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Dispersion of ultrasound by conduction electrons calculated from the deformation coefficient
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We extend Pippard's theory for ultrasonic attenuation in metals, based on a Fermi-

surface deformation coefficient, to include the calculation of the dispersion. We make use

of the transient-stress method developed by Kadanoff and Pippard for the case of zero ap-

plied field. The resulting expressions are applied to jellium, giving magnetic-field-dependent

attenuation and dispersion with minimal restrictions on q/ or co~ which agree with earlier

semiclassical calculations carried out in the laboratory frame. We point out a striking rever-

sal in the phase of oscillations in the sound velocity as a function of magnetic field intensity

for shear waves when co,~=m. Asymptotic analytic expressions are given for the attenua-

tion and dispersion for ql/co, ~ &4.

I. INTRODUCTION

In a recent paper' by two of the present authors it
was shown that calculations using Pippard's theory
for ultrasonic attenuation in metals, based on a
Fermi-surface deformation coefficient, agreed rather
well with measurements of open-orbit resonant at-
tenuation in copper. This led us to attempt a similar
comparison for variations in the velocity of sound as
a function of applied magnetic field intensity.

Although many authors have presented
theories for ultrasonic dispersion, most of them are
so general as to be difficult to use for numerical cal-
culations, or else specialized to particular experi-
mental conditions. We present here a general
method for extending Pippard's theory for the at-
tenuation to include the dispersion as well.

We find the attenuation and velocity shift to be
proportional to the imaginary and real parts, respec-
tively, of the transient stress defined by Kadanoff
and Pippard (KP). The transient stress is calculat-
ed from the deformation force plus a fictitious force
caused by the use of a reference frame moving with
the lattice and the self-consistent electric field re-
quired to screen out the currents caused by the first
two forces.

In the following section we derive general expres-
sions for attenuation and velocity shift as outlined
above. In Sec. III we apply these expressions to the
jellium model and show that our results agree with
those obtained previously in the laboratory reference
frame. Our results are somewhat more general in
that the ranges of ql and are are not as restricted as
in some of the earlier works. Here q is the wave

vector and to the frequency of the sound; l is the
mean free path and ~ the relaxation time of the elec-

trons.
Asymptotic analytic expressions for the sound

velocity and attenuation in the limit D»A, are
given in Sec. IV, where D is the extremal orbit diam-
eter and A, the sound wavelength. These expressions
reproduce the numerical calculations quite well for
D &4k,.

II. GENERAL THEORY FOR ATTENUATION
AND DISPERSION OF ULTRASOUND

A. Derivation of the dispersion equation

We follow the notation of Landau and Lifshitz
in writing the acoustic-wave equation

~oak
pug ——

Bxk

where p is the mass density of the metal and u; is
the lattice displacement. The stress tensor o;k is re-
lated to the free energy I' by

&sk =
Be;k

where ek is the acoustic strain t)u;/Bxk. The free
energy is, in turn, related to the strain tensor by

1E= A, .kI e.k eI (3)

where A,,kt is the elastic-modulus tensor. We will

assume that it includes both the elastic modulus of
the lattice ions and the contributions from the
equilibrium distribution of the conduction electrons.
We further assume that a sudden deformation of the
crystal leads to an additional contribution to the free
energy caused by the nonequilibrium distribution of
the electrons. This contribution is expressed in
terms of the transient-stress tensor T discussed by
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KP.
If we specialize to the case of an acoustic wave

propagating along x so that the lattice displacement
is given by ue'"' e"', Eq. (1) reduces to

lpNQ = —q pUOQ —lqT, (4)

where vp is the sound velocity for this particular
mode in the absence of the transient stress. Here T
represents the component of the transient-stress ten-
sor appropriate for the mode. We have assumed
that T varies linearly with lattice displacement.
Furthermore, any contributions of T to offdiagonal
components of the elastic modulus are assumed to
be neglected in order to simplify the calculations
which follow. This approximation may not be valid
in the presence of a magnetic field when the sound
propagates along a crystal axis for which there are
degenerate modes. The effect of the Lorentz force
on ions moving in a magnetic field is assumed to be
included in vp in Eq. (4}.

We define qp ——cp/vp and rewrite Eq. (4) to obtain
the dispersion equation in terms of the transient
stress,

q =qp(1+qT/puce) .

The solution, to first order in T/2pvpu, is

q =qp(1+ T/2pv pu ) .

If we take q to be complex, the attenuation a can be
found from

a nonequilibrium distribution function. ' In this
derivation we will assume that the magnetic field is
not large enough to introduce quantum effects.

A strain e causes the Fermi surface to shift by an
amount K e normal to itself, where K is the defor-
mation coefficient. Since these calculations are car-
ried out in a reference frame attached to the lattice,
a dynamic strain also causes the electron wave vec-
tors to change. The net shift of electron wave vector
away from the Fermi surface is the sum of these
contributions and is denoted by —De, where

D=(K+kcosP) u, (12)

(13)

where F is the net force along the path of the elec-
tron. The two forces which act on the electron are
the fictitious force

and where P denotes the angle between q and the
electron velocity v. This shift causes the electron to
gain energy —fivDe with respect to the Fermi energy
and thus to contribute —RvD to the stress.

The factor be arises in Eq. (11) from taking into
account the total number of electrons contributing
to the stress. It is calculated by using Chambers's
path-integral method, "

t( 0
be(r(tp), k(tp)) =f dt Fv exp —f dt/r,

a= —2 Imq, II=lqh'iD, (14}

a/qp ———(pvp) 'Im(T/u ),
and the fractional velocity shift by

5v, /vp —— (2pvp) 'Re—(T/u),

to first order in a/qp and 5v lvp.

(10)

B. Calculation of the transient stress

KP showed that the transient stress can be calcu-
lated from

T= (4m') ' fD bed—S,
where D is the net shift of an electron's wave vector
away from the Fermi surface per unit strain, and be
is the change in energy of the electron caused by the
real and fictitious forces acting on it, which leads to

and the sound velocity from

v, =co/Req .

In terms of the transient stress the relative attenua-
tion is given by

which represents the effect of deforming the Fermi
surface, viewed from the moving lattice, and the
self-consistent electric field force eE v, which acts to
restore current neutrality in the strained lattice.

The field E is obtained by calculating the current

j '
which would arise from II alone and finding

the field necessary to screen it,

defE.— n. .J.J PlJ (15)

~defJ f v b,e"'ds
4m A

where b,ee' is found by using II only in Eq. (13).

where p;~ are components of the resistivity tensor p.
This assumption of perfect screening, valid for typi-
cal experimental conditions, is introduced to simpli-
fy the calculations. One could instead introduce
Maxwell's equations via the tensor M defined by
Cohen, Hamson, and Hamson' (CHH} and replace

p by (o+M) ', where o is the conductivity tensor.
The deformation current is calculated from
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III. APPLICATION TO A
FREE-ELECTRON METAL

Although the method outlined in the preceding
section should be applicable to metals with arbitrari-
ly shaped Fermi surfaces, it is instructive to apply it
first to a free-electron metal, i.e., so-called "jellium. "
Pippard showed the equivalence between his calcula-
tion of attenuation, using the deformation coeffi-
cient in a reference frame moving with the lattice,
and the laboratory-frame calculation of CHH for
jellium, in the large-ql limit. %e will extend the
comparison to arbitrary ql and m~, ' and calculate

I

the velocity of sound as well.
The direction of propagation is taken along x and

the applied magnetic field along z. We adopt
Pippard s notation for the various polarization pos-
sibilities: case ( i,k), longitudinal waves, case
( j,k), transverse waves polarized along the y axis,
and case (k, k}, transverse waves polarized along the
2 axis.

Since the forces which contribute to F in Eq. (13)
are proportional to the lattice displacement, they
must vary as e""' v"', therefore Eq. (13) can be
written as

be(r, k,0)=f dt'Fovexp iqx' —f,d—t" 1+icut
oo 7

L

Following Pippard, we transform the integrals over time to integrals along the path in k space,

S S

be= f ds'F sc(8')exp i P(k ——k' )+ f ds "a
—oo s

where P=fiq/e8,

a =P(1+ifor)/(q/ sin8),

and 8 is the angle between v and B. This is the
same as Pippard's result following his Eq. (36) ex-
cept that he neglected co~, since it is usually small
for most experimental conditions. Since the elec-
tronically induced velocity shift turns out to be pro-
portional to co~, we must not neglect it. Equation
(18) is used to find J ' from Eqs. (16) and (12),
where the components of K are

E„=——,kp, Ey ——0, Ez ——0, (19)

for free electrons. The variable s is replaced by kiP,
where ki ——kosin8, and kv is the radius of the Fermi
sphere. The relation

(II) For case ( j,k},

qg$kp eiQ(m —n)
def

eB „akj +im

x(J~ i—J~+&}»n'8J. .

(III) For case (k, k),

lqQ flak oef

eB

eitIt(m —n )xg'
mn ~kz+

(22)

eusinii g J (z)eisa
n= —co

(20)
X(J~,+J~+i)sin8 cos8J„.

can then be used to reduce the path integrals to
sums of cylindrical Bessel functions. For the defor-
ination force, Eq. (18) reduces to the following.

(I) For case ( i, k),

lqQ flak 0g~def
e8

&iP(m —n)

xg
Qkg+ im

2m 1 J sin8 J J (21)m g m n

(23)

The argument of the Bessel functions is Xsin8,
where

X=qvF/f0, =2irR/A, ,

and R is the radius of the equatorial orbit.
Substitution of Eqs. (21)—(23) into Eq. (16) yields

the components of the deformation currents for the
following three cases.

(I) For case (i,k},
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2 2

Jz = n—eu ( I+Eco1)0'ii+ . crii
def . 0 l

3(1+ico~}

cd 12
—& (24)

mQ
E» = (Piz co—c&) ~

e7

Eg ——0.
(II) For case ( j,k),

(33)

(34)

2 2

J»' = ne—u (1+icos)cr,z+ o iz3 1+Leo'r

+COc$022

(II) For case ( j,k},

J„' =—neu [(1+icd)criz+co, rcr» ],
J»' —— neu—[(1+icos)crzz co,rcriz—1], —

(III}For case (k, k),

(25)

(26}

(27)

(28)

(29)

(30)

mti
Ex = (Piz co—cr) ~

ev

msiE = — [Pzz —(1+icos)],
e~

—0

(III) For case (k, k),

E„=Ey——0,
mQE,= — [p33 ( I +icos)] .
eg

The P;;, in terms of the cr,i, are given by

&O022
P11= 2~1122+ ~12

(36)

(37)

(38)

(39)

J, ' =—neu [(1+icos)c»33 1] . (31)

E =—
X

msi q/
p» —(1+ion )—

e7 3(1+icor)

(32)

I

In the expressions above n is the electron density
and the 0.,1 are the normalized components of the
free-electron magnetoconductivity tensor for fields
which vary as e'"' ~"'. They are the same as those
given by CHH, with q and ~ reversed in sign, but
they have been divided by cro=nezrlm, where m is
the electron mass.

Equations (24)—(31) can be substituted into Eq.
(15) to find the self-consistent electric field and its
contribution to the transient stress. The field com-
ponents for the three cas'es are the following.

(I}For case ( i, k),

P22= 2011~22+&12
(40)

0o
p33=

&33

The contribution of the self-consistent-field force
to the transient stress T" is found from Eqs.
(32)—(39), (18), and (11). In addition to causing the
deformation current J ' which leads to T, the de-
formation force II also contributes directly to the
transient stress an amount T ' which can be calcu-
lated by substituting Eq. (14}into Eq. (18), and then
using the result in Eq. (11). Each of these contribu-
tions and their sums are given below for the three
polarization conditions.

(I) For case ( i, k),

l7lQm q 2I2 q2j'2
pii co,Hcrzz —2(1+co,r—criz) (1+icos)+ . + (&+&co~)+

g7 3(1+icow) 3(1+icos)

(41)

Tdef l7lQm
cHosrz+(1+ 2'oiczr) (I+icos)+ q 2I2

g7 3(1+icor}
q 2I2

(1+icor)+
3(1+icos)

'2,
(42)

T=T +T = — pii —(I+i 7) —co
illQm q2I2

3(1+icor)
(43)
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(II) For case ( j,k},

T =— [p22 —2(1+icos} co—,do i, +(1+ico~) ops 2—co,r(1+icos)o i2],intim ~ 2 ~ 2-
q~

(44)

T ' =— [(1+icos)+co,HV ii (—1+icos) oq2+2co, r(1+icos}crii], (45)

[p2z —(1+icos)] .LnQm

q'T

(46)

(III) For case (k, k),

inimT = — [p3s —

2(1+icos�}

q7

5v,

vs

zm prvIm-
2M cog 3(1+coiP)

(53)

+ (1+icor) o 3s],

T ' =— [(1+icos) (1+ic—or) o3s],
q7

inimT= — [p3s —(1+ico~)] .

(47)

(48)

Here z is the valence and M the mass of the ions,
and i = 1, 2, or 3 for the three different polarization
directions being considered.

The expressions for the attenuation are the same
as those found by CHH in the laboratory reference
frame. The expressions for the dispersion are the
same as those of Rodriguez under the approxima-
tion

It is interesting to note that for each of the three
cases the net transient stress is proportional to the
self-consistent electric field in the direction of
motion of the ions, i.e.,

T „=(inc/q)E „, (50)

where E„ is E.u/ic, given by Eqs. (32), (36), and

(39}, respectively, for the three cases. Substitution
of Eq. (50) into Eq. (4) yields

co,v'/(1+icos) »1 .

They agree with the results of Chang and Gavenda
except for an unimportant static renormalization.

The normalized attenuation a@ and velocity v~
are plotted as functions of

X=ql/ ,co=r2mR/A,

for case ( i, k) in Fig. 1 and cases ( j,k } and (k, k}
in Fig. 2, where

pii = —q pvou+neE-„.2 (51) a = (zm /Muo~)az (54)

zm
Rep- —1—

qg Ma)v
q l

3(1+co 2)
(52)

Hence, in the moving reference frame the net force
acting on the ions caused by the sound wave is just
that due to the component of the self-consistent
electric field in the direction of ion motion. The
equivalent equation of motion in the laboratory
frame contains an additional collision-drag term. It
should further be noted that Eq. (19) in KP also
reduces to our Eq. (51) for the free-electron model.

We now substitute the values found for T„ into

Eqs. (9) and (10) to obtain the relative attenuation
and dispersion, respectively,

r

5u, /uo (zm/2M)u~ . —— (55)

In these graphs ql=100 and cov.=1, which means
that uF/uo ——100 and that co=co, for X=100.

The two kinds of oscillations in the curves can be
related to two different kinds of resonance. The ra-
pid oscillations come from geometric resonances
which occur when the diameters of the electron or-
bit equal integral numbers of sound wavelengths.
The slowly varying background is related to acoustic
cyclotron resonance (ACR), which occurs when the
acoustic frequency is some integral multiple of the
electron cyclotron frequency . Of course, strong res-
onances are observed only for co~& 1, but evidence
of ACR is seen for co~.= 1.
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IV. ANALYTICAL EXPRESSIONS DERIVED FOR D )&A,

27

The role played by ACR is more readily apparent from analytical expressions for the attenuation and veloci-
ty derived by taking the low-field limit (X=DID~ 00). Asymptotic expressions for the conductivity tensor
were given by Gavenda and Chang. ' When substituted into Eqs. (52) and (53), they lead to the following.

(I) For case ( i, k),

m.ql . mX
cx~ = sinh

ql

7TN 7r
sin 2X——

Nc 4

sinh — +sin
KX . 2 KN

q/ Nc

. cosh +(mX) 'i~cos
q/

(56)

KVF . AN
vn

—— sm
6Vp Nc

. cos +(~X) i cosh sin 2X——O'N ]/2 ITX e IT

co~ gl

KX . 2 KN
sinh +sin

q/ Nc

(57)

(II) For case ( j,k),

4ql . mX
a& —— sinh

3m q/

cosh —2(mX) cos sin 2X——m.X 7TN

ql Nc 4

KX 2 KN
slnh +cos

q/ N,
—4(mX) cosh cos

7TX

q/
sin 2X——+4(nX) 'sin 2X——

Nc 4 4

r

4ql . 7TN
vN —— sin

3m' Nc

KN
cos

Nc
—2(mX) cosh sin 2X——

q/ 4

7TX 2 KN
sinh +cos

ql N
—4(mX) cosh cos sin 2X——+4(mX) sin 2X———1/2 O'N -1 2

ql Nc 4 4

(59)

(III) For case (k, k),
SAN

sin
Nc

7TN
cos

Nc

4q/
7g—

'lTX 'ITN
sinh +cos

Nc

7TX 2 O'N
sinh +cos

ql Nc

(61)

(60) In these equations the geometric oscillations are
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FIG. 1. Normalized attenuation aN and velocity U~ for
longitudinal waves propagating perpendicular to a mag-
netic field. Calculations are for a free-electron model
with ql =100 and co~= l.

FIG. 2. Normalized attenuation a~ and velocity v~ for
transverse waves propagating perpendicular to a magnetic
field. Calculations are for a free-electron model with
q/=100 and cov =1. (a) Polarization parallel to the field.
(b) Polarization perpendicular to the field.

given by sin[2X —(m/4)]. The ACR effects come
from terms containing mc0/c0, .

A reversal in the phase of geometric oscillations
in the attenuation of compressional waves was first
reported by Gavenda and Chang' in very pure Cd.
They attributed it to the fact that for co=co, the
sound field has moved a distance A, /2 while the elec-
trons have gone halfway around their orbits. They
thus encounter a field with the phase opposite that
for smaller orbits (higher fields). In the free-electron
calculation this effect is caused by the cos(m.co/co, )

factor which multiplies the geometric oscillation
term in the numerator of Eq. (56}. The geometric
oscillations vanish for c0, =2co, which occurs at
X=50 in Fig. 1. The phase of the geometric oscilla-
tions in velocity depends on the sin(neo/c0, ) factor in
Eq. (57). The amplitude vanishes (and the phase
reverses) at co, =c0, or X=100, for the parameters
used in Fig. 1.

The geometric oscillations in the attenuation of
shear waves polarized perpendicular to B [case
( j,k)] show the same behavior as for compressional
waves as can be seen in Fig. 2(b). This is not what
one would expect at first glance from the asymptotic
equations since the geometric term in the numerator
of Eq. (58) has the opposite sign from the corre-

sponding term iri Eq. (56}. However, it turns out
that it is actually the third terms in the denomina-
tors of Eqs. (58} and (59) which cause the oscilla-
tions. The oscillations in velocity for case (j,k)
behave somewhat differently. For X & 25, they have
the same general behavior as in case (i,k). For
X & 25, however, their phase is reversed. By varying
the parameters we found that the phase reversal
occurs when nX/ql (which is equivalent to n/co, r)
is of order unity or less. Very few shear-velocity-
shift measurements are available for comparison
with these predictions. There is some evidence'6 for
belly orbits in copper that a phase shift occurs in the
predicted field range, but further experiments are
needed to show this conclusively.

Finally, for shear waves polarized parallel to B we
see in Fig. 2(a) that the geometric oscillations are ex-
treinely weak. This is basically due to the fact that
the electron orbits which lead to geometric oscilla-
tions must have an oscillatory velocity component
parallel to the ionic motion. For a spherical Fermi
surface no such motion is present. It is interesting
to note that the background behavior of the curves
in Fig. 2(a) is identical with the curves in Fig. 2(b).
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That is, the field-dependent attenuation and velocity
for shear waves which arises from acoustic
cyclotron resonance is independent of the wave po-
larization.

V. SUMMARY

We have shown how Pippard's deformation-
coefficient theory for ultrasonic attenuation can be
extended to yield dispersion as well. We find the at-
tenuation and dispersion, in the case of free-electron
metal, to agree with earlier calculations made in the
laboratory reference frame. For this model, the ef-

fective force on the ions in the equation of motion

turns out to be simply that of the self-consistent
electric field.

A new result is that the phase of the geometric os-
cillations in velocity shifts by 180' relative to the os-
cillations in attenuation for co,~&m. This can be
seen from the asymptotic analytical expressions
which we derive for the weak-field limit.
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