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Monte Carlo simulations of dislocation vector systems with long-range interactions re-

veal two possible types of phase transitions depending on the core energy of dislocations.
For dislocations with a large core energy the melting transition is found to be continuous

and due to dislocation unbinding. The Kosterlitz-Thouless theory agrees well with the
simulation results. For a small core energy the melting transition is caused by the nu-

cleation of grain boundary loops and is found to be first order. The latter transition may
correspond to the previous computer experiments on various atomic systems. In addition
to thermodynamic quantities such as the energy and specific heat, microscopic configura-
tions and orientational correlation functions are also calculated.

I. INTRODUCTION

The Kosterlitz- Thouless (KT) renormalization-

group method' has been very successful in describ-

ing phase transitions in various two-dimensional
(2D) systems such as the magnetic phase transition
of the 2D-XY model, roughening transition of a
crystal surface, ' metal-insulator transition of a
(logarithmic) Coulomb gas, ' superfluid transi-
tion in two dimensions, "' etc. The only exception
is the melting transition of a 2D crystal. The KT
theory' predicts a continuous phase transition
caused by dislocation unbinding, and the extended

theory by Halperin and Nelson ' ' and Young'
(HNY) predicts two successive continuous phase
transitions due to dislocation and disclination un-

binding. On the contrary, the existing molecular-

dynamics or Monte Carlo simulations of atomic
systems such as hard-core, soft-core, and Lennard-
Jones systems, indicate a single melting transition
which is first order with hysteresis. ' For a
Coulomb-gas ' ~ system the order of phase transi-
tion is still in dispute and no final agreement among

various calculations is reached.
One possible cause of the discrepancy between

thtxiry and experiment is the shortness of the com-

putation time or the smallness of the system sizes. '

The other possibility is the inadequacy of the

theoretical model. The renormalization-group
theory calculates thermodynamic quantities of a
continuous elastic medium with dislocations. '
Compared to the atomistic models, there are many

effects missing, for example, vacancies, anharmoni-

city, etc. If these neglected effects are essential, the

dislocation model is insufficient to describe the
melting transition. Another possibility has been

pointed out by Chui in a recent paper; he claims

that the dislocation model is sufficient to describe

the melting transition, but that the KT or HNY
theory misses a possible collective excitation of
dislocation vectors, namely grain boundaries.
He argues that for small core energy of dislocations,
a first-order melting transition due to grain-

boundary unbinding takes place before the continu-

ous phase transition predicted by KT occurs.
Here are reported results of Monte Carlo simula-

tions of dislocation vector systems, which have been

reported briefly before. The advantage of simulat-

ing the dislocation-vector system is that one can
easily control the dislocation core energy. In fact, I
have chosen two values of core energy E„and have
found the melting transition to be first order for
small E, and continuous for large E,. The continu-

ous transition is due to the dislocation unbinding as
predicted by KT, and the first-order melting transi-
tion seems to be due to nucleation of grain-

boundary loops.
In the next section a model Hamiltonian of dislo-

cation vectors is derived for a finite system with

periodic boundary conditions. Section III describes
the result of Monte Carlo simulations for a system
with a large core energy, where the transition turns
out to be continuous. Section IV describes the
simulation results for a system with a small core en-

ergy, where the transition turns out to be first order.
The last section summarizes the results and deals
with the discussion on the mechanism of the first-
order transition.
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II. THE MODEL AND THE HAMILTONIAN

+E +BI (2)

where RIJ is the distance between the Ith and Jth
Burgers vectors, and the coupling constant J is

given by the Lame coefficients k and p as

p(@+A, )

m. (2p+X)
(3)

a is a core radius of a dislocation and E, is a core
energy. On performing the Fourier transformation,

Monatomic systems with central forces may or-
der in a close-packed crystal in the ground state,
namely a triangular lattice in two dimensions. At
finite temperatures dislocations can be formed in
the crystal. Assuming ao to be the lattice parame-
ter of the triangular lattice, unit Burgers vectors can
have six orientations; B=(+ap,0) and (+ap/2,
+v 3ap/2). Since an isolated dislocation costs en-

ergy proportional to the logarithm of the system
size, Burgers vectors should satisfy the neutrality
condition,

8

g BI——0, (1)
I=1

where X~ is the total number of the dislocations.
From continuum elasticity theory, the interaction
between edge dislocations is found to be

J - - RIJ (BI Rgz)(Bs.Ru)
BIB&ln

I~ a gIJ

where the interaction V ~(q) is given by

V ~(q)=~ ~G(q)+U ~(q) .

Here G(q) is the orientation-independent part and
related to the Green's function q as

a, a=77
aq aq~ q'

' (8)

In order to perform a computer simulation one
has to consider a finite system in a rectangular box
of size Q=L„L~ with periodic boundary condi-
tions. I further assume that instead of the core ra-
dius a, dislocations are restricted to a triangular
mesh point with a lattice parameter 2a. The ith
mesh site is represented as

r;=(x;,y;)=(la, v 3ma),

where 0&l &L =L„/a and 0&m &M =L„/v 3a
with l +m even. The total number of lattice points
is X =LM/2. The wave vector q is corresponding-
ly discretized

q„=, l =0, 1, . . . , L —1,
2m.l
La ' (9a)

—2mG(q)= —lna+ ' —0.5,
q2

and U ~(q) represents the orientation-dependent
part,

Uap( )
277

5ap 2q
a P

q

B(q)=g B,e"
I

the Hamiltonian is rewritten as

2~
gP yP

2 (2n )

a,p =x,y,

(4)
qy=, m =0, 1, . . . , M —1.2&Pl

3Ma
(9b)

Accounting for the symmetry of the triangular lat-
tice in the same way as done for the scalar Coulomb
gas, ' the Fourier-transformed Green's function in a
continuous and infinite system, q, in Eqs. (7) and

(8), is now replaced by a triangular lattice Green's
function,

l

6
Gp(q) =

6—2cos2q„a —2cos(q„+v 3')a —2cos(q„—v 3q )a
(10)

The final form of the interaction Hamiltonian for a
dislocation system on a triangular mesh of a finite
size with periodic boundary conditions in x and y
directions is written as

I

Here b; represents a Burgers vector at the ith mesh
site if it is occupied by a dislocation, and zero oth-
erwise. The coupling Vg~( r ) is given by

A ~ ————g g b; b~~VJv~(r; rj ), —
le

a,p=x,y .

6 (r)=8 ~Ax(r)+el+ Ux (r) .

Here e is constant related to the core energy, and

(12)
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Gz(r) = —g"GII(q)(1 —e' q ')
3LMa 2 e

(13)

5
(a)

Ug'(r)=,—, g" Gc '(q) Gc(q)
3LMa' -, Bq

X(1—e'q') .

Since the lattice Green's function (10) becomes
singular at two points (0,0) and (n /a, m/v 3.a) and
gives the same logarithmic contributions near these
points, the two points are excluded from the q sum-
mation and a factor —, is introduced in front of the

summation.
In the thermodynamic limit (N +ao ) a—nd a large

separation r~ 00, the orientation-independent in-
teraction GN(r) asymptotically approaches a loga-
rithmic form. This is shown in Fig. 1(a} for two
system sizes, L )&M =38)&22 and 76 X44, and

Giv(r ) is approximated by

1
p

I I' (nria

(b) XX
UN (o, r) ~ o o ohio

050 ———————-~ A

UN (——r)XX r
2. '2 .0.2i ————--

Giv(r)-ln —+1.13 .
a

(15}
4

XY
UN (2,

The observed finite-size effect is very similar to the
one for the scalar logarithmic Coulomb gas studied

previously. ' Figure 1(b) shows variations of
orientation-dependent interactions along several

directions. UN (x,y) is well approximated by

2 2

UIv (x,y)-—XX X

2(x +y )
1 1 1

which is —, for x =0, ——, for y =0, and —, for

y =V 3x. The off-diagonal part Ug(x, y) is also ap-
proximated by

-0.5 I ~ II~ I ~ I

UN" (r, o)

FIG. 1. (a) Orientation-independent interaction GN(r)
of a finite system vs logarithm of the distance r. Two
different sizes of the system, N =418 and 1672, and three
different directions, r =(x,y) =(r,O), (O, r), and

(r /2, V 3r /2), are considered. (b) Orientation-dependent
interaction Ug(r) and Ug(r) for the size N =1672.
Dashed line represents the expected values for a system
of infinite size. Continuous lines are the corresponding
values for a system of small size, N =418.

UIII"(x,y) ——
x +y

which is 0 for x =0 or y =0, and —v 3/4 for

y =V 3x. For large separations, however,

(17)

r V3
r2' 2

2

deviates from the constant —V3/4 as shown in

Fig. 1(b). This is due to the symmetry in the finite

system,

Ug(x, y) = —Ug(L —x,y)

= —Ug(x, v 3M —y),
which forces

r V3
2' 2'

to vanish when r approaches L or M. Considering
the asymptotic behavior [(15)—(17)] one sees that
the Hamiltonian of a finite system (11) approaches
the Hamiltonian (2) with a core energy

E,=—( —,+ 1.13+e)=—(1.63+e)J J
2 2

(19)

in the thermodynamic limit.
In order to illustrate that the Hamiltonian (11)

contains the essential features of long-range interac-
tions, let us calculate the energy density of a pair of
grain boundaries. ' We introduce two grain



6242 YUKIO SAITO

boundaries parallel to the y axis with separation x in
between. One grain boundary consists of stackings
of dislocations with Burgers vector (ap, O) with
separation s in the y direction, and the other with
Burgers vector ( —ap, O) with the same separation s.
In an infinite and continuous system one can calcu-
late the energy analytically from Eq. (2). , The re-
sulting energy density is "'

5.0

40

s . 7Tx= —,Jao ln sinh2' /s ' n.a s
hexcoth

s

+E,ao .
The first term on the right-hand side comes from
the logarithmic interaction between dislocations and

asymptotically produces energy cost proportional to
the separation x. The orientation-dependent in-

teraction between dislocations produces the second
negative contribution in (20) which cancels the
linear part of the first term. Consequently the ener-

gy density becomes asymptotically constant,

1 p 5~—,Jao ln +E,ao . (21)
2L~ /s ' ira

In our finite-size system with periodic boundary
conditions, the corresponding energy density is
shown by circles in Fig. 2. The horizontal axis
exp[6~(x, O) —1.13) is almost equal to x, and con-
tains, furthermore, the size effect. Here the con-
stant parameter e is chosen to be zero, or the core
energy is E,-0.82 J. Since the separation between
the dislocations in a grain boundary is s =20 3a for
a triangular mesh, we expect an asymptotic value of
the energy density 4 /MJap-0. 52 from Eq. (21),
which agrees with the numerical result -0.523 as
shown in Fig. 2. If there is no orientation-
dependent interaction U, the energy density is al-
most proportional to the separation x as shown by
triangles in Fig. 2, and agrees well with the theoreti-
cal prediction for an infinite continuous system,

(20)

A zr ~,~ Japx+ —,Japln +E,ap . (22)
WQ 2 & 2 S 2

2s KQ

From these discussions we see that our model sys-
tem with Hamiltonian (11)—(14) contains the essen-

tial features of the original system with Hamiltoni-
an (2): the long-range logarithmic interaction and
the orientation-dependent interaction characteristic
to the vector system.

III. CONTINUOUS MELTING OF A SYSTEM
WITH A LARGE CORE ENERGY

The procedure for the simulation of model Ham-
iltonian (11) is the following. ' ' 9 A pair of

030
C5

V'

2.0

418 1672

0 ~

k

0 I }

5 10 'l5

exp [GN(x, p)-113]
FIG. 2. Energy density of two grain boundaries

(A N ) /MJa p as a function of their separation
exp[G~(x, 0)—l. 13]-x. Circles represent values for the
systems with orientation-dependent interaction U, and
triangles without U. Closed symbols are for the larger
system with N=1672 and the open symbols for the
smaller system with N =418. Straight lines represent the
analytical results, Eqs. (21) and (22), with s =2&3a and
E,=0.82 J.

nearest-neighbor sites are chosen at random from
the triangular mesh. If both sites are empty, a pair
of dislocations with Burgers vectors opposite each
other is tried to be created. If both sites are occu-
pied by dislocations with Burgers vectors opposite
each other, an annihilation of the pair is tried. Oth-
erwise an exchange of sites is tried. The trial is ac-
cepted according to the Boltzmann weight; if the
energy difference AE of the final state from the ini-
tial state is negative the configuration is changed,
and if the difference hE is positive, the configura-
tion is changed with the rate proportional to
e at a temperature T. Here, and subsequent-

—dEE/T

ly, the Boltzmann constant kz is set to be unity.
We have considered two system sizes,
I.&M =38)&22 and 76&(44, the total number of
mesh sites being X=I.M/2=418 and 1672, respec-



MONTE CARLO STUDIES OF TWO-DIMENSIONAL MELTING:. . . 6243

tively. These sizes are chosen such that
L La -L» =V 3Ma. 2000 to 4000 Monte Carlo
steps (MCS) per nearest-neighbor bond (totally 3N)
are performed. Usually an initial 200 MCS are used
for equilibrating the system. We have considered
two cases with core energy E,=0.82 and 0.57 J. In
this section the result of simulations with a large
core onergy E, =0.82 J is described.

No discontinuity or hysteresis are found in the ener-

gy. The specific heat has a rather sharp maximum
at a temperature t -0.25. The peak height seems to
be independent of the system size, but due to the
large fluctuations around the maximum height, it is
difficult to decide whether the peak is that of the
second-order phase transition or whether it merely
represents the enhanced short-range order as the
case of the KT continuous transition. '

A. Energy and specific heat

and the specific heat per site,

((W~ &
—(m~)')

ET
(24)

are shown as functions of the dimensionless tem-
perature,

T
Jao

(25)

0.25 2.5

First the thermodynamic quantities are con-
sidered in order to detect the phase transition. In
Fig. 3 the average value of the energy per mesh sites

(m~)
(23)

NJa0

B. Microscopic configuration
and the dislocation density

&n order to identify phases of the system, we now
look at the microscopic configuration of dislocation
vectors. Figure 4 shows snapshot configuration at
various tempei'atures for the smaller system with
N =418. For t =0.20 in Fig. 4(a) only very few
dislocations are created and almost all of them are
tightly bounded. At t=0.30 in Fig. 4(d) many
dislocations are present and some of them are iso-
lated. The formation of these unbound dislocations
are taking place between t =0.22-0.25 [Figs. 4(b)
and 4(c)j. Similar behavior is also found for the
larger system with N =1672. As for the quantita-
tive analysis, the average density of dislocations n
for each type of Burgers vectors is shown in Fig. 5.
At low temperatures the density follows the Ar-
rhenius law,

n =noe ~E~ (26)

0.2

0.1

0,1

2.0

1.5

1.0

with the activation energy AE -1.50, which is near
the minimum formation energy EE-1.30 of a
nearest-neighbor pair of dislocations. For t &0.22
the density of dislocation increases more than the
value expected from Eq. (26). The excess density
seems to correspond to that of free and unbound
dislocations. At still higher temperatures the densi-
ty saturates because the total density of dislocations,
6n, becomes of the order of 0.5.

C. Renormalized coupling and shear modulus

0.0 0.5

0.20 0.25 t 0.30 0.35

FIG. 3. Energy E and the specific heat c as a function
of the reduced temperature t for systems with a larger
core energy E,=0.82 J. Lines serve as a guide to the eye.

In the preceding section it turned out that the
phase transition seems to be induced from the un-
binding of the dislocation pairs, just as predicted by
KT. Since more predictions for the quantative
features of the phase transition are given, we now
calculate and compare those quantities, namely the
renormalized coupling constant E~ and the shear
modulus ' '

The Lame coefficients are renormalized by the
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FIG. 4. Snapshot configurations of dislocation vectors in a sma11 system. Temperatures are (a) t =0.20, (b) 0.22, (c)
0.25, and (d) 0.30, respectively.

TAg
5~p 5yg

O'R(PR+~R ) 0
(27)

where a,P,y, 5 represent the components x or y.
The elastic term is given by the bare and nonrenor-
malized Lame coefficients A, and p as

dislocations, and according to Halperin and Nel-

son, ' the renormalized Lame coefficients A,s and

pq are related to the correlation function by

( Using Using )—1 —1 aP y5
CR, aPy5 CaPy5 + 2

Rap

T
2 (5~r5ps+5~g5pr )

4p~a o

T
&aprg =

2 (5ar5pg+ 5~a 5p, )
4pao

5 5
4p(p+ A, )a 0

(28)

and the quantity U""~ represents a dislocation con-
tribution

U"pg ———, g (b EPrrf+bfe rr,r), . (29)

where e""=1=—e"" and zero otherwise. Since the
simulations are done for a finite system with mesh
structure and with periodic boundary conditions, I
modify the above expression by replacing x; and y;
by
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107t:
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0
0.20 0.25

I

0.30
10

0.35

FIG. 5. Dislocation density n as a function of the in-
verse temperature 1/t. Straight line at low temperatures
describes the Arrhenius law with an activation energy
DE=1.50, corresponding to the formation of bound
pairs.

Lz . 2n
x;—+ sin x;,

Z

Ly. 2my;~ —-sin y; .
2~ I.„'

(30)

( UsingUsing)—1 aa aa
CR,aaaa + + 2

Nao
(31)

Here CR means xxxx or yyyy component, and
the elastic contribution is given by

4m Ja p 4~
2

E=-
T i

(32)

In the KT theory KR is expected to be finite at
low temperatures and to decrease with increasing
the temperature, taking the universal value 16m at

From Eq. (27) the renormalized coupling constant

KR is defined by

T(2IJ,g+ A,g )
KR 24Pz(Pa+4)~o

FIG. 6. Renormalized coupling Kz and the singular
part of the shear modulus p, . JM, are shown in the loga-
rithmic scale.

the transition temperature, and vanishing above the
transition temperature. Figure 6 shows ER ob-
tained by Monte Carlo simulations as a function of
t. At low temperatures where there are few disloca-
tions KR is almost equal to the bare value K shown
by the dashed line, whereas at high temperatures
the deviation of EIi from E becomes large. The de-
viation takes place around t -0.22, where KR takes
the value about 16m.. The transition point t-0.22
agrees with that obtained from the dislocation den-
sity, and the value of KR agrees well with the
universal value predicted by the KT theory. Our
ER in the high-temperature phase remains finite.
This may be due to the finiteness of our system size,
because the fluctuation ( U"" U""g ) can only
diverge in the thermodynamic limit. We now esti-
mate the renormalized shear modulus pR, which is
related to the correlation CR yzy by

( UsingUsing)

R zyzy CRyzyz 2 2 + 24pRao 4pao Xao

(33)
However, since the bare Lame coefficient p is not
known in our system, we can only calculate the
singular part of the shear modulus p, defined by
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(U gU s)
XT (34) c,(r) =([e(r)—e(o)]'), (35)

This is related to the renormalized shear modulus

by

behaves logarithmically for large separation r at
temperatures higher than the KT transition tem-
perature. In other words, the correlation of the or-
der parameter of bond orientations,

(q (&)q (O)) (&6i[()(r)—()(0))) (36)
In Fig. 6, 4p, ao/T is shown in logarithmic scale,
and one finds a rapid decrease of p, near t-0.22.
This agrees with the prediction by KT theory that
the shear modulus vanishes when the dislocations
unbind.

D. Orientational correlation

Until now every result seems to fit well to the KT
theory. According to Halperin and Nelson' '
(HN}, however, the high-temperature phase is not

the true liquid phase, since isolated dislocations

cannot destroy the orientational order completely.

Taking e(r) to be the orientation relative to some

fixed reference axis of the bond between two neigh-

boring atoms, they have eoneluded that the correla-

tion function,

decays to zero, but only algebraically, indicating an
enhanced orientation order. They therefore called
the phase "hexatic. " In this section we calculate the
contribution of dislocations to the orientational
correlation function. The orientation due to
Burgers vectors are derived by Halperin and Nel-
son' in the Fourier transformed space as

e (~) ('q b('q)sq=
g

(37)

Taking the effects of finite-size and the periodic
boundary conditions, the singular part of the orien-
tational correlation function can be expressed as

C(')(r)=—([e,(r) —e, (o)]')=,g" (b (q)b~(q)*) — G() (q) pGO(q)+& ~GO(q) . (38)

Figure 7 shows C(')(x,o) obtained by Monte Carlo
simulations for various tern peratures. The horizon-
tal axis G)v(x, o) is asymptotically equal to lnx, and
it furthermore contains the finite-size effect. ' At
low temperatures, C& remains constant asymptoti-

cally, whereas at high temperatures it is almost pro-
portional to G)v or Inx. This confirms that the
high-temperature phase here is the hexatic phase.

Another related quantity is the following correla-
tion function:

T &[q.b(q)][q.b( —q) l &

q Mf a
(39)

The long-wavelength limit of Kq( q) is the orienta-
tional stiffness constant Ez, which corresponds to
the slope of the orientational correlation C()(r)
against lnr. In the solid phase Ez is infinite, in the
liquid phase zero; only in the hexatic phase is Ez
finite and nonvanishing. The wave-vector depen-
dence of the correlation function T/K„(q) averaged
in x and y =V 3x directions is shown in Fig. 8. The
long-wavelength limit of T/Kq(q) seems to be van-

ishing for t &0.23, and remains finite for t &0.24.
Thus the solid-hexatic phase transition around
t =0.22 —0.23 is again confirmed. The HN theory

I

predicts a hexatic-liquid phase transition due to the
disclination unbinding at the point where
T/Kq ——m /72. From Fig. 8 that corresponds to the
temperature around t -0.27. However, we cannot
investigate the second melting transition from the
hexatic phase to the true liquid phase without orien-
tational order, since diselinations are not considered
here. 13,14,30

IV. FIRST-ORDER MELTING TRANSITION
OF A SYSTEM O'ITH A SMALL CORE ENERGY

In the preceding section the melting transition is
found to be induced by the unbinding of dislocation
pairs and the formation of free dislocations, as is
predicted by KT. However, since the KT theory is—E /T
based on the fugacity (-e ' } expansion, it may
be possible that the theory breaks down at small
core energy and allows new phenomena to take
place. Here we consider the system with a small
core energy E,=0.57 J, corresponding to e = —0.5.
The simulation procedures are the same as those in
the preceding section.
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FIG. 7. Orientation-correlation function in the x
direction Cq(x, O) vs G~(x, O), which is almost propor-
tional to lnx. Continuous and broken lines represent Cg
vs Gz in (O,x) and (x /2, V 3/2x) directions at t =0.27.

A. Energy and specific heat

0.10

E'

0.15
0

0.20 t 0. 25

FIG. 9. Energy E and the specific heat c for the sys-
tems with small core energy F.,=0.57 J. Straight lines
are just a guide for the eyes.

7/K, (q)

0.06—

0.05—

Tt;172-
0.04—

t =0.27
~ ~~ ~ ~

0.26
V p

0
~ ~

0.03—
0.25 +

The energy and the specific heat are shown in

Fig. 9. One now sees a clear discontinuity and hys-
teresis in the energy, indicating a first-order transi-
tion. On heating the crystal phase where there are
no dislocations, the lower branch of the E-t curve is
obtained. At t =0.14 the lower branch becomes un-

stable and jumps up to the upper E-t branch. On
cooling back, the upper branch stays stable and hys-
teresis is observed. The states at t =0.13 and 0.12
are metastable with a large fluctuation in the ener-

gy, as is shown by vertical bars for the smaller sys-
tem in Fig. 9. The specific heat has a discontinuity
at the transition point t =0.14. The specific heat in
the metastable states depends on the system size,
and becomes as large as about 4.0 for the smaller
system.

0.02 —+

o
p o

0 0
024op Poo
o o B. Microscopic configurations

and the dislocation density

0.23
z ~ & 0.22 0.20x

x x x x x x xp~EKoQ l'

0 5 10 15
q /(2Tt: /76)

001 —o oo

FIG. 8. Correlation function T/K&(q) of Eq. (39) vs q.

The phases are easily characterized by looking at
the microscopic configurations directly. Snapshot
configurations of dislocation vectors at various tem-

peratures for the 1arger system are shown in Fig. 10.
At t =0.135 on the lower E-t branch only a few
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FIG. 11. Dislocation density n as a function of the in-
verse temperature 1/t. Arrhenius law is shown by a
straight line with an activation energy AE-0. 86, corre-
sponding to the formation of bound pairs.

FIG. 10. Snapshot configurations of dislocation vec-
tors in a large system, N =1672. Temperatures are (a)
t =0.135 and (b) 0.145.

dislocations are found as shown in Fig. 10(a) and
most of them form bound pairs, quite similar to the
solid-phase configurations in Figs. 4(a) and 4(b).
One difference here is that one sometimes sees loops
of dislocation vectors created and annihilated. In
fact, at high temperature, 1 =0.145 in Fig. 10(b),
one finds many dislocations, most of whom seem to
form clusters or loops. There are not so many iso-
lated dislocations as in Fig. 4(d).

The loops of dislocations are entangled and fold-
ed, and extend through the whole system, and thus
may destroy the orientational order of the crystal
globally. Therefore, the high-temperature phase
may be called as true liquid. We will come back to
this aspect later.

Corresponding to the first-order phase transition,
the dislocation density now has a large discontinui-
ty and hysteresis as is shown in Fig. 11. At low
temperatures the density fits the Arrhenius law as

before with the activation energy now AE-0.86,
which is near the minimum of the pair-formation
energy 0.80. At high temperatures, on the contrary,
the density is very large and shows very weak tem-
perature dependence, indicating that saturation is
reached.

C. Renormalized coupling and shear modulus

The renormalized coupling L~ and the singular
part of the shear modulus p,, have been calculated
and are shown in Fig. 12. The smallness of p, at
high temperatures supports the identification of the
high-temperature phase as liquid. The renormal-
ized coupling E~ decreases on increasing the tem-
perature and shows a discontinuity at t =0.14. The
value E~-23m at t =0.14 is still larger than the
value 16m predicted by KT, indicating that the
first-order transition has taken place before the KT
continuous phase transition occurs. This has been
also found in the previous molecular-dynamics ex-
periments.
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D. Orientational correlation

limit. Albeit the large fluctuations and orientation
dependence, the orientational stiffness Kq defined
as a long-wavelength limit of Kq(q) clearly satisfies
the condition T/Kq &a/72 to form a true liquid

TiK, (q)

0.7—

As mentioned in Sec. IV 8, the extended loops of
dislocations may destroy the orientational order
completely. This effect can be seen in the
orientation-correlation function Cs(r) which is
shown in Fig. 13. In the crystal phase at t =0.13
the correlation function saturates at a small value.
In the liquid phase, although C~ shows some orien-
tation dependence probably due to the slow relaxa-
tion of grain-boundary loop conformations, Cs(x, O)

increases faster than G(x, O) (which is approximate-
ly proportional to lnx). The correlation of the bond
orientation (gs(r)fs(0)) may thus decay faster
than the power law, and the system is not in the
hexatic phase but the true liquid phase. The corre-
lation function T/Kz(q) defined by Eq. (39) shows
a drastic change of behavior on varying the tem-
perature as is shown in Fig. 14. Below t &0.14
correlation function is small and vanishes in a
long-wavelength limit (q —+0), indicating that the
system is in a solid phase. Above t &0.14, where
the system melts and the density of dislocations be-
comes quite large, T/Kq(q) becomes also quite
large and it seems to increase in a Iong-wavelength
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without orientational order. ' Thus one can con-
clude that the observed first-order phase transition
is a melting from the solid to the true liquid phase.

E. Kinetics of phase transition

From the investigations of the static and thermo-
dynamic quantities in previous sections, the melting
transition of a system with a small core energy is
found to be first order. Now we consider the kinet-

ic aspects of the phase transition.
Sequences of snapshot configurations of the melt-

ing crystal at t =0.14 for the small system are
shown in Fig. 15. On starting from the perfect
crystal with no dislocations, the system remains in a
crystal phase until 1100 MCS. Then the clusters of
dislocations begin to form. Some smallest loops, as
is shown near the right-hand edge in Figs. 15(a) and

15(b), remain stable, but a larger loop on the left-
hand lower corner grows in size [Fig. 15(b) at 1400
MCS], coalesces with the smaller loops [Fig. 15(c)
at 1500 MCS], and finally covers the whole space.
%e can see this final stage more clearly for the
larger system (N =1672). Small loops nucleated at
the upper left-hand corner in Fig. 16(a) at 700 MCS
grow [Fig. 16(b) at 900 MCS] and eat into the crys-
tal region in the lower right-hand corner [Fig. 16(c)
at 1100 MCS]. The melting takes place homogene-

ously and every site is a possible nucleation center,
but when it starts nucleating, melting proceeds fast
and further nucleation centers cannot be found in
our small systems.

On cooling the liquid below the melting tempera-
ture t =0.14, the number of dislocations decreases a
little but the system does not reach the equilibrium
solid phase. By looking at dislocation configura-
tions of supercooled liquid at t =0.13 shown in Fig.

(a)

(c}

FIG. 15. Melting process of a crystal in the small system N =418 at the temperature t =0.14. Time sequences are {a)
1300 MCS, (b) 1400 MCS, and (c) 1500 MCS.
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17 one finds that some of the dislocation vectors
form a closed loop of dislocations [Fig. 17(a)] or ex-

tended grain boundaries [Fig. 17(b)], which stay me-

tastable. Therefore, the system cannot relax to the

equilibrium crystal phase within our limited corn-

putation time.

V. CONCLUSIONS AND DISCUSSIONS

From Monte Carlo simulations on dislocation-
vector systems with a logarithmic orientation-

independent interaction and a long-ranged
orientation-dependent interaction, two types of
melting transition are found to be possible: a con-

tinuous melting for a large core energy and a first-
order melting for a small core energy. The continu-

ous transition is due to the dislocation unbinding,

and is well described by the KT renormalization-

group theory. The transition temperature, for ex-

ample, is characterized by the renormalized cou-
pling Eq ——16'. The first-order transition is due to
the nucleation of grain-boundary loops and the
transition takes place at K~ larger than 16~, or in
other words, before the KT transition takes place.
This first-order transition may correspond to that
found in the previous molecular-dynamics and
Monte Carlo simulations of various atomistic sys-
tems, since similar loops of dislocation vectors are
also found in atomic systems. '

A qualitative explanation of the grain-boundary-

loop nucleation may be the following: As is found
in Eq. (21) the energy density of a grain boundary is
asymptotically constant, and thus the energy E of a
grain boundary with length l can be approximately
given to be proportional to the length l. On the oth-
er hand, for a grain boundary in a system with
coordination number z, there are approximately
(z —1)~ possible conformations for a loop. There-

fore, the entropy S also turns out to be proportional
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FIG. 17. Configuration of supercooled liquid at
t =0.13 in the small system N =418. Times are (a) 800
MCS and (b) 1400 MCS.

Upon varying core energy one finds a change in
the character of phase transition. This implies the
existence of a critical core energy where the phase
transition changes from first order to the continu-
ous one. From our simulation results the critical
core energy should be between 0.82 and 0.57 J. In
order to determine the critical core energy more
precisely, more elaborate methods such as the real-
space renormalization-group method or Monte Car-
lo renormalization-group calculations may be use-
ful. As for the calculation of the core energy in the
atomic models there is only one calculation in the
one-component plasma. The value obtained
E, —1.22 J seems to support a continuous phase
transition, whereas there are still some disputes and
no final agreement on the order of phase transition
reached. The calculation of the core energies for
other atomic systems therefore seems to be urgent.

Finally I comment on the system size. The simu-
lations are done for a system of rather small size, 1V.

However, from the previous investigation of the
Coulomb-gas system' similar to our system, the
continuous KT transition has been well character-
ized even in small systems, unless one investigates
the precise position of the transition temperature or
its critical phenomena. When the system performs
a first-order transition in our system, grain-
boundary loops are found to be nucleated with a
small critical radius. Thus our system size is suffi-
cient to detect the change of melting mechanism
from the KT theory. The size effect, for example,
shown in Fig. 11 does not affect the mechanism of
melting, and probably may not change the nature
and order of the transition.

to the length I. Since the free energy is given by
F=E—TS, one expects l to be zero at low tempera-
tures to minimize the energy, and l to be infinite at
high temperatures in order to gain the entropy. Al-
though this may qualitatively explain the first-order
melting transition, more detailed quantitative inves-

tigations including many-body effects are necessary.
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