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Ionization probability of sputtered atoms
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The ionization probability of atoms sputtered from metal surfaces is discussed with the
use of an approach of Blandin, Nourtier, and Hone. A general expression is obtained for
this probability for the case in which the energy position of the sputtered-atom valence level
has a linear dependence on distance and the atom velocity is constant. A limiting form of
this expression was given by Brako and Newns; this limiting form is very useful in analyz-

ing the higher-velocity part of the data obtained by Yu for 0 sputtered from transition-
metal surfaces. Analysis of the lower-velocity part of the data proceeds by the combination
of the more general formulation of the theory with a very simple trajectory determined on
the basis of a Morse-potential interaction between the sputtered adatom and the substrate
atom which strikes it. A good account of Yu's experimental data is obtained with the use of
parameter values determined solely from measurements and calculations of the ground-state
properties of oxygen adsorbed on metal surfaces.

I. INTRODUCTION
AND GENERAL FORMULATION

We wish to consider in this paper the ionization
probability of secondary atoms emitted from layers
chemisorbed on a metal surface. We will use an ap-
proach discussed by Blandin, Nourtier, and Hone, '

and later by N@rskov and Lundqvist and Brako and
Newns. The metal is treated as a noninteracting
Fermi gas of work function 4. We consider the in-
teraction of the metal with a single atom, which is
assumed to move along a classical trajectory r(t).
The atom is taken to have a nondegenerate valence
state

~

a ) of energy e„ lying in the metal conduc-
tion band. This level has a finite width because of
its interaction with the states

~

k ) of the metal, via
matrix elements V,k=(a

~

V
~
k), where V is the

perturbation due to the atom-metal interaction.
Charge transfer between atom and metal is taken to
involve the transfer of an electron between the
broadened level

~
a) and metal states of the same

energy. (We thus assume that Auger processes can
be neglected relative to this resonant transfer pro-
cess. )

Use of the trajectory approximation means that
we can write e, and V,k in the electronic Hamiltoni-
an as e, (r(t)) and V,k(r(t)), with r(t) the trajecto-
ry. Spin effects are neglected. The Hamiltonian is
then written

K(t)= geknk+e, (r(t))n,

+ g [V, ( ktr)()c, c +kH. c.],
k

where c, and ck are electron creation oPerators for
~a) and ~k), respectively, and n =c c. Even

though we will be interested in negative ions we do
not take account of interactions of the form Un„n„
in H (spin effects are omitted) because this would
represent a major complication in the theory, and we
wish instead to discuss the simplest possible model
that gives a reasonable picture of the experimental
data.

Following Ref. 1 the simplifying assumptions are
made that the k and r dependence of V,I,(r(t)) are
separable:

V,k(r(t)) = Vku(r(t))

and that the energy dependence of the level-width
function

h(e)=m g ~
V,k ~'5(e ek)—

k
(3)

5(r(t))=40~ u(r(t))
~

(4)

where we take ~u
~

=1 for t=0. Note that b, is
the halfwidth at half maximum of the adsorbate res-
onance. With these assumptions, the occupation
probability (n, (t)) has been obtained by Blandin,
Nourtier and Hone, ' and subsequently by Brako and
Newns. In particular, for t~ Oo (setting fi= 1),

can be neglected (this means in particular a constant
substrate state density). The instantaneous reso-
nance width is then given by
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P= (—n, (oo)) =(n, (0))exp —2 f b(r(t))dt

+—f de f dt[b(r(t))]'~ exp iet+ f [i e(r(t')) h—(r(t'))]dt'
2

(5)

[We omit from Eq. (5) a "cross" term that is negligible in all cases of interest here. ] Since

lxGF
e'"' e=m. x +

if we write
1/2

f(t)—: exp —f"a(r(t'))dt&(r(t))
hp

t'

kp sin
&

6'F —6' r t" t"
P=(n. (0))f'(0)+&0 f, I'(t)dt+ f dt f dt'I(t)I (t')' (g)

This form is used for the numerical calculations that
we do later. The first term here is often negligible in
the experimental parameter range.

We will neglect any dependence parallel to the
surface, and take 6 and e, to depend only on z, the
coordinate along the surface normal. We also use a
simple exponential form for 5:

I

where

2b

Qvl

In the limit in which g—+ oo (see Appendix A),
—2d, (z )/yu~P~e

(12)

(13)

h(z)=bee

(we take the atom position at t=0 to be z=0).

e, (z) =e~+b (z —z, ) (10)

with z, the distance at which the level crosses eF.
Again with z =vit and neglecting terms of
O(e ') (see Appendix A for details, where the
result that includes these neglected terms is given),

'i'
4xP= , +~Ref—

7T p

cosmic

II. RESULT FOR THE CASE
OF CONSTANT VELOCITY AND LINEAR e,{z)

Blandin, Nourtier, and Hone' have given an ana-
lytic evaluation of P using the above assumptions,
and further assuming that z =vit and that e, is a
constant distance from the Fermi level. They—d,o/yuj
neglect terms of O(e ' '), which is in most in-
stances a good approximation. We give here the
solution for the case in which e, crosses the Fermi
level, which is generally the case of greater interest.
In particular, we take

This limit has been obtained by Brako and Newns.
Comparison with the result in Eq. (11) shows this
limiting form to be quite accurate for many cases of
interest. For example, for a set of parameters ap-
propriate to the case of 0 sputtered from vanadi-
um described below, over the velocity range in the
experiment [(0.5—3) &&10 cm/sec], Eq. (13) is accu-
rate to better than 1% [the parameter g is O(10 )].
We will find this form very useful for our qualita-
tive discussion.

III. EXPERIMENTAL DATA ON 0
MORE REALISTIC FORM FOR e,{z)

We wish now to discuss the experimental data of
Yu for 0 sputtered from a vanadium substrate.
These experiments measure changes in ln Y (Y is
the negative ion yield) that occur as the substrate
work function is changed by depositing an alkali
layer. A curve of log1p Y' versus change in 4 is
shown in Fig. 1; it is seen to be linear over a consid-
erable range. An energy parameter ep is then de-
fined from the slope of such a curve (in the linear
region),

)&e ' I'( i'), —
dlnY

d4 (14)
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FIG. 1. Work-function dependence of yield of 0 ions
sputtered from a vanadium surface at two different emis-
sion energies, (a) 8.3 and (b) 65 eV, but for the same angle
of emission, as measured by Yu (from Ref. 9). The sur-
face was exposed to 1 L of oxygen. Changes in work
function h4 are brought about by deposition of submono-

layers of Li on the surface.

and is plotted as a function of measured velocity
perpendicular to the surface for several emission an-
gles as shown in Fig. 2. This procedure is viewed in
Ref. 9 as assuming that

—(4—A)/eo
&xe (15)

d lnP
6'p =—

d4

Now we note several features of the experimental
data given in Figs. 1 and 2.

(1) The curve of ln Y vs 4 is linear over a large
range.

(A is the affinity energy of the sputtered atom). The
proportionality constant here involves mechanical
factors relating to, e.g., the sputtering coefficient
(number of sputtered atoms per incident ion). Ex-
traction of ec eliminates this complicated propor-
tionality factor. We can thus obtain values for eo
directly from the calculated probabilities P:

FIG. 2. Dependence of eo for 0 sputtered from oxy-
genated (1 L) vanadium surfaces on the normal com-

ponent vj of the emission velocity, as measured by Yu
(Ref. 9). Straight line was drawn to show proportionality
of eo to v& at large v~. The position of the uppermost tri-
angle data point was incorrectly plotted in Ref. 9; the er-
ror is corrected in the figure given here (Ref. 14).

(2) The curve of eo vs uj is linear for large ui.
(3) eo vs ui shows a minimum at small ui.
(4) The smaller the einission angle, the larger the

ep and vj at which the minimum occurs.
(5) For the near-normal incidence curve, the

minimum occurs for an emitted ion kinetic energy
approximately equal to the heat of ionic desorption
of 0 from an oxygen-covered vanadium surface.

We will try to understand the origin of these
features and will attempt to give a quantitative ac-
count of the data using only parameters that
describe the ground state of the oxygen-vanadium
adsorption system, obtained from both measure-
rnents and calculations.

To proceed with our discussion, we must choose a
form for e, (z) that describes its basic behavior
somewhat more accurately than the simple linear
form of Eq. (10). Reference 10 argues that the ener-

gy position of the valence-state resonances of chem-
isorbed atoms follows the total surface barrier po-
tential, as a function of distance. In the immediate
surface region, this potential has an exponential
behavior, and so we take this to be the form of e, (z)
Figure 3 illustrates this approximate behavior over a
short range in the surface region (the arrows in the
figure give the value of the surface potential). For
the negative ions we discuss here, e, (z) must tend to
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—A for z—+ ao, with A the affinity energy of the free
atom. We therefore write, approximately,

e, (z)=Ce ™—A (17)

Ep ep e, (0), —— —

is also independent of 4."
The quantity that enters Eq. (8) for P is

ez e, {z)=(—4 A+Ep)e—™(4 A)— —

(18)

(19)

(note that eF ———4). The distance z, at which e, (z)
crosses the Fermi level [i.e., e, (z, )=ez] is given by

4—A+Ep
z, =—ln-

a 4—A
(20)

(with the vacuum taken as the zero of energy).
In fact, we expect that e, (z) will have an image-

like dependence on distance far from the metal, but
for electronegative atoms such as oxygen, whose res-
onances are generally well below the Fermi level in
equilibrium, the bulk of the variation occurs closer
to the surface, where the behavior is exponential.
For such atoms, therefore, in the interest of simpli-
city, we neglect this imagelike behavior. We note
also that far from the surface, the behavior is ex-
ponential with a ~ v 4 in, e.g., a local-density calcu-
lation (which by its nature does not include image
effects}, but that would be far enough out that the
true behavior would be imagelike and not exponen-
tial in any case. We therefore neglect any work-
function dependence of a. We will further assume
that the distance below the Fermi level of e, (z) for
the atom at equilibrium (defined to correspond to
z=0), i.e.,

I

—IO

ENERGY RELATIVE TO VACUUM (eV)

FIG. 3. Self-consistently calculated state-density
change due to chemisorption of a hydrogen atom on a
high-density metallic substrate (jellium model). Curves
are shown for three different metal-adatom distances d
(measured from the positive background edge of the
model substrate). Arrow gives value of total surface po-
tential at adatom nucleus; zero is set so that arrow falls
under peak of resonance for largest distance. This shows
the way in which the resonance position roughly follows
the surface potential. Note the nonmonotonic behavior of
the resonance width with distance. Curves are from Ref.
10.

IV. SIMPLIFIED ANALYSIS
OF EXPERIMENTAL DATA

2~o 4—AP =exp
yves 4—A +Ep

y/a

If we crudely take y-a, then we can write this as
—(4—A)/eoP=e

with

Now, solely for purposes of discussion, we will
use the above expression for z, in conjunction with
the limiting form for P given in Eq. (13), which was
derived for a linear potential. We do this because
we expect that it is only the region near the crossing
point which is important in obtaining Eq. (13},over
which our form (19) is locally linear. In this case,
continuing to take z =v j t, we have
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a (e—a+E, )u,
2hp

(23)

[we take Eq. (15) rather than (16) to define eu for the
moment). Since for a negative ion such as oxygen,
Eu is relatively large [-6 eV (Ref. 12}] and since
4-5 eV, we can neglect variations in ep due to
changes in 4 of -1—2 eV. We understand in this
manner the way in which Eq. (22) implies the ap-
proximate linearity of the curve of logi&I' vs 4
over a range of -2 eV seen in Fig. 1.

We now return to the somewhat more accurate
form Eq. (21), which implies [from Eq. (16)]

a (e' —~+Eu)" +'

g (g g)yla —i (24)

and discuss the actual values of the parameters.
Note that Eq. (24) [and (23) as well] reflects the
linearity of the curve of ep vs ui seen in Fig. 2 for
high velocities.

We consider the system of —1 L (langmuir) oxy-
gen adsorbed on polycrystalline vanadium analyzed

by Yu, the results for which are given in Figs. 1

and 2. First we discuss the parameters that are the
most straightforward to determine. The work func-
tion of polycrystalline vanadium is 4.3 eV (Ref. 13);
the work-function change induced by 1 L of oxygen
is 0.9 eV as measured by Yu. ' We thus take
4=5.2 eV. The affinity energy for oxygen is 1.5 eV
(Ref. 15} (to the accuracy of interest here}. The
value of Eu is found in photoemission experiments
to be -6 eV. ' The inverse decay length a for the
surface barrier potential on a high-density metal
substrate is calculated' to be -0.4 bohr ', as ar-
gued above this should be the characteristic inverse
decay length for the resonance position e, (z) also.

The parameters that are more difficult to deter-
mine are b,u and y. Note in Fig. 3 that the reso-
nance width is not a monotonic function of the dis-
tance of the atom from the surface. This is due to
the fact that as the atom is moved toward the metal,
the atom-metal overlap increases, causing the reso-
nance to widen, but at the same time the resonance
position moves down in energy causing the density
of metal states with which the atomic resonance is
degenerate to decrease (it of course becomes zero at
the bottom of the metal band), leading to a decrease
in the resonance width. The nonmonotonic behavior
results from a competition between these two effects
[cf. Eq. (3)]. In many cases, it is thus not appropri-
ate to use the measured hu (the halfwidth at-the
atom equilibrium position) because the resonance
will often widen soxnewhat when the atom is moved
outward from equilibrium. Instead, we will use the
maximum value of b, (z) as calculated by Lang and

ED=0. 1(1lr)ui (y-0. 5—0.7) (25)

(eu is in units of eV, and vi is in units of 10
cm/sec. ) This result is graphed for two values of y
together with Yu's data in Fig. 4. We see from this
that a completely a priori determination of the
parameters gives a reasonable account of the high-
velocity behavior.

Yu has also measured E'p for oxygen adsorbed on
Nb, and has found the slope of the ep vs ui curve at
large vi to be about —, that of the 0-V case. Within

the picture described above, and to the accuracy
with which we have determined the parameters for
oxygen adsorbed on vanadium, the two cases should
differ only in the value of 4 employed. Now the
work function of polycrystalline Nb is the same as
that of V (4.3 eV), ' but the work-function increase
induced by 1 L of oxygen on Nb is & 0.1 eV in Yu's

experiment, in contrast to the much larger change
observed for adsorption on V. We thus use a value
4=4.4 eV. The numerical expression for eu in this
case is then (oxygen on niobium}

au=0. 07(16.5r)vi (y 0.5—0.7) . (26)

(eo is in units of eV and vz is in units of 10 cm/sec. )
This result is graphed in Fig. 5 for the same two
values of y shown in Fig. 4, together with Yu's data.
The agreement at higher velocities is again adequate.

Williams' ' using the atom-jellium model. For ox-
ygen on a high-density metal, this is ——, eV [the
value that is measured for oxygen adsorbed on a
transition metal surface at its equilibrium distance is
-1 eV (Ref. 12)]. We should of course note that the
derivation of Eq. (5) assumed the substrate density
of states to be constant in energy, i.e., took b, to be
energy independent, so treating the actual problem
in the way just described represents an approxima-
tion for this reason as well. Because of the complex
behavior of the resonance width, there is some un-

certainty as to the proper way to extract a value of
y, whose definition is based on assuming the simple
monotonic behavior of Eq. (9). If we fit the
behavior of the oxygen resonance width as a func-
tion of position (as calculated in the atom-jellium
model} to an exponential over the range from

bohr outside the position of maximum width

to ——, bohr outside (the largest distance for which
calculations were performed), then a value y-0.5
bohr ' is obtained. If we fit only the behavior near
the outermost calculated distances, we obtain y-0.7
bohr

Evaluating Eq. (24) using the parameter values
given above yields (oxygen on vanadium)
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V. ANALYSIS OF EXPERIMENTAL DATA
USING MORE REALISTIC TRAJECTORY

In order now to discuss the low-velocity behavior
of eo in Fig. 2, i.e., the region where the behavior de-
viates from linearity, we must consider somewhat
more carefully the classical trajectory r(t) of the
emitted ion. Since the atom is in a potential well
near the surface, its velocity in this region must be
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FIG. 4. Experimental data of Yu (Ref. 9) for 0 sput-
tered from oxygenated {1L) vanadium surfaces shown in

Fig. 2, compared with the simple approximation given by

Eq. (25).

larger than the measured velocity U far from the sur-
face. Since the average velocity over the trajectory
will thus be larger than u, and since 6p increases
(linearly) with U in our simple model, we expect for u

small enough that the velocity increase in the well
region is comparable to u itself that E'p will be in-
creased, relative to the value obtained from our sim-
ple model (which omitted the well). This is of
course what is seen in Fig. 2.

To discuss this in a somewhat more quantitative
way, we will evaluate P (and hence eo) numerically,
evaluating Eq. (8) for an appropriate trajectory. We
continue to take ep and 5 to depend only on the per-
pendicular distance of the particle from the surface,
i.e., on the component z(t) of the trajectory r(t)
We retain the simple exponential forms for h(z)
[Eq. (9)] and e, (z) [Eq. (19)].

We will use a highly simplified picture to obtain a
trajectory, in order to explore some of the general
aspects of the experimental data, without pretending
to a comprehensive treatment of the problem. We
consider the adsorbed atom that is leaving the sur-
face to have been struck by a single substrate atom.
We take the interaction potential between the two to
have a Morse form

U(s) =8'(1 —e '
) —8' (27)

with s the bond length (so at equilibrium). We im-
agine that at time t =0 the substrate atom receives a
sudden impulse and that it then, with no further in-
teractions with other substrate atoms, collides head-
on with the adsorbed atom (i.e., zero impact parame-
ter). The adatom then moves out along the line of
collision, which is at an angle 8 with respect to the
surface normal. All interactions with atoms other
than the one that struck it, including the effects of,
e.g., image attraction on the trajectory, are neglect-
ed. This is clearly a highly simplified picture, but
we find that it elucidates a sufficient part of the ex-
perimental data to make it worth discussing.

Let us denote the mass of the adsorbed atom by
m, and that of the substrate atom by M. For the
cases of interest here, M is several times as large as
m. Since the data discussed here are for sputtered
adatoms with energies in the range 5—200 eV, we
expect that in most cases the substrate atom will
have had enough energy to leave the surface also.

Let us denote by UM the velocity of the substrate
atom at t =0+, i.e., just after it has received a sud-
den impulse from the remainder of the substrate.
We write also

FIG. 5. Experimental data of Yu for 0 sputtered
from oxygenated (1 L) Nb surfaces from Ref. 9, compared
with the simple approximation given by Eq. (26).

2
m (1+5)

with mass ratio

(28)
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(29)

Now for UM&vs(1+5), the distance between the
substrate atom and the sputtered adatom increases
monotonically with time; and the adatom arrives by
itself at the detector as t~ao (Appendix B). We
denote by U its velocity at the detector. We can for
this case write the condition on the substrate-atom
velocity, uM & ua (1+5},as a condition on the velo-
city of the sputtered atom at the detector: u & us.
(See Appendix B for details. }

For ul &ug(1+5), the solution changes charac-
ter, with s a periodic function of time. Thus the
sputtered adatom and the moving substrate atom
remain bound to each other. Since the experiment
of Yu which we wish to consider mass filters the
secondary ions with a quadrupole mass spectrome-
ter, we will assume that such dimers have been elim-
inated, and will therefore not consider such trajecto-
ry solutions.

We now evaluate Eq. (8) numerically using the
trajectory given in Eq. (B12), for the sputtering of
oxygen from vanadium. We use the same set of
parameters employed in our prior discussion of this
case, taking y=0.6 bohr ' (see Fig. 4). The value of
rn for this case is 16 atomic mass units, and the
mass ratio 5 is 0.31.

The additional parameters that must be discussed
are those of the Morse potential, g' and P. A value
for P can be obtained from vibrational properties of
diatomic molecules'; the data for VO give P-1
bohr '. We take 8' to be the heat of ionic desorp-
tion of, in the present case, an 0 ion on a vanadi-
um surface with 1 L of oxygen. Doing this goes
outside of our procedure of considering only an
adatom-substrate atom pair and not considering the
remainder of the substrate. The energy to dissociate
a VO diatomic into V+ and 0, however, seems in-

'

appropriate to consider in the present problem, par-
ticularly the part of the energy that can be ascribed
to a transfer of an electron from a single V atom (as
contrasted with the entire substrate) to the 0 atom.

The heat of adsorption of an 0 on a transition-
metal surface with monolayer oxygen coverage is in
the range 4—6 eV. To obtain the heat of ionic ad-
sorption, we must add to this 4—2=3.7 eV for our
case. We thus take 8'-9 eV. We note that the re-
sults are not extremely sensitive to the exact value of
N', and would not be radically different even if we
had in fact used for 8' the energy to dissociate a VO
diatomic into V+ and 0 [11.7 eV (Ref. 19)]. '

Values for P were obtained for the work function
4 (whose value was given earlier as 5.2 eV) and for
4—1 eV, and a value for eo was obtained from Eq.
(16). The use of a 1-eV difference as an approxima-

tion to the derivative corresponds most closely to the
experimental procedure of drawing curves like those
of Fig. 1 and taking the slope of the initial 1—2 eV
section to extract eo. (A plot of the calculated P vs
4 does in fact show it to be quite linear over such a
range. } We note that the contribution of the first
term in Eq. (8) to P is negligible over the velocity
range considered in the experiments.

Results are shown in Fig. 6 for two of the emis-
sion angles measured by Yu [the angle enters via
Eq. (B12}].The calculated curves are seen to repro-
duce the general behavior of the experimental data
for velocities vi greater than that at which the
minimum occurs in the measured value of eo. Note
that the calculated curves are begun at a perpendicu-
lar velocity vi ——uscos8, below which (as noted ear-
lier) the sputtered atom and the adsorbate atom
(which we presume has left the surface) remain
bound to each other. Figure 6 strongly suggests that
this point should be identified with the minimum in
the experimental curves. The present simple model
does not seem adequate to explain the observed rise
in eo as vz drops below this point; a more sophisti-
cated treatment of the mechanics (e.g., considering
collisions with a statistical distribution of impact
parameters) is presumably required.

Figure 6 compares theory and experiment for the
8=15' and 8=55' data from Fig. 2. The fact that
the experimental curve in Fig. 2 for 8=45' appears
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FIG. 6. Experimental data of Yu (Ref. 9) for 0 sput-
tered from oxygenated (1 L) vanadium surfaces, for emis-

sion angles of 15' and 55', shown in Fig. 2, compared with
results obtained from a numerical evaluation of Eq. (8) for
the trajectory of Eq. (812). The value 0.6 bohr ' is used
for the resonance-width inverse decay length y (cf. Fig. 4).
Calculated curves terminate at the low-velocity end in a
dot that marks the positions v =v@ discussed in the text.
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to have a different slope at large velocities from the
other two curves seems hard to understand on gen-
eral grounds and the theoretical curve for 45' does
not, of course, reproduce this behavior. (It is simply
an interpolation between the two curves already
given in Fig. 6.)

Figure 7 shows the calculated P values directly,
versus 1/vi. Such plots emphasize the deviation at
low velocities from the simple linear behavior found
at higher velocities. In the limit 1/vi —+0 (the sud-
den limit), lnP-+in(n, (0)), with (n, (0))=0.92 for
our case. (Recall that we consider here only a sin-

gle adatom orbital with no spin degeneracy, and
thus 0((n, ) (1.)

We should conclude by noting that the theory
presented here is directly applicable to the sputtering
of position ions, both from adsorbate layers and of
course from clean metals as well. For the case of
sputtered adsorbed alkalis, e.g., one important
difference is just that Eo is negative and the affinity
energy A is replaced by I, the ionization potential.
The other important difference arises from the fact
that the equilibrium position of an alkali is much
further out than that of a small electronegative atom
like oxygen, which leads to a situation in which the
imagelike behavior of e, (z) is much more important
than its exponential component.

-5—

"IO-

-ISO I

0.5
I I

I.O I.5

I/v~(IO cm/sec) '

2.0

h(z) has the exponential decay given in Eq. (9), and
e, (z) has the linear behavior given in Eq. (10).

In this instance, the function f(t) defined in Eq.
(7) is

FIG. 7. Calculated curves of lnP vs 1/Uj for 0 sput-
tered from a surface with 4=5.2 eV [corresponding to an
oxygenated (1 L} vanadium surface before an alkali sub-
monolayer is deposited]. The same calculatioual pro-
cedure and parameters are used here as were employed to
obtain Fig. 6.
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APPENDIX A: RESULTS FOR THE CASE
OF LINEAR e, (z)

We consider in this appendix the evaluation of
Eq. (8) for P for the simple case in which z =vit,

1 ~pf(t) =exp ——,yvit — e

A=-
hp

(A2)

Changing the variables of integration t and t' in the
third term of Eq. (8) to ones proportional to t —t'
and t +t' gives (with y, —=yz, )

P=(n, (0))e "+—,'(1—e ")— f" f "dy exp( —y —2Ae "coshx)sin
x

With

2b (y —y, )x
(A3)

Vg

we can write the third term in (A3) as

2A f ~ dx + ( —2Acoshx) ~
~i, +i~& .

dy e i'sinjx y —y,xk p k! x

Performing the y integral in this term allows writing P as "

P (n (0)) 2A+ i
(1 —2A)

Im f e ' (2A coshx)'~" '[I (1 i gx) I (1—i gx,—2Ae —"coshx)] .
x

(AS)
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The term involving the incomplete I function is 0(e ). If we neglect terms of this order, we obtain, since
I'(1+z)=z I'(z),

P= , +—~Re f (2Acoshx)'&"e ' I'( i—gx) .
coshx

(A6)

The limit discussed by Blandin, Nourtier, and Hone in which e, (z) is z independent can be recovered from
this form by letting z, [the point at which e, (z) crosses er]~00 and b [slope of e, (z)]~0 such that
Ev =er e,—(0) stays finite. Since Ev —bz, —[Eq. (10)],we write the product gy, in the factor exp( i g—y,x) here
as 2EO/yves. Because I (z) -z ' for small z, we have, for (~0 (recall g cc b),

1 dx 2Eo
P ~+— sin

x coshx
(A7)

This is Eq. (59) of Ref. 1. Now we discuss the form given in Eq. (13) in the text, obtained for (~&x&. This
form omits terms of 0 (e ). With the definition

2b, (z, }8'=—ln (A8)

it is convenient to write (A5) as [omitting terms of 0 (e ")]

P= i ——Im e'~" ~ +'"' ~[I (1—i') —I (1 i',—2Ae "coshx)]
x coshx

(A9)

(note that W & 0 for the parameter range of interest).
For g~ ao, the factor exp( i (Wx) in the—integrand
oscillates rapidly, and we can take x~0 in the slow-

ly varying parts of the integrand. Thus [with
u =—gx (where we take g & 0, which is appropriate
for the negative-ion case considered here), and con-
tinuing to omit terms of 0(e ")],

0P~ , +—Re I —due ' "I'(iu) . (A10)

This is most conveniently evaluated using contour
integration with a contour that runs along the nega-
tive real axis and the positive imaginary axis in the
complex u plane, and is closed by a quarter circle at
infinity. Employing the fact that I"(z) has simple
poles at z =—l (where l =0, 1,2, ...}, with residues

( —1)'/l!, it is seen that

,w —&4(s,]r~,P=e ' =e (Al 1)

APPENDIX B: SPUTTERED ATOM TRAJECTORY
WITH MORSE-POTENTIAL INTERACTION

We consider in this appendix the trajectory of an
adsorbed atom of mass m interacting with a single
substrate atom of mass M via the potential U(s}
given in Eq. (27) (s is the interparticle distance).
The substrate atom is considered to have received a
sudden impulse at t =0; the collision of the now-

moving substrate atom with the adsorbed atom is
taken to be head-on (along a line at angle 8 with
respect to the surface normal). For t & 0, the
substrate-atom —adsorbed-atom pair is taken to have
no interactions with any other atoms. We wish to

and conservation of momentum,

mv (t)+MvM(t)=MvM .

(B1)

(B2)

U»ng Eqs. (27)—(29), we can thus eliminate vM(t) to
write

v (t)' — v(t)+v'g [-1 e'—]'=0.m 1+~ m

Since

s(t) =v~(t) —vM(t)

Eq. (B2) also allows us to write

vM +$(t)
v~(t)= 1+6

(B3)

(B4)

Combining Eqs. (B3) and (B4) gives an equation for

I

find r (t), the coordinate of the adsorbate atom along
the line of collision; the quantity that enters the cal-
culations of the ion probability P is just's
z(t) =r(t)cos8. We take r(0)=0. Let vM(t) denote
the velocity of the substrate atom along the line of
collision with the adsorbate atom; and write
vM =vM(0+ } (i.e., the velocity just after the sudden
impulse). Let v~(t)=dr(t)/dt denote the adsorbate
atom velocity; v~(0+ ) =0, and we write v—:v~( ao ).

For t &0, we write equations for conservation of
energy [cf.Eq. (27)],

, mv~(t) +—,MvM(t) —+U{s(t))= , MvM —8'—,
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s(t) which can be integrated to obtain

t=+ f ds[vjr(1+5) (2e
—2p(s ( t) —so)—e ')
2 2 (1+g)2]—1/2 (85)

u = —,(1+5) u—1

2
VN'

V
(BS)

so the crossover point corresponds to v =v@.
In terms of these quantities, we can write the

solution for s(t) obtained from Eq. (85) as

s (t) =so+ vt +F(t),
Now for VM (vtr(1+5), Eq. (85) gives s as a period-
ic function of time, while for uM )us (1+5)i
s (t}~oo as t~ oo (i.e., the particles separate). We
consider only the latter case, as noted in the text.

If we take t~ oo in Eq. (83), then, since s (t)~ oo

for the case we wish to consider, we can write

where

F(t) =—ln [u (u —v )e
1 1

p 2 M M

—2(uM —v )e

1 Vg
vM ———,(1+5) v +

It is also convenient to introduce the quantity

u = [uM —u tr(1+5) ]'r2,

(86)

(87)

+vM(vM+u)] .

From Eq. (84), we have

r (t)= [vM t +s (t)—so](1+5)

(810)

(811)

thus the crossover from monotonically increasing
behavior for s(t) to periodic behavior occurs at
V=0. Using (86) we can write z (t)= [ut + ( 1+5) 'F(t)]cos8 . (812)

and thus we obtain for the normal component of the
sputtered-atom trajectory, for v )v@,
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