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Spin relaxation of positive muons due to dipolar interactions
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The spin dynamics of a polarized muon at an interstitial lattice site interacting with four or six

neighboring nuclear spins is investigated. The difference from the results of the Kubo-Toyabe
theory is pointed out and the range of validity of the secular approximation discussed.

Spin-relaxation processes in zero or weak external
magnetic fields exhibit characteristic features which
are very different from those in strong fields. This
was first pointed out by Kubo and Toyabe. ' Their
theory, which is based on the approximation of ran-
dom local fields, has recently been applied to muon
spin rotation experiments. Hayano et aI. have shown
that zero-field experiments are particularly suitable to
investigate the diffusion properties of muons. For a
static muon the Kubo-Toyabe theory predicts that the
polarization in zero field decreases with a Gaussian
behavior from its initial value of 1, passes through a
minimum, and asymptotically reaches the value of

3
.

This recovery to one-third is characteristic for a static
situation. Even for a slowly diffusing muon the in-

crease of the polarization to
3

is significantly

suppressed. Zero-field p,SR experiments are current-
ly being performed3~ to investigate the diffusion and
trapping' of positive muons as a function of tempera-
ture and impurity concentrations in various metals.

In this Report we would like to present some
results of numerical calculations of the muon polari-
zation function which were obtained by solving the
full dynamics of the spin system. The difference
from the results of the Kubo-Toyabe theory, in
which the influence of the surrounding nuclear spins
is approximated by a random field, is pointed out.
Furthermore, the range of validity of the secular ap-
proximation is investigated.

The spin Hamiltonian under consideration is given
by the sum of the dipolar interactions between the
muon (I = —,) and Nneighboring spins (J,) and of
the Zeeman terms'.

H= XHI+H, (1)
j~j[

where
N

H, =It7 „I I—XII7 s J B
j 1

n j is the unit vector in direction from the JM,
+ to the

nucleus j at distance rj. We are interested in the
time dependence of the muon polarization which is
determined from

P„(t)=Tr[pexp(iHt/tt)cr„exp( iHt/h)), —(4)

where a.„=2I „are the Pauli matrices. For a muon
with initial polarization P„(0) and for unpolarized
nuclei, the density matrix p is given by

and M, can be calculated exactly. Using Eqs. (1),
(3), and (4) one gets

M, = —,
' J(J+1) X ", (5 —3cos'01), (7)

fg

where Hj is the angle between the direction vector
from the p,

+ to nucleus jand P„(0). The polycrystal-
line average of M, is

N

6,(=Mo=
3
J(J+1) x

j-&,
(8)

To simplify the calculation of the full time depen-
dence of the muon spin polarization, the Kubo-
Toyabe theory has been used. This is equivalent to
approximating the spin operators Jj of the surround-
ings nuclei by c numbers:

Since the individual Hamiltonian operators Hj do not
commute, an analytical solution to Eq. (4) is, in gen-
eral, not possible. Some exact statements, however,
can be made in certain limiting cases.

In zero field the initial decay of the muon polariza-
tion is given by

—Mf/2
P„(t) =P„(0)e

(9)
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The dipolar field BD is assumed to be isotropic with
random strength distributed according to a Gaussian
function with width 4:

(10)
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This leads to the Kubo-Toyabe function in zero
field:

P„" (t) = —, + 3 (1 —5'r') exp( ——,
'

b,'t') . (l l)

The question then arises in which cases the use of
the Kubo-Toyabe theory can be justified. The ap-
proximation (9) seems to be adequate if the nuclei
experience some other interaction (e.g. , quadrupole
effects) which dominates the dipolar term (3). With
the interaction terms (1)—(3) alone, however, P(t)
behaves differently from Eq. (11).

To demonstrate this we have solved Eq. (4) nu-

merically for a muon interacting with spin J=
2

nu-

clei9 by calculating the 2 && (2J +1)~ eigenvalues and
eigenvectors of the Hamiltonian operator H and
evaluating' " the trace in the basis of eigenvectors of
H. The result for the case of a muon located at the
tetrahedral interstitial site in a fcc lattice, interacting
with four nearest neighbors (N =4) is shown in Fig.
1 for the muon polarization along the (100) direc-
tion. The long-time behavior is very different from
the Kubo-Toyabe function. In particular, there is no
recovery to 3 but rather P„stays oscillating. This is

due to the internal dynamics of the nuclear spins
which is suppressed in the treatment of random local
fields.

The same behavior is also found for a muon at the
octahedral site with six nearest neighbors (Fig. 2)
where in the (100) direction P„even becomes nega-
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FIG. 2. Muon polarization along the (100) direction (full
line) for the octahedral site. The dashed-dotted line corre-
sponds to the polycrystalline average and the dashed line is
the Kubo-Toyabe function.

tive. This direction is distinguished, ' as can be seen
by the dashed-dotted curve calculated for a polycrys-
talline average.

It is clear from these figures that the long-time
behavior of the muon polarization in zero field can
be different from the simple Kubo-Toyabe theory.
This difference is only slightly changed if further
shells are taken into account. Their influence can be
estimated from Eq. (11) with the appropriate value of
6 and is found to be only a few percent for the in-
vestigated lattice configurations, provided tbp 5.
For larger times they generally reduce the total value
of p„.

%e also calculated the full spin dynamics in longi-
tudinal and in transverse external fields. In the latter
case, the numerical results can be compared to the
predictions obtained from the secular approximation.

The secular approximation takes into account only
those parts of Hj which commute with the Zeeman
interaction:

O

—05
C3
O

CL

with

Hse'=2tx I'J',J J

ty ~y 1[1 —3 ( ny)
'——]/(2 r,')

(12)
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FIG. 1. Time dependence of the muon polarization along

the (100) direction for the tetrahedral site in a fcc lattice.
The dashed line shows the Kubo-Toyabe function for the
same second moment. The time is measured in units of
&p [see Eq. (8)).

and where the z axis has been chosen in the direction
of the external field. The muon polarization perpen-
dicular to the field is written as

P"„(t)=cos(y„Bt)G„(t) (14)

The calculation of the relaxation function in the secu-
lar approximation is straightforward and leads to

sin [(2J+ 1)X~t]

(2J+1) sin( X&t)
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A measure of the strength of the relaxation is the
second moment M2 which, in thc present notation,
can be defined as

~ 4J(v+1)
J (16)

Its polycrystalline average is five times smaller than
the zero-field quantity Mp.

For the external field along the (111)direction the
relaxation function 6„"'(t) is shown in Fig. 3 for the
tetrahedral site with N =4 (solid line). The exact nu-

merical calculations perfectly agree with the secular
approximation (solid line) for field values which
exceed 300 times the strength of the dipolar field BD.
A deviation can be seen (dashed-dotted line) for
8,„,=608D. The dashed line represents the
Gaussian-decay approximation of the transverse re-
laxation function given by the second moment M2
[Eq. (16)].

Within the secular approximation the influence of
the further neighbor shells can be easily calculated
from Eq. (15) and its contribution to 6„"'(t) is found
to be small" for the lattice configurations under con-
sideration.

An inspection of Eq. (15) shows that the relaxation
function is oscillating. Its first zero at tp is deter-
mined by thc largest value of the A.,'s, which is ob-
tained for ttj* +1. 6„-"'(t) is then non-negative if
the p,

+ is sitting at a site of inversion symmetry, oth-
erwise it will be negative for times slightly larger than

14

In conclusion, thc exact calculation of the spin
dynamics of a polarized muon at an interstitial site
with four or six nearest-neighbor nuclei with spin 2
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FIG. 3. Relaxation function in transverse fields along the
(111) direction in a fcc lattice. The dashed line shows the
Gaussian decay described by M2 [Eq. (16)]. The full line is
the secular approximation [Eq. (15)] which agrees with the
numerical solution [Eq. (4)) for 8,„,&3008D but differs
from the exact behavior for 8,„,=608D (dashed-dotted
curve).

shows marked differences from the Kubo-Toyabe
theory in the long-time behavior, especially for some
specific symmetry directions and in the long-time re-
gime. In analyzing experiments which aim at demon-
strating the static behavior of muons by zero-field
measurements, one should therefore take into ac-
count the sometimes strong dependence of the polari-
zation decay on the crystal orientation.
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The dipolar interaction among the nuclear spins J~ is

neglected. Its inclusion in the numerical treatment is

straightforward. Furthermore, we do not account for a

quadrupolar interaction due to a field gradient induced by
the muon at the neighboring nuclei.

We are presently trying to extend the calculations to higher
spin nuclei and to include quadrupole effects. The large
dimensions of the matrices, however, require special
programming and computational efforts.

' The method of calculation is the same as has been used to
evaluate p„(t) for anomalous muoniun. The correspond-
ing equations may be found in the Appendix of kef. 11.
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'2p„(t) also becomes negative for the (111) direction at the
tetrahedral site. This direction and the (100) at the oc-
tahedral site are distinguished by the fact that p is point-

ing towards one of the nearest neighbors.
i3An exceptional case occurs for the field along the (100)

direction at the tetrahedral site where M2 from the first-

neighbor shell is vanishing.
'4For a p,

+ at the octahedral site in Cu one obtains tp

=7.3 tt,s for (100), whereas for the tetrahedral site and

(111) G„becomes negative at tc =4.7 ps.


