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We report results of variational calculations of liquid *He with wave functions containing
optimized two-body and three-body correlations. The hypernetted-chain (HNC) summa-
tion method is used, and the elementary and Abe diagrams are calculated with the scaling
approximation. Comparisons with the existing Monte Carlo calculations suggest that this
HNC-scaling method is almost exact. The logarithm of the three-body correlation of fi
contains terms having Py(#;-Fy ), [=0, 1, and 2. As expected on theoretical grounds, the

=1 term of Inf; dominates, while the /=0 and 2 terms give rather small changes in the
binding energy. The fi% makes up ~85% of the difference between the Jastrow and
presumably exact Green’s-function Monte Carlo (GFMC) energies. The best variational
energies obtained with the HFDHE2 potential of Aziz et al. are within (2+1)% of the
GFMC and experimental results. The liquid structure function S (k) is also well explained

by the variational wave function.

I. INTRODUCTION

The ground state of liquid “He has been the ob-
ject of many calculations during the past two de-
cades. These calculations start from a microscopic
model of the interaction between two helium atoms,
and attempt to explain the known zero-temperature
equation of state E(p), and the liquid structure
function S(k) at equilibrium density p,
=0.364803. The numerical problem of solving
the many-body Schrodinger equation for the ground
state has been resolved, to a large extent, by the
Green’s-function Monte Carlo method! (GFMC).
One of the results provided by GFMC calculations?
is that the commonly used Lennard-Jones (6-12) po-
tential does not give a realistic description of the
He-He interaction in the liquid phase. A better can-
didate seems to be the HFDHE2 potential suggested
by Aziz et al.?

A quantitative understanding of the structure of
the ground-state wave function still remains an
open and interesting problem. An analytic ground-
state wave function would be particularly useful to
extend the microscopic theory to treat the elementa-
ry excitations* and finite-temperature properties of
helium liquids. A successful approach in this direc-
tion has been provided by the variational theory.

The ground-state energies obtained with the sim-

ple Jastrow wave function®$
v, =]/ (1.1)
i<j
26

are too high, and the peak of S(k) is too broad, as
compared to experiment or the GFMC resulits.
Thus this wave function does not provide an ade-
quate description of the ground state. Calculations
performed with Feenberg’s correlated-basis pertur-
bation theory’ as well as variational calculations®’
indicate that three-body correlations account for
much of the difference between the Jastrow and
GFMC ground-state E (p).

The most reliable Monte Carlo calculations® use a
three-body correlation:

fijx =exp(— %qijk ), (1.2)

q:'jk=zgl(rij)gl(rik)Pl(?ij'ﬁk) ’ (1.3)

cyc

in the variational wave function

Y=11f II fix- (1.4)
i<j i<j<k
Here chc represents a sum of the three terms ob-

tained by replacing ijk with jki and kij, and 7}; are
unit vectors. The form of this three-body correla-
tion, suggested in Ref. 8, takes into account the
Feynman-Cohen!® backflow in the ground state.
The equilibrium density obtained with this wave
function,’ with the Lennard-Jones (LJ) potential, is
the experimental (and GFMC) equilibrium density
po- The calculated E(py) is —6.55 K against the
Jastrow, GFMC, and experimental values of —5.94,
—6.85, and —7.14 K, respectively. Thus the fj; of
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Ref. 9 appears to make up ~% of the difference be-
tween the Jastrow and presumably exact GFMC re-
sults.

The object of this work is to make a systematic
search for three-body correlations, and examine the
extent to which the wave function (1.4) can explain
the GFMC and experimental results. To minimize
the uncertainties due to a poor two-body correlation
we use optimized f;;. The GFMC E(po) with the
HFDHE?2 potential is —7.12+0.02 K, while the en-
ergy obtained with the optimized Jastrow wave
function is —5.94 K. It is found that the g3 given
by Eq. (1.3) can lower it down to —6.81 K. It is
possible to lower it further to —6.96+0.05 K by
generalizing the g, to

Qijk=2 2 §l(rij)§1("ik )PI(’/‘;‘j"/'\ik)-

cyc 1=0,2

(1.5)

The / =0 term of g, lowers E (pg) by 0.12 K, while
the / =2 term lowers it by only 0.03 K. The S (k)
obtained with the “best” fi; is in excellent agree-
ment with the experimental and GFMC results. We
thus find that wave functions of type (1.4) give a
very accurate, though not exact, description of the
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liquid-*He ground state.

The hypernetted-chain-summation (HNC/S) me-
thod is used to calculate expectation values with the
wave function (1.4). The contribution of elementary

" diagrams formed with g — 1 links, where g () is the

pair distribution function, is summed to all orders
in the expansion with the scaling approximation.!!
The four-body elementary diagrams having fi:;-k—l
links are also calculated. The Monte Carlo results
of Ref. 9 are reproduced within 0.05 K to ascertain
the accuracy of this method. Formal expressions
for the energy and distribution functions are given
in Sec. II, while the HNC/S calculation is outlined
in Sec. ITII. The results are given in Sec. I'V.

II. FORMALISM

Two (or more) formally equivalent expressions
can be obtained for the expectation value of the en-
ergy with wave function (1.4), by integrating the ki-
netic energy terms by parts. The so-called Jackson-
Feenberg12 energy Ejg is given by

2 (v [vr )P 7
1 3 # ij ij 2 3. 43 2
EJF=7Pfd Tii8ij \Vi— fa I‘?"]— *Tom fd rid g3,k Vidijk > 2.1
]
and the “Pandharipande-Bethe” energy'® Epp is
# Vi
Epp=3p f d’rygy |vj——
fij
75 [ d*rydrags i Vily Vil | 1 Vil |, Vily Vil —T,—Ts (2.2)
2m vT e Siifi 2 fig Siifijk
# 3 3 Vifii'Vifiu  VifiVifi
Ty=———p° [ dryd’rad’rygs; 5 3 , (2.3)
4 m P f ij ik 11g4,t]k1 fijfikl fijkfikl
# Vifipw Vifu
T5= -—?’;p“ f d3r,-jd3r,-kd3r,~1d3r,-m gS’UkImW . (24)
I
The gij, &3,ijk» 84,ijkt> and &s jjkim are two-, three-, Cyj=p f d*ra(fe — Dgugjn » 2.7)

four-, and five-body distribution functions. The
two-body g;; is given by®

gij=fhexp(N;+Cyj+€;) , 2.5)
where Nj; is the contribution of nodal diagrams,
Nij=p f d’ryj(gi — (g —1—Ny)
(2.6)
C;; is the dressed three-body link,

and ¢;; is the sum of all elementary diagrams. The
three-body distribution function is given by

83,ijk =gijgjkgkifi§kexp(Aijk) ) (2.8)
where A, is the sum of the Abe diagrams.'* It is
simple to write expressions for four- and five-body
distribution functions, but they are hard to calcu-
late.

The main problem in the application of this



chain-summation method has always been the cal-
culation of €;; and 4;j. In the HNC approximation
both 4;; and €;; are neglected. We may order the
elementary and Abe diagrams according to the
number of points n > 4:

€ij =€4jj+ €5+ 2.9)
A =Ag i+ As e+ -0 (2.10)

In an HNC/n calculation the sums (2.9) and (2.10)
are truncated at the nth term. Unfortunately it is
known'® that (2.9) is not a rapidly converging series.
In the absence of a three-body correlation the €, 4
(4,.4) are approximately proportional to €4 (4,),
and in the HNC/S method this property is used to
sum the series (2.9) and (2.10) to all orders.

III. THE CALCULATION

The elementary and Abe diagrams are separated
into two parts:

€rf=65+e,§-= S €k +€i§' ) (3.1)
n>4
A =Af+ A= 3 A8+ Al . (3.2)
n>4

The €f and Af contain all the diagrams that have
only (g —1) links, while €’ and 4’ diagrams must
have at least one explicit three-body correlation. In
the absence of three-body correlations (i.e., when
fixg=1 the €' and A* are zero, and € and A4 are
given by €® and 4%. The fjj has an implicit effect
on the €% and 42 via its influence on the pair distri-
bution function g.

The four-body elementary and Abe diagrams are
shown in Figs. 1 and 2, where the following nota-
tion is used. The solid dots and open circles

represent the positions of internal and ex’cernalJ
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FIG. 1. n =4 elementary diagrams. The €§; is given
by diagram 1.1, while 1.2—1.9 contribute to €};. The
dashed lines represent g —1 links, while the triangles
denote three-body correlations as discussed in the text.

points, respectively. The €, ;; (4, ;) diagrams have
two (three) external points i,j (i,j,k) and n —2
(n —3) internal points. The dashed lines joining
points a and b represent g,, —1, while a triangle
joining a, b, and ¢ represents

Cab8be8ea o — 1) -

A cross on the ab side of the triangle indicates that
the factor g,; should be omitted. Thus the triangle
i,j,b of diagram 1.3 represents

gn&ip (fip—1) .

The crosses are needed to ascertain that the dia-
grams do not contain squares or higher powers of
Zab> and the g’s between external points. The contri-
bution of the diagram is obtained by integrating
over all internal points with appropriate symmetry
and density factors. Thus, for example, we have

€j; (diagram 1.6)=p? [ (2 — 1)(fBs— Vg8 8i8sa &ja — d rad’ry , (3.3)

Afy (diagram 2.4)=p [ (Fiko — Dgp8ko (8o — Dd’ry .

The HNC/S method is ideally suited for calculat-
ing the expectation values with wave functions (1.1).
In this case the f =1 and the terms T, and T's of
Epp [Eq. (22)] are zero. Thus the Epg depends
only upon g;; and 83,ijk> While Ejp depends only on
gij- Both these energies can be calculated when €
and A;; are known. However, in general Epg=£E p
if the series (2.9) and (2.10) for € and A4 are truncat-
ed. The HNC/S method makes an apparently “ac-
curate” assumption:

(3.4)

k k K k
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b b
0
i j i j i jo j
255 26 27 28

FIG. 2. n=4 Abe diagrams. The 4§ is given by
diagram 2.1, while 2.2—2.8 contribute to A} ;.
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e;=ef=(1+s)€§;; , (3.5)
A =Ai§k =(1+5/2)4 ﬁ',fjk > (3.6)

and uses Epg =Ejr to determine the scaling factor
s.

In this work the f%~1 and €’ and 4'50. How-
ever, the g;; — 1 is not much affected by the fj;, and
so we expect the scaling approximation to be valid
for the €2 and 4%. The €; and A4;; are approximat-
ed as follows:

€ =(1+s)€f ;;+€4s5 (3.7)
Auk=(1+S/2)A§’uk +A‘tt,ijk . (3‘8)

These equations should be valid when the three-
body correlations are small, or when the series for
€' and 4" are rapidly convergent.

We further note that the fj have a very small
effect on the two-body distribution function g;;, as
shown in Fig. 3. Thus it is very reasonable to as-
sume that the value of s is unaffected by the three-
body correlations. This allows the s to be deter-
mined by setting fix=1 and equating Epg with
Ejr. The energy with the wave function containing
fijk is calculated with the Jackson-Feenberg expres-
sion (2.1) that has only g;; and g3 ;5 terms. The g;;
and g3 ;5 are obtained from Eqgs. (2.5)—(2.8) and
(3.7) and (3.8), and the problem of calculating the
84,ijkt and gs jjxim in the Epg is avoided.

O‘OL 1 L 1 1

10 1.5 20 25 30
r(o)

FIG. 3. Pair distribution functions obtained at
p=0.3650"2 in Jastrow (fjx=1) and /=0,1 (g [Eq.
(1.5)] containing /=0 and 1 correlations) calculations
are shown by dashed and solid lines, respectively. The
dots are from GFMC calculations.

In order to compare our results with the presum-
ably exact variational Monte Carlo results we have
calculated the E(p) and g; in the Lennard-Jones
(6,12) model of liquid “He with the wave function
of Ref. 9. Here the two-body correlation has the
McMillan form,

fy=exp[—5(b/r)]], (3.9

the three-body g, contains only the / =1 term, and
the £,(r) is given by

2 3
r—r r—r
Virew _{ ‘ ] ] >
w1 rp
§1(r)=
forr<rg, (3.10)
0 forr>rg.

The values of the parameters b, A, ry, and w, are
given in Ref. 9, and rlg=%(108/p)l/3 is half the
size of the simulation cube used in the Monte Carlo
calculation. The results of our HNC/S calculations
for E(p) and g(r) are compared with the Monte
Carlo (MC) results’ in Tables I and II, respectively.
These suggest that the approximations (3.7) and
(3.8) for € and 4 are quite accurate.

We now discuss, in some detail, the approxima-
tions (3.7) and (3.8) and their implications on our
calculations. The first row of Table III gives the
energy in the HNC approximation, i.e., when
€=A =0. Taking € =€§ and 4 =A% lowers the en-
ergy by 0.48 K (the difference of the energies of the
first two rows). When all the elementary diagrams
having only g —1 bonds are summed up with the
scaling approximation, the energy further lowers to
—5.82 K (third row). On adding €} and A the en-
ergy goes down by 0.67 to —6.49 K which is close
to the MC value —6.53 K. The effect of €}, and 4}
on the energy is quite sizable and is half that of €4
and A%. However, the excellent agreement between
the present and the MC results indicates that €,
and A;Zs do not have an appreciable contribution.
Either the series for €’ and A are rapidly conver-
gent or the €/ >s and A} > 5 contributions cancel to a
large extent.

TABLE I. The E(p) of liquid *He with LJ potential.

p (@™ E (MOQ) E (HNC/S) s
0.333 —6.46 —6.42 2.50
0.365 —6.53 —6.49 2.72
0.401 —6.37 —6.34 3.08
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TABLE II. The properties of g(r) with the LY model at p=po. The 7115 Fmin1, a0d Zax0
give the locations of the first maximum, minimum, and second maximum of g(r) in units of
0=2.556 A; the values of g(r) at these points are given by gmax1, &mint> and Zmax2-

¥ max1 8 maxt ¥ min1 &minl ¥ max2 8 max2
HNC/S 1.35 1.302 2.01 0.915 2.68 1.027
MC 1.35 1.300 2.03 0.915 2.68 1.030

+0.02 +0.005 +0.02 +0.003 +0.02 +0.005

In Fig. 4 we have plotted the important contribu-

tions to €4. We note that diagrams having two ex--

plicit three-body correlations, such as 1.4, 1.5, and
1.6, have contributions comparable to those of 1.2
and 1.3 which have only one explicit three-body
correlation. Thus it appears that expanding the €’
and A’ in the number of explicit (fJx —1) factors
may not be useful.

It should be pointed out here that, because of the
box cutoff, the &,() used in the Monte Carlo calcu-
lations® is very sharp. In this work we do not need
to impose this cutoff. The £,(r) obtained in limit
rg— oo is weaker and more smooth. The 4} and €}
obtained with the present fij are smaller, and so
are their contributions to the energy (Table III).

IV. RESULTS AND DISCUSSION

In this section we present the results obtained for
the ground state of liquid “He with the HFDHE2
potential suggested by Alrichs et al.,'® with the
parameters determined by Aziz et al.’ by fitting the
result of Hartree-Fock calculations of McLaughlin
and Schoefer,!” the second virial coefficient and the
thermal conductivity data. Extensive calculations
show that this potential is the most realistic in
predicting several experimental two-body measure-
ments,? and the energy? of liquid *He.

The two-body correlation function f(r) used in
the calculations are obtained following the optimi-
zation procedure described in Ref. 11. The three-
body correlation function fij; has been taken of the
form given in Eq. (1.5). Since the I =1 term is ex-
pected to be the main term of the g, a detailed
variational calculation has been carried out keeping
only the / =1 component in g;. The §,(r) is taken
to be of the form

2
r—rg
e

The dependence of the variational parameters A,
r:1, and @; on the density is very weak and is
neglected in this work. Letting A, 7,1, and w, de-
pend on p leads to changes in the energy that are
within the accuracy of the calculation. The op-
timum values of the parameters are given in Table
IV. It should be noted that the trial function (4.1) is
variationally preferred over that of Eq. (3.10); the
rp term raises the energy. The calculated energies
are listed in Table V, where the Jastrow energy is
also reported. For sake of comparison we have
computed the energy at density py by using the trial
function f(r) and &,(r) as given by Egs. (3.9) and
(3.10), with the following values of the parameters:
b=12lo, M=-14, r1=082, ©,;=0.50, rp
=3.000. Our result of —6.65 K compares very

E1(r)=VArexp 4.1)

TABLE III. The E(p,) of liquid “He with LJ potential. The columns MC and Present,
respectively, give energies obtained with the £,(r) used in Monte Carlo (Ref. 9) and the

present work.

Approximations E (K)
€ scaling €} MC fi Present [
No No No —4.13 —4.60
Yes No No —4.61 —5.02
Yes Yes No —5.82 —6.21
Yes Yes Yes —6.49 —6.49
Monte Carlo result —6.53
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FIG. 4. Contributions of the important €} ; diagrams
plotted as a function of 7.

well with the —6.72 K obtained'® with the MC
method, but it is above the —6.81 K obtained with
optimized f;; and §,(r) given by Eq. (4.1).

The energy has been further minimized including
the / =0 and 2 components in g;. The trial func-

TABLE IV. The variational parameters of g;x.

l Ay (o) 0)(g)
0 —0.044 1.1 0.65
1 —1.08 0.80 0.41
2 0.05 0.85 0.45

tions £q(7) and &,(r) have been taken of the form

2
Eo(r)=1V"Ao(r —ry)exp | — i J,
@y
4.2)
E(r=vXrexp|— ———r;r‘z 4.3)
2

The velocity of sound c(p) obtained from the
1 =0,1 variational energies are reported in Table VI
along with the experimental and GFMC
values.!®~2! These results have been obtained by
fitting the calculated E (p) with a third-degree poly-
nomial,
2

+C

3
P—Po

Po

P—Po

E(p)=E;+B
Po

(4.4)

TABLE V. The calculated energies [E (var)] of liquid *He in K compared with the GFMC and experimental ener-
gies. The second column gives the wave function used in the calculation. In this column J indicates Jastrow, 1 indi-
cates g; with P, term only, 0,1 indicates ¢; with Py and P, terms, etc.

p(a™?) v s (T) E (var) E (GFMO) E (Expt.)
0.328 J 2.18 12.64 —18.76 —6.12
1 12.38 —19.13 —6.75 —17.03
+0.04
0,1 12.26 —19.06 —6.80
0.347 J 2.23 13.96 —20.00 —6.04
1 13.66 —20.43 —6.77
0,1 13.40 —20.23 —6.83
0.365 J 2.44 15.25 —21.29 —5.94
1 14.91 —21.72 —6.81 —7.12 714
0,1 14.72 —21.65 —6.93 +0.02 ’
0,1,2 14.77 —21.73 —6.96
0.401 J 2.78 18.12 —23.58 —5.46
1 17.53 —24.18 —6.65 —6.89 7.00
0,1 17.45 —24.17 —6.72 +0.05 -
0,1,2 17.50 —24.26 —6.76
0.438 J 3.12 21.35 —26.07 —4.72
1 20.53 —26.76 —6.23 —6.56 —6.53
+0.06
0,1 20.34 —26.77 —6.43
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TABLE VI. Sound velocities in m/sec. The GFMC
sound velocities are calculated with the parameters
Ey=-17.110 K, p0=0.36000r_3, B=10.08 K, and
C =12.59 K of Ref. 2.

p(o~?) HNC/S GFMC Expt.
0.365 235 215 238.2
0.401 314 294 306.2
0.438 396 377 375.2

The values obtained with this fit are
Ey=-6.892, B=12.72K,
po=0.3624, C=12.16K .

(4.5)

The experimental E, and p, are —7.14 K and
0.36480 3, respectively. The variational and
GFMC E (p) are compared in Fig. 5, while the stat-
ic structure functions

Sk)=1+p [ d*r[g(n—11/*T (4.6)

are compared in Fig. 6.

The wave function (1.4) does very well in repro-
ducing the GFMC energies and distribution func-
tion. The fi makes up ~85% of the difference
between the Jastrow and GFMC E(p). The
HNC/S calculation generally underestimates the
variational energies (Table I) by ~0.05 K, and so a
more accurate calculation of the energy expectation
value would presumably reduce the difference be-
tween the variational and GFMC results.

Jastrow

~~~~~~~~~~ “}e—GFMC

3
©,1,2)
03 04
plo=3)
FIG. 5. E(p) obtained with Jastrow, /=1, 1=0,1,
and /=0,1,2 calculations is compared with the GHMC
results.

[Rs} T T T T
Experiment
/
GFMC |/ J
S P
=
> 0,1
05 4
Experiment
’
0.0 1 1 |

1.0 20 30 40
K (AT
FIG. 6. Static structure function S(k) obtained at
p=0.3650"2 in Jastrow (dashed line), / =0,1 (solid line),
and GFMC (solid squares) is compared with the experi-
mental data from Refs. 19 (squares), 20 (circles), and 21
(triangles).

The I =1 term dominates the g as could be ex-
pected on theoretical grounds.>® The I =0 correla-
tion appears to have a longer range; wo> w1, but it
is very weak. The /=2 correlation is very small,
and has small effects on both E(p) and S (k). The
calculations were done by successively switching on
the /=1, O, and 2 in g;3. The energy at
p=0.3650"" is first minimized with respect to
variations in A, 7,1, and @, then with respect to A,
ryo, and oo without varying A, #,;, and o, etc.
Thus we did not search for correlations between
I'=1, 0, and 2 components of g;. A more detailed
search of the variational parameters will need a
computational effort that is probably not justified
due to the smallness of /=0 and 2 correlation.
Another improvement in the present variational
wave function, over that of Refs. 8 or 9, is in the
pair correlation fj;. The optimized f;; used here
has the correct long-range behavior needed to obtain
the phonon spectrum. Thus it should be useful to
study the elementary excitations* of liquid “He with
the bare Hamiltonian.
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