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This paper treats the electrodynamic screening by the substrate of the van der Waals in-

teraction between adsorbed particles. The free-space interaction is modified by a'perturba-

tion AV, which describes the effect of the substrate. The McLachlan expression for AV is

evaluated for the cases of Ne, Ar, Kr, Xe, and CH4 adsorbed on graphite basal planes, and a

potential energy between adsorbed molecules (atoms) is calculated. The ain effect is a
reduction in well depth of 15—20% from the free-space values. Experimental data are

semiquantitatively consistent with these potentials. Discussion of the results and their im-

plications is given.

I. INTRODUCTION

The Hamiltonian describing an assembly of parti-
cles adsorbed on a surface has two ingredients: the
interaction of each molecule with the surface and
the mutual interaction between adsorbed molecules. '

Both are subjects of considerable interest, largely be-
cause of the intriguing properties of a quasi-two-
dimensional (2D) film. This paper addresses the
problem of electrodynamic screening of the van der
Waals, or dispersion, part of the interaction between
adsorbed particles. The role of the substrate is
analogous to that of the third body in the three-body
interaction between two particles embedded in a
three-dimensional (3D) medium; the substrate modi-
fies the electromagnetic fields associated with the
fluctuating dipole moments of a pair of adsorbed
molecules. Thus the van der Waals interaction be-
tween them is altered. As a result, the various prop-
erties of a film will change. McLachlan has com-
puted this perturbation in the case of a continuum
model of the substrate. His result can be written
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where L is the height (assumed the same) of the
adatoms above an effective image plane,

@=1 + 4L /p, and p is their separation.
The coefficients are

C~~ ——— a I',Eg iE E, (2)

Cs2 ———I a (iE)g (iE)dE, (3)

g (iE)=[e(iE) 1]I[@(iE)—+ 1] . (4)

In these expressions the functions a(iE) and c(iE)
are the polarizability of the adatoms and the dielec-
tric function of the solid, respectively, both evaluat-
ed on the positive imaginary energy axis. Values
for the C coefficients for several adatom-substrate
combinations are now available. ' '

In this paper the perturbation 6Vis used to calcu-
late an effective 2D potential

&(p)= Vo(p)+&&(p)

for the cases of Ne, Ar, Kr, Xe, and CH& adsorbed
on graphite. The choice of graphite is made because
it satisfies the 20 assumption reasonably well, be-
cause experiment and theory have converged to yield
consistent values of (z ), the mean distance from the
top carbon layer ' (its relation to L is discussed in
Sec. II), and because of considerable interest in the
graphite case.

The well depths that emerge from this treatment
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TABLE I. Input parameters and pair potential parameters for Vo(p) and V(p). All lengths

are in angstrom units; Do and D are in kelvin.

Csi'
Cs2'
(z)
L

porn

Do

pm
D

6 (%)

Ne

1.33
0.70
2.84b

1.155
3.10

42

3.13
35.9
15

Ar

17.70
10.49
3.20'
1.515
3.76

142.1

3.80
120

16

Kr

37.55
22.65
3.30'
1.615
4.01

201.9

4.05
170

16

Xe

84.64
53.05
335
1.665
4.36

281.0
4.41

236
16

CH4

37.6
19.8
33d
1.60
3.88

217

3.91
177

18

Cs~ Cs2 in units of eV—(A); noble-gas values from Refs. 1 and 4; CH4 values from Ref. 5.
Calculated values from Ref. 12.

'Experimental values from Ref. 9.
Experimental values from Ref. 8.

are almost 20% smaller than those of the free-space
potential Vo', experimental evidence and implications
are discussed in Sec. III. It is evident that the hV
correction must be incorporated into quantitative
treatments of the film. A previous calculation" for
He on graphite also included a small correction due

to the adatom motion perpendicular to the surface;
estimates based on the atom-graphite surface in-
teraction' show that the correction due to surface-
normal motion is negligible for the heavier noble
gases.

Similar calculations have been done by Bruch and
co-workers' for gases on Ag(111). The results have
yielded remarkable agreement with data of Webb's

group over an extended region of temperature and
film coverage. ' Semiquantitative agreement has
been obtained also by several groups in treating He
on graphite. "' The latter problem is complicated
by the non-negligible effects of surface-normal vi-

bration, periodicity in the potential, and substrate
heterogeneity.
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tion fine-structure (EXAFS) ' experiments. The
latter two agree well with theoretical values obtained
elsewhere'; this justifies our use of calculated values
for the other systems. (See Table I for a summary. )

In all cases other than He, (z) exceeds the position
of the minimum of the adatom-substrate potential
by less than 0.1 A. '

The free-space potentials Vo(p) are rather well
known' in thecases of Ar, Kr, and Xe. For Neand
CH4 the potentials used are of Lennard-Jones form,

II. COMPUTATIONS OF V(p)

In evaluating b V an important parameter is the
distance to the image plane L. We adopt the rela-
tion

L =(z) —d/2,

v{K)

-50—

-Ioo—

2.5 &.O,i~~.5 ~.0 ~.5
l I

z(A)
50 5.5

I l

where d is the interlayer spacing of graphite (3.37
A). This assumption is believed to be approximately
valid for jellium, ' and has yielded reasonable results
for noble gases on Ag(111) (Ref. 13) and He on gra-
phite (Ref. 11). The (z) values for CH~, Ar, and
Kr come from neutron scattering, low-energy elect-
ron diffraction (LEED), and extended x-ray absorp-

-l 50 I I l

FIG. 1. Free-space potential Vo (dashed curve), the
substrate-screened potential V (solid curve), and the

equivalent LJ potential VLJ (dashed-dotted curve) for Ne

and Ar.
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FIG. 2. Same as Fig. 1 for Kr. FIG. 4. Same as Fig. 1 for CH&.
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FIG. 3. Same as Fig. 1 for Xe.

a (12-6) for Ne using recent parameters' for well

depth and location of minimum, and a (20-6) for
methane (discussed in Sec. III). The Ne and CH4
potentials are less trustworthy than those for Ar,
Kr, and Xe. (See note added in proof. )

Results of the calculations are given in Figs. 1—4
and in Table I. In Table I, D and pm are the well

depth and the location of the potential minimum for
V(p); Do and po are the corresponding quantities
for Vo(p); 5 is the percent decrease in the well depth
due to substrate screening. The principal effect of

the substrate-induced correction is 15—20% reduc-
tion in the well depth. The change in the position of
the minimum is always less than 0.05 A.

III. DISCUSSION

A. Virial expansion

The most direct experimental information con-
cerning V(p) comes from low-coverage adsorption
data. Halsey and collaborators have measured ad-
sorption isotherms for the systems studied in this
paper; these data have been extensively analyzed,
and many attempts have been made to determine the
interaction between adsorbed molecules. If the two-
dimensional (2D) film approximation is made, '

virial coefficients can be extracted; in particular, the
second virial coefficient B2q can be directly related
to the potential energy via

B2d= —ir J Iexp[V(p)/kT] —1 jpdp . (7)

Typically, a reasonable form is chosen for V(p),
and the parameters are then chosen to fit the mea-
sured B2d values. A variety of potentials have been
produced in this manner. Apart from the lack of
uniqueness in inverting Eq. (7), a major difficulty
has been the large uncertainty in adsorbent surface
area, which is needed to accurately extract 82~ from
the data. However, a common feature of the poten-
tials produced this way is that the presence of the
graphite surface reduces the strength of the interac-
tion by 15—20%. This feature is reproduced by
the calculations described above.

One case is which a meaningful comparison can
be made directly stems from the later work of Put-
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nam and Fort for Kr on graphite. Included in
their work is a reliable determination of the surface
area of their sample. Putnam has recently
reanalyzed his data and the Halsey Kr data and has
produced an accurate V(p) for Kr. The Kr poten-
tial shown in Fig. 3 is in striking agreement with
Putnam's; the two potentials would be indistinguish-
able if plotted together in Fig. 3. Putnam finds a
well depth of 171 K as compared to our 170 K.
Briefly, Putnam's method was as follows: Vo(p)
was taken to be Barker's potential' and AV was
chosen to be either of the Sinanoglu-Pitzer (SP)
form b, V= —C/p or of the McLachlan form Eq.
(1). In the McLachlan case Cs2 was set equal to
zero since the second term in Eq. (1) is significantly
smaller than the first one; L was taken to be 2.05
A which corresponds to (z) =3.73 A in Eq. (6).
The constants C and Cqi were arbitrary and were
varied to fit both the Halsey and the Putnam-Fort
data. Putnam finds the McLachlan form for hV to
give a slightly better fit than the SP form. Al-
though the best-fit value of Cs, appears to disagree
with the Bruch-Watanabe value in Table I, this
discrepancy can be explained in part by the neglect
of the Cs2 term, but mostly by a choice of I that is
too large. The results presented here with the use
of the recently measured value (z)=3.3 A and
Bruch-Watanabe values for Csi and Csz yield essen-
tially the same potential as Putnam's best-fit poten-
tial.

It is expected that the noble-gas potentials are
more reliable than the methane potential since the
CH4-CH4 free-space interaction is not well known.
For Vo(p) we have chosen the (20-6) potential of
Mathews and Smith, which reproduces well the
numerical potential obtained by inversion of experi-
mental data. Also, the parameters Cz~ and Cq2 in
b, V(p) were calculated by an approximate method
whose accuracy was tested by comparing its predic-
tions with previously determined values; the results
suggest that the calculated values are accurate to
within 5%%uo. Finally, the value (z) =3.3 A was tak-
en from neutron scattering data. A molecular
dynamics calculation confirms this value at low
temperature, but suggests a significant increase in
(z) with temperature. The correction term hV
becomes smaller with increasing L; since the extant
virial coefficient data were taken at -280 K, an ap-
propriate value of L is problematical in a calculation
of the virial coefficients.

B. Finite coverage calculations

Despite the uncertainties in V(p) for methane on
graphite, the results here are in clear contradiction
with a conjecture of Ostlund and Berker, who infer
from the phase diagram of a triangular lattice-gas

model that the effective hard-core diameter of
methane on graphite is 6%%uo larger than it is in free
space. Figure 4 shows that the primary effect of the
substrate is to reduce the well depth; the percent in-
crease in o., the zero of the potential energy, is about
1%. Furthermore, this small shift in o is largely in-
dependent of the choice of Vo(p) or I..

In order to test the implications of our potentials,
comparison can be made with either data from the
low-coverage regime (via the virial expansion) or
with thermodynamic properties at higher coverage.
The analysis is complicated in general by the role of
the substrate periodic potential. At high tempera-
ture this is a small effect because the barriers to la-
teral translation are only about 40 K high. '

Calculations of 2D phase diagrams are usu-
ally made with the assumption that the mutual in-
teraction between adatoms is of the Lennard-Jones
(LJ) form

TABLE II. Parameters for equivalent Lennard-Jones
potentials.

V;„(K) e (K) g (A) T (K)'

36
120
170
236
177

2.79
3.38
3.59
3.92
3.53

Ne
Ar
Kr
Xe
CH4

'From Ref. 37, except for CH4, which is from Ref. 35.

33.8
110
150
214
136

59+1
85.3+1

117+1
75

VLi(p) =4~ [(~/p)" (~/p)'] —.
To make contact with such work we must adopt cri-
teria for choosing values of parameters e and a. Ob-
viously, the choice is somewhat arbitrary since plau-
sible alternative procedures exist. Our method is
described and justified in the Appendix. The result-
ing parameters are presented in Table II. The poten-
tials themselves are shown in Figs. 1—4 along with
the 2D potentials from which they are derived. As
described in the Appendix, the differences between
the two potentials are consistent with similar
behavior occurring when LJ potentials are fitted in
3D to viscosity and virial coefficient data. Guided
by this analogy, we expect the error introduced by
the LJ model to be small for temperatures of the or-
der of the 2D critical temperature T,

We may now refer to some recent 2D phase dia-
grams derived by Fairobent, Saam, and Sander.
Their calculations incorporated the weak graphite
potential in a density functional theory of the adsor-
bate. The case of Xe is illustrated in Fig. 5. There
we see the liquid-vapor coexistence curve calculated
with the parameters o-p ——4.1 A and E'p =221 K. The



1318 RAUBER, KLEIN, AND COLE 27

I 50 IV. SUMMARY

w I 20

IX
LIJ
Q.

IIO
LdI-

XX

IOO
0.0

I

0.2 0.4 0.6
RE LATI VE DENSITY

0.8

FIG. 5. 2D phase diagram for Xe on graphite. Data
points from Ref. 35 ()&) and Ref. 36 (4). Solid curve,
calculations of Fairobent et al. for ep=221 K Op=4. 1 A;
dashed-dotted curve, revised curve calculated in this pa-

per (Sec. III B).

n =np(op/o) (10)

Thus we map the old coexistence curve to a new

one, shown in Fig. 5. It is seen that the revised
curve agrees much better with the experimental
data. ' This supports the hypothesis of Fairobent
et al. that substrate screening is at least partly re-
sponsible for the discrepancy.

Similar behavior occurs for the phase diagrams of
the other noble gases. In the case of Kr our LJ well
depth of 150 K yields curves intermediate between
those shown in Fig. 1 of Ref. 34. It too is more con-
sistent with the data. For Ar, the critical tempera-
ture calculated with eo ——120 K is 67 K. Our re-
vised value a=110 K yields T, =61 K, close to the
result 59+1 K reported by Larher and Gilquin.
Finally, for He the well-depth reduction to @=9.36
K calculated by Vidali and Cole&i improves agree
ment between the calculated and measured
V 3X v 3 ordering transition. This last case is prob-
ably fortuitous because the substrate potential is
prima facie important and, in any case, probably un-
derestimated in the calculation. Thus there is an
overall clear tendency to improve agreement between
theory and experiment.

critical temperature is seen to be T, =124 K. Our
revised parameters lead to a different curve which
we obtain by the following argument. A particular
temperature To on the curve corresponds to a re-

duced temperature T*=kTO/eo. A revision of the
energy parameter transforms this value to a tem-
perature

T =eT~lk = Tpele p .

Similarly a 2D density no is scaled to

The potential energy between like atoms or mole-
cules adsorbed on graphite was computed for the no-
ble gases Ne, Ar, Kr, Xe, and for CH4. The effect
of substrate screening was seen to primarily affect
the strength of the interaction, reducing the well

depth by 15—20% from the free-space values.
Comparison with adsorption data both from the
low-coverage regime via the virial expansion and
from thermodynamic properties at higher coverage
suggest that substrate screening using the
McLachlan interaction should be incorporated into
quantitative treatments of films.

Since the McLachlan 6V is based on a continuum
model of the substrate, the validity of hV when the
atoms are within a few anstroms of the surface is
open to question. However, the calculations present-
ed here suggest that the McLachlan term does
represent the essential features of the substrate-
screening effect. Although the calculational method
is semiempirical, it should be emphasized that there
are no adjustable parameters in the calculations; the
parameters in b, V (viz. , Csi, Csz, (z) ) are measur-
able or calculable. Hence apart from many-body ef-
fects (not considered here) it appears that it is now
possible to predict the interaction between adsorbed
molecules for many systems once the free-space in-
teraction is known.

iiiote added in proof. A better choice of Vp(p) for
Ne would be the Ne potential of Brunetti et al. ';
for this choice of potential the parameters pp Dp,
p~, D, and 5 in Table I for Ne are 3.12, 40.6, 3.15,
34.6, and 15, respectively.
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APPENDIX

We consider the problem of choosing a LJ (12-6)
potential which is approximately equivalent to the
"true" potential V(x), which we suppose to be
known. This desired equivalence can at best be
achieved over some limited range of coverage and
temperature. Moreover, one must identify some
specific property or properties which should be
matched in this region. Given the attendant degree
of arbitrariness, we have opted for simplicity in our
procedure. It will emerge below that the results are
qualitatively reasonable.

Our method is the following. We define two dis-
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tances x+ such that the true potential has half the
minimum value there:

V(x+ ) = V;„/2 . (Al)

Vi,i(x+ ) = V(x+ ) . (A2)

The reasons for this choice at that (a) there will en-
sue an approximate balance between regions where

Vit & V and vice versa, and (b) the important region
of the potential is that for which V —V;„=kT.
Since 2D critical temperatures are of order

~
V;„~ /2k, Eqs. (Al) and (A2) assure similarity of

the two potentials in the relevant regime.
Eqs. (Al) and (A2) yield

(A3)

e=
i V;„ i

(x/o) /g, (A4)

x =(x +x )' (A5)

The LJ potential is then determined by requiring
that it agree with the true potential at these posi-
tions,

Section IIIB discusses the potentials which follow
from this procedure. They are seen to differ from
the true potentials by being less attractive near the
minimum (x &x &x+) and more attractive else-

where.
In order to assess this procedure, we apply it also

to 3D interactions for the systems of interest. We
thus apply Eqs. (Al) —(A5) to these potentials. Not
surprisingly, the same qualitative difference ensued.
We may now compare the computed parameters
with those fitted to gas-phase data —virial coeffi-
cients and viscosity (near room temperature). The
results are encouraging. The e values of Clifford
et al. are 1.07, 1.05, 0.98, and 0.92 times our de-
rived values for the sequence Ar, Kr, Xe, and CH4.
The corresponding 0. ratios are 1.00, 1.01, 1.01, and
1.06. The last of these (CH4) is high perhaps be-
cause of the inability of the (12-6) interaction to
mimic the unusually steep repulsion due to the con-
stituent H atoms. It is known that a (20-6) interac-
tion is consistent with viscosity and virial coefficient
data in this case. Thus 3D data confirm the plau-
sibility of our results. We conclude that our ap-
proach is both reasonable and simple.
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