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Supercurrent dependence of the microwave enhancement of the order parameter
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We studied the dependence on supercurrent density of the enhancement by microwaves of
the order parameter in superconducting aluminum films. Experiments were made on a su-

perconducting circuit that includes an aluminum strip and the input coil of a superconduct-

ing quantum-interference device system. The experimental results are in quantitative
agreement with theory with the assumption of a spread in the critical current due to inho-

mogeneities in the strip.

INTRODUCTION

The fact that microwave irradiation of a super-
conducting strip may result in enhancement of the
critical current, the critical temperature, the energy
gap, and the order parameter is well established. '

Recently, we demonstrated that the enhancement by
microwaves of the order parameter increases with
the supercurrent density in the strip. The experi-
mental results were in qualitative agreement with
theoretical calculations made by Weiss. In this pa-
per we describe our work on the enhancement of the
order parameter in more detail. We show that a
quantitative agreement with the theoretical calcula-
tions can be obtained if it is assumed that the criti-
cal current of the strips, which we used, has a spread
over the length of the strip. The influence of this
spread in the critical current on the order parameter
and on its enhancement by microwave radiation as a
function of supercurrent density will be indicated by
separating the expression for the energy gap in a
part that only depends on temperature and a part
that depends on the supercurrent density. Further-
more, we give a detailed justification of the normali-
zation of the order-parameter enhancement.

EXPERIMENTAL

50-0 coaxial system, which is also connected to the
contact pads of the strip by indium contacts.

THEORY

The quantization condition for the superconduct-
ing loop, formed by the coil of the SQUID and the
strip (see Fig. 1), can be written as

(2e)'
(la)

where 4 is the total magnetic flux in the closed loop
C, j is the supercurrent density, 4 is the order
parameter of the strip, and 40 is the eleinentary flux
quantum.

If the closed loop C is taken to lie deep in the
leads of the superconducting niobium input coil,
where j equals zero, the only contribution to the in-
tegral comes from the aluminum sample whose
cross-sectional area S is small compared with the
square of the penetration depth. Defining the length
of the strip as L and its superconducting current as
I, yields

m~ IL 1C'+, , =&@'o .
(2e)' &

For a dirty superconductor, 4 is directly propor-
tional to the energy gap, '

The experimental setup is drawn schematically in
Fig. 1. The superconducting loop consists of the 2
pH input coil of an SHE SQUID system and an
aluminum strip. Both are connected by a supercon-
ducting pressure contact using indium at the contact
pads at the end of the strip. The strips (length:
1500 }um; width: 2—5 pm; thickness: 110nm) were
made by standard photolithographic techniques.

Both microwave radiation and an external direct
current (dc) can be supplied to the strip through a
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FIG. 1. Experimental setup.
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'P(T j,lj, (T,O),0)=A, b(Tj,/j, (T,O),0), A i ——[mmuzlN(0)/(12fiks T, )]' (2b)

(2a)

where A(Tj, /j, (T,O},0} is the gap at temperature
T, normalized supercurrent density j„and no mi-
crowaves, j,(T,O) is the critical current density at
temperature T without microwaves, and

In this equation, uF is the average Fermi velocity, I
the mean free path, and N(0) the density of states
for one-spin direction at the Fermi level. The ener-

gy gap is a function of temperature and of current
density and near T, it follows from the Ginzburg-
Landau equations that

b ~( Tj,Ij,(T,O),0}=52(T,O, O)F(j,Ij,( T,O) },
b(T, O, O)=Pp ' AT, (1 T/T—)'
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(3b)

(3c)

with

0&tan x (a
and

I

characterizes the microwave irradiation, with fre-
quency co and real amplitude A of the vector poten-
tial of this radiation in the London gauge. The
parameter a~ is given by

j,(T,O)=A2(1 —T/T, )
~

with

(4a)

Pp ——7g(3)/8~

Figure 2(a) gives a plot of F(j,Ij, ( T,O) ) vs

j,/j, (T,O}. The critical-current density at tempera-
ture T and in the absence of microwaves is

%co

2 5(T,O, O)

2

ksT, h(T j„a)
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(6c)
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With the use of Eqs. (2)—(4), Eq. (lb) can be rewrit-
ten as

where

(1 TIT, )F(j,Ij,—(T,O)}

(2e) (AikgT )
(5b)

+a&a~@ . (6a)

In this equation ~E is the inelastic-scattering time
and

a =(u~l/3)(e/A') A„ (6b}

The properties of a spatially-homogeneous super-
conductor under the influence of a weak microwave
field have been studied by Eliashberg. 7 The gap
equation can be written as3

4 j. S'(T,O, O)=1-
k, (T,O, O) 27 j,(T,O) 5 (Tj„a)

b, (Tj„u)
=1+&(j„~).

,j„0 (7)

The enhancement depends on temperature, mi-
crowave power, and supercurrent density and can be
calculated from Eq. (6a) as a function of aiar&
Two examples are shown in Fig. 2(b) (solid lines).

In the above discussion we have assumed that the
strip is spatially homogeneous. However, in practice
the properties of a strip always vary more or less
along the strip. We therefore investigated the case
in which the local critical-current value has a distri-
bution along the strip. This may be caused by varia-
tions in the cross-sectional dimensions along the
strip. The measured critical current of the strip as a
whole, of course, is determined by the "weakest
spot" where the local critical current is minimum.
The order-parameter measurement relies on the in-
tegral used in Eq. (1) and is therefore an average
over the whole strip. Thus, variations in the local
critical current along the strip have a different influ-
ence on the experimental critical current of the strip

where g is a function involving elliptic integrals of
the first and third kind. We use the quantity 5, in-
troduced by %eiss, which describes the enhance-
ment of the gap
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distribution of the local critical currents only affects
the supercurrent-dependent part, F(j,/J', (T,O)), of
the expression for the energy gap [Eq. (3)]. For a
given value j, of the supercurrent density, the size of
the effect will be most pronounced if j,=j,(T,O),
since then F varies most steeply with j,/j, (T,O) [see
Fig. 2(a)]. In Fig. 2(b) the resulting modification of
the enhancement of the gap 5(j„a) is shown. It is
clear that the effect is only important for relatively
large values ofj,/j, (T,O).

MEASUREMENTS AND DISCUSSION

0.25-
5{j,,a)

{bj

Three different types of experiments will be dis-
cussed here:

(i) First we study the temperature dependence of
the total magnetic flux without microwaves at a
constant current density. This experiment yields the
temperature dependence of the order parameter and
moreover values for the temperature-dependent
parameter

[I*/(2e) ](L/S)(1/~ q'
~
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and the phase difference over the strip caused by the
supercurrent. To describe the variations in the criti-
cal current we used a normalized triangular distribu-
tion function with full width at half maximum I .
[See inset of Fig. 2(b).] It should be noted that the

FIG. 2. (a) Dependence of I'(j,/j, (T,O) ) on

j,/j, (T,O) [Eq. (3c)]. (b) Influence of the distribution of
critical-current values on the relative gap enhancement as
a function of critical-current density. The inset shows the
distribution function used. Solid line: without spread in
critical current; dashed line: spread included (I =7.5%).

which are needed to determine the relative increase
of the order parameter at given temperature [see
(iii)], can be obtained. The temperature dependence
of the order parameter, as follows from Eq. (la),
was already studied in Ref. 8 for cylinders of tin. In
our experiment we start by supplying a constant
current to the input wires to the sample and the
SQUID coil at a temperature between the critical
temperatures of the sample and the SQUID coil.
The sample is normal, the coil superconducting, and
the applied current will therefore fiow through the
coil. Now the sample is cooled from above its criti-
cal temperature to far below it and a superconduct-
ing loop is formed by the coil and the sample. The
external current is then switched off and conse-
quently a persistent supercurrent fiows in the loop.
If the temperature is now increased, the total mag-
netic flux 4 will change due to the temperature
dependence of the order parameter 4, as described
in Eq. (lb). This change of the fiux is measured
directly by the output of the SQUID. Figure 3
shows an example for a strip of width 2 pm at a
constant current of 0.25 mA. The moment the tem-
perature reaches the value where the constant
current equals the temperature-dependent critical
current of the sample, the strip becomes normal and
the measurement is stopped.

The experimental results can be explained by the
temperature and critical-current dependence of the
order parameter, Eqs. (2) and (3). The dashed lines
in Fig. 3 are the theoretical calculations (the curves
were normalized at T= 1.180 K), in which the dis-
tribution of local critical-current values is also taken
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FIG. 3. Dependence of the flux on temperature at a
constant value for the dc current. The solid lines are the
experimental results and the dashed lines are the theoreti-
cal calculations.

into account [see also point (iii)]. This distribution
of critical-current values is only important if the
constant current is larger than about 0.7 times the
temperature-dependent critical current (i.e., for
T&1.205 K for I=0.25 mA and T&1.180 K for
I=0.50 mA). It can be seen that the correspon-
dence between the theoretical calculations and the
experimental values is good. From the temperature
derivative of 4 the value of

[~*/(2e)'](L /~)(1/
I

+'
I

)

as a function of temperature can be determined.
This value is used for the determination of the abso-
lute value of the order-parameter enhancement.

(ii) A second type of experiment concerns the crit-
ical current of the sample both with and without mi-
crowaves. In this case both a dc current and mi-
crowaves can be supplied to the sample via the coax
system. The measurement is started with no per-
sistent current in the superconducting loop below

T, . As long as the externally applied dc current is
lower than the critical current of the sample, it will
flow almost completely through the strip as its in-
ductance is much smaller than the inductance of the
input coil. However, the small current through the
input coil (-1/1000Id, ) can be detected with the
SQUID. Then the externally supplied current is
slowly increased and the moment it equals the criti-
cal current the strip becomes normal and the exter-
nally supplied current switches from Aowing
through the strip to flowing through the input coil.
This switching occurs very rapidly and the SQUID

system cannot follow it. In practice, the SQUID
only shows a small, readily observable discontinuity
in its output each time this process occurs. Conse-
quently, the strip becomes superconducting again
and the whole process repeats itself. So, the flux
measured by the SQUID as a function of the slowly
increasing dc current will show a discontinuity each
time the dc current reaches the critical current.
Measurements of the critical current both with and
without microwaves using this method gave the
same results as experiments, in which I—V charac-
teristics of strips were used to determine the critical
current. The important point here is that the
enhancement by microwaves of both. the critical
current and the order parameter [see (iii)] can be
measured on the same sample and in the same ex-
perimental setup. Our measurements have already
been discussed in connection with a comparison be-
tween the enhancement by microwaves of the order
parameter and of the critical current.

(iii) The third and main type of experiment con-
cerns the enhancement by microwaves of the order
parameter. As was shown in Ref. 2, it follows from
Eq. (1) that a change in the order parameter due to
microwave radiation or temperature variation (with
5% «4) is related to a change in the total fiux
given by

(8)

Experimentally the setup was as follows: Both an
external dc current and microwaves are supplied to
the sample by the coax system. The microwaves are
chopped with a chopper frequency -200 Hz. The
difference in flux with and without microwaves as
measured by the SQUID is detected with a synchro-
nous detector. Its output as a function of the slowly
increasing dc current Id, is then determined at vari-
ous temperatures and power levels of the mi-
crowaves. As the microwaves are chopped, only
changes in 4 related to the microwaves are detected
and not the changes due to the slowly varying dc
current. The temperature-dependent proportionality
constant between 54 and 5%/4 was obtained from
the temperature dependence of the flux at constant
dc current [see (i)].

In Fig. 4 we give experimental values of the rela-
tive value of the order-parameter enhancement
5+/4 as a function of the current ratio I/I„where
I, is the critical current without microwaves. Both
the influence of temperature changes and that of in-
creasing microwave power are shown. A marked in-
crease of 5%/4 is observed with increasing super-
current density. This observation is in agreement
with theory. However, the absolute value of 5%/4
at the critical-current density is much lower than ex-
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FIG. 4. Relative increase of the order parameter,

5%'/4, as a function of the normalized supercurrent. The
solid lines are the fits to the data using the method dis-
cussed in the text with I =7.Sgo. A denotes
T/T, =0.951, P=3 pW; 8 denotes T/T, =0.969, P=3
pW; C denotes T/T, =0.978, P=3 pW; D denotes
T/T, =0.951, P=15 pW; and E denotes T!T,=0.951,
P=30 JMW. The power given is the microwave power
delivered to the coax system.

pected from Eq. (6) on the assumption of a fixed
critical-current density. It should be remarked that
the microwave field strength in the sample is un-

known, since the only experimentally accessible
quantity is the microwave power delivered to the
coax system. We suggest the following explanation
for the too low values of 5%/4 at the critical-
current density: In scanning electron microscopy
experiments on the samples studied here we ob-
served that the width of the sample over its length
varies by about 10—15%%uo. From this we conclude
that when the current reaches the critical value of
the weakest spot (i.e., the smallest part of the strip)
the value is still below the critical current of the
wider parts. Since the measured value of 5%/4 is
an average over the whole strip its value at a given
ratio of I/I, contains contributions for a distribu-
tion of local I/I, values. This is especially impor-
tant at the critical-current density value, where
theory predicts a very steep increase in 5%/%. As
we already showed in Fig. 2(b), the inclusion of a
distribution of critical-current values has a quite
pronounced effect on the absolute enhancement of
the order parameter. We chose a very simple shape

for the distribution: A normalized triangle whose
full width at half maximum I was the only free
parameter. We fitted many curves of 5%/ql vs I/I,
with only l and aiarE as free parameters. As is
shown in Fig. 4 good agreement between experimen-
tal values and modified theory can be obtained for a
constant value of 1. For freshly prepared samples
we always observed a value of -7.5%%uo for I', which
can already be explained with the spread observed in
the width of the strip. After several months, how-
ever, the increase of 5%'/%' with current density be-
comes weaker, and the critical currev. t becomes
smaller. This could be reproduced by increasing the
width of the distribution function. The origin of the
increase of the width I is probably a slight inhomo-
geneous oxidation of the fi1m leading to a lowering
of the experimental critical current and an increase
of the relative variation of the local critical-current
values.

According to theory' the parameter a~a~E is
proportional to the microwave power at constant
temperature and to (T, —T) " with 1&n ~1.5 at
constant microwave power. [See also Eq. (6).] It
should be remarked that Entin-Wohlman derived
n =1.3," but inclusion of heating effects into Eq.
(6) (Ref. 1) can increase the value to n =1.5. Exper-
imentally these predictions are easiest to check by
measuring 5%'/0' at I=0. (Note that the influence
of the spread in critical-current values is then negli-
gible. ) A noteworthy point that emerges from Fig. 4
is that temperature and microwave-power variations
can indeed be used independently to change 5%/4
values. For the temperature dependence at several
power levels we observe n =1.6+0.1, i.e., a some-
what steeper dependence than expected. The depen-
dence on microwave power at constant temperature
is linear up to values of the power above which the
critical-current enhancement is also no longer linear
in the power, i.e., up to power levels that result in a
critical current about 1.5 times the value without
microwaves. Above that power level the dependence
is sublinear.

In conclusion, it can be said that the experimen-
tally determined dependence of the enhancement by
microwaves of the order parameter on supercurrent
density can be quantitatively explained by including
in the theory the assumption of a spread in critical-
current values over the length of the superconduct-
ing strip.

ACKNOWLEDGMENT

The authors wish to thank L. F. Feiner for the
valuable discussions which they had with him



1628 van ATTEKUM, RAMEKERS, PALS, AND HOEBEN 27

J. E. Mooij, Nonequilibrium Superconductivity, Phonons
and Kapitza Boundaries, edited by K. E. Gray (Plenum,
New York, 1981).

J. A. Pals, P.M.Th.M. van Attekum, and J. J. Ramekers,
Physica BEzC 108, 831 (1981).

K. Weiss, Phys. Lett. 82A, 423 (1981).
4J. A. Pals and J. Dobben, Phys. Rev. Lett. 44, 1143

(1980).
5D. Saint James, G. Sarma, and E. J. Thomas, Type II

Superconductivity (Pergamon, New York, 1969).
6G. M. Eliashberg, JETP Lett. 11, 114 (1979); 13, 333

(1971); Zh. Eksp. Teor. Fiz. 61, 1254 (1971) [Sov.
Phys. —JETP 34, 668 (1972)].

~B. I. Ivlev, S. G. Lisitsyn, and G. M. Eliashberg, J. Low
Temp. Phys. 10, 449 (1973).

J. Mercereau and L. Crane, Phys. Rev. Lett. 12, 191
(1964).

P.M.Th.M. van Attekum and J.J. Ramekers, Solid State
Commun. 43, 735 (1982).
K. Weiss, Physica B8'cC 108, 829 (1981).
O. Entin-Wohlman, Phys. Rev. B 23, 2428 (1981).


