energy related to a
distortion of the interstitial or saddle-point cage in
going from the regular crystalline structure to the
random one. A similar result is contained in Ref. 6.

According to Eqs. (4} and (5) the distribution of
site energies is related to the distribution of total
edge lengths with a proportionality which depends
only on the bulk modulus and volume change. The
distribution of any one edge length is the same as
the nearest-neighbor RDF since the distance be-
tween adjacent vertices is just the neighboring
metal-metal distance. If the lengths which make up
the figure are uncorrelated, the total-length distribu-
tion is readily obtained from the RDF as

where F; —=BV/BR; is the a (a=x, y, or z) com-
ponent of the force exerted by the hydrogen on the
metal ion originally at R& and 8;p is the cor-
responding P component of R;. Since

F; =—(R /Ro)V'(Ro) ~

we have

pN(Y)=exp( —Y /No2) . (8)

as is evident from considering the problem as a ran-
dom walk of N steps so that ( Y2) = N(y; ). In Eqs.
(7) and (8) and subsequent equations we ignore nor-
malization constants in the distributions. For con-
venience the various lengths are illustrated and de-
fined in Fig. 2 and the accompanying caption.
Equation (8) contains a specific prediction about the
distribution of interstitial sizes, which may be com-
pared with results in Ref, 9. As in Appendix A, the
average distance from the center of the figures to a
vertex is Rp+r =Rp+ YRp/Ndo' so the deviation r
has a width given by o„=crRo/N' dp according to
Eq. (8). For the triangle and tetrahedron, we have
cr„(triangle) =cr/3, o „(tetrahedron} =a /4. These ap-
pear to agree very well with the soft-sphere (relaxed)
distributions shown in Figs. 3(b), 12(b), and 13(b) of
Ref. 9. It follows from Eqs. (4), (5},and (8} that the
1/e width of the site energy distribution is

FIG. 2. Sample figure to illustrate notation. Here, for
tetrahedron, number of faces I'" =4. y =(d.—dp)/dp, dp
is the edge length of regular figure. Face number 1,
Y1 =yf+y2+y3 =(d)+d2+d3 —3dp)/dp, ' 2, Y2 ——y)
+y4+y5', 3, Y3 ——y3+y5+y~, 4, Y4——y&+y4+y6. Total
edge variation Y = g, ,yi ——i g, Y .
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5U =3K EVoN (9)

(K is the bulk modulus; b, V, the volume change per
hydrogen atom; o, the RDF width in units of the
hard-sphere diameter; N, the number of edges of the
figure in which hydrogen is centered). This differs
from the expression in Ref. 6 mainly in that it con-
tains a factor N which relates specifically to the
geometry of the site.

The distribution of activation energies is obtained
in a similar manner with the following considera-
tions. The net hopping rate out of equilibrium site i
is defined as

The activation energy ho is that for the ideal
geometry of close-packed spheres. The zero-point
energy —,iraop (No/2n is the hydrogen vibrational

frequency) has been included in (12) and is assumed
to be the same at each site. We show in Sec. IV that
the expected variation in coo is small compared with
the calculated width of the distribution of activation
energies, so it is legitimate to treat coo as constant.

The activation energy for hopping out of site i is
defined as

bq ——8 lnS; /BP

wia ~ (10) =hp+aE Y; —a, Pa Y
e

(17)

where w;~ is the rate to hop out of site i through the
ath face of the polyhedron centered at site i. An
important point in considering the distribution is
that 8';—rather than the individual w; —gives the
observed hopping rate since the processes act in
parallel.

It will be seen that the distribution of activation
energies for the individual w; is much broader than
that of 8;; so it is important that this distinction be
made. The individual classical hopping rate w; at
temperature T is

w; =vpexp( —Pb; ),
where P=1/kzT, the prefactor ("attempt frequen-
cy") vp is assumed to be uniform, as justified in Sec.
IV, and the activation energy 6; is expressed as

= U —U' —IIEET)p=kp —a, Y +azY;, (12)

where

N~ N~ d (I)

Y;= gzk'= g
k=1 k=1

in which dk' is the length of the kth edge of the po-
lyhedron centered at site i, and

(13)

az —— (nz/Nz) V'(Roz)Ro—z= 3 6VzK/Nz .

N, N d(a)

k=1 k, dO

h

—1 (15)

E stands for equilibrium site; nE and NE are the
number of vertices and edges, respectively, of the
polyhedron (Table I). Similarly, s stands for the
saddle point and

where the second equality is obtained from Eqs.
(10)—(12). The summation over the faces in Eq. (17)
makes 5;, in general, temperature dependent. But it
is temperature independent in the limit of both low
and high temperature. For sufficiently high tem-
perature in which ~Pa, Y

~
&&1 the exponentials

are replaced by unity and

b(high temperature) =hp+azY —a, g Y~/I",
a=1

(18)

where F is the number of faces of the polyhedron.
The subscript i has been and will continue to be
dropped, it being understood that expressions refer
to the ith site. At low temperatures summation is
dominated by the largest Y (assuming a, &0) so
that

b„(low temperature) =b,p+az Y~ —a, Y

(19)

where Y,„ is the maximum value for the figure.
That is, one takes the face which has the largest per-
imeter and Y,„ is the value of the deviation for
this face as given by Eq. (15). Note that the low-
temperature limit used here is still considered to be
sufficiently high for classical hopping to apply.

The saddle-point quantities (coefficients of a, ) in
Eqs. (18) and (19) are not at all independent of the
total edge deviation Y. Indeed, the high-temperature
expression g Y~ must be proportional to Y since
both involve a sum over all the edges. For figures
such as the tetrahedron and octahedron in which
each edge is common to two faces, one has

NE dg Y =2+ —1 =2Y,
a=1 k=1

a, = (n, /N, )V'(Rpg)Rpg, — (16)

with n, and N, the saddle-point (face) quantities.
(N, =n, =3 for the triangular faces considered here. ) so that Eq. (18) becoines

(20)
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2Qs
b, (high temperature) =hp+ aE — Y .F

(21)

In the present notation Eq. (2} for the site energy
can be written as

Contrary to one's first intuition, the low-
temperature limit gives a broader distribution since
Y~,„ in Eq. (19) is not uniquely determined by F;.
In this ease the distribution is

p(b, )= f dY f dF p~ (Y)p(Y~m, „~ Y)

X5(5 Ap —ag Y+a Y ),
U= Uo —aEY, (22) (24)

and so the high-temperature distribution of activa-
tion energies scales exactly with that of the site ener-

gies, but it can be considerably narrower if
( az 2a, /F—

~
&&

~
aE

~

. It follows at once that

M, (high temperature)

where pz ( F)=exp( —Y /NEcr ) is the distribution

for Y; as in Eq. (8) and p( Y~,„~ F) is the probabili-
ty distribution of Y~,„given Y. The calculation of
p( Y~m,„ i

Y) is given in Appendix B.
For an octahedron it is

=
~

1 2a, /Fa—x ~

5U (23) p(Y,„~ Y)=e ' [erfc( —t)] (25)

where 5b, is the width of a Gaussian distribution of
activation energies and 5U is the corresponding
width of the site energy distribution given by Eq.
(9)

where t =2(F,„—Y/4)30. The distribution p(h)
can then be computed by using (25) in (24), but the
form of p(Y,„~ F) precludes an analytic expres-
sion. Thus for general expressions we consider only
the first and second moments

(6)„„«~=bp+(aE —2a, /F)( Y) —a, (5Y,„),
((b —(5) ) )i,„«mz ——(a@—2a, /F) (( Y —( Y) ) )+a, ((5Y~m,„—(5Y~,„)))

—= —,[5b,(low temperature)]

(26)

(27}

p(Yi)~Pp(U( Y))exp( —F /Nzo ), (28)

where 5Y~,„=Y,„2Y/F is th—e departure of
Y~m, „ from the expectation value of any of the Y~
in the conditional distribution, and (5Y,„)&0
since F,„ is defined as the largest of all the Y .
The first term on the right-hand side of Eq. (27) is
the corresponding expression in the high-
temperature approximation Eq. (18). The second
equality in (27) relates the second moment to the 1/e
width of a Gaussian forced to fit the distribution
with the same first and second moments. A correla-
tion term proportional to ( Y5Y,„)
—( Y)(5Ym,„) has been neglected in Eq. (27) be-
cause we show in Appendix B that it is zero for a
Gaussian RDF.

An important question regards the effect of site
occupation probability on the activation energy. If,
for example, the Gaussian Eq. (8) were used to com-
pute ( F), and thereby ( F)=0 in Eqs. (26) and (27),
it would be equivalent to paying no attention to the
thermal probability for finding the particle at a
given site. At least for situations in which relaxa-
tion is achieved in one jump, such a probability
must be included. Hence the site distribution should
be replaced by

Pp = I exp[ PaE( Y—Yi )—]+1 I (29)

where YF is fixed by the hydrogen concentration.
At low temperature Eq. (29) is replaced by
Pp ——8(Y—Yz), where 8(x) is the unit step func-
tion and Y~ is given by

IXI exp( —Y'/NE~')c= dY8(Y —Y ) f dFexp( —F /NEO )

= —,erfc(F~/N~ cr), (30)

where the effective concentration c is the number of
hydrogen atoms per number of interstitial sites.
This is equivalent to the expression found in Ref. 6.
Validity of the zero-temperature approximation re-
quires that, for a given YF, the same answer is ob-
tained when the complete expression (29) is used in-

stead of 8(F YF) in th—e integrand of Eq. (30). We
estimate that this requires

where Pp is the thermal equilibrium probability of
finding the particle at site i and U is a function of F
via Eqs. (4) or (14). If only 1 particle per site is al-
lowed, I'0 is the Fermi distribution
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and

exp( P—aENz o) «1

exp[ (Pa—zNz o 4'—/Nz cr)] «1.
For H in PdsoSi2p (Sec. 111),PazNz o =9 at 250 K
and

exp[ (9 4—YF/—Nz o)]&0.1

for c & 1% [using the second equality in Eq. (30)].
Thus replacement of (29) by the step function is jus-
tified except at extremely low hydrogen concentra-
tion and will be used henceforth. Thereby

( Y) /Nz cr=zof, (31)

(( Y —( Y) )')/Nzcr'= , [I 2z—of(f— I)], —

(32)

sufficiently low concentrations to be accommodated
in the small (relative to the number in fcc) number
of octahedral holes. The fact that the volume
change per hydrogen ' is nearly the same in crys-
talline Pd as in amorphous Pd80Si2o certainly is con-
sistent with the concept of the same potential and
same-type site occupation in the two systems. [See
under Eq. (38) below, however. ]

The bulk modulus of Pd is' lc: = l.8 X 10'
erg/cm =1.1 eV/A, and the volume change per
hydrogen is'" EV=2.9 A . Thus Eq. (14) gives for
the equilibrium-site parameter aE ——0.8 eV with
Nz ——12 for an octahedron. The RDF (Refs. 6 and
16) in PdsoSi2p has a full width at 1/e height of
about 0.39 A and is peaked at 2.75 A; so in units of
the sphere diameter, 0.=0.07, which agrees well
with that given for the relaxed random-packing
models. s'9' The octahedral site energy width of
Eq. (9}is then

where zp = Yz/Nz o is given in terms of c by Eq.
(31) and 5U =0.19 eV=18, (33)

—22f=e '/+m. zperfc(zp)

(f~l for zp —+Do). At c=0.01, the values are

( Y) /Nz o = 1.88 and

((Y—(Y)) )/N o'=0 048, .

the latter showing an extreme reduction in the
second moment from its value without weighting
with respect to the thermal equilibrium probability.

For completeness, we also consider the distribu-
tion p(b; } for jumping through a particular face cc.

This is obtained by replacing 5F~m,„with 5Y~ in
Eqs. (26) and (27), and using the distribution

p( Y~
~

Y} given in Appendix 8, for which
(5Y~ ) =0. Since ((5Y~ ) ) is about 2.5 times
greater than ((5Y,„—(5Y,„)) ) (see Table III,
Appendix 8},this gives a much broader distribution
of activation energies.

III. APPLICATION TO Pd8pSi2p

A basic premise in computing the energy distribu-
tion for hydrogen in the metal-metalloid glass
Pd80Sipp is that the matrix can be treated as though
it were a fictitious pure amorphous Pd. This may
not be totally unreasonable since it is thought' that
in such a binary glass the smaller Si atoms occupy
the larger Bernal holes in the Pd structure. In this
case the hydrogen would likely reside in the octahe-
dral or tetrahedral sites completely surrounded by
Pd atoms. It is further assumed that the potential
for hydrogen in amorphous Pd is the same as in the
crystalline material. Since hydrogen occupies the
octahedral sites' in fcc Pd, it is natural to assume
this for the amorphous material as well, at least at

mcoo=2[ V (Ro)+2 V'(Ro)/Ro] ~ (34)

where m is the mass of the hydrogen atom placed at
the center of a regular octahedron of six metal ions
each a distance Ro away. Neutron data' show that
ficop ——66 meV for dilute H in crystalline Pd. This
number converts to mcpodp ——8.8 eV for the sphere
diameter dp ——2.75 A. Equation (34) may be com-
bined with Eqs. (3a) and (5) to give

Ro V (Ro) mcooRo

i
V'(Ro)

i
EhV

where V'(Rp) &0 has been assumed and the final
equality comes from taking the above numbers for
mcpoR p, E, and 5V (Rp ——dp/V 2). The quantities a,
and aE are in the ratio

ag 2 V'(R, )

az 3 V'(Ro)

according to Eqs. (14) and (16) (R, /Rp ——v'2/3,

in kJlmole, which is close to the value of 15
kJ/mole derived in Ref. 6 in a somewhat more
phenomenological manner.

The saddle-point parameter a, is required in addi-
tion to az for obtaining the width of the activation
energy distribution. This could be obtained directly
if the volume expansion for hydrogen at the saddle
point was known. Since it is not known, we deter-
mine a, from a model potential constructed to give
the observed volume expansion and hydrogen vibra-
tional frequency at the octahedral site. The volume
expansion is related to the potential gradient via
Eqs. (3a) and (5). The vibrational frequency cop is re-
lated by
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TABLE II. Use of various functional forms for potential V(R) = V(Rp)+Af (R). Parame-
ters are chosen to fit observed lattice expansion and hydrogen vibrational frequency, as dis-
cussed in text. 6,V~/h, Vo is the lattice expansion for hydrogen at the tetrahedral site 6V~ rel-
ative to that for octahedral site 6Vo.

f(R)
e -eR

R
e y/R

Parameter
value

aRo=3 4
p =2.4

y/Ro ——1.4

a, /aE
[Eq. (36)]

3.1
3.3
3.4

hv, /hvo

0.91
0.94
0.95

1 V' (Rr)
6VT/6Vp ——~ (37)

nE ——6, N@ 12, and ——n, =N, =3 for an octahedron).
If it can be assumed that V(R) is sufficiently well
behaved between Ro and R, that it can be approxi-
mated by a simple function, such as a power law,
then a, /aE is determined. Table II gives the result-
ing values of a, /aE for the form V(R }
=V(Rp)+Af(R) with f(R)=e ",R i', and e"
Since only a ratio of derivatives is involved, the re-
sults depend only on a, p, and y and are independent
of the constants A and V(Rp). These constants do
influence the activation energy, and thus it seems
likely that the parameter a, needed for the width of
the distribution of activation energies can be consid-
erably less sensitive to details of the potential than is
the activation energy itself. This is borne out by
Table II where only a 10% variation in a, is seen.

The above equations are based on the premise that
the linear approximations of Appendix A and Eq.
(16} hold. This requires R, V'(R, )Y /V(R, ) « l.
At the root-mean-square value ( Y~ }'~s=v'3/2o,
we find

Rg V'(Rg)( Y~ }'~ /V(R, ) =0.25

for o =0.07 and the parameters given in Table II; so
there is reasonable consistency. If, however, the po-
tential is much more steeply varying at R, (i.e.,
hard-core-like} than can be accounted for by any of
the simple expressions of Table II, one has to be
more careful. We show in Appendix A that for a
hard-core-like potential combined with lattice relax-
ation, one might expect a, /aE to be reduced. It is
obvious from Eq. (36) that a, /aE ——2v'2/3=1. 6
represents a lower limit to the ratio, since the
hydrogen-metal force at the saddle point is at least
as great as at the equilibrium point.

It is also of interest to compare the volume expan-
sion expected for hydrogen at a tetrahedral site with
that for hydrogen at an octahedral site. Equations
(3) and (5) show that

where Rr ——&3/Sdp and b VT are tetrahedral site
parameters. The ratio is given in Table II, the
noteworthy fact being that there is less than a 10%
difference between b, Vz and b Vp. Thus one cannot
conclude from the volume change alone that hydro-
gen occupies octahedral sites in PdsoSizo. The mean
activation energy and width predicted from Eqs.
(26) and (27) are shown versus effective concentra-
tion in Figs. 3 and 4, respectively, for a, /an ——3 (soft
potential value, Table II) and a, /aE 1.6 (low——er
limit). The complete distribution given by Eqs. (25)
and (26) is shown in Fig. 5 for a, /az ——1.6 and
c =1%. Also shown are the data from Ref. 3 which
are for hydrogen-metal concentrations of a few per-
cent. (The "true" concentration NH/Nz, where NH
and Nq are the number of hydrogen and host atoms,
respectively, differs from the effective concentration
used here, c =NH/Ns for Ns equilibrium sites. For
octahedral sites, in a distribution of soft spheres, the
work of Ref. 9 gives Ns-Nq/4, while Ns =2.5'
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FIG. 3. Mean activation energy for H in Pd8pSi2p us-

ing 6,p ——0.25 eV, aE ——0.8 eV, N =12 (octahedral site).
Solid curves are Eq. (26). Dashed curve is Eq. (26) with
(5I',„}=0, which corresponds to distribution for hop-

ping out of one face. Numbers beside curves are values of
a, /ai. Horizontal bar is value from distribution used to
fit data in Ref. 3.
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—0.8

—0.6

periments should measure the total rate for hopping
through all faces. Validity of the low-temperature
approximation requires

exp[Pa, (5Y,„)]))1

0.05—

1.6 —0.4
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I I I I I I I I I

0.10.05
EFFECTIVE H CONCENTRATION

0.5

FIG. 4. Effective Gaussian width of distribution of ac-
tivation energies for H in Pd8oSi20, using 50——0.25 eV,
aE ——0.8 eV, N =12 (octrahedral site). Curves are Eq. (27)
for values of a, /aE shown. Horizontal bar is value from
distribution used to fit data in Ref. 3.
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FIG. 5. Distribution of activation energies for H in
PdsoSi20. "Theory" curve is result of using Eqs. (25) and
(28)—{30) in (25) with 60——0.25 eV, a~ ——0.8 eV,
a, /aE ——1.6, c = l%%uo. "Experiment" curve is distribution
used to fit data in Ref. 3.

if both octahedral and tetrahedral sites are included.
Thus NH/Nq ——0.01 corresponds to c =0.04 if only
octahedral sites are counted. )

The width is somewhat broader than observed
even for the smallest allowable a, /aE. The larger
value of a, laE gives much too large a contribution
to the negative shift in b„which arises from the
term proportional to (5Y~,„) in Eq. (25). The dis-
tribution for hopping through any one face a with
activation energy 6;~ does not contain this negative
shift and therefore gives a much larger activation
energy which, as shown in Fig. 3, is in reasonable
agreement for the larger a, laE ratio. However, the
width for this distribution is about 0.25 eV at
a, /aE ——3, which is much too large. Also, as dis-
cussed earlier, we rule it out on the grounds that ex-

so that the largest exponential in the summation in
Eq. (17) dominates. For the minimum a, /aE-1. 6,
we have pa, (5Y,„)-5 at 250 K with aE ——0.8 eV,
so that the condition is well satisfied. By compar-
ison, the high-temperature approximation (18) gives
widths of 0.048 and 0.11 eV for a, laE 3a——nd
a, /aE ——1.6, respectively. Note the opposite depen-
dence upon a, /aE for this range of values because
the term in 5F is absent.

IV. DISCUSSION

The closest agreement with experiment is obtained
by taking a, /aE to be its smallest physically allow-
able value rather than as given in Table II for model
potentials. The values for a, laE in Table II neglect
lattice relaxation, since they assume that the
hydrogen-metal force is the same as if the cage were
rigid. Allowing the metal lattice to relax obviously
reduces this force, i.e., it is less at the relaxed
hydrogen-metal distance. Thus it may be reasonable
to expect a smaller a, /aE. This point is discussed
quantitatively in Appendix A.

The distribution of activation energies used to fit
the data in Ref. 3 was asymmetric with the width on
the low-energy side about twice that on the high-
energy side. Qur results do not reproduce this
feature, as is evident by the nearly symmetric-curve
in Fig. 5. However, although a best fit to the data is
obtained with the asymmetric Gaussian, I find that
nearly as good a ftt results from a simple symmetric
Gaussian, so this lack of agreement may not be too
important.

One might be happier if agreement were obtained
with a larger value of a, /aE than with the minimum
acceptable one. This would require a distribution
p( Y~m,„~ Y) which is both narrower and less skewed
toward large 5Y~,„ than given by Eq. (25). Both of
these would be accomplished by introducing some
correlation between the probability for sides d2 and
d3 of a triangle, given the first side d& rather than
using Eq. (6), which neglects any such correlation.
However, the fact that the uncorrelated distribution
of Eq. (8) seems to reproduce the results found in
Ref. 9 would argue against any strong correlation.

There is a distribution of hydrogen vibrational
frequencies Np as well as site energies. From Eq.
(34) and the parameters for an exponential potential
given in Table II, we estimate the width to be
&cop ——1.4 meV for %cop ——66 meV. This is consider-
ably smaller than the site energy width of 190 meV,
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which justifies its neglect in the present paper.
In the absence of thermal weighting so that

( Y ) =0, we predict a negative shift in activation en-

ergy since the net hopping rate is determined by the
face with the lowest barrier rather than the average
barrier of all the faces. An activation energy less
than the crystalline value was also found in Ref. 9
for hopping out of octahedral sites. But the reason
appears to be quite different. They assumed that the
site energy for an octahedron was determined by the
shortest of the three metal-metal distances passing
through the center of an octahedron. Thus their dis-
tribution of octahedron sizes was peaked at
R (d/v 2 [see Fig. 13(b) of Ref. 9]; the mean site
energy was correspondingly higher and hence the ac-
tivation energy lower. Since their tetrahedron and
triangle sizes are defined instead as an average dis-
tance from vertices, ' the mean energy does not de-
viate appreciably from the crystalline value for these
figures. As a result, they found a reduction in ac-
tivation energy only for hopping out of an octahed-
ron.

I would argue on the basis of Eq. (2) and Appen-
dix A. that the site energy is always the crystalline
value if there is no weighting by thermal population
factors. The activation energy is lowered because it
is governed by the distribution of the largest triangle
faces. That is, in my view, the appropriate saddle-
point energy is lowered and the site energy un-

changed from the crystalline value, whereas Ahmad-
zadeh and Cantor have unchanged saddle-point and
increased octahedral site energy. The work here
predicts a similar effect for jumping out of
tetrahedral sites, in disagreement with Ref. 9.

Although the distribution of activation energies
derived here appears to fit the internal-friction data
fairly well, there is one disturbing feature which
must be mentioned. The strength of the internal-
friction peak is much more suggestive of a very an-
isotropic site geometry, such as the hydrogen sitting
at the center of a dumbbell, than of the symmetric
tetrahedral or octahedral environment. The ex-
istence of hydrogen-related internal friction requires
that the hydrogen hop between sites whose energy
difference changes with applied uniaxial stress.
Thus there is no internal friction for octahedral sites
in the ideal fcc structure since these sites of cubic
symmetry are all equivalent, even under uniaxial
stress. The octahedral sites in an amorphous system
can show internal friction because (i) the octahedra
can be distorted from cubic symmetry and (ii) there
is a stress-dependent change in energy as a function
of size of the octahedron so that even regular oc-
tahedra of varying sizes can contribute. However, it
is difficult to see how these effects can produce an
internal friction peak as big as for highly anisotropic

sites, which seems to be required.
Bulk diffusion, which requires many hops, has

not been treated here. Our distribution of activation
energies strictly holds only for situations in which
relaxation or decorrelation is effectively achieved in
one hop from an equilibrium configuration, as is ex-
pected to be the case for microscopic phenomena
such as NMR or internal friction. We have avoided
questions related to the path a particle takes once it
leaves the equilibrium site. These would have to be
addressed in discussing bulk migration such as is ob-
served in the Gorsky effect.

V. SUMMARY AND CONCLUSIONS

The distribution of activation energies has been
derived for a small impurity such as hydrogen hop-
ping in an amorphous metal. Classical over-the-
barrier motion was assumed so that the activation
energy is the difference between saddle-point and
equilibrium-site energies. The equilibrium sites were
taken as centers of octahedra for specific applica-
tions, although formulas were derived for general
polyhedra. The saddle point was the center of a tri-
angular face of the polyhedron. The dimensions of
the triangles and polyhedra vary in a manner which
was predicted from the radial distribution function
(RDF). The results agreed well with the
interstitial-size distributions reported in Ref. 9.

The site energy distribution was related to the
RDF and to observed hydrogen-induced volume
change without having to know details of the
hydrogen-metal potential, similar to what was done
in Ref. 6. The saddle-point distribution is more sub-
tle in two aspects. First, we showed that, for the rel-
atively low temperatures of interest, the particle
hops through the face with the lowest saddle-point
energy, i.e., the triangle which has the largest size.
This led to consideration of the conditional proba-
bility for the size of the largest face of an octahed-
ron given the sum of all the edge lengths of the oc-
tahedron. Second, the proportionality between size
and energy at the saddle point must be estimated
from a model potential. This was done by fitting
the known volume expansion and hydrogen vibra-
tional frequency at the equilibrium point in the crys-
talline material to simple functional forms of the
potential and also by considering a hard-core poten-
tial at the saddle point together with lattice relaxa-
tion.

Results were compared with the distribution of
activation energies required to fit the internal-
friction data for H in Pd80Si20, and good agreement
was found. The only adjustable parameter in the
theory is a, laE, which is proportional to the ratio of
hydrogen-metal force at the saddle point and to that
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at the equilibrium point. Based on the known
volume expansion and hydrogen vibrational frequen-
cy together with physical reasoning for lattice relax-
ation, we estimated that 1.6&a, /aE &3. The data
are best fitted for a, /aE at the lower limit.

Since most amorphous metal alloys seem to have
similar RDF's and local potentials which are the
same as in the crystal, the methods used here should
be applicable to hydrogen or other small interstitials
in a variety of amorphous materials. A distribution
of activation energies has commonly been invoked to
explain relaxation data; but in the past it has gen-
erally been chosen only to give agreement without
any first-principles considerations. The present
study shows that such distributions can be placed on
much firmer foundations.
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APPENDIX A: EQUILIBRIUM ENERGY
OF PARTICLES IN A DISTORTED

POLYHEDRON

As in the main text, the n vertices qf the distorted
polyhedron are dit positions R;=R;+r;, i =1,2,
. . . ,n, where

~
R;

~

=Rp and g,". R; =0. The equili-

brium position is r =0 for the regular figure with
r; =0; so for small distortions the energy at the new
equilibrium position r is

tex i .The former is true for the octahedron sin~e,
for example, with R; =Rp(0, 0, 1), the vectors RJ~;&
are Rp(+1,0,0) and Rp(0, + 1,0). For the triangle or
tetrahedron every vertex' j&j, is a distance dp from
vertex i, so that g ~, ~RJ+R; =g,. R;=0, whereby

the latter condition is met. Hence at least for the
figures of interest here it follows that

n
1' 'R /Rp =C g (dk —dp), (A4)

(A6)

which is the same as Eq. (2).
Displacement of the metal atoms by lattice relaxa-

tion has thus far been neglected. If introduction of
hydrogen causes a displacement e; of the metal
atom from its position R;+r; in the distorted fig-
ure, then Eq. (Al) is modified to

n n n

U= g V(R;+e;)+ —, g g g k;J~e,'ej.

where C is a constant and d;J, the distance between
neighboring vertices i and j, has been relabeled as dk
for the kth edge. C is readily determined by noting
that for the special case where r; is of constant mag-
nitude 5 in the direction of R; one must have a con-
stant dk =dp+5(dp/Rp). Tllus

RpC=- (A5)
N 0

so that (A2) becomes

N

U(r)=nV(Rp)+ RpV'(Rp) g (dk —dp)/dp,

n

U(r)= g V(R;)+O(r ), (A 1)
i=1 j=l aP

(A7)

V'(Rp) ~ p
U(r)=nV(Rp)+ g r; R; . (A2)

The vector between vertices i and j is d,j——R; —Rj
so that to lowest order the edge length is

~0 ~0
dj ——dp+(ri —rj ) (Ri —RJ)/dp, (A3)

where dp is the edge length of the undistorted figure
and i and j are meant to be nearest-neighbor ver-
tices.

Consider the sum over all edge lengtais d,j. This
will be proportional to g,". , r; R;, provided
that g ~,

.&RJ(i) either is zero or is proportional to~0
R; so that the cross terms from Eq. (A3) vanish.
Here j(i) is a vertex which is a distance dp from ver-

since the term linear in r must vanish if r is the
equilibrium position. It therefore follows that to
first order in r;

V'(Rp+e) ~ p nkpE

i=i
(A8)

as long as V'(Rp+e+r;) is well behaved for small

for the total energy where the second term
represents elastic energy of the metallic host. The
quantity k,z~ is an effective force tensor which can
include effects of distant strains, and it has been as-
sumed that e; =0 corresponds to equilibrium of the
metal host.

If, as may be the case at the saddle point, the po-
tential is rapidly varying, an expansion such as (A2)
about e; =0 is not legitimate. However, we assume
that an expansion is allowed at the relaxed position,
so that Eq. (A7) can be written as

n

U= g V(Rp+e)
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r;, even though V'(R p+ r; ) may not be. In arriving
at (A8), symmetry has been assumed whereby

E; =eRi/Rp and k 1 =kij5 p w1th kp= g ~ ki& aIld

e &&Ro has also been used. As long as

r; V'(R p+e) « V(Rp+e)

the second term on the right-hand side, involving r;,
does not affect the value of e obtained by minimiz-

ing U. Thus apart from a shifted energy at r; =0
which does not affect the width of the distribution,
Eq. (A6) may be used with the force V'(Rp} evaluat-
ed at the relaxed distance Ro+e where it is assumed
to be moderate. As a result the ratio between forces
at the saddle-point and equilibrium positions can be
considerably less than estimated in the absence of re-
laxation. The extreme limit occurs when e is suffi-
ciently large to make the relaxed hydrogen-metal
distance the same at the saddle-point and equilibri-
um positions.

APPENDIX B: CONDITIONAL
PROBABILITIES

We consider here the conditional probabilities
p(Y1, Y2, . . . , YF

l
Y) and p(Y~m, „ l

Y} for a po-
lyhedron with F faces where

TABLE III. Moments of conditional probabilities

p(x l
Y).

X
Y~

Y~max

(x)
2Y/F

2Y/F +V 3kir(1.01)'

((x—(x) }2)
3kcr2/2

3kg (0 19)a

'Numerical result from Eq. (B20) with F=8.
k =1—2/F; other quantities are defined in the first para-
graph of Appendix B.

N

Y=g —1
1=1 dp

N
(Bl)

is the deviation of the sum of the N edges from the
ideal value Ndp normalized to the regular edge
length dp', Y~=y, +y 2+yN3 is the deviation for
the sum of the edges of the face a, the faces as-
sumed to be triangles, and Y~m,„ is the largest of the
E values of Y~. The final results are summarized in
Table III. The edge deviations y; are assumed to be
independent so that their distribution is

PN(y'1 y2 ' ' yN} P(yl )P(y2) P(yN)

(B2)

where p(y;) is the RDF. The unrestricted distribu-
tion for a single face is

p(Y )= f dy1 f dy2 f d yps( y)p1( y)p2( y)s(5y 1+y+2ys Y~)=—f dte '[p(t)]2 (B3)

00 ~
~ ~

00

where p(t)= f dy p(y)e'&' and we have used the identity 5(x)=(1/2m) f e'"'dt. For a Gaussian RDF
this reduces to

—Y2 /30.2

p(Y )=e (B4)

where, as in the main text, we ignore any multiplicative constants, either which result in the course of perform-
ing integrations or which are required for normalization. Similarly, the unrestricted distribution for the F
faces is

p(Y1, Y2, . . . , YF)= f dy1p(y1) f dyNP(yN)5(y1+y2+y3 Y1)

X5(y1+y4+y5 —Y2) ' ' ' 5(yN 2+yN 1+yN YF)
00 —iY&t& l YFtF

dt1e dtFe p(t1+t2) p(t;+tz) (B5)

where the edges and faces are numbered so that face 1 has edges 1, 2, and 3, face 2 has edges 1, 4, and 5, and so
on. Each edge is common to two triangles so that if p(t;+tj } in the expression is the transform of p(yk), then
t; and tj represent the two faces which are common to edge k. Since each triangular face shares edges with
three other faces, the integrals in (B5) are not easily separable in general. For a Gaussian p(y), and therefore
for p(t) also, the product of p s in (BS) becomes

r

2

p(t1+t2) .p(t;+tj)=exp l. (t1+t2) + +(tl+tj) + ]4

2

=exp (3t1+3tz+ . +3tN+2t, t2+ . +2t;tj+ . )
4

(B6)
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where the factor of 3 in 3t; comes from the fact that each face has three edges and thus must be represented
three times in the sum over edges. The cross terms prevent the left-hand side of (BS) from being a simple
product of Gaussians. A nice simplification, however, occurs for a tetrahedron where each face is in contact
with all the other faces. Then it is evident by symmetry that the sum over t's must be expressible as

N

3ti+3tz+ . +3t&+2titq+2t;tj+ =a g t; +bT (N =6, tetrahedron), (87)

where T = g,. , t; and a and b are appropriate constants. It is also easy to see that a =2, b = 1. In this case
(BS) becomes

00

p(Yi, Y2, Y3,Y4)= f dze "e g f dt exp[ —cr (2t )/4]exp[ t(—Y z)tJ—,
a—1

(88)

which gives

p( Yi, Y2, Y3, Y4)

1
=exp

20-2

4

Y ——,Y
a=1

(89)

The term in Y acts like a constant for the condi-
tional probability so that an exact expression for the
unnormalized conditional probability for the
tetrahedron is

p(Yi, Y2, Y3, Y41 Y

4

=exp — g Y 5( Yi+Yz+Y3
a=1

+ Y4 —2Y) . (810}

Note that since each edge is common to two trian-
gles, it follows that

F N

g Y =2+y;=2Y,
a=1

and 3F=2N.
In the language of statistical mechanics, the 5

function in Eq. (810} represents a microcanonical
ensemble. For large numbers of "particles" (faces,
in this case}, one goes to grand-canonical ensemble
in which

F
5 g Y~ —2Y

a=1

is replaced by
r

F
exp —A, g Y~

a=1

I

where the multiplier A, is chosen to give the correct
average & Y~) =2Y/F. The 5 function has no signi-
ficant effect on the fiuctuation & Y~) —

& Y~) for
large numbers of particles; one keeps the same value
of o in the grand-canonical ensemble when dealing
with statistical mechanics of 10 particles. Here
the situation is different because F=4 (tetrahedron)
or 8 (octahedron) is not astronomically large. We
therefore make the ansatz

p( Yi, . . . , Y2, . . . , YF
~

Y)

= g exp( —5Y /3kcr ), (Bl 1)
a=1

where 5Y~= Y 2Y/F, and—k is a constant intro-
duced to give the same fluctuation

&(5Y )2)r= —,ko (812}
as in the microcanonical distribution such as (810).
(The subscript Y indicates that the average is taken
with respect to a conditional distribution. ) It is ob-
vious that &5Y ) =0 for (811) so that the implied
choice of the multiplier

A, =2& Y~)/3ko =4Y/3ko F
is justified (a constant term & Y ) /3ko' has also
been added in the exponent). The quantity k differs
from unity not only because of the 5 function, but
also because the faces share edges. It is determined
by noting that

&(5Y )')r ——&(yi+y3+y3) )r 4Y /F
(813)

where yi+yq+y3 is the perimeter deviation for the
face a and using, from Eq. (82) with a 5 function
added for the conditional distribution,

&(yi+y2+y3)') r =
f '' f dyi ''dyivexp

f dyi" dyNexp
N N

Xy' 5 Xyj-Y
j=1 j=1

N N

, gy (yi+y2+y3) 5 gy' y
i=1 i=1

(814)



27 DISTRIBUTION OF ACTIVATION ENERGIES FOR IMPURITY. . . 2071

The numerator is

3 f" dte '"' f yfe ' e' "dy& f e
' 'e'~'dy

p i tJ i/1
N —2

while the denominator is

=3(mo )
~ o f dte '"'exp( No —t /4)( —, 3o —t l4), (815)

(816)

so that the ratio is

30'
((yi+y2+y3) )r=

2

CO

3 dtcr t e '"'exp( No t —l4)

2 f dte '"'exp( No —t /4)

=(—,)o [1—3/N]+9Y /N =( , )o [1 2—/F]+4—Y /F (817)

and thus, by comparing with (812)

k =1 2/F . —

The conditional probability p( Y~
~

Y) for a single face evidently is just

p(Y~
~
Y)=exp[ —(5Y~) /3ko' ),

(818)

(819)

since according to (811) the faces have been made independent by introduction of the grand ensemble. For
p( Y~m«

~

Y) we integrate over the other faces a&amax subject to the condition that Y~ & Y~m«. Thus

amax
'F —1

p(Y~,„~ Y)=exp[ (5Y~—,„) /3ko2 f d5 Y~exp[ —(5Y~)~/3ko2]

=exp[ (5Y,—„) /3ko ][erfc( —5Y «/V'3k cr)] (820)

Since the distribution in Eq. (820) is a function only
of 5Y, it follows that Y and 5Y «are statisti-
cally independent, ( YSY~m«) = ( Y) (5Y~m«).
The moments of (820) for F=8 are shown in Table
III.

It should be noted that in going from Eq. (85) to
(811) for a tetrahedron, the only approximation has
been the use of the grand ensemble with properly ad-
justed width for a small number of "particles. " This

is because of the validity of Eq. (87) for a tetrahed-
ron. Unfortunately, it is not valid for the octahed-
ron. Since there are eight faces, and each face
shares an edge with only three others, evidently
there are several cross terms t;tz in T which do not
appear in (86). For simplicity, however, we have as-
sumed that the form (811) can be used for any po-
lyhedron with k chosen to give the correct mean-
square width of the distribution.
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