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We analyze the low- and medium-temperature specific heat of 25 samples based on eleven

A15 binary compounds, with T, 's ranging from less than 0.015 to 18 K. Experimentally

determined "moments" of the phonon spectra (co,co2,co~,g) are included in the analysis.

Values are tabulated for T„a,q, (I'), lVb, (E~), Mco2, H, (0), and 26(0)/kqT, . We note

the following: (i) The Debye temperature is generally a bad estimate of ~~,g. (ii) A, is
0

governed mainly by the "electronic parameter" g; X=0.175'(eV/A )+0.2 for all A15 com-

pounds studied. (iii) g is proportional to the density of states at the Fermi level and this

density of states agrees well with band-structure calculations of Jarlborg in Nb-based com-

pounds. In V-based compounds, the observed bad correlation may reflect the presence of
spin fluctuations. (iv) The values for the reduced gap 25(0)/k&T, range from 3.4 to 4.9
and they are correlated with T, /cohg.

I. INTRODUCTION

The measurement of the specific heat of super-
conductors yields most valuable information provid-
ed that a sufficiently wide range of temperature is
covered. Typically, this range should extend from
about one-tenth of the critical temperature T, to
one-sixth of the Debye temperature. The complete
analysis of all data then allows the determination,
over and above the electronic specific-heat coeffi-
cient and the (initial) Debye temperature SD(T=0),
of a number of characteristic functions. The latter
include the formal variation eD(T), a rough shape
of the phonon spectrum F(co ), the distribution of T,
within somewhat inhomogeneous samples, the ther-
modynamical critical field H, (T) and the energy

gap b,(0) at T =0. Further, one may evaluate most
of the parameters entering the expression of T, of
Allen and Dynes, ' i.e., the generalized moments of
the phonon spectrum co~,~,co ~,co2, the electron-
phonon coupling parameter A,, the bare electronic
density of states at the Fermi level lV'» (EF},etc.

In this paper we systematically use a set of pro-
grams devised to accomplish the complete analysis
of specific-heat data. In view of the importance of
the 215-type compounds, we shall concentrate on
this class of superconductors. The raw data have
been previously obtained in our laboratory but only
the measurements extending over a sufficiently wide
temperature range were retained for the present pur-
pose. The comparative study is, therefore, not com-
plete but the sampling may be considered largely
representative: a set of transition temperatures T,

from less than 0.015 to 18.2 K with electronic
specific-heat coefficients y and initial Debye tem-
peratures SD(0) varying from 2 to 24 mJK g-
at. ' and 200 to 450 K, respectively. Taking into
account the results from alloys with distinct thermal
history (ordering}, a total of 25 cases will be present-
ed. The following analysis specifically aims at the
parameters governing superconductivity, whereas a
study of the correlations between the electronic den-
sity of states and the form of the phonon spectrum
has been published elsewhere.

II. EXPERIMENTAL: SPECIMENS
AND CALORIMETRY

The composition of the samples will be labeled
V3Au, Nb3Au, etc., in spite of the fact that in cer-
tain cases, slight deviations from ideal stoichiometry
are required to stabilize the 315 phase (e.g.,
V76Au24). The reader is referred to a recent review
for a comprehensive summary of all known stability
limits. Most of the specimens used in this paper
have been characterized previously. Three samples
of V3Si are also included here, although the analysis
of their specific heat is more delicate as a conse-
quence of the low-temperature martensitic transfor-
mation. ViSi I is a single crystal of mass 3.6 g, its
martensitic transition being distributed between 22
and 18.5 K according to the spread of the
calorimetric anomaly. V3Si II is a single crystal of
mass 0.46 g with a residual resistance ratio greater
than 40. Its anomaly at the martensitic transition is
very well defined with a peak of the specific heat at
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21.2 K and the onset at 22.2. Finally, V3Si III is a
20-g polycrystal exhibiting a progressive and prob-
ably only partial tetragonal transformation. In the
following tables, we distinguish for V3Si the extra-
polations appropriate to the cubic phase (T& T )

from those appropriate to the tetragonal phase
(T, & T & T ). In the latter case, the limited tem-
perature interval gives rise to a more pronounced
uncertainty of the extrapolated parameters.

The calorimeter arrangement used for all mea-
surements was of the mechanical-heat-switch type
implying quasiadiabatic conditions for the sample

plus a heater plus a thermometer system. The accu-
racy is of the order of 1%o. All measurements used
here were performed in zero magnetic field.

III. NUMERICAL ANALYSIS

The method of analysis of measured specific-heat
curves, equivalent to a simplified inversion, has been
described elsewhere. The program worked out for
this purpose takes into account the values measured
at T && T, which fix the initial Debye temperature,
the entropy at T, (identical to the one measured in

TABLE I. Electron and phonon parameters defining the normal-state heat capacity of the 215-type samples investigat-

ed.

y
mJ

K g-at.

Di

(%) (K)

D2 T2 D3 T3

(%) (K) (%) (K) Identification

Nb3Ir
Nb3Ptp 6Irp 4

Nb3Pt I
Nb3Pt II (quenched)
Nb3Pt II (annealed)

Nb3Pto 6Auo 4 (quenched)

Nb3Pto 6Au0, 4 (annealed)

Nb3Aup 7Ptp 3 (quenched)

Nb3Aup 7Ptp, 3 (annealed)

Nb3Au

Nb3Al
Nb3Sn I
Nb3Sn II
Nb78Sn22

2.05
3.92
5.32
5.74
6.17
7.48
8.38
8.40

10.14
8.96

8.72
14.3
12.2
4.85

—12.6
—1.90
—1.90
—1.15
—2.22
—0.859
—1.01
—0.246
—0.144
—0.223

—0.939
0.025
0.814

—1.92

127
84.0
70.2
59.4
69.4
55.3
56.0
36.9
31.8
43.2

95.1

24.6
71.4
97.1

14.6
24.2
23.6
25.3
17.2
20.4
17.5
17.8
16.3
13.1

44.9
13.0
26.0
5.22

150
207
163
175
145
158
145
151
144
135

220
159
194
151

98.0
77.7
78.4
75.9
85.1

80.5
83.5
82.5
83.8
87.1

56.1

87.0
73.2
96.7

300' F619C
300' F912
306 F115
307 F911
292 F911R
296 F728
300' F728R
293 F727
300' F727R
284 F726

400' 229R
305 B
322 K95
307 ST339

V3Ir
V3Pt
V3Au I (quenched)
V3Au I (annealed)

V3Au II (annealed)

V3Au III (A2 phase)

V3Si I (T( T )

V3Si I (T) T )

V3Si II (T&T~)
V3Si II (T&T )
V Si III (T&T )

V3Si III (T & T~ )

1.94
7.09
8.00

11.61
13.09
5.02

13.2
14.7
14.3
17.2
13.0
14.0

—4.14
—3.57
—1.06
—0.828
—1.01
—0.503

0.574
0.852
0.282
0.321
1.09
0.688

126
103
72.8
67.7
70.9
56.2

60.4
60.3
51.2
46.3
62.0
53.2

15.9
16.0
19.4
20.0
18.5
12.9

0
—5.24

0
—3.82
—4.49
—3.39

201
173
170
172
164
139

145

148
134
123

88.3
87.6
81.6
80.8
82.5
87.6

99.4
104.4
99.7

103.5
103.4
102.7

415
374
396
393
389
367

436
400
405
407
400'
403

172cs
F500C
J80T
J80R
F161RRR
F1560

ST
ST
3-SE
3-SE
SP
SP

V3Ga (quenched)
V3Ga (annealed)

19.88
24.22

0
0.0046 23.3

4.91
5.28

148
149

95.1
94.7

372
372

237CS
237CSR

Ti3Irp 8Ptp 2 8.93 1.63 61.9 98.4 291 J210

'This parameter could not be defined by the fitting procedure and was arbitrarily set to an average value.
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3 TC„(T)=yT+ g D;CD
i=1 i

—=1'~+Cp"(~) *

where CD(T/8&) is the Debye specific-heat func-
tion. At this point one may ask if the low-

the superconducting state}, and all measured
specific-heat points between T, and the upper limit
generally set at about 40 K. After adjustment of 4
to 6 parameters, the program yields the electronic
specific-heat coefficient y and a superposition of
two to three Debye spectra normalized to 3E modes.
These parameters, in turn, define the specific heat in
the normal state C„(T), with a variance as low as
0.5% on the average. They are only weakly corre-
lated and reproducible if the results of several in-

dependent measurements are used as input data.
This would not necessarily be the case for the coeffi-
cients of the higher-order terms in a polynomial
development of the specific heat containing odd
powers of temperature. Another advantage in com-
parison to the polynomial method is the essential
correctness of the high-temperature extrapolation, at
least if anharmonic terms are neglected. Further, no
preliminary hypothesis is made with respect to the
distribution of the number of modes among the dif-
ferent parts of the phonon spectrum.

Table I summarizes the results of the above
analysis. The parameters correspond to the formula

temperature specific heat contains enough informa-
tion for the reconstruction of a rough shape of the
phonon spectrum F(co). Let us demonstrate that
this is the case by using a graphic representation in-
troduced by Chambers. It can be shown that cer-
tain functionals of the phonon specific heat take the
form of convolutions of the phonon spectrum. Par-
ticularly, 5/4Rn C~zT 3 is an image of the spec-
trum co F(~) for co=4.928T, whereto is expressed
in degrees kelvin. The response of Ct'~T to a 5
function (Einstein peak) is bell-shaped on a logarith-
mic scale, with a halfwidth of about 0.56.

Consider now a typical experimental result (Figs.
1 and 2, NbiA~7Pto i in the as-cast state) after ad-

justment of the electronic and phonon parameters in
the representation just mentioned (Fig. 3). At the
lowest temperatures T &~ T„ the experimental
points yield directly C~~ because the electronic con-
tribution vanishes exponentially. Above T„ the
term yT is subtracted. The adjusted lattice specific
heat is given by the continuous curve. The interpo-
lation in region II is fixed mainly by the condition
of equal entmpies S„=S„whereas the extrapolation
in region IV rests on the normalization of the spec-
trum (equivalent to C~q-3R}. The full curve is the
"response" of the specific heat to the parametrized
spectrum shown by the dashed line. The logarith-
mic frequency abscissa is shifted by ln(4. 928), the
latter number being the solution of x =5 tanh(x/2}.
The graph of this figure illustrates both the con-
sistency and the limitation of the inversion pro-

200

100
E

0
0 500 2000

T2(K )

FIG. I. C/T-vs-T representation of the measured specific heat (circles) and six-parameter curve (see text) fitted to
0.3% rms. The exampIe shown is Nb3AuQ 7PtQ 3 in the quenched state.
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FIG. 2. Expanded data for T« T„example of Fig. 1.
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cedure characterizing the phonon spectrum by six
quantities D; and T;. Other functionals theoretical-
ly have a better resolution and respond to higher
phonon frequencies but would require an improved
experimental accuracy.

For our purpose we do not use directly the model
phonon spectra obtained, but use certain of their

generalized moments: co~,g, co~, and co2. The latter
are comparable, with respect to ponderation, to the
ordinary moments (co") with n &0: They are deter-
mined entirely by the specific heat at low and medi-
um temperatures as demonstrated in a previous pub-
lication. The exact form of the model spectrum is,
therefore, less important, provided that it is physi-
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(n(~ /4.93K)

FIG. 3. Dashed step function: Model phonon density of states divided by the frequency squared vs inc@. Continuous

curve: Corresponding specific heat divided by T vs lnT. Circles: Experimental points, full measured values in region I,
yT subtracted in region III for T & T, (Nb3Auo 7Pto 3).
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cally acceptable and that it allows one to accurately
reproduce the observed specific heat. The validity
of the above statement may be illustrated by the fol-
lowing comparison in the case of Nb3Pto 6I1p 4.
With a spectrum given by only two Debye com-
ponents (D i ———1.35%, Ti ——77.5 K, and D2
=101.35%, T2 ——269 K, root-mean-square deviation
0.85%) one finds y= 3.99 mJK g-at.
roi, ——155.4 K, rot ——172.4 K, and coi ——183.7 (see
below for the exact definition of these quantities).
For the same specimen, the spectrum with three
components as given in Table I (rms deviation
0.61%), although different from the first mentioned,
yields very similar values co~,g

——15S.O K, co ~
——173.6

K, and Bz——186.8 K.
For a few samples included in the present study,

the parameters y and 8D(0) differ slightly from
those reported previously. This is due to the method
of polynomial extrapolation which was used ear-
lier. ' Tests with nonsuperconducting compounds
(where the extrapolation procedure may be checked
by using a nontruncated set of measurements) have
indicated that the present method of analysis is the
most reliable one.

With respect to the intrinsic electronic and pho-
non parameters of homogeneous A 15 phases, we re-
call that these quantities not only depend on compo-
sition but also on the degree of long-range order.
Therefore, for the purpose of data comparison, the
specification of thermal treatment is essential.

IV. DETERMINATION OF THE
PARAMETERS DESCRIBING

SUPERCONDUCTIVITY

Cg —C„—3(S,—S„)
f,(T)=

2yT
i.e., an expression based on the two- fluid model. '
n and s refer to the normal and superconducting
states, S is the entropy, and C is the specific heat.
One expects that, for temperatures close to T, (on-
set), f, (T) determined in this way will be slightly
underestimated because the specific-heat jump of the
two-Auid model is too big in the case of weak cou-
pling. However, the opposite will be true in the case
of strong coupling. It is evident that at T«T„
C, «C„ensures the convergence of f, independent-
ly of the model. The definition of T, we use is
f, ( T, )=0.5. An example is given in Fig. 4, all oth-
er results are listed in Table II.

To determine the electron-phonon interaction

(2)

In certain polycrystalline specimens although sin-
gle phase„ inhomogeneities may cause superconduct-
ing transitions with an appreciable width. This is
the case for Nb3Pt I (7.9—9.8 K), NbiPt II (7.9—11
K), Nb3A1 (17—18.7 K), and V3Au I, quenched
(0.2—0.8 K). It is then necessary to define a
correctly weighted average. For every compound
with T, & 1 .2 K, we have systematically calculated
the superconducting volume fraction f, ( T) accord-
ing to

1 5 a y r a a a ~ a a ~ a ~ a a a a ~

ooooo o ~ ops
0

0

p a a a a a a a a ~ I a a ~ ~ a a a a a

0 5 10 15
T

T (K)

FIG. 4. Supercouductiug volume fraction f,{T) to define T, {Nb3Auo 7Pto 3).



27 HEAT-CAPACITY ANALYSIS OF A LARGE NUMBER OF A15-. . . 1573

TABLE II. Bulk critical temperature and generalized "moments" of the phonon spectra of
A15-type samples.

Nb3Ir
Nb3Ptp 6Irp 4

Nb3Pt I
N13Pt II (quenched)
Nb3Pt II (annealed)

Nb3pto 6Auo 4 (quenched)

N13Ptp 6Aup 4 (annealed)

Nb3Aup 7Ptp 3 (quenched)

Nb3Aup 7PtQ 3 (annealed)

Nb3Au

T.
(K)

1.48
5.73
8.72
8.81

10.03
11.45
12.88
11.52
12.85
10.59

172
155
142
144
141
135
135
128
125
122

log
(K)

Bi
(K)

191
174
161
162
160
155
156
150
150
146

C02

(K)

203
187
177
177
175
171
173
167
169
164

Nb3Al
Nb3Sn I
Nb3Sn II
Nb7sSn22

18.07
17.97
17.93
6.27

146
127
123
160

174
157
153
184

196
177
175
199

V3Ir
V3Pt
V3Au I (quenched)
V3Au I (annealed)

V3Au II (annealed)

V3Au III (A2 phase)

V3Si I (T&T )

V3Si I (T& Tm)
V3Si II (T&Tm)
V3Si II (T&T )

V3Si III (T&T )

V3Si III (T&T )

V3Ga (quenched)
V3Ga (annealed)

& 0.015
2.73

0.6+0.2—0.4
2.15
2.83

&0.03

17.03

16.76

16.66

13.56
15.00

204
180
157
155
154
142

183
198
184
207
190
196

163
161

233
206
188
186
185
175

239
247
230
253
241
246

254
225
215
212
211
202

271
271
257
276
266
270

226
224

Ti3Irp. sPtp, 2 5.48 119 154 117

(3)
where f~ and fq are corrective factors of order unity
which depend on the value of A, itself and the shape
of the phonon spectrum through co~,~ and co2. The
extraction of A, , therefore, requires a few iterations.
The generalized moments co&,s and co„of the
electron-phonon spectral function a F(co) are de-

fined by

f a F(co) lnco d lnco

f a F(co)d inco
(4)

parameter A, , we use the expression of Allen and
Dynes' with p*=0.13,

fif2colog 1.04( 1+A, )
C j pp g Q 0

f a F(co)co "d lnco

f a F(co) d lnco

The measured specific heat yields information on
F(co) rather than on a F(co). One is, therefore, led
to introduce an assumption on the form of the func-
tion a (co). Considering that the latter contains only
some structure, one may write in first approxima-
tion a (co)-co'. The exponent s is then "calibrated"
by comparing the estimates of co~,s, co~, and co2 ob-
tained from the specific heat, for various values of s,
with the results of a recent tunneling analysis" for
Nb3Sn. The comparison listed in Table III suggests
that s = ——, is the best choice and we shall conserve
this type of energy dependence for all other calcula-
tions. The spectrum of Nb3Sn is particularly rich in
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TABLE III. Effect of the energy dependence a -co on experimentally determined mo-
ments of the phonon spectrum in Nb3Sn tunneling data from Ref. 15.

Nb3Sn

Tunneling

Specific heat 0
1

2
—1

og

155—159
123—127

81—83

C01

(K)

152

179—181
153—157

120—123

N2

(K)

174

196—197
175—177

146—149

low-frequency phonons and one may expect that the
effect of the choice of s is less pronounced for the
remaining A1S compounds. The specific-heat mea-
surements (in the appropriate temperature range)
provide us with frequencies co„ thus defined with an

excellent resolution and the results given in Table II
allow a coherent description of a variety of com-
pounds.

In order to complete the present computations, we
also indicate in Table IV the Debye temperatures

TABLE IV. The Debye temperatures equivalent to the moments of order —3 to +2 of the
phonon spectra.

Nb3Ir
Nb3Pto 6Iro 4

Nb3Pt I
Nb3Pt II (quenched)
Nb3Pt II (annealed)

Nb3Pto 6Auo 4 (quenched)
Nb3Pto 6Auo 4 (annealed)

Nb3Auo 7PtQ 3 (quenched)
Nb3Auo 7Pto 3 (annealed)

Nb3Au

8D, -3
(K)

377
347
339
376
348
316
320
305
290
251

8D, -Z
(K)

323
294
274
277
272
262
264
253
252
244

PD, —1

308
283
268
269
265
260
263
255
258
251

SD,Q

(K)

302
281
271
271
267
264
269
262
267
259

P~D 1

(K)

300
282
277
276
271
270
275
268
275
265

P~D 2

(K)

299
283
282
281
275
275
281
274
281
270

Nb3Al
Nb3Sn I
Nb3Sn II
Nb78Sn22

V3Ir
V3Pt
V3Au I (quenched)
V3Au I (annealed)
V3Au II (annealed)
V3Au III (A2 phase)

292
232
232
331

445
403
342
338
332
299

292
259
253
309

393
348
318
313
312
294

299
272
268
303

386
342
327
323
322
310

310
280
279
302

389
346
342
338
338
327

322
286
287
303

393
351
356
352
351
339

334
290
293
304

397
356
366
362
361
347

VS1 I (T&T )

V3Si I (T) T )

V3Si II (T&T )
V3Si II (Tg T )

V3Si III (T& T )

V S1 III (T~T )

297
297
303
303
285
285

383
396
374
408
384
392

421
418
397
424
412
417

431
415
403
420
412
414

434
410
404
415
408
410

435
407
405
413
406
408

V3Ga (quenched)
V3Ga (annealed)

310
297

332
328

347
344

356
354

361
360

365
364

Ti3Iro. sPto. 2 209 251 283 287
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corresponding to the nth moment of the phonon
spectrum

Sg) =[ (n—+3)(~p")]' "
1

Sn p = exp( —,+ ( lncp ) ),
(6a)

(6b)

where the averages are
u max

(co )—= f to F(co}dc',
co max

{into ) —= f lnraF(t0)dc@ .

Within this formalism, the Debye temperature of or-
der 2 appears in the high-temperature specific heat,

C(T~ oo ) =3R[1—(Oo 2/20T )],

(7a}

that of order 1 in the zero-point energy,
9

Ep =
8 R On i, that of order 0 in the high-

temperature lattice entropy, '

S( T~ ao )=4R [1 —
&

111(SD p/ T)]

Nb, (Ep) = 3
8

2m kiiN(1+A, }
where kq is Boltzmann's constant and N is
Avogadro's number. The effect of possible correc-
tions due to spin fluctuations will be discussed later.
Further, the present analysis is based on the simpli-
fying assumption of a constant y up to the limit of
the measurements, i.e., 40—45 K. This approxima-
tion might be a source of error in the case of ViSi.

The average a of the function a (co ), Hopfield's
electronic parameter ri, and the average (I ) of the
electron-phonon matrix elements are obtained from
the expressions

1a
—2

g =A3fG 2,
(I ) =ri/Nb, (Ep),

(10)

and finally, the limit n = —3 leads to the initial De-
bye temperature SD(T~O) =Sn 3.

If the lattice specific heats were governed by the
classical Debye model, the temperatures 8D „should
be independent of n Table. IV illustrates that this is
far from being the case for the compounds investi-
gated. One encounters both the situation
Sn 3)SD 2 (e.g., Nb3Ir) as well as Si) 3 (SD 2

(e.g., Nb&Sn, Ti&Irp sptp 2). The differences may be
as high as 100 K, a fact which justifies a posteriori
the relatively complex method of analysis adopted in
this paper. Some particularities of the phonon spec-
tra of 315 compounds have been discussed in a pre-
vious publication.

The unrenormalized electronic density of states at
the Fermi level is calculated according to

M being the mean atomic mass. Following the con-
clusions of ioein et al. ' we suppose indeed

gq &&g~, the indices A and B referring to the
atoms of the formula A&8. The data of the expres-
sions (9) to (11)are collected in Table V.

The thermodynamical critical field H, (T) is ob-

tained by integration from the experimental specific
heat in the superconducting state C, and the extra-
polated normal-state specific heat C„ through

, ij,pyH—i(T)= f f „"dT"dT', (12}

with V representing the volume per gram-atom. An
example of the application of the above relation is
shown in Fig. 5. One may also find H, (0} with a
single integration leading to the condensation energy

—,ppVH, (0)= f (Cg —C„)dT . (13)

The results are included in Table VI.
Turning to the determination of the energy gap

b, (0), we recall that the most direct method would
be based on the specific heat at very low tempera-
tures, where

C„-t ~ exp[ —6(0)/k&T],

with t =T/T, &0.2.' However, for the compounds
studied here, one has to face the problem of the
separation of a very small quantity, C„, from a pos-
sibly anomalous phonon contribution. Figure 6 il-
lustrates a relatively favorable case, although we
would not claim good accuracy for b,(0)/T, deter-
mined in this manner. The intermediate range of
temperatures (T= , T, ) is more —readily accessible,

but the gap is now temperature dependent and re-

quires a model description. The simplest of these is
the a model, ' where the gap is supposed to be the
BCS gap multiplied by a constant factor a. The
problem then remains to adequately select the tem-
perature range for fitting a. In the case of the
critical-field-deviation function (Fig. 7) the weight is
placed mainly at temperatures close to T, . As a
consequence, the latter analysis should be used only
with very homogeneous specimens. The same is true
a fortiori for the specific-heat jump at T„ the mea-
surement of which usually requires an extrapolation.
On the other extreme, the semilogarithmic graphs
ln(C„/yT, ) vs T, /T favor the lowest temperatures
where the experimental error (including the effect of
minute traces of a normal phase} is greatest. Fur-
ther, even if it is often assumed tacitly, there is no
proof that proportionality holds between the slope of
this graph and the reduced gap, the BCS formula

C„=8.5yT, exp( —1.44T, lT),
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TABLE V. Calorimetrically determined parameters of 315 compounds.

Nb3Ir
Nb3Ptp 6Irp 4

Nb3Pt I
Nb3Pt II (quenched)
Nb3Pt II (annealed)

Nb3Ptp ~up 4 (quenched)
Nb3ptp 6Aup 4 (annealed)

Nb3Aup 7Ptp 3 (quenched)
Nb3Aup 7Ptp i (annealed)
Nb3Au

x~(EF)
states

eV at. spin

0.29
0.47
0.57
0.61
0.63
0.72
0.77
0.80
0.91
0.86

0.51
0.78
0.98
0.98
1.07
1.19
1.30
1.24
1.36
1.21

2a

49
68
79
80
85
92

101
93

102
88

(eve')

4.4
5.7
6.5
6.5
6.9
7.4
8.2
7.3
8.2
6.9

(eV /A )

15.4
12.2
11.4
10.6
10.8
10.2
10.5
9.2
9.0
8.0

2
M@2

(eVyA2)

8.61
7.32
6.58
6.62
6.42
6.16
6.30
5.91
6.01
5.70

Nb3Al
Nb3Sn I
Nb3Sn II
Nb78Sn22

0.72
1.09
0.92
0.57

1.59
1.78
1.82
0.80

138
139
140
73

8.3
9.8
9.8
5.5

11.6
9.0

10.7
9.7

5.23
5.52
5.38
6.95

V3Ir
V3Pt
V3Au I (quenched)
V3Au I (annealed)
V3Au II (annealed)
V3Au III (A2 phase)

0.32—0.41
0.95

1.18+p p2

1.57
1.72

0.81—1.06

&0.3
0.59

0.44+p p6

0.57
0.62

&0.3

&35
60

42+6
53
57

&30

&3
4.6

3+2 p5
4.0
4.3

&2

&9
4.9

2+7 p5
2.6
2.5

& 2.5

9.91
7.85
7.15
6.96
6.93
6.34

V3Si I (T&T~)
V3Si I (T&T )

V3Si II (T&T )

V3Si II (T&T )

V3Si III T(&T~)
V,Si III (T&Tm)

V3Ga (quenched)
V3Ga (annealed)

1.24
(1.42)
1.35

(1.69)
1.24

(1.36)

1.94
2.27

1.26
(1.20)
1.25

(1.15)
1.22

(1.19)

1.17
1.27

151

147

117
126

7.4

6.6

6.9

5.9
6.3

6.0

4.9

5.6

3.0
2.8

5.90
5.89
5.32
6.10
5.69
5.86

5.03
4.96

T13Irp SPtp 2 1.02 0.85 66 4.0 3.9 4.66

representing only a numerical interpolation. Follow-
ing the above considerations, we finally use a nor-
malized plot of (C„/yT, )( T/T, ), in conjunction
with a family of curves calculated with the a model.
An example is given in Fig. 8, demonstrating that
2b, (0)/ks T, can be determined with a resolution of
+0.1 to +0.2. All other results are listed in Table
VI.

To close the present comments on the gap ratio, a
further remark on the BCS formula

1/2
2g(0) AH~(0) Pp V

kg Tc Tc 6P

is in order. The applicability of this relation is fre-
quently misjudged and 6(0) may be underestimated
in the case of strong coupling. The corrections to
H, (0) and b,(0) arising from strong coupling are the
following':

1/2

H (0) T,1+2.3 ln +0.2
c BCS CO Tc

=1 53 1
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FIG. 5. Thermodynamical critical field H, vs T (Nb3Auo 7Pto 3).

where co denotes the frequency of the first peak of
the phonon density of states. The proportionality
between H, (0) and b,(0) is, therefore, not conserved.
The same conclusion follows from the a model.
The simple use of H, (0) to estimate 6(0) may still
be desirable, but such an evaluation should be based
on the data tabulated by Padamsee et al. ' rather
that the BCS formula.

V. DISCUSSION

A. Preliminary remarks

If the emphasis were on the complete characteri-
zation of one particular superconductor, the hy-
potheses and approximations used so far might be
questionable to some extent. For instance, we

-4- 2&(0)
kB Tc+o .
4.0

4.5'0

-12-

-16
0

Tc/T

00
0

0
0

w 0

I s Ns N I

8 9 10

FIG. 6. Semilogarithmic plot of the electronic specific heat. Dashed curves: a model for 22!(0)/k&T, =4.0 and 4.5
(Nb3Auo 7Pto 3).
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(kOe)

TABLE VI. Additional properties of A15 compounds.

M V H (0)
g CIIl

g-at. g-at.
28 (0)
kgT, Nlog

Nb3If
Nb3Pto 6Irp 4

Nb3Pt I
Nb3Pt II (quenched)
Nb3Pt II (annealed)
Nbqpto ~u0, 4 (annealed)

NbqPto +uo 4 {annealed)

Nb3Auo 7Pto 3 (quenched)
Nb3Auo 7Ptp 3 (annealed)
Nb3Au

117.7
118.2
118.5
118.5
118,5
118.6
118.6
118.8
118.8
118.9

10.18
10.26
10.31
10.31
10.31
10.4S
10.45
10.53
10.53
10.60

0.89
1.60
1.67
1.96
2.53
3.02
2.72
3.34
2.57

3.6
3.8
3.9
3.9
4.3
4.4
4.3
44
4.4

0.0086
0.037
0.061
0.061
0.071
0.085
0.096
0.090
0.103
0.087

Nb3Al
Nb3Sn I
Nb3Sn II
NbvsSn22

V3Ir
V3Pt
V3Au I (quenched)
V3Au I (annealed)
V3Au II (annealed)
V3Au III (A2 phase)

76.4
99.4
99.4
98.6

86.3
87.0
87.5
87.5
87.5
87.5

10.47
11.13
11.13
11.03

8.26
8.41
8.75
8.75
8.75
8.65

4.33
5.36
5.06
1.05

0.63

0.58
0.87

4.5
4.8
49
3.6

3.4

3.4
3.5

0.125
0.14
0.145
0.004

0.015
0.004
0.014
0.018

V3Si I (T(T~) 45.2

45.2

7.95

7.95 5.78 4.0

0.093

0.091

7.95 5.52 4.0 0.088

V3Ga (quenched)
V3Ga (annealed)

Ti3Iro sPto 2

55.6
S5.6

84.1

8.44
8.44

9.48

5.58
6.71

1.35

4.6
4.5

3.8

0.083
0.0935

0.046

neglect the fact that the cutoff of the electron-
phonon interaction at higher energies may reflect
not only the phonon spectrum but also the electronic
density of states. Furthermore, we implicitly
reduce the properties of a compound to those mainly
of an atomic nature, described by average parame-
ters A,, il, etc. However, our aim is clearly to evalu-
ate a large number of physical parameters in a most
systematic way. The results will show, contrary to
previous rather inconclusive statements, that corre-
lations do exist between superconducting properties
and average phonon and electronic properties. The
consideration of a sufficient number of substances is
essential in this respect.

B. Thermodynamical critical field
and energy gap

The highest thermodynamical critical field is ob-
served in V36a, amounting to 6.7 kOe at T=O.
This maximum value is related to the high electron-
ic density of states which is also extreme within the
215 class. Despite its higher T„Nb Sn3ranks
second with 5.2 kOe. The deviations of H, (T) from
the parabolic law (Fig 7) are co. nfined within the
limits of the BCS prediction and the curve for ele-
rnentary lead. Taking into account the comments
already made in Sec. IV, these deviations scale with
the reduced gap parameters 2b,(0)/ksT, of Table
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FIG. 7. Deviation function [H, (T)/H, (0)]—[1—(T/T, ) ] vs (T/T, ) .

VI. While the lowest values of the latter set do not
fall significantly below the BCS limit, the numbers
correlate with the coupling strength expressed as the
ratio of T, and a typical phonon frequency. A com-
parison of Nb3Sn and nonstoichiometric Nbo 7sSno 22

is particularly indicative: The former, with a high
T, and an appreciable density of long-wavelength
phonons, exhibits a maximum of 4.8 to 4.9 for
2b(0)lksT„whereas the latter, markedly stiffer

26(0) =3.53 1+5.3
B c

2
Tc N

ln
CO C

(l4)

and with lower T„yields the weak coupling figure
of 3.6. In order to visualize this correlation, we re-
port in Fig. 9 the gap ratio as a function of T, /coi, s.
The behavior predicted by the model of Geilikman
and Kresin, ' i.e.,

3 2
k

00

0
0 0.2

T/Tc

0.6 0.8

FIG. 8. Electronic specific heat below T, divided by T vs T/T, . Solid curves: a model for 26{0)/k&T, =4.0 and 4.5
(Nb3Auo 7Pto 3).
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is indeed observed if co is identified roughly with
2

3 CO]pg 0

C. Comparison of eg)(0) and a)),q

Allen and Dynes' have shown that the charac-
teristic phonon frequency entering as a prefactor in
the McMillan formula is ro~,s. Since this quantity is
only known for a few A15 compounds, it is cus-
tomary to replace it by a certain fraction of the De-
bye temperature. Tables II and IV, however,
demonstrate that 8&(0) is not a good substitute for
co~,s. In the case of Nb3Auo7Pto3 and V3Si, the
values of 8&(0) are similar but those of co&,s differ
by 50%. Conversely, the SD(0) values differ by 150
K for Ti3Iro sPto 2 and Nb3Pt, yet their averages ro&,s
are much closer to each other.

g /~„
FIG. 9. Reduced energy gap vs T, /co~, g 0, N. b+; CI,

V3X; D, Ti3X; Horizontal line, BCS value. Dashed
curve, model of Geilikman and Kresin vvith co =—co~,z.

As a consequence, at least in the 315 class, the
determination of k from calorimetric data requires
more information on the phonon spectrum than the
mere curvature in the limit ~ =O. This requirement
implies specific-heat measurements up to tempera-
tures permitting to probe the essential part of the
spectrum. To our knowledge, only a single heat-
capacity study has been directed beyond the Debye
approach in the past. Knapp et al. ' used measure-
ments at high temperatures (T&8) to obtain the
Debye temperature of order zero, 8D 0 [8D(n =0) in
their notation' ] which is related to the geometric
mean frequency cog [—:( g, , co, )'~ ]. Unfor-
tunately, their evaluations of A, are not comparable
to ours for two reasons: cos gives more weight to
high frequencies than does co~,g, and the use of the
McMillan formula results in a different prefactor.
For the example of Nb3Sn, Knapp et a/. indicate the
exponential factor as cog/1. 45T, =10.8, whereas the
present analysis infers N~,s/1. 2T, 5.8, in agree-
ment with tunneling results.

D. Electronic density of states

In Table VII the experimental densities of states
deduced from the present specific-heat analyses are
compared with the results of recent band-structure
calculations (N'). ' ' In the graph of Fig. 10,
only the results of Jarlborg are retained since they
cover the greatest number of compounds. The ex-
perimental values are completed by estimates based
on the following published measurements: Stewart
and Webb for Nb3Ga, Stewart et al. for Nb3Ge,
Knapp et al. ' for Nb3Sb, and Spitzli' for V3Ge,

Klein PickettJarlborg

TABLE VII. Calorimetrically determined bare density of states at the Fermi level, and cal-
culated values according to Refs. 17 and 22—26.

X~(1+A.)-' N' (stateseV 'at. 'spin ')

Van Kessel
eV at. spin

Nb3Ir
Nb3Pt
Nb3Au

0.29
0.63
0.86

0.44
0.6—0.8

1.10

Nb Al
Nb3Sn

0.72
0.92—1.09

0.84
0.99

0.91
0.73

0.97
1.12

V3Ir
V3Pt
V3Au

0.32—0.41
0.95
1.72

0.34
0.83
1.S1

V3Si
V,oa

1.24—1.35
2.27

0.80
1.28

0.92
1.23
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FIG. ¹ Empirical electronic density of states at Ez vs

calculated value¹.0, Nb+;, V3X.

V 3Sn, and V3Sb. To derive N".(I+A, )
' from

these measurements, we have estimated co~,~, co&, and

gz in relation to 8D(0) (see below for details). It
seems satisfactory that an approximate equality
N"(1+1,) "=N' holds for most of the compounds,
especially those based on niobium. The uncertain-
ties in the empirical determination of Nr(1+A, )

arising from the use of a common value of p,', devi-

ations from stoichiometry, partial disorder, the hy-
pothesis on a (c0), on the one hand, and the uncer-
tainties in the band-structure results, on the other
hand, may contribute to explain the dispersion. One
remarks, however, two notorious exceptions: V3Si
and especially V3Ga.

In the latter case the source of the drsagreement,
which amounts to 80%, is not likely to be in the

specific-heat analysis. Indeed, the experimental
determination of y by extrapolation encounters no
particular risk of error for V3Ga. It is also unlikely
that the empirical method of evaluation of A,, which
seems satisfactory for the rest of the compounds,
fails dramatically for V3Si and V3Ga. If it were so,
one would have to conclude that a (co) decreases
much more rapidly than co

' in these two corn-
pounds, implying cot,s-4T, for V3Ga. As a thermo-
dynamical consequence of such extreme strong cou-
pling,

' the specific-heat discontinuity at T, should
then be about twice as high as actually observed
(AC/yT, =2.2). A way out of these contradictions
is to assume additional renormalizations of the den-
sity of states, particularly due to spin fluctuations.
Evidence for such effects will be discussed in the
last paragraph of this section. In some other sys-
tems, the existence of spin fluctuations appeared to
be linked with the presence of vanadium atoms

Nb& V„, (Refs. 30 and 31), and Nbt „V„N. In
Fig. 10 the V-based compounds tend to be above the
Nb-based compounds, an indication which points to
the same conclusion.

E. Effect of partial disorder

In several cases a sizable variation of the
calorimetrically measured T, has been obtained with
thermal treatment. The data of the present study
enable us to identify the main factors governing
these T, variations (Table VIII). The degree of
long-range order does not appreciably influence co~,~,
the origin of the T, increase upon annealing is,
therefore, not to be looked for in this quantity. The
role of the higher phonon frequencies, influencing lt,

through the moment co&, is more difficult to assess
because of the limited sensitivity of the specific-heat

TABLE VIII. Relative shifts of parameters due to heat treatment or to a change of stoichiometry.

Effect of ordering
Nb, Pt
Nb3Pto 6Auo 4

Nb3Pto 3Auo 7

V3Au I
V3Au I—+II
V3Ga

+8.6%
+8.5%%uo

+9.7%
+29%
+7.7%%uo

+8.1%

ax~(E, )

Nb, (Ep)

+3.1%
+7.1%

+14.6%
+33%
+9.6%

+ 16.7%

+2.3%
+3.6%
—2.6%%uo

—6%
—2.0%%uo

—8.6%

+5.4%
+ 10.9%
+ 11.5%
+26%
+7.3%%uo

+6.6%

2
EC02

2
C02

—3.0%
+2.3%'
+1.7%'
—2.6%%uo

—0.4%
—1.4%

Leo|08

—k.8%%uo

—0.0%
—2.1%
—1.5%
—0.7%
—1.6%

Effect of stoichiometry
Nb78Sn22
—+Nb3Sn I
N178Sn22
~Nb3Sn II
'Not significant (see text).

+ 123%%uo

+ 129%

+91%%uo

+60%%uo

—7%

+ 10%

+77%

+77%%uo

—21%

—23%

—21%%uo

—23%
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analysis at these frequencies. If one writes (for each
particular compound)

~Nba«F ) a(I'& ~~ z+, —,. (15)
Nb~(EF) (I )

Table VIII suggests in general terms:
(i) The variation of the electronic density of states

and in most cases that of co2 both contribute posi-
tively to the increase of A, . [Note: The apparent ex-
ceptions for ct) g of Nb3Ptp 6Aup 4 and Nb3Ptp 3Aup 7

may be due to the technical procedure. The specific
heat in the annealed state was not measured to suffi-
ciently high temperatures, one parameter of Table I
(T3) was, therefore, fixed arbitrarily near that of the
quenched state. ]

(ii) The contribution of hg/ri is definitely more
important than that of Leo 2/co q.

(iii) b, (I )I(I ) which tends to be negative for
hA, & 0, compensates only partially the relative
change in the density of states.

In summary, the ordering effects observed here
mainly influence T, through the electronic density
of states, rather than through a shift of the phonon
frequencies. The differences generated by composi-
tional variations in the Nb-Sn system lead to an
analogous conclusion although the phonon softening
in ideal Nb3Sn is more pronounced (Table VIII).

F. Correlations between A,, Nb, (EF ), (I2), and (co )

Can we generalize the conclusions of the preced-
ing paragraph to the relations between properties of
different 215 compounds? Contradictory points of
view have been expressed in the literature re-
garding the predominance of either the "electronic"
or the phonon factor in the variations of
A, =g (Mco )) ' among superconducting materials.

In Fig. 11 the plot of A, as a function of the elec-
tronic term g reveals a strong correlation between
these quantities. This means that, on the whole,
Mcoz (the "lattice rigidity" or a kind of average
force constant) does not deviate too much from an
average value. The latter, corresponding to the in-
verse slope of the figure, is 5.7 eVA . Such a
behavior is not unexpected for a given type of bond-
ing. We should like to point out, however, that the
product M8&(0) undergoes more important varia-
tions because the sound velocity is influenced by the
electronic density of states. A "compensation" of
the respective variations of Nb, (EF) and (I ), as
suggested earlier, ' is not borne out by the data of
Fig. 11, but closer inspection allows one to detect
the influence of the phonons: The points above the
straight line represent compounds with important
phonon densities at low frequencies (their effective
Debye temperature is monotonically increasing with

4 6

z(ev A'i
8 10

FIG. 11. Electron-phonon interaction parameter A, vs

g =A,M co q. 0, N13X; H, V3X.

T), conversely, those below the line exhibit the nor-
mal behavior with 8D,AT), passing through a
minimum. We conclude that the extra contribution
to A, arising from the presence of soft phonons
amounts to the order of b, A, & 0.3—0.4.

The correlation between A, and g being establish-
ed, the next question is to find out if there is a clear
overall dependence of ri on the electronic density of
states. The answer depends on the atom placed on
the chain site. Figure 12(a) shows ri vs Nb, (E+) for
niobium-based compounds. The data include es-
tj.mated values for Nb3Rhp Nb30s, Nb4Sb,
Nb3Sb Nb3Ga, and Nb3Ge. ' For the first
four, we set co~,s-0.458'(0), co&-0.58'(0),
co2-0.558D(0) by analogy with the compounds
Nb3II Nb3Pt, and Nb3Au. Nb3Ga and Nb3Ge are
supposed to be similar to Nb3Al with co~,g
=0.58D(0) co~-0.68D(0) coq-0. 678D(0). Gen-
erally speaking, the distribution of points in Fig.
12(a) suggests a simple proportionality between ri
and Nz(EF). An equivalent statement is to admit a
roughly common value of (I )=11 eV/A charac-
teristic of the Nb atom in the A 15 structure. Such a
rule is in qualitative agreement with the calculations
of Klein et al. ' Nb3Ge still seems to remain an ex-

ception, at least in the absence of a more reliable
value for 82.2

All things considered, the microscopic parameters
describing superconductivity of the niobium-based
315 compounds follow a rather simple tendency ap-
proximately expressed by A, /Nb, (E+)=1.7
eV at. spin. This reflects the picture of superconduc-
tivity being determined by the sublattice of the Nb
atoms, while the 8 atoms manifest themselves
through the lattice constant (i.e., the bandwidth) and
electron transfer (i.e., the potential and the Fermi
energy), and to a minor extent through a shift of
certain phonon frequencies.
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fluctuations in V3X compounds. We then ask the
question if the consequences of this hypothesis are
compatible with the measurements. First, it is re-
markable indeed that V&Ga, which exhibits by far
the highest electronic specific heat, does not do
better in terms of T, . Second, we have seen that the
empirical density of states is far above that of two
independent band-structure calculations. These two
facts may be related. Spin fluctuations indeed modi-

fy the thermal effective mass via a formal interac-
tion parameter A,,f.

N"=Nh, (1+A,, ph+ Agf ), (16)

where Ni'=3@(2irikz} and A,, ph is the electron-
phonon interaction parameter exclusively considered
so far. The effect on the superconducting transition
temperature is taken into account by replacing A, and
p' in the expression of Allen and Dynes by effective
val es""

p 5-
oSb

:::,'o Ge
gsi'o

oPt
oSn Au

jeff=~e-ph( 1+ksf }

p', ff=(p" +i,,r)(1+l,,f }

(17)

(18)

Ir opd

1 2

Nb, (K„)(states eV atom spin )

FIG. 12. Electronic parameter g vs empirical density

of states Nt (E+) for N13X compounds. (b) Same plot as

(a) for V3Xcompounds. Hatched area: Nb3X.

In the vanadium-based compounds, the situation
is unfortunately less clearcut. It would be tempting
to derive a second average value of (I ) characteris-
tic of the vanadium atoms in the 215 structure.
Figure 12(b} shows that this is not possible in the
framework of the present formalism. It is true that
the different states of order of VsGa and V3Au
would define a low mean value of (I )=2.8 eV/A2
but most other compounds are far off. For the four
compounds included from earlier work, i.e., V&Pd,
V36e, V3Sn, and V3Sb, we used the estimates
coi,s 0 58&(0), .coi 0 60&(0), and. co2 0.670&(0),
in conformity with the average trends of Tables II
and IV. These approximations may introduce un-
certainties as high as 40% for the four respective
values of il through the term co&.

G. Spin fluctuations

Suppose that the simple relation between g and

Nh, (E+) is hidden by the presence of important spin

which cause a reduction of T, Given t.he quantities
N", Nh, N; and —T, /co&,s [under the assumption
that a (co}-co' is maintained], A,, ph and A,,f can be
calculated. Inspection of Table VII shows that the
results for A,,f will be significant only for V3Si and
V&Ga. The case of ViSi is somewhat delicate due to
the low martensitic transformation temperature;
therefore, we restrict the evaluation to V&Ga. For
the latter, one obtains A,,ff=2.17, p,*ff
=0.31~ Ae-ph= 2.75 As)" =0.27, g = 13.6 eV A
and (I ) =10.6 (eV/A) . The new representative

point is indicated by a star in Fig. 12(b) and falls ap-
proximately in the range of the Nb3X compounds.
It appears that the corrections are important and
that they may seriously modify the relation between

A,, ph and Nh, (Ep).
Spin fluctuations cause a well-known enhance-

ment of the Pauli magnetic susceptibility Xz. With
the definition of the enhanced density of states
N =Xp /2@~, one relates the Stoner factor
S=N /Nh, to A,,f by

A,,f—4.5 1 ——ln 1+p )
1 2S —1

S 12

where p &
is an adjustable cutoff parameter. The iso-

lation of a moderate Stoner factor S) 1 is prob-
lematic because in general, the spin susceptibility g&
cannot be separated unambiguously from the total
susceptibility X. A reasonable assumption, however,
is to attribute variations of X upon increasing the
long-range order parameter to Xq alone, i.e.,
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hg=AXz. The ratio of the small changes of y and
7 due to annealing then yields

5
(20)

1+A,, ph+k, f
and experiment finally allows one to determine the
parameter p& which should be of order unity.
Taking for V36a in the two states of order reported
here, +=413&(10 and 449 X 10 emu/g-at. ,
respectively, one finds h¹~/5¹~=0.86, and with
the numbers for A,, ~h and A,,f given before,
p~-0. 66. Leaving aside the ordering experiments
but by making use of the orbital susceptibility in-
ferred from NMR, ' we obtain Nr/N"=0 87+0..1
and pi-0. 65+0.06. For comparison, p&-0.6 in the
case of Pd. The order of magnitude is correct.

On first sight, the situation is less readily under-
stood for V3Au. In this case, the band-structure cal-
culation provides the highest density of states ever
computed for an 215 compound. The observed T,
of only about 3 K and the ratio ANr/b, Nr=2. 2,
which is higher than for V3Ga, might be explained
by the presence of spin fluctuations. Interesting
enough (Table VII), Nr(1+A, )

' and ¹ do not
differ much and provide little margin to introduce
A,,f for renormalization. We believe that in this
case, the band calculations and the experiments do
not describe the same physical crystal. %'e recall
that T, is strongly subject to the degree of order.
It is, therefore, likely that the alloy with T, =2.9 K
[of composition close to V76Auz4 and with a Bragg-
Williams parameter S,=0.94+0.02 (Ref. 43)] is still
too disordered and has too low a density of states ¹~
to be compared with the calculated ideal compound.
On the other hand, since the Fermi energy is right in
a peak of the density of states, a refinement of the

band-structure calculations with the use of a non-
spherical potential would lead to a lower ¹ . These
combined effects will certainly allow one to postu-
late a sizable value of A,,I which depends on Nrl¹

VI. CONCLUSION

The detailed analysis of the specific heat of 25
specimens with the 215-type structure leads to the
following main results:

(i) The initial Debye temperature in the limit
T—+0 is generally not representative of the phonon
frequencies important for superconductivity.

(ii) The reduced energy gap 2b, (0)/kttT, takes
values between 3.4 and 4.9 and is correlated with

(iii) A, is governed essentially by the electronic
parameter g. An average relation A, =0.175'
(eV/A ) +0.2 holds for all compounds studied.

(iv) For the niobium-based compounds, r) is pro-
portional to Nb, (EF), while for vanadium-based
compounds, such a simple relation appears to be
hidden by the presence of spin fluctuations.
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