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Relation between the condensate fraction and the surface tension of superfluid 4He
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The variation of the superfluid order parameter at the liquid surface contributes to the surface
tension in proportion to the condensate density. This yields a prediction of the condensate frac-

tion as a function of temperature when proper account is taken of the temperature dependence
of the normal components of the surface tension, the largest of which is due to surface modes
of vibration. Good agreement is obtained with recent values of the condensate fraction from
neutron and x-ray scattering measurements.

E= dx[iO@i +—(i@[ —1) ]
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where m is the mass of a 4He atom, distances are in
units of g, and @= P/ Jpp. The surface energy o., as-
sociated with Eq. (1) for a half space, where ~P~ 1

in the interior and $=0 on the planar boundary, is
known to be'

J2 t poOg=--
3 m

(2)

By now it is established that a fundamental charac-
terization of superfluidity is the breaking of a gauge
symmetry for temperatures T ( T&.' In the case of
superfluid 4He (and superconductors) this occurs
through the appearance of a complex scalar order
parameter P which, for He, is identified with the
macroscopic occupation of a single-particle state, so
that

~
P~' is the density of particles po in the so-called

condensate state. A very general description of such
systems is provided by gauge theory plus the Higgs
mechanism for broken symmetry. '~ The simplest
Higgs potential gives rise to the well-known o (and
formally equivalent) Ginzburg-Landau and Gross-
Pitaevskii (GP) 9'o equations, whose predictions, for
instance, of quantized vorticity' are completely veri-
fied in the superconducting and superfluid states.
Because a first-principles derivation of the GP equa-
tion does not exist for 4He, we justify its use here on
the basis of its general origin from gauge symmetry
as outlined above. The associated Higgs energy then
contributes an additional term at the boundary of su-
perfluid regions that is proportional to the condensate
fraction no = po/p, where p is the total density. As
shown below, this permits no to be evaluated in
terms of the experimental surface tension o.„the su-
perfluid coherence length g, and theoretical estimates
of the nonsuperfluid contribution to the temperature
dependence of a, (T) between T=0 and T = T„.

The physical state of interest here is static and has
a fixed gauge so it is sufficient to employ the Higgs
energy with only the scalar field:

This is the superfluid component of the surface ener-

gy, i.e., the component due to variation of the order
parameter at the boundary. In addition, there
remains the nonsuperfluid component 0-„, so

Oe = ~s+~n ~

Using o, (T&) =0, Eqs. (2) and (3) imply

no(T) = — i~,(T) —o, (Tg)3 m g(T)
2 )r p

+o.(T~) —o.(T)] . (4)

Therefore, if f(T) and o„(Tq) —a„(T) are known,
the condensate fraction can be found from measure-
ments of the surface energy.

The coherence length g, as inferred from the mea-
sured dynamics of vortex rings, " ' is taken to be
constant and equal to 1 x 10 o cm (except near T„, as
discussed below).

The major temperature dependence to cr„ is ex-
pected to come from surface modes of vibration
inasmuch as p is nearly constant below T& and
phonon-roton effects on the surface energy are
small. '4 " A theory by Atkins'6 of o.„(T) due to sur-
face modes gives

o„(T„)—a„(T)
= (—39.7 +6.50 T' ') x 10 erg cm ' . (5)

This theory treats helium as an incompressible liquid
whose surface modes have a classical dispersion
cu' cc k3. Using Eq. (5) and the values of o,( T)
given by Eckardt et al. , ' the condensate fraction
takes the form given by the dashed curve in Fig. 1,
which also shows the recent experimental no values
given by Sears, Svensson, Martel, and Woods. '

A more elaborate theory of the surface modes by
Edwards et al. ' contains parameters that relate to the
dependence of the surface energy on surface curva-
ture, which affects the surface vibrational frequen-
cies. Using Ebner and Saam's values for these
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FIG. 1. Predictions of the superfluid condensate fraction
based on Eq. (4) and the surface tension measurements of
Ref. 17 for two versions of the surface mode energies:
dashed line, Atkins (Ref. 16); solid line, Edwards er al.
(Ref. 19), with parameters from Ref. 20. The experimental
points, taken from Ref. 18, are the results of x-ray (open
square) and neutron scattering (other symbols) measure-
ments of various ~orkers.

parameters, Eckardt et al. ' calculated the surface en-
tropy, which can be extrapolated and numerically in-

tegrated to find a„(T&)—o.„(T) and, consequently,
no, as shown by the solid curve in Fig. 1.

This completes the argument in its simplest form.
However, a number of points bearing on the accuracy
and implications of this method should be men-
tioned.

(1) The coherence length g is not currently known
to better than about +15%, both because of differ-
ences in experimental results" ' on vortex rings and
because of the use, in the experimental analysis, of
various classical formulas which differ somewhat
from the formulas for GP vortex rings. ' Varia-
tional calculations of vortex rings using a model
many-body wave function also predict a core size
near 1 & 10 cm and agree with the dynamical experi-
ments. ' Any error in our estimate of g would mere-

ly scale the curves in Fig. 1.
(2) Very near Tt„g( T) = (pI s I

2~', where s = ( T/
Tz 1)." When this —is used in Eq. (4), along with

the cr, data of Magerlein and Sanders, '6 one can infer
a critical exponent for no that is roughly consistent
with the expected value of —,. The inference is ham-

pered by unexpected features of shifting and round-
ing in the data, which require separate explanation. "

Also, there is an alternative, but not necessarily ex-
clusive, interpretation of the critical behavior of 0-,."
Sobyanin's theory' for the surface energy near T& is
formally similar to that proposed here, the chief
differences being his use of p, /p as the order param-
eter and some uncertainty in the coefficients of the
free energy when expanded in powers of p, /p.

(3) A correct theory of o„(T) would obey
da.„/de = do.,/de for e =0+ (eliminating critical ef-
fects). However, do.,/de= —0.19 ergcm, while
d o „/de =—0.11 erg cm ', which shows there is addi-
tional temperature variation that my extrapolation
has missed. Correcting this would lower the ns( T)
prediction, by increasing I

o.„(T&) —o.„(T) I, but by
much less than the error in the derivative.

(4) The variation of the order parameter should
contribute to the surface energy of other quantum
fluids and, indeed, it accurately accounts for all the
surface energy between the A and Bphases of super-
fluid 'He. It is probably the dominant component
of the interfacial energy of separated He-"He mix-
tures and should be detectable at the liquid-vacuum
interface in superfluid 'He at T, if the effect of the
density anomaly ' on the surface energy can be sub-
tracted. Systems involving 3He presumably have the
simplicity of highly damped, and hence negligible,
surface modes.

(5) The previous calculations'" of the superfluid
helium surface energy at T =0 that used Eq. (2) sub-
stituted the total density for po. Although this is jus-
tified for a weakly interacting Bose gas, the system
for which the GP equation is typically derived, and
although the result is close to the experimental value
o,(0) =0.378 erg cm ', the view of this paper is that
such a substitution is unjustified and the agreement
is fortuitous and meaningless for liquid helium. The
only order parameter or symmetry field with a micro-
scopic basis for 4He is the expectation value of a
single-particle state, proportional to (ns)' '. This in
no way precludes the participation of the total super-
fluid density in current flow caused by spatial varia-
tion of the gauge; then the total kinetic energy is
indeed proportional to p, .'
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