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In order to examine whether the small-polaron theory can correctly describe the
motional behavior of light interstitials in metals at low temperatures, we have systemati-

cally investigated the diffusion of positive muons in Al and in Al doped with substitution-
al impurities of various concentrations in the temperature range between 30 mK and 100
K. In pure Al (& 1 ppm overall impurity content) the muon was found to be mobile
down to 30 mK. For doped Al, the diffusional behavior exhibits two regimes: (i) Above
1 K maxima in the depolarization rate evolve, indicating a static muon in the peak re-

gions. The position of the peaks (between 15 and 50 K) is characteristic for each kind of
impurity while the height and width depend on the impurity concentration. In AlMn„ the
muon occupies a tetrahedral site in this regime. (ii) Below 1 K the depolarization in-

creases again with decreasing temperature and increasing impurity concentration. The
temperature dependence exhibits a universal behavior independent of impurity concentra-
tion and the kind of impurity. Here the muon site is octahedral. Both regimes are inter-

preted in terms of diffusion-limited trapping at the impurities: (i) Above 1 K the dif-
fusion is phonon assisted and entails capture rates which increase with concentration and

temperature. The peak positions are determined by the escape processes from the traps
which occur at characteristic temperatures for each impurity. A quantitative analysis
with a two-state model for diffusion in the presence of traps revealed a linear concentra-
tion dependence of the trapping rate. A linear temperature dependence for the diffusion
coefficient was found which is in strong disagreement with the T prediction of conven-

tional small-polaron theory. This linear behavior is characteristic for a one-phonon pro-
cess, which should be effective only if alternating transitions between octahedral and

tetrahedral sites occur. (ii) Below 1 K, the apparent trapping rate increases with decreas-

ing temperature, implying a faster diffusion mechanism at low temperatures. The most

appealing interpretation is a trapping, preceded by a fast coherent diffusion, which is lim-

ited by muon-electron scattering. Again, in contrast to conventional small-polaron theory,
which predicts D„h ~ T, we find proportionality to T for this rate.

I. INTRODUCTION

The diffusion of positive muons in metals has
been studied intensively since the first pioneering
work by Gurevich et al. ' in 1972. It has been re-
viewed at two topical conferences held in 1978
(Ref. 2) and 1980 (Ref. 3) but several important

problems still remain unresolved, in particular
those concerning diffusion in the presence of trap-
ping centers and diffusion at very low tempera-
tures. One reason for the continuous interest in
these phenomena is that the muon diffusion rates
have turned out to be extremely sensitive to various
imperfections in the metals. Another is that one
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can expect specific diffusion mechanisms, based on
tunneling, if the material is sufficiently clean and
the thermal vibrations are strongly reduced. At
somewhat higher temperatures the muon diffusion
should be similar to that of hydrogen isotopes (ex-

cept for isotope effects), which evokes hopes of us-

ing the muon as a hydrogen substitute for studying
diffusion, localization, and electronic structure in
the very dilute limit.

Aluminum was one of the first metals that was
subject to muon diffusion studies, since it is a fcc
metal with large nuclear dipole moments. In fact,
the depolarization rate (or linewidth) cr arising
from the dipole broadening should be very similar
to that of copper, where Gurevich et a/. found
0.=0.25 ps, and a motional narrowing setting in
above 100 K.' It was soon found, however, that
pure aluminum gives rise to practically no depolar-
ization of positive muons in the whole temperature
range 1 —300 K.

This work deals with positive muon diffusion
and localization in the purest available aluminum
and in aluminum doped with small amounts (usu-

ally 5 —100 ppm) of specifically selected impuri-
ties: Mn, Mg, Li,Ag. There have been indications '

that these isolated impurities will trap muons that
are implanted at random in a sample, if the tem-
perature is sufficiently high (10—50 K) for dif-
fusion towards such impurity centers. These phe-
nomena are now studied systematically for the first
time by variation of the impurity content of well-

characterized Al samples. The aim is to find out
which diffusion mechanism is dominating in the
0.1 —10 K range.

It was shown in an earlier paper by our group
that a strong motional narrowing of the muon-
spin-rotation (@SR) signal occurs in the purest Al
samples even if the temperature is as low as 0.03
K. This work has now been extended by including
more accurate and systematic data from the same
set of AlMn„alloys (x=5,10,42,57,70,1300 ppm) as
mentioned above, one alloy with Mg (x=42 ppm),
one with Li (x=75 ppm), and one with Ag
(x = 117 ppm). These impurities were selected be-
cause they are expected to provide widely different
long-range effects in the host lattice; Mg and Mn
impurities producing large volume changes per
atom, and Li or Ag giving nearly no such effects.
The improved quality and the systematic nature of
the new data should provide a basis for a discus-
sion of those diffusion mechanisms that remain
possible at very low temperatures; in particular, the
question of the existence of coherent diffusion.

The diffusion data have been complemented by lat-
tice site determinations for muons, both at the
lowest temperatures (-50 mK) and in the trapping
peak (at 15 K) for AMn„.

Section II discusses first the formation of small-
polaron states of the muon and then reviews the
current theories of motion of a muon: coherent
and incoherent diffusion in ideal and nonideal

crystals and trapping. We have felt it necessary to
make this review fairly extensive in order to define
the problems and to see to what extent they can be
put to experimental tests. In Sec. III the experi-
mental procedures are described, and the results of
our investigations on the diffusion of muons
presented. Section IV contains the experiments on
the site determinations. The results are further
discussed and compared with theory in Sec. V.
The conclusions are summarized in Sec. VI.

II. THEORY OF MUON MOTION

A. Small-polaron formation

In most theoretical discussions of motion of
muons in metals the muon is assumed to self-trap
immediately after thermalization. Recently, how-
ever, questions on the polaron formation and a
possible delay to it have been raised. Therefore, in
this section we shall briefly discuss the theoretical
approaches to the self-trapping process.

If a positively charged muon is implanted in a
solid, thermalization occurs on a very short time
scale. In this process the muon will be screened
by the conduction electrons of the metal, similar to
the case of the proton. There remains a strong
residual interaction with the host atoms mediated
by the screening cloud. This interaction is often
described in terms of lattice theory, where the
short-range interaction is modeled by so-called
Kanzaki forces P™acting on the surrounding host
atoms designated by the indices m. The strength
of the elastic interaction between the muon and the
host lattice can be parametrized in terms of the
double-force tensor I'& which is the first moment
of the Kanzaki forces,

where R, is the vth component of a vector from
the muon to the host atom m. In a cubic system
the trace of P is related to the volume expansion
created by the lattice relaxation around a self-
trapped muon by
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Tr(P)
ci) +2c)2
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where cIi and c~2 are elastic constants of the host
metal. The elastic interaction favors self-trapping
and small-polaron formation. For an isotropic
elastic continuum the energy gain as a result of the
lattice relaxation around the interstitial muon
amounts to

1 PAU=—
20 cia

where P is the diagonal element of P and Q the
volume of the primitive unit cell. With P=1.42
eV (cf. Sec. II C) a value of b, U= —86 meV is es-

timated for Al. Localization, however, also in-
creases the kinetic energy of the muon, since
higher Fourier components are involved in a local-
ized state compared to a long-wavelength plane
wave.

For the case of the positron the balance between
kinetic energy and potential energy has been inves-

tigated quantitatively in the framework of continu-
um theory as well as of harmonic lattice theory.
Both approaches lead to a kinetic-energy contribu-
tion up to 1 order of magnitude too large to allow
self-trapping. On the other hand, since the kinetic
energy varies as m ', while the elastic energy de-

pends only weakly on m, for the muon as well as
for the proton the ground state should be the
small-polaron state.

The next problem we have to address is the
question of how the muon, which initially starts in
a non-self-trapped, delocalized state, does reach its
equilibrium state. For the adiabatic limit, where
the light particle always immediately adjusts itself
to the strain pattern of the lattice, Emin ' investi-
gated the existence of a barrier to self-trapping us-

ing scaling arguments. Following Emin's work,
one can write the energy of a particle added to an
elastic continuum as a function of a scaled position
variable with scaling factor R. Three components
contribute: (i) the kinetic energy, which scales as
T,/R, (ii) the elastic potential energy of the parti-
cle, which behaves as —V;„,/R, and finally (iii)
the resulting strain energy of the deformed contin-
uum, which is given by V;„,/2R . Thus, the total
energy of the particle, which scales as

interatomic distances, appear to be possible and are
separated by a barrier. Similar results have also
been obtained by Browne and Stoneham" using a
slightly different argumentation. In the context of
scaling it can be easily seen that impurities which
interact elastically with the muon (interaction po-
tential —V';„,~/R ), reduce the barrier height.

In order to see whether the barrier causes any
delay to self-trapping, the dynamic stability of the
metastable non-self-trapped (free) state has to be
investigated. Qualitatively it is clear that the ratio
of the muon transfer time in the free state charac-
terized by the corresponding tunneling matrix ele-

ment Jf and of the reaction time of the lattice
measured by the vibrational frequencies co~ of the
host lattice will be the important parameter that
describes the degree of adiabaticity A. For small

A —ZJf /%cop (where z is the coordination number
of the muon), the lattice can react, and the muon
will be self-trapped within a vibrational period
-10 ' s, while for large A self-trapping will be-

come increasingly difficult. This simple qualitative
picture is supported by detailed variational studies
of an electron in a deformable medium beyond the
adiabatic limit. In addition to the role of the adi-

abaticity parameter these calculations show that
for a given A the free and the polaron states can
only coexist within a certain range of

~

hU
~
/ficop.

In order to judge the significance of a possible de-

lay to self-trapping for the muon, the rigid-lattice
bandwidth has to be estimated. Taking the muon
as a free particle, in analogy to a nearly free elec-
tron in a periodic lattice, a bandwidth in A1 of
about 30 meV can be determined, which is of the
same magnitude as the typical lattice frequencies.
Thus A is about unity and we are confronted with
a borderline situation, where the theory cannot
predict whether or not any delay to self-trapping
will occur.

With respect to the actual experiments, the in-

fluence of temperature on the self-trapping
mechanism is of great interest. Here it is useful to
follow the model given by Browne and Stoneham"
of a critical fluctuation q, of the host atoms above
which localization occurs. For a single oscillator
the probability that its vibrational coordinate q
exceed a certain value q, is given by

PT(q &q, )=erfc(q, /q), (5)

E(R)=T, /R V;„,/2R', — (4) where

always exhibits a maximum for finite R. Both an
infinitely spread-out muon as well as the small po-
laron, which in a discrete system shrinks to typical Expressing q, by the bandwidth zJf and the cou-
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pling energy b, U, one finds

zJg
PT(q & q, ) =erfc

[b Unco coth (fico/kn T)]'

Equation (6) shows again that a delay to self-

trapping can only be expected for bandwidths of
the order of, or larger than, typical lattice frequen-
cies AcoD. In addition, an influence of temperature
can only be expected for thermal energies k~T of
the order of Aeon. This basic result does not
change if one considers the strains arising from the
distribution of thermal phonons in a crystal. For
example for Al metal Browne and Stoneham es-

timated a 14%%uo increase of the thermal strain ener-

gy between T=O and room temperature. Hence,
thermal fluctuations are unlikely to provide
temperature-dependent formation mechanisms at
low temperatures.

We summarize the theoretical results concerning
polaron formation.

(i) It is generally agreed that self-trapping of the
positron does not occur.

(ii} Using the derivations leading to (i) as a basis,
it follows that for heavier interstitials like the p+
or the proton the polaronic state is the state of
lowest energy.

(iii) While protons do always occupy this state,
in the case of the muon its lifetime of 2.2 ps may
be less than a possible delay to self-trapping.

(iv) Self-trapping is enhanced by phonon fluctua-
tions and by impurities or lattice defects which
tend to preform self-trapping distortions. The
temperature influence is expected to be weak for T
smaller than the Debye temperature 8D.

We conclude with a remark concerning the inter-
stitial sites occupied by muons after a small-
polaron state has formed. Some theoretical calcu-
lations for muons in Al (Refs. 12—14) suggest
preference of the octahedral (0) sites, compared to
the tetrahedral (T) sites. These results, however,
are very sensitive to the pseudopotential used.
Channeling experiments' ' have indicated the T
sites as equilibrium positions of 0 in Al, but this
result might be due to radiation damage. In our
previous study we have found the T site in
AMnp pp]3 at 15 K-.

B. Tunneling and coherent diffusion

l. Tunneling of small lpolarons

We assume that the muon has formed a small
polaron in an ideal metal crystal, i.e., it is sur-

rounded by a locally relaxed lattice. This small
polaron can still tunnel to a neighboring interstitial
site which is related to the first site by a lattice
translation. The tunneling matrix element J,g of
this process comprises the transfer element J of the
muon in the rigid lattice, and the transfer of the
relaxed lattice configuration between both sites. In
the strong-coupling situation'

~
b, U

~

&&J which
applies to Al, the effective tunneling matrix ele-
ment is obtained in the form

J,ir=J exp[ —S(T)] .

S(T) is determined by the Kanzaki forces g& and
the lattice force constants in the linear-coupling
approximation and for harmonic lattices. For sim-
ple estimates valid for isotropic solids the Debye
approximation of S(0) is sufficient':

5E,
S(0)= (8)

The quantity E, is the activation energy for in-
coherent hopping of small polarons (see Sec. II C),
and coD is the Debye frequency. As will be de-

tailed in Sec. II C, an indirect experimental deter-
mination gives E, =32 meV and J= 1 meV for Al,
whereas a theoretical estimate for E, is 40 meV.
With the value ficoD/kz ——428 K for Al one obtains
S(0}=1.73 using the experimental E„orS(0)=2.16
using the estimated E, . Hence J is reduced at
T=O by a factor of 0.18 or 0.12, respectively, and
is estimated to be of the order of 0.1 meV for Al.
The temperature correction of $(T) behaves as
(knT/ficoD) for small T, hence it is of no interest
at small temperatures.

The possibility of tunneling transfer allows
quantum-mechanical delocalization of a proton or
muon such that in an ideal crystal at T=O the pro-
ton, or a long-lived muon, would be found in an
extended state of Bloch type. The width of the
corresponding "small-polaron band" would be
roughly given by zJ,~~, where z is the coordination
number of the lattice (z=12 for the 0 sites of the
muon sublattice in the fcc lattice). However, this
small-polaron band is rather hypothetical for
muons, since there are always defects in a real
crystal that provide isolated localized states of low
energy, i.e., that act as trapping centers. Ideally,
there is at most one muon in the sample at a given
time, which would always be trapped if it would
not decay. The best one can hope for with respect
to extended states is the formation of fairly extend-
ed wave packets of muons, which often do not
reach a trap during the muon lifetime in crystals
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with very small defect concentration. It is then
necessary to discuss whether the formation of ex-
tended wave packets is possible at a11 in a crystal
with defects, far from the isolated traps. This can
be done by appealing to the Anderson picture of
localization.

According to Anderson no band states exist in
a nonideal crystal when the average deviation AE
of the ground-state energies of the interstitial sites
exceeds a critical value E,. For small-polaron
bands E, ~zJeff the exact proportionality factor is
not well known for three-dimensional lattices. '

%e estimate the deviations AE created by point de-
fects in the regions far from the defects from elas-

ticity theory. We assume isotropic point defects in
an anisotropic medium and use a formula given by
Leibfried and Breuer, which represents an expan-
sion in terms of the anisotropy

1 15
~

11 12c +2c
int

y 8% 3C11

x ——gp,
3 4

J

doped with 1300 ppm Mn.
In addition to the possible destruction of extend-

ed states by static disorder, a dynamical destruc-
tion is also possible by thermal vibrations. This
mechanism is closely related to the transport in ex-
tended states to which we turn our attention now.

2. Coherent diffusion

%'e consider a muon which is self-trapped at a
particular interstitial site. In the band picture and
at zero temperature the wave packet would spread
out over the crystal. At finite temperature, a finite
mean free path l of the wave packet results due to
scattering processes even in ideal crystals. The re-
sulting diffusion coefficient can be represented, up
to a numerical factor, as'

D=u ~,
where ~ is an inverse (transport) scattering rate and
u the velocity of the particle. While for electrons
in metals u equals the Fermi velocity, for thermal-
ized muons one expects u to be given by

5=c~& —c~2 —c44 is the anisotropy of the medium,
1

c)2 ——c)2+ —,5 and c)) ——ctg+2c44+ —,5 are aver-

aged elastic constants, hV& and AV are the
volume dilatations produced by the muon and the
defect, respectively, and pj are direction cosines
with respect to the cubic axis. For the estimate we
omit the term containing pj. %e use AVI'=2. 9
A, which has been found for hydrogen in fcc met-
als, and the elastic data of Al to obtain

'" =023". (10)
dy y

0
in units of eV A '. An estimate for the smallest
value of hF. is obtained by choosing r midway be-

tween the defects and multiplying with the dis-
tance d between interstitital sites. %e use
6V =7.4 A for Mn; this value can be deduced
from the measured lattice dilatation of Mn in A1.
We obtain from Eq. (10) b,E= 1.6 peV for 50 ppm
Mn and AE=0.12 rneV for 1300 ppm Mn. The
other impurities investigated produce similar (Mg)
or considerably smaller (Li,Ag) lattice dilatations.
The estimated lowest values for hE in the regions
far from the defects in our samples are orders of
magnitude smaller than the expected bandwidth of
roughly 1 meV, except for Al with 1300 ppm Mn.
Hence the transient formation of extended muon
states appears possible at zero temperature in all
the Al samples of our study, except in the one

(3k~Tlm*)'i, zJ,tt))ksT
dJeff~~p ~gff KC kg T

(12a)

(12b)

where d is the distance between two interstitial
sites and I* the effective mass of the muon. With
J,ff 0.1 meV, one expects the first equation (12a)
to hold for muons in Al well below 10 K. The
mean free path of a wave packet is given by I =u~;
this is also a measure for the coherence length of
the wave packet. The region of transport in ex-
tended states which is limited by scattering events,
is commonly called "coherent diffusion. "

Starting from the Liouville —von Neumann
equation, Kagan and Klinger have derived a dif-
fusion coefficent of the form of Eq. (11) with
U ct- J ff corresponding to the case of Eq. (12b).
They assumed from the outset that J,ff is the
smallest parameter of the problem, and that the
diffusing particle is effectively localized (see
below). They derived r from an indirect phonon-
scattering process where the localized interstitial
particle is in a virtual excited state between absorp-
tion and emission of the phonon, and found pro-
portionality with T . One of the present au-
thors has calculated ~ from the direct phonon-
scattering process on the localized interstitial parti-
cle. Also, a T behavior was found, and the pre-
factor was expressed in terms of the change of the
elastic constants by adding interstitials. The rela-
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tion ~ac T implies D ~ T for zJ,ff ~&k&T and
D ~ T ' for zJ,ff &&k& T. If the dominating pho-
non interaction is that with the fluctuating tunnel-

ing transfer, D becomes proportional to T orT, respectively.
An interaction process neglected so far (see,

however, Andreev and Lifshitz ) is provided by
the scattering of electrons on the muons. This
scattering rate should be proportional to the num-
ber of thermally excited electrons, i.e., proportional
to T/TF. Furthermore, an electron can at most
only transfer its thermal energy kz T to the muon.
Consideration of energy and momentum conserva-
tion yields an additional factor T/TF in the
scattering rate. Electron scattering on muons
should be the dominant scattering process at low
temperatures in pure crystals Est.imates of the
electron-muon cross section on the basis of the
Thomas-Fermi approximation lead to a scattering
rate ~, ' of the order of 4)&10 T s ' when Tis
given in K. The resulting diffusion coefficient
should be proportional to T or to T ', depend-

ing on whether zJ,ff is smaller or larger than k~T.
Our estimate differs in one T power from the sug-
gestion in Ref. 27.

Scattering of wave packets on isolated defects is
also possible. This process can only be dominant if
other scattering processes are small, i.e., when the
mean free path in the absence of scattering centers
is sufficiently large. One then expects a scattering
rate ~d

' ——vo.«,«c, where cr«,« is the scattering
cross section and c the concentration of defects.
For large mean free paths, the effect of the large
de Broglie wavelength A, of the muon at low tem-
peratures must also be taken into account. One es-
timates X=25T '~ A (T in K) for a muon with
an effective mass equal to the mass of the proton.
For large A, the scattering cross section will be pro-
portional to v ', and the scattering rate will be in-

dependent of temperature even in the case
ZJ ff »k~T, cf. Eq. (12a).

If r decreases with increasing temperature one
readily reaches the temperatures where the mean
free path l is as short as the de Broglie wavelength
A, of the muon at that temperature, or as short as
the distance d between interstitial sites. The form-
er case is relevant when Eq. (12a) applies, the latter
when Eq. (12b) holds. According to Ioffe and Re-
gel the model of transport in extended states is
no longer applicable when I & max(lt, d). Especially
when l becomes equal to d, the particle must be
considered as localized. Kagan and Klinger main-
tain that in a temperature region above that point,
as long as J,ff is small, and thus the incoherent

hopping rate negligible, the diffusion coefficient is
still given by Eqs. (11) and (12b).

C. Incoherent hopping of small polarons

The coherent diffusion studied in Sec. II8 2 gen-
erally decreases with increasing temperatures,
hence it will become small for larger T. At the
same time, when l becomes of the order of d, the
muon is essentially localized at interstitial sites. A
motion of a localized muon from one site to a
neighboring interstitial site can now be induced by
absorption (and emission) of thermal phonons.
This leads to thermally assisted processes, called
incoherent hopping.

1. Hopping in ideal crystals

Small-polaron theory' ' predicts the following
transition rate I between two neighboring,
equivalent interstitial sites:

(i) At low temperatures when ks T« ficoD, I' is
proportional to T, cf. Ref. 30. One finds for an
isotropic solid

2Og(4)
(4 eff 8

P 7g Co
(13)

4E,kg T

' 1/2

fi
exp (14)

A multiphonon process is necessary in order to
bring the ground-state level of the occupied inter-
stitial site to the same energy as the adjacent level.
This requires the activation energy E, . The parti-
cle can then tunnel with the transfer matrix ele-

where p is the mass density of the host metal and

co the velocity of longitudinal sound. The factors
in front of J,rr(k~T) can also be expressed in
terms of E, and the Debye temperature 8D in

analogy wit5 Eq. (14). The temperature depen-
dence is due to a two-phonon process, since in the
ideal crystal a small polaron cannot absorb or emit
a single phonon because of energy and momentum
conservation. However, it can virtually absorb a
phonon, tunnel to the neighboring site, and then
emit the phonon, with the rate given by Eq. (13).
Fujii ' has obtained a T behavior of the two-

phonon contribution to I in the case of several

inequivalent interstitial sites in the unit cell.
(ii) At higher temperatures when AT &ficoD one

has
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ment J', the golden rule yields the factor J in Eq.
(14). The remaining factor can be understood from
the detailed dynamics of the coincidence of both
levels. '

It is difficult to estimate the parameters J and

E, with any accuracy from the existing pseudopo-
tential calculations for Al. An estimation of J
would require a precise knowledge of the

potential-energy curve of the proton or muon along

its diffusion path. A derivation of E, requires at
least the knowledge of the Kanzaki forces between

the proton or muon and the host atoms, and the
force constants between the host atoms. Teichler
has calculated the small-polaron transition rate be-

tween 0 sites in a fcc lattice in a model with one

spring constant f, and the force g between a proton
or muon and the nearest host atoms. He found

E, =0.258g /f . (15)

Unfortunately hydrogen is not soluble in Al, but g
can be estimated for protons from the empirical
volume expansion by hydrogen loading, giving
approximately ga = 1.42 eV, where a is the lattice
constant. In the case of Cu, one obtains ga=2.46
eV, which compares well with the value of 2.64 eV
deduced by Teichler from diffusion data of
muons in Cu. Hence we mill adopt the value given
above for the further estimates. Also, the lattice
expansion inferred from the values of the static
linewidth (cf. Sec. IV) shows that b, V produced by
a muon is of the same order in Cu (Ref. 33) and
AlMn. The spring constant f for Al determined
from C~ is approximately 1.277&(10 erg cm
One obtains a value of E, =40 meV for muons
from Eq. (15). This is an estimate for the activa-
tion energy for muon diffusion provided that the
small-polaron hopping process is effective between
octahedral sites in the fcc lattice.

So far, thermally activated hopping of muons in

pure Al has not been observed directly as a change
of the depolarization rate with T; it seems to be

too rapid in the temperature range of interest.
Hence a direct experimental determination of J by
application of small-polaron theory has not been

possible, contrary to the case of Cu. An indirect
estimate of J has become possible by the observa-

tion of muon trapping in vacancies in Al by Her-
lach at higher temperatures. Assuming
diffusion-limited trapping, he could verify the va-

lidity of Eq. (14) with E, =32 meV, which is in
fair agreement with the estimate given above.
With the use of Eq. (19) for the rate of diffusion-
limited trapping we have estimated the prefactor of

Eq. (14) from his data and found J to be of the or-
der of 1 meV. This is a fairly large value com-

pared to the one for muons in Cu, where J=18
peV has been obtained.

2. Hopping in nonrdeal crystals

For phonon emission, AE must be replaced by

~

b,E ~, and the rate must be multiplied by
exp(

I
~&

I ~4 T) For 4»& I
~& 1»e has

J P(EE)d
~abs ~em 6 7 kB T

12~pa co
(17)

i.e., a rate proportional to T. The rate Eq. (17) de-

pends explicitly on the magnitude of the energy
differences, contrary to the result found for
reorientation of defects.

If the crystal is sufficiently pure, the contribu-
tion from Eqs. (16) and (17) will die out, and one-

phonon processes are only possible if odd combina-
tions of the double force tensors P; and Pj in the
initial and final site contribute to the rate. They
are nonzero if the double-force tensors are not the
same in both sites. This can happen if the intersti-
tial particle is diffusing between sites of different
symmetry (T~O +T~O~ . ) or i—f it is not

In a nonideal crystal with defects, the exact lat-
tice translation invariance has been destroyed and
the sites are no longer equivalent. Apart from the
fact that defects provide trapping centers (to be
studied in Sec. II E) there are energy differences
hE between neighboring sites even far from the de-
fects. These differences have been estimated in
Sec. IIB. Here one-phonon processes can contri-
bute to the transport since such energy differences
allow absorption or emission of single phonons.
The transition rate between two sites with energy
differences AE and transfer matrix element J was
first derived by Sussmann. Some modifications
are necessary in order to include small-polaron ef-
fects; the corresponding transition rate has been de-
duced by Teichler and Seeger, cf. also Ref. 37.
Their results contain contributions from even and
odd combinations of the double force tensors of
the muon in its initial and final state. For dif-

fusion between equivalent sites only the even com-
bination contributes and after applying an isotropic
Debye approximation, their Eq. (9) yields for pho-
non absorption (b,E & 0)

J,frP (hE) d

12~pksco exp(EEIk~ T) —1

(16)
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located in the centers of the interstitial sites. The
latter case appears to be very unlikely since up to
now H has always been found to be in a symmetry
position in undisturbed metals. Starting from
Teichler and Seeger and applying again an isotro-
pic Debye approximation we obtain the one-
phonon transition rate for this case in a high-T ap-
proximation (be «ks T, where b,E is now the ener-

gy difference between the two different interstitial
sites):

(18)

plus a term which is equivalent to Eq. (17).
Although Eq. (18) does not contain b,e explicitly

it is a consequence of an energy difference between
the sites considered. If equivalent sites of an ideal
crystal are made inequivalent by the introduction
of defects, the difference of the traces in Eq. (18)
would also depend on the strength of the distur-
bances.

D. Transition between coherent and
incoherent diffusion; summary

Assuming the theoretical expressions given above
for coherent and incoherent diffusion, one can
predict the transition temperature T, below which
coherent diffusion prevails and above which in-
coherent hopping dominates. If the same phonon-
interaction process would delimit coherent dif-
fusion at lower temperatures and promote hopping
at higher temperatures, T, would coincide with the
temperature above which extended states are no
longer meaningfu1. The pertinent process is the in-
teraction of the phonons with the effective tunnel-

ing transfer. Holstein' has discussed in this way
the temperature-dependent lifetime of band states
and the concomitant transition to incoherent hop-
ping. Also, Petzinger has developed a unified
theory of coherent and incoherent diffusion; his
predictions of T, are some tenths of the Debye
temperature of the host crystal. Additional in-
teraction processes tend to further reduce coherent
diffusion without promoting incoherent processes
at higher temperatures, hence the actual transition
temperature should be lower than estimated from
the argument above. For example, Kagan and
Klinger have considered intrawell scattering of
phonons on a localized interstitial, but they did not
give an explicit prediction of T, ". The rate de-
rived from the direct phonon-scattering process
leads to an estimate of TP"=34 K in Cu (Ref. 26)

and similar values are expected for the other fcc
metals.

In summary, the main predictions of the theory
of small-polaron motion in crystals are as follows.

(i) Diffusion occurs at low temperature through
coherent transfer processes, resulting in a diffusion
coefficient which in general increases with decreas-
ing temperature.

(ii) At higher temperatures diffusion takes place
via thermally activated hopping of localized small
polarons. The explicit behavior with temperature
depends on the process which is most effective in
delimiting coherent transfer or promoting hopping.
We have collected the various predictions for tem-
perature dependencies in Table I. We emphasize
that the ranges of validity are not included in the
table; the main text should be consulted for their
consideration.

E. Capture and release at trapping centers

It has been demonstrated by various experiments
that defects can act as trapping centers for
muons, ' hence the motion of muons is strongly
influenced by them. We will describe transport of
muons in the presence of traps by a two-state
model. In this model a particle spends an average
time r~ in the state of diffusion; it is then captured
by a trap and released from the trap after a mean
time ro. The implications of these processes on
muon depolarization will be discussed in Sec. IIIE.
In this section we will discuss in more detail the
parameters ro, ~j of the two-state model. It is also
possible to generalize the two-state model to an n-
state model, in order to take several kinds of traps
into account.

The escape out of a trap is only possible by
thermal activation, hence the escape rate ~o

' must
exhibit this feature. The activation energy should
be characteristic for the detailed structure of the
trapping center, i.e. specific for the kind of defect
or impurity introduced. The escape rate ro
should be independent of the concentration of the
trapping centers, except for secondary influences at
higher concentrations. For structured traps the fi-
nal escape results from several steps, and no simple
relation between the total activation energy and
that required for the individual steps is expected.

The capture rate ~~
' is sensitive to the nature of

the transport processes which lead a muon towards
a trapping center. In the case of hopping of local
ized muons, the theory of diffusion-controlled trap-
ping can be applied, with the result



26 MUON DIFFUSION AND TRAPPING IN ALUMINUM AND. . .

TABLE I. Temperature dependence of scattering rates and diffusion coefficients for
small-polaron motion.

Coherent diffusion

Scattering process Scattering rate

Diffusion coefficient

~efr && ka T zJ,qf ggk~ T

Phonon scattering on in-

terstitial

T9 T—8

Phonon scattering on fluc-
tuating tunneling transfer

T7 T 7 T—6

Electron scattering T2 T-2

Scattering on impurities cT' T'/c T/c

Incoherent Diffusion

Interaction process Diffusion coefficient

One-phonon process (requires energy difference hE)
Two-phonon process
Multiphonon process

(aE)'T
T7(T3)

T' exp( —E, /k g T)

—1
7 ) =4&fgDn, g (19)

—1 =o.vn, ,

where U is the mean velocity of the muon and 0.

the absorption cross section. For sufficiently long
mean free path, the large de Broglie wavelength X
of the muon at temperatures below 1 K must also
be taken into account (cf. Sec. II 8 2). For large k
and deep traps the absorption cross section o. is
proportional to v ', thus 7~ becomes independent
of v. The result is a temperature-independent
capture rate, as has been found for positrons
trapped by vacancies. Positrons have a much

(20)

Here r, is the trapping radius and n, the number of
trapping centers per unit volume. Equation (19) is
valid for a random walk with mean free path
I «r, . In the case of random walk on a regular
lattice with randomly distributed traps a similar re-
sult holds. In the case of extended traps, r, is an
effective radius determined by the condition that
the lowering of the saddle-point energies is approx-
imately equal to kz T, leading to r, ~ T

In the case of coherent transport, when I g~r„
the capture rate is given by

smaller mass than the muons, but on the other
hand the temperature of our investigations is much
lower than in a typical positron experiment, hence
similar conditions with respect to A, should hold.
For more shallow traps, the effective absorption
cross section can depend on temperature in a com-
plicated way. The behavior of the capture rate in
the intermediate region where l =r, is not well un-

derstood; one expects a smooth interpol'ation be-
tween Eqs. (19) and (20).

III. EXPERIMENTS ON MUON DIFFUSION

A. Preparation of samples

Because the dynamics of muons depends very
sensitively on chemical and structural imperfec-
tions, high-quality samples are needed to obtain re-

liable experimental results. In the fallowing the
techniques used to prepare and ta characterize such
samples for the present investigations will be
described.

Aluminum with less than 1 ppm af metallic im-

purities was used as base material (brand Kryal R-
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OZ from Vereinigte Aluminium Werke AG,
Bonn). The residual resistivity ratio of this materi-
al varied between 15000 and 30000. The nominal
purities of the alloying elements were as follows:
Ag, 99.9999%, Li, 99.85%; Mg, 99.998%%uo, and
Mn, 99.99%. The alloys were prepared by high-

frequency (HF) induction melting. To obtain

homogeneous samples in the 100-at. ppm range an
intermediate master alloy was used. The crucibles
were made from high-purity alumina. Before
melting the casting unit was evacuated to 10
Torr, flushed with argon, reevacuated, and pressur-
ized with 1400 Torr of an Ar —4 vol. % H2 gas
mixture. The melt was cast into graphite-coated
stainless-steel molds to form blocks with the di-

mensions 15)&7)&2 cm . From these blocks the
polycrystalline samples (dimensions 3 X 3 X 2 cm )

or the blanks for the single crystals were machined.

Single crystals with a diameter of 1.3 or 1.5 cm
were grown by the Bridgman technique. The ma-
terial of the crucible was either graphite or boron
nitride. [110]-oriented seeds were connected to the
blanks by electron-beam welding. Crystals with a
length of approximately 10 cm were grown at a
rate of 0.5 cm/h. The atmosphere in the growth
unit consisted of high-purity argon at a pressure of
1200 Torr which was introduced into the apparatus
after various pump-down cycles to 10 Torr. The
crystals were usually sectioned into three pieces by
spark cutting. After rechecking the orientation of
each individual piece with x-rays, they were
mounted to form the specimens.

Three techniques were employed to characterize
the samples. The structural quality was assessed

by diffractometry with 412-keV y rays. At every
centimeter along the crystal axis the rocking curve
due to a slice with a thickness of 0.1 cm was mea-
sured. Usually widths at half-height below 30"
were obtained. In only a few cases they reached
values of 120". The concentration of the alloying
element was determined by atomic absorption spec-
troscopy. From each individual piece of material

up to three probes were taken and dissolved in a
HNO3-HCl mixture. At least three independent
concentration determinations were made for each
solution. The results are listed in Table II. The
level of residual impurities was checked by spark-
source mass spectrometry. Test samples were
made by cutting a pair of pins from the bulk and

by turning them on a lathe with a diamond tool.
No etchant was used. Each pair of pins was
analyzed four times. The average results for some
samples are reported in Table III. The symbol (
means well below. The reported values are con-
sidered to be on the high-level side. For the dop-
ing elements Ag, Li, Mg, and Mn the results ob-
tained by atomic absorption spectrometry are much
more reliable. Because the mass spectrometer was
adjusted for the high masses, a quantitative
analysis of the Li line was not performed. The
high carbon levels probably result from the use of
the diamond tool. No figure is given for oxygen
because the interference with the surface oxide was
strong and erratic. The level of dissolved oxygen
is estimated to be below 1 ppm. The high mag-
nesium level may be correlated with the high vapor
pressure of this element. The iron level in the
AlMn sample is probably an artifact due to the re-

TABLE II. Determination of the concentration of the alloying elements in aluminum by atomic absorption spectro-
scopy.

Alloy
designation

Nominal
concentration

(at. ppm)

Measured
concentration

(at. ppm)

Number of
sample
uptakes

Number of
determinations

AlAg
AlLi
AtMg
AlMn
AlMn
AlMn
A/Mn

AlMn
AlMn
AlMn

117
75
42

5

10
42
57
70

1300
1300

116.8+ 3.8
75.8+ 4.0
41.5+ 4.0
4.6+ 0.8
9.9+ 0.1

41.8+ 5.6
57.6+ 2.0
69.9+ 1.6

1137.0+53.0
1296.0+87.0

6
10
3
7
6

10
20

6
12
15
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TABLE III. Determination of impurities in high-purity aluminum and different aluminum alloys by spark-source
mass spectrometry. The concentrations are given in at. ppm.

Pure Al AlAg AlLi

Li
Be
B
C
N
F
Ne
Na
Mg
Si
p
S
Cl
Ar
K
Ca
Sc
Tl
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga
Ag

& 0.02
& 0.02

0.006
6.0
0.32
0.024

0.015
1.5

&0.1

&0.1

0.89
&0.1

0.83
0.27

& 0.02
&0.3
& 0.15

& 0.06
& 0.025

0.2
& 0.1

(0.15

& 0.025
& 0.11

1.8
& 0.3

& 0.3
& 0.06
&0.1
&0.2
0.8+0.5
&0.3
(0.3
0.2+0.04
1.0+0.04
& 0.7
(0.5
& 0.5
& 0.3
&0.1

& 0.5
&0.2
& 0.1
& 0.3
&0.3
& 0.5
&0.2
0.3+0.08
&04
&0.2
0.2+0.07
& 0.1

&0.5
94+33

(0.6
(0.5
3.1+1.9
0.7+0.2
(0.4
& 0.1

1.0+0.3
0.9+0.2
& 0.3
&0.2
(0.9
& 0.6
(0.1

(0.3
(0.3
& 0.6
(0.6
0.5+0.02
& 0.5
& 0.5
0.2+0.02
&0.3
& 0.3
0.4+0.1

0.6+0.2
& 0.5

& 0.08
(0.06
(0.4
1.2+0.9
0.1+0.02
& 0.7
& 0.3
&0.5
521+270
&1
&0.4
& 0.4
& 0.2
& 0.1

& 0.1

0.1+0.01
& 0.5

&0.08
& 0.06
& 0.5
5.8+ 1.8
0.2+0.02
& 0.6
&0.3
0.1+0.04
(2
(1
0.02+0.1

0.05+0.2
(0.2
(0.2
& 0.6
&0.5
& 0.3
& 0.3
(0.2
1.1+0.4
11S+19
4.0+ 1.6
& 0.1

& 0.5
0.2+0.08
& 0.5

action of a Mn+ ion with the hydrogen of the
residual-gas atmosphere. A conservative con-
clusion is that the amount of all the residual im-

purities is less than 5 at. ppm and that the level of
metallic impurities should not exceed 2 at. ppm.
Finally, one should keep in mind that the major
part of these elements are segregated at structural
sinks.

B. Experimental setup

The experiments were performed in the muon
beams at the 600-MeV synchrocyclotron at CERN,
Geneva. Two different beam lines and experimen-
tal setups for @SRhave been employed in this in-

. vestigation. The CJ1 beam is the more intense,
with typical count rates of -500 events/s. This
figure is reached in spite of the fact that the effec-
tive detector solid angle must be limited to —15%

because of the high positron contamination. The
second beam line, the LJ1 beam, can give count
rates of -300 events/s with a solid angle of
-30%. This beam is much cleaner, with lower
background, but can occasionally give problems
with bad time structure.

In these experiments the detectors were normal
plastic scintillators (NE 102) put together to make
one in-beam muon-sensitive telescope and two or
three positron-detector telescopes. In the positron-
contaminated CJ2 beam a perspex Cerenkov detec-
tor was added to eliminate positrons by means of
logical anticoincidences.

Ordinary leading-edge discriminators were em-

ployed for time definition since a time resolution
of 3—4 ns is far from critical at the maximum
magnetic field applied in these experiments (1500
G). Time histograms were collected by direct time
to digital conversion at 500 MHz or 1 GHz clock
frequency. The number of events collected varied
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from 10 to 3X10 . In the more intense CJ2 beam
a pile-up logic was always used to remove events
where two muons were stopped in the sample
within 10 ps. This reduced the rate of data collec-
tion by -30%. In the LJ1 beam pile-up rejection
had no noticeable effect and was therefore sorne-
times omitted.

The CJ2 beam line is equipped with an iron
magnet and a He continuous-flow cryostat, capa-
ble of reaching temperatures down to 2 K. The
lower-temperature data were taken in the LJ1 beam
in a He-"He dilution refrigerator, which can cool
the pSR samples to 30 mK; the maximum tem-
perature that can be stabilized accurately in this
setup is around 15 K. Therefore some overlap of
the temperature ranges is possible. The magnetic
field in the LJ1 beam is given by a Helmholtz coil.
At present the maximum field is limited to 1400
G, which is enough, however, to essentially decou-
ple the electric field gradient on the Al nuclei in
the AlMn alloys.

The temperature was measured with calibrated
germanium, carbon, and platinum resistors, and
was stabilized within 0.2 —1.0%. In the dilution
refrigerator problems arose below 100 mK, since
our calibrated Ge resistor, attached directly to the
sample, lost heat contact below that temperature.
On the other hand, carbon resistors were sensitive
to beam heating in this temperature range. Repro-
ducible results for the lowest temperatures could be
best obtained by reading a carbon resistor placed
on the sample holder a few centimeters out of the
central beam spot. It was quite clear that the
holder and sample were in good thermal contact,
since the measured pSR damping parameter
responds to the holder temperature changes all the
way down to lowest temperatures. Also, in the ab-
sence of a beam a carbon resistor attached to the
sample showed a temperature compatible to that of
the holder. The low-temperature measurements on
the AlMn 5-ppm sample were unfortunately made
with a reversed-resistor arrangement, and the de-
rived temperatures are in this case based on com-
parisons with a third resistor placed far away from
the sample. Above 100 mK no such problems
were found.

The orientation of the single crystals was
checked with Laue backscattering after the mount-

ing on the sample holders. The accuracy of the
orientation including the mounting in the cryostats
is 2 —3". In the He cryostat the samples can be
rotated around an axis perpendicular to the mag-
netic field and the beam direction. Thus it is pos-
sible by mounting the single crystals with the [110]

direction parallel to the axis of rotation (for cubic
lattices) to bring any of the main crystal directions

[100], [110],or [111]to coincide with the direction
of the magnetic field. In the dilution refrigerator
this rotation is not possible, and the single-crystal
samples had to be taken out and reoriented on the
sample holder.

C. Data treatment

Transverse-field muon-precession data are nor-
mally analyzed with the expression

N =Noexp( t/t„)[—1+aoE(t)cos(cur+/)]+Bg,
(21)

where t„=2.20 ps is the mean lifetime of the
muon, co is the precession frequency with initial
amplitude ao, and Bg is the accidental (flat) back-
ground. The damping of the polarization P(t) is
typically taken as either exponential exp( —A, t) or
Gaussian exp( —o r ). In practice a more complete
expression is always used at CERN:

N =Noexp( r lr&) J 1+—[a PO(r)+ 6 fsO(t) ]

Xcos(cot+/) j+Bg .

(22)

Here ao is the effectively observable asymmetry
from the sample and bo is the asymmetry originat-
ing from muons stopping in regions around the
sample (sample holder, cryostat walls, etc.). This
fraction is never negligible in the CERN beams; bo
is typically between 0.02 and 0.06 depending on
sample size, etc., while the total observable asym-
metry ao ranges from 0.18 to 0.26.

This precessing background component is
characterized by an asymmetry bo and a damping
function fs, while the frequency can be taken as
equal to that of the muons in the aluminum sam-
ples. Empirically it has been found that a Gauss-
ian damping fs(t) =exp( crit ) is a good rep—re-
sentation of the background function. The param-
eters bo and o.

~ were determined by replacing the
actual sample by a dummy sample of stainless steel
having the same dimensions and mass, in order to
ensure the same absorption conditions as in the
real measurements. The stainless steel becomes an-
tiferromagnetic below 40 K, and no precession sig-
nal from the dummy sample can then be seen.
Therefore the remaining precession signal gives the
background from the surroundings, under similar
conditions as in the real measurements.

A complementary way to obtain information
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about the precessing background is to reduce the
temperature to well below the superconducting
transition temperature (-1 K) while keeping the
aluminum samples in zero magnetic field. A weak
magnetic field (below 100 G) is then turned on,
and the small precession signal from the surround-

ings can be observed. This procedure will however

only yield b0 since Ob is affected by the magnetic
field distortion around the superconducting sample.
Since, however, o.

b is very well known for the LJ1
setup, this procedure could be used in a few cases
in order to save the time for sample changes,
which is quite substantial with the dilution refri-
gerator.

D. Results of the measurements

As mentioned in the Introduction, pure alumi-
num does not show any measurable depolarization
down to low temperatures. The temperature range
has been extended by our group down to 30 mK '

and the depolarization rate has been found negligi-
ble down to 100 mK. The low-temperature results
for the damping parameter o for pure Al have
been included in Fig. 1.

The dramatic effects of doping aluminum with
small amounts of impurities can be seen in Fig. 1.
Here the depolarization rate o is displayed for
various concentrations of mangenese impurities,
and compared to the results from undoped alumi-
num. The damping parameter cr is used, which
follows from the assumption of Gaussian depolari-
zation P(r) =Poexp( or ) Mor—e detail. s on the

depolarization process can be found in Sec. III E.
Values of cr below 0.05 ps ' can hardly be dis-
tinguished from zero depolarization within the
statistics of the measurements. The small increase
in o for the 99.9999% pure aluminum sample
below 100 mK is, however, believed to be a real ef-

fect, presumably reflecting the influence of the
residual —1 ppm impurities.

The temperature dependence appearing in Fig. 1

can for convenience be separated into two different
regions —one below 1 K where o. is roughly pro-
portional to ln(1/T), and another above 1 K where
a characteristic peak in the depolarization rate ap-
pears. At still higher impurity concentrations the
two regions are not as well separated as can be
seen from Fig. 2, where the results from a 1300-

ppm sample are shown together with other single-
crystal results. The 1300-ppm sample was mea-
sured several times, and the data included in the
figure contain several measurements with the field
in the [111]direction. In fact, these data are in
reality coming from two samples, one with 1137
ppm and the other with 1296 ppm Mn, but since
we do not find any significant difference in the
pSR results we use 1300 ppm as a common nota-
tion.

The temperature and concentration dependence
of o in the region above 1 K shows the typical
features of capture and release of muons from
traps. Figure 3 shows this region in more detail
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AlMn polycrystalline samples. The external field is
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FIG. 2. Gaussian damping parameter 0 for AlMn
single-crystal samples. The 1300-pprn sample was mea-
sured in a (220—250)-G field, the others in a
(130—150)-G field. At these field values there should
only be small differences between the different orienta-
tions (cf. Fig. 7).
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for the 3/Mn samples of various concentrations.
The 1300-ppm sample shows clear indications of
saturation, i.e, around 15 K practically all muons
remain in traps during the time of observation. In
this sample a secondary peak seems to appear at
higher temperatures. Similar extra peaks have
been seen in other strongly doped aluminum and
niobium samples. '

The effect of doping aluminum with other kinds
of impurity atoms can be seen in Fig. 4. In the re-
gion above 1 K this appears as a shift of the
characteristic temperature for the trapping peak,
i.e., the escape process starts around 20 K in AlMn
and AIAg but around 50 K in AlLi and AlMg.
The AIMg results should be compared to a mea-
surement by Kossler et al. on an AlMg sample
with higher concentration (1000 ppm). The
characteristic escape temperature is the same, and
even the indications of a double structure in the
peak is similar for the two different concentrations.

While the trapping peak appears at temperatures
seemingly characteristic for each kind of impurity,
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the low-temperature data below 1 K are very simi-
lar for AlMn, AlLi, and AlAg. Figure 5 shows this
part of the temperature range, and it is evident
that the functional form of the temperature depen-
dence is identical for the different impurities. The
Mn atoms appear to produce a stronger depolariza-
tion per impurity atom than Li and Ag. This may
be related to the local lattice distortion around the
impurity, where Li and Ag act only locally, giving
practically zero net volume expansion.
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FIG. 3. Trapping peak region around 15 K for AlMn
samples of various concentrations. Some of the samples
have been measured at more than one magnetic field,
which is indicated by different symbols. The 42-ppm
points are at higher field than the others except for the
three points marked with a double ring. These were
measured at 130 G and scaled down 15% in order to ac-
comodate for the field dependence of the linewidth.
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E. Evaluation of results above 1 K

1. Depolarization through incoherent

hopping, including trapping

As has been noted above, the measured depolari-
zation parameter o in the Al alloys above 1 K
shows features which are characteristic of trapping
and detrapping processes. In order to analyze the
data further we need a relation between the ob-
served depolarization and the hopping processes,
including trapping. Since these topics have been
covered in detail in several publications ' we

only indicate the main results of the theory.
An immobile, pointlike muon shows in good ap-

proximation a Gaussian depolarization (normalized
to unity):

P(t)=exp( o t —) . (23)

For cn; »1, i.e., practically immobile muons, one
obtains from this equation the static result, Eq.
(23), whereas for or, «1, corresponding to rapid
motion, one finds exponential decay which
represents motional narrowing,

P(t)=exp( 2o r, t) . — (25)

A "strong-collision" model where co' changes its
values abruptly leads essentially to the same re-
sults. ' One of the authors has numerically in-

vestigated the relation between the residence time,
~, and ~, . It was found that ~ is very close to ~,
for 0 and T sites in fcc lattices while they can
differ considerably for bcc lattices for high applied
fields.

The influence of capture and release processes on

the depolarization of the muon spin in the case of
incoherent hopping can be treated in the frame-
work of the two-state model outlined in Sec. IIE.

The width of the Gaussian cr is related to the dipo-
lar interactions of the host atoms with the muon,
cf. Sec. IV A. If localized muons perform hopping
motion, they are under the influence of different
dipolar fields during their lifetime. The rotation
frequency co' of the transverse muon spin due to
the dipolar fields becomes time dependent. One
usually assumes a Gaussian Markov process for
co'(t) with a correlation time r„which should be
proportional to the mean residence time of a muon
on a particular site. The polarization decay result-

ing from this assumption is

P(t)=expI —2o r, [exp( tie, ) —I+—tlat, ]J .

According to this model, a muon diffuses in a free
state for a mean time r~, and then spends a mean
time ~p in the trap, etc. This process is similar to
the elementary processes of the strong-collision
model, and that model is also easily extended to in-
clude trapping and detrapping. ' The depolari-
zation decay is determined by two coupled integra1
equations that can be solved explicitly in the La-
place domain. The solution for P(t) in the time
domain is then obtained by numerical transforma-
tion. Since this procedure is somewhat unwieldy
for use in fitting routines we actually used the ap-
proximate treatment of the polarization decay
within the two-state model by a set of two coupled
differential equations. As has been shown in
Ref. 51 the solutions of the differential equations
are always similar to the solutions of the integral
equations; especially similar are the resulting
damping parameters of both approaches, which
differ only slightly. Other derivations of the polar-
ization decay for diffusion in the presence of traps
have also been given; e.g., Petzinger, Munjal, and
Zaremba have developed a Gaussian-Markovian
theory for P(t).

2. Results for the parameters

In order to obtain the physical parameters for
the trapping region above 1 K we have fitted the
data with the differential equations for the two-
state model of Ref. 39. The fitting was actually
done in two steps by first deriving a 0. value from
the theoretical P (t) function, and then comparing
the experimental and theoretical 0. values in a
least-squares fit. Here we have used the value
0 p =0.265 ps ' for the damping in the absence of
motion when fitting the data taken in 150 G mag-
netic field, while the AlMn 42-ppm sample mea-
sured in 500 G was fitted using O.

p ——0.22 ps '. In
principle a simultaneous fit of several measure-
ments with the static 0. as a free parameter could
be attempted, but this has not been done with the
present data.

The differential equations of Ref. 39 were solved
under the assumption that the muon diffusion in
the free state is rapid enough to give zero polariza-
tion. In this case ~, is very small and the equa-
tions of Ref. 39 can be simplified. The resulting
systems of equations were solved by a Runge-
Kutta method and used in the least-squares fits to
the experimental 0. values. The temperature depen-
dence of the escape rate was taken as an
Arrhenius-type process 7 p =I oexp( E, Iks'I), —
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while the capture rate ~&
' appears almost propor-

tional to T. In the fits we used ~~
——I &T with

the exponent a as a free parameter, which was
found to be slightly below 1 for the AlMn samples.
The data from three different concentrations were
fitted simultaneously with a common temperature
dependence but different prefactors. The results of
the fit are found in Table IV.

The fitting of the trapping peaks in the case of
the other impurities is complicated by the fine
structure visible in the linewidth as function of
temperature, and the parameters summarized in
Table IV are to some extent an average description
of the situation. A fit with several trapping
centers as in Refs. 6 and 49 was not considered
worthwhile.

F. Evaluation of results below 1 K

1. Depolarization through coherent motion

As mentioned in Sec. II there are reasons to be-
lieve that coherent processes may be effective
below 1 K. We must therefore consider the inter-
pretation of the depolarization in the region where
coherent diffusion prevails. Although the theory
of depolarization has only been partially worked
out for this case, we try to outline the behavior of
0(T) for coherent diffusion, followed by trapping
in impure crystals.

The polarization P(t) of the spin of the muons
can be expressed in terms of the time-dependent
correlation function of the magnetic fields acting
on the muon. ' Assuming that there is no reac-
tion of the muons on the dipolar fields and that T~

processes can be neglected, McMullen and Zarem-
ba showed that the decay rate of P(t) is deter-
mined by the "self-diffusion function"
(n(r, t)n(r 't') ) where n(r, t) is the density opera-

tor of a muon at site r at time t. For sufficiently
long times the decay rate is governed by the corre-
lation time r, defined by

r, =I d(t —t')(n(rt)n(rt')) . (26)

For incoherent hopping r, is proportional to the
mean residence time on a site. For coherent dif-
fusion in the transition region to incoherent jumps,
where the extension of the wave packets is still
small, r, should be given by the effective time of
transfer to neighboring site, i.e.,

2
/Dgoh (27)

If r, o « I, the polarization decay in this region
should correspond to motional narrowing accord-
ing to Eq. (25) with r, given by Eq. (27). The
derivations of McMullen and Zaremba suggest the
validity of Eq. (27) also for the case of large mean
free path of the muons.

The purest aluminum shows virtually complete
absence of depolarization down to 100 mK; in oth-
er words, there is practically no structure in cr(T)
which could be compared with theory. In order to
deal with the impure samples, depolarization in the
case of coherent diffusion in the presence of trap-
ping centers must be considered explicitly. This
can be done again in the framework of the two-
state model. Here two simplifications can be
made:

(i) Complete motional narrowing can be assumed
during the coherent diffusion of the muon in the
undisturbed regions of the crystal, in view of the
findings for pure Al.

(ii) Release processes from the traps can be
neglected at the temperatures considered, since
they would require thermal activation.

Then, the main source of depolarization is the
trapping of the muons which is determined by the
trapping rate 1/v~. Contrary to depolarization

TABLE IV. Fitting parameters of the two-state model for the different Al samples.

Sample
Conc.
(ppm) I , (s ') I p (s ') E, (K)

AIMn
AlMn
AlMn
AlLi
AlMg
AlAg

42
57
70
75
42

117

1.62(12)X 10'
2.02(14)X 10'
2.43(14)X 10
4.0 (10)X10
3.3 (4)X10
3.9 (5)X10

0.89(3)

0.36(7)
0.54(4)
0.45(5)

2.86(35)X 10

0.85(15)X 10
2.03(44) X 10
2.45(32) X 10'

120(6)

145(27)
142(7)
87(7)
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during the diffusion process, where the damping is
proportional to r, [see Eq. (25)], it is now roughly
proportional to I lr1 C. onsidering Eq. (19) this
means that here the damping is governed by 1/~, . 3 0(6)T—0.61(4) 0.7614) X 106 —1

(29}

(r0 '~0) were assumed. The result of the fit of
~, 'is then

2. Results

—1 6 9(1 2)70.60(4) —0.76(4) X 105 —1 (28)

where T is given in mK and c in ppm. The possi-
ble interpretations of such a straightforward appli-
cation of Eq. (24) are discussed in Sec. V.

As suggested above, we have also fitted the data
by the two-state model. The differential equations
of Ref. 39 were used and fast diffusion in the free
state (r, '~ ao) together with negligible escape

s s s
1

s s s s I
}

I s s s

We have first fitted the experimental data below
1 K by the formula (24), which interpolates be-
tween Gaussian depolarization and motional nar-
rowing but assumes a uniform type of motion over
the time of observation. Figure 6 shows the in-

verse correlation times r, ' for the different AMn
samples. In this double-log plot the results from
an individual fit of the 5-, 10-, 42-, and 70-ppm
samples are presented as solid and dashed lines.
The best common fit to the data is

Compared with Eq. (28), r1
' exhibits reversed

signs of the exponents of T and c, as it is expected
from Sec. IIIF 1.

The fits in Eqs. (28) and (29) were made directly
to the full depolarization function P(t}. This is
one of the reasons for the slightly different values
of the exponential factors from the ones given in
Ref. 48. The temperature scale has also been

slightly corrected, especially for the 5-ppm sample,
where the experimental uncertainty is large.

IV. EXPERIMENTS ON SITE DETERMINATION

A. General remarks

@SRoffers the possibility to determine the sym-
metry of the interstitial site where the muon is lo-
cated by investigating the dependence of the
linewidth 0. on magnetic field and crystal orienta-
tion. We consider immobile pointlike muons that
show Gaussian depolarization according to Eq.
(23). cr is determined by the dipolar fields created

by the host metal atoms at the site of the muon.
Van Vleck first evaluated the second moment of
the distribution of dipolar fields in the context of
NMR. His results as applied to muons is

10
7

+ Al Mn5p~
Al Mnlopp~

Al Mnl, 2p pm

Al Mn7{)pp171

L7=0.62

(3cos OJ
—1)

o = , y„y~fi S(S+1)g—
J rj

(30)

5106
y= 0.55

r y=0.66

106

5105

r y= 062

wt

10'
0.01

I ~ s I

005 01
I ssssl

05 1

FIG. 6. Inverse correlation times ~, ' for various
AlMn samples as function of temperature. The ~,
values were evaluated from Eq. (24). The lines are indi-

vidual fits to a T"dependence with the parameter v
given in the figure. A global fit of the data gives
v=0.60{4).

S is the spin of a host atom, yH its gyromagnetic
ratio, rj the distance between the muon and the
host atom j, and 0» the polar angle of the vector r~
with respect to the 8 axis.

For a single crystal, according to Eq. (30), o de-

pends on the orientation of the crystal with respect
to B. Values for o. are quite different for the main
symmetry directions [100], [110],and [111]in cu-
bic metals and depend strongly on the type of in-
terstitial site. Hence a determination of the type of
the site is possible through the measurement of 0.,
by orienting the crystal in different symmetry
directions. Hartmann pointed out that this con-
sideration only holds for large magnetic fields,
since at small fields contributions of the electric
field gradient created by the muon itself can come
into play. As a charged impurity, the muon
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creates an electric field gradient (EFG) at the
neighboring host nuclei. When these nuclei have a
quadrupole moment, a new quantization axis of the
nuclear moments has to be determined from the
combined magnetic and electric interactions. The
result for the dipolar width 0. depends strongly on
the relative interaction b =coo/coE, where coE is an
electric interaction frequency determined by the
quadrupole moment and the strength of the EFG.
For small b the EFG interaction dominates and 0.

is nearly isotropic; for b &&1 the van Vleck values

[Eq. (30)] are obtained. Aluminum possesses a
quadrupole moment Q =0.15 b, and the ratio of
the quadrupole to magnetic moment is somewhat
lower than in copper. It should therefore be quite
easy to quench the electric interaction by applying
magnetic fields. The crossover from electric to
magnetic field behavior occurs around b =5; for a
detailed discussion see Ref. 59. The field depen-
dence of the depolarization rate 0. can also be used
to estimate the strength of the electric field gra-
dient produced on the surrounding lattice nuclei.

B. Experimental results

The first measurement of the field dependence in
aluminum was made on the 1300-ppm single-
crystal sample. Here the puzzling fact emerged
that at 15 K the muon site appears to be
tetrahedral, while at lower temperatures (2—7 K)
there seems to be a mixture of octahedral and
tetrahedral interstitial sites. Since then we have
made several other measurements on single crys-
tals, and the present situation is illustrated in Fig.
7. The data indicate at the lowest temperatures a
practically pure octahedral site, while the inter-
mediate region is a mixture, and finally the trap-
ping peak at 15 K has tetrahedral symmetry as be-
fore.

The absolute values of the o's are smaller than
the calculated values for pointlike muons in undis-
torted environments. This effect is about 30% for
the 1300-ppm sample at 15 K, where we believe
that all muons are trapped and a static linewidth is
observed. As in the case of copper this can be
ascribed to either a local lattice dilatation (-10%)
or a local spread of the muon wave function.

The quadrupole frequency coE/2n. derived from
the 1300-ppm sample at 15 K is 0.051 MHz. This
corresponds to a field gradient of q =0.40 A at
nearest neighbors. The previous value given in
Ref. 5 was numerically wrong by a factor of 2.
The uncertainty in the determination of coE is

I I ~ & & ~ I

T=0.04 K T=0.27 K

0 0
o o(100)

i(»i)

t(»1)

C =1300 pprnC= 57ppm
0 I I s

I I ~ ~ I

T=3K
I ~

I I

T=5 K

0.2—

0 w~ (»1)
0 (1oo)
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I ~ ~ i I I I ~

~ ~

I ~ I0 ~ I ~ ~
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FIG. 7. Magnetic field dependence of the damping

parameter o. for several A/Mn samples and tempera-
tures. The 0.04-K data shows an octahedral interstitial
site symmetry, while the two measurements from 15 K
show a tetrahedral site symmetry.

around 15%, and in addition, errors in the quadru-
pole moment will affect the uncertainty in q.

The electric field gradient at the lowest tempera-
ture was also derived from the 57-ppm data (octa-
hedral sites). The value at nearest neighbors is

0
0.30 A . This somewhat lower value at the octa-
hedral position could just reflect the increased
muon-aluminum distance (the r dependence as-
sumed for q leads to a relative decrease of 0.65
compared to the tetrahedral site).

In the previous discussion we have assumed that
the muon is in a pure aluminum dipole environ-
ment. This is certainly a good approximation for
the AlMn samples, where the Mn atoms have
about the same magnetic moment as the aluminum
atoms. In addition the field gradient created by
Mn on neighboring Al atoms is known to be 0.45
A . Although the exact behavior of the muon
linewidth in this complicated situation with the
two different sources of field gradients has not
been calculated, we have previously drawn the con-
clusion that the muon can hardly be a nearest
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neighbor to the Mn atom.
We have also studied the magnetic field depen-

dence of the AlMg 42-ppm polycrystal at 40 K.
The measurement does not give as clear informa-
tion as a single crystal, since the site can not be
determined and the maximal change in 0. with B is
only 32%. However, the data indicate that the
electric field gradient is somewhat smaller in AIMg
at 40 K than in AlMn at 15 K. The reason for
this is not clear—a different site preference is a
possibility. Experimental problems may also have
influenced this measurement.

There is also the possibility that an electronic
moment at the Mn atom contributes to the
linewidth of the muon. It is not certain whether
AlMn can be considered as a Kondo system. But
if this is the case, the Kondo temperature is 700
K, which leads to spin fluctuations of the order of
10' s '. This rapid fluctuation rate gives a negli-

gible contribution to the depolarization (less than
0.001 ps ') even if the muon is at the nearest in-

terstitial site to the Mn atom. Also, the similarity
of the depolarization rate in Fig. 5 obtained for
AlAg and AlMn invalidates that any paramagnetic
effects are from Mn.

V. INTERPRETATION

As was noted in the presentation of the results

the observations fall naturally into two categories,
reflecting essentially different processes above and

below T=1 K, respectively. The same division

will be kept as we now attempt to interpret the

data in somewhat more detail.

A. Region above 1 K

The salient features of muon depolarization in

Al crystals with impurities above 1 K, can be sum-

marized as follows:

(a) There are maxima in the damping rate o ( T).
(b) The heights of the maxima increase with the

concentration of the impurities.
(c) The positions of the maxima and the detailed

shape of o(T) are specific for each kind of impuri-

ty introduced.

These observations constitute clear evidence that

muons, which diffuse by thermally activated pro-

cesses at these temperatures, are captured and

released by the impurities. Some points of this

general picture need more detailed consideration.

The data for Mn-doped Al and the analysis by
the two-state model show that the capture rate ~&

is proportional to c. Hence the trapping takes
place at single impurities (except for c = 1300 ppm
as will be discussed below). The two-state model
can also be used to extract some information on
the nature of the traps. We consider Al with 70
ppm Mn as a particular example. At a tempera-
ture of 17 K corresponding to the maximum of
o.(T) the fit by the two-state model gives r&

——3.3
ps and ~0 ——40 ps.

Not every muon is caught by a trap during its
lifetime in this sample at 17 K; however, when it is
trapped it will rarely escape. The mean equilibri-
um population of traps corresponding to these
values is 92%. (Owing to the nonequilibrium ini-

tial condition and the finite lifetime of the muons
the actual average population of the trapping sites
will be reduced compared to this value. )

On the other hand, if one estimates the mean
equilibrium population for trapping sites having a
binding energy corresponding to 120 K (cf. Sec.
III) from Boltzmann statistics, one finds a value of
only 7.5% at 17 K for this sample. We ascribe
this apparent discrepancy to the structure of the
trapping centers. Each impurity creates a region
containing several sites where muons are effectively
caught. The comparison of the thermal and the
two-state values of the populations suggests a fac-
tor of the order of 100 trapping sites for each Mn
atom. Extended traps can also modify the activa-
tion energy for escape, i.e., the activation energy
seen in the depolarization process can be smaller
than the binding energy. Analogous effects have
been observed in a neutron scattering experiment
on H in XbN„. In the sample with 1300 ppm
Mn one finds almost no indication of motional

narrowing below 17 K. This can also be attributed

to the existence of extended regions around the Mn
atoms where the motion of the muons is strongly
hindered.

Another experimental fact supporting the picture
of extended traps is the value of the electric field
gradient derived for the muon sites at 15 K in the
Mn-doped samples. It is characteristic for a T site
in a pure Al environment. It is therefore improb-
able that a Mn atom is a nearest neighbor.

Herlach has studied the trapping of muons on
vacancies in Al produced by electron irradiation
and found no indications of trapping for 5-ppm
vacancies in the temperature range under discus-
sion, whereas for 5 ppm Mn clear indications of
trapping are observed. We conclude that the trap-
ping radius of Mn exceeds that of vacancies con-
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siderably.
The application of the theory of diffusion-

limited trapping to the experimentally determined

trapping rate leads to a diffusion constant nearly
proportional to T, for temperatures between 1 K
and the maximum of cr(T). The fitted exponent of
Tin

(31)

is P=0.89(3). This temperature dependence is in
obvious disagreement with the theoretical predic-
tions for incoherent hopping, cf. Sec. II6, i.e., no
T behavior is seen. On the other hand, it is in
qualitative accordance with the rate expected from
one-phonon processes. For the strain-induced part
of the one-phonon process the diffusion rate is pro-
portional to (bE), where EE is the energy differ-
ence between strain-split levels, cf. Eqs. (16) and

(17). The average (b,E) should increase with in-

creasing impurity concentration; a rough estimate
is proportional with c . Practically no dependence
on the concentration of impurities is seen in the
hopping rate deduced from the capture rate after
the trivial concentration factor of Eq. (19) has been
divided out. In addition, the jump rates should be
very different for impurities with large and small

long-range strain fields. The data for the different
impurities used in this study lead to quite similar

jump rates, in contradiction to the expectation (cf.
Table IV}.

There remains the possibility of one-phonon-
induced transitions between crystallographically
inequivalent sites, for instance, transition sequences
0-T 0 T 0 Tin the f-cc -lat-tic-e as described by Eq.
(18). Such processes would be independent of
strain energy differences &R as long as &R' «Eo
—ET ——heoz. , and could give rise to a linear T
dependence for k~T&&dLeoT

A comparison between the trapping curves for
impurities with different volume expansions (Mn
and Mg on one hand and Li and Ag on the other)
shows only a partial correlation between the long-

range strain field produced by an impurity and the
capability of this impurity to trap (Fig. 4). The es-

cape appears not to be correlated at all. The
values of the volume expansion induced by these
impurities have been given in Table V for compar-
ison.

Neutron diffraction experiments on Al doped
with the same impurities have shown that short-
range displacements of the host atoms exist also in
the case of small or negligible long-range dilata-
tions. ' We conclude that the depths and radii of
these trapping regions depend on the detailed elec-
tronic structure around each type of impurity and
cannot be predicted from the long-range behavior.

It is also impossible at present to extract direct
information from the position of the maxima of
o(T), since they are determined by an interplay of
capture and release processes which can be quite
complicated for structured traps. The rise of o(T).
to the trapping peaks shows secondary maxima for
Li and Mg that may be caused by trapping at an
intermediate shallow level, i.e., by the internal
structure of the trap. The deviations from linear T
dependence found for these samples may be due to
the fact that such effects have not been taken into
account.

B. Region below 1 K

From the analysis of muon depolarization in

pure Al and the Al alloys the following facts have
emerged.

The apparent correlation time behaves approxi-
mately as (i) r, ~ c . and (ii) r, cc T

(iii) Impurities with small (Li) or negligible (Ag)
volume dilatations give rise to the same depolariza-
tion (apart from a small quantitative factor} as the
impurity with large volume dilatation (Mn).

(iv) The muons occupy 0 sites at the lowest tem-

peratures in contrast to the T sites found at high
temperature (15 K) for the same Mn-doped sam-

ples.
(v) The muon is localized at or near one single

TABLE V. Lattice expansion of Al due to substitutional impurities, deduced from Pear-
son (Ref. 24).

Mn
Impurity

Li

b,a for 1 at. %
Q

hV (A)

—1.5x10 '

—7.4

0.99~ 10-'

4.9

—1.1g10-4
—0.54
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interstitial site, for most of its lifetime, as deduced
from the electric field gradient, at least in 57 ppm
AlMn at the lowest temperatures.

We cannot offer a unique and simple explana-
tion of all facts noted above. Instead we will dis-
cuss different possible explanations and try to ex-

tract the most likely one. We will first examine
whether the observed facts can be understood from
motional processes in the bulk material which do
not change their character during the lifetime of
the muons, i.e., we disregard trapping.

We first consider uniform incoherent motion of
the muons down to the lowest temperatures. The
rise of a( T) with T~O would then be caused by
the gradual freezing of this process. A candidate
is the apparent one-phonon process whose existence
was supported by the T) 1 K data. The T depen-
dence is in qualitative, but not quantitative, agree-
ment with such a model which would predict
r, ' o: T (for

~

b,E
~

&&king T) The str. ain-induced

part of this mechanism would, however, produce
an increased jump rate (decrease of o) with increas-
ing c, contrary to the reversed dependence on c [see
(i) above]. The rate for jumps between 0 and T
sites would be independent of c at these low con-
centrations. Both possibilities can therefore be dis-
carded. Since the motion process should take place
mainly in regions relatively far from the impurities
where Eq. (9) should be valid, it would also be dif-
ficult to explain the independence on the kind of
impurity (iii) in this context.

Secondly we discuss whether the rise of o(T) as
T~O might be due to uniform coherent motion
According to the discussion of polarization decay
in the case of coherent diffusion in Sec. III F, the
correlation time should be inversely proportional to
D„h, cf. Eq. (27). The result for r, would then

imply D„h o-c T . Such behavior of the dif-
fusion coefficient would be in qualitative agree-
ment with the scattering on impurities as the dom-
inating scattering mechanism. This would require
that all other scattering mechanisms could be
neglected in comparison to impurity scattering.
We believe such an explanation to be unlikely.
First, rough quantitative estimates of the scattering
rate on impurities indicate that this rate is much
smaller than required to explain the data for r, .
Second, the analysis of the data above 1 K strongly
suggests that incoherent hopping of localized
muons occurs in that temperature range. It is dif-
ficult to imagine that somewhat below 1 K the
muons then abruptly propagate freely, scattering
only on the impurities. Third, the data on the
electric field gradient (v) in 57 ppm AlMn at 40

mK show that the muon is localized at or near a
single interstitial site. This is also in contradiction
to the assumption of free coherent motion between
the impurities, since the muon would be delocal-
ized in that case.

Since a simple uniform diffusion cannot explain
the data observed in the region below 1 K we have
to consider more complicated models involving a
change of the motional process during the muon
lifetime.

The least complicated of these is again trapping
preceded by a diffusive motion At . the very lowest
temperatures the muons are assumed to stay in the
traps over their remaining lifetime.

The fit of the data to the two-state model result-
ed in

0.76' —0.6

This interpretation of the damping rate presup-
poses that strong motional narrowing prevails in
the diffusive state.

The inverse dependence on temperature below 1

K immediately excludes any phonon-induced pro-
cess for reaching such low-temperature traps. The
low-T traps must therefore be reached by a
coherent process. Since the conditions are some-
what different if the transport is capture controlled
or diffusion controlled the two cases will now be
discussed separately.

The capture-controlled process requires a coher-
ence length l ))r, . As discussed above, this situa-
tion is not likely to occur because of scattering
processes due to electrons and remaining impuri-
ties. Still, if it were operative, ~] ——o.,b,vc should
be independent of T for deep traps [see Eq. (20)
and the subsequent text], which is not observed.
More complicated T dependencies than ~ v

' for
o.,b, could occur for extended traps but pre expect-
ed to be typical for each impurity whereas we ob-
serve an almost universal behavior.

The most appealing of the "simple" trapping
processes is therefore a diffusion-controlled trap-
ping preceded by a coherent motion of the type
l & r, . In this case the capture rate is expected to
be given by Eq. (19) with D~v r. With zJ,tt es-
timated to be of the order of 1 meV we expect
zJ ff ))k~ T to hold below 1 K and the velocity of
a thermalized muon should be proportional to
T' . We deduce from this interpretation the
behavior of the transport scattering rate which de-
limits coherent diffusion; explicitly ~ ' ~ c T' .
The dependencies of this scattering rate have been
listed in Table I for various possible processes.
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We note that our result for ~ ' is in obvious
disagreement with the behavior resulting from pho-
non scattering. In other words, the T behavior .

predicted by Kagan and Klinger, or variants of
it, are not observed. The behavior of the transport
scattering rate given above agrees roughly with
that resulting from electron scattering. However,
the residual dependence on concentration, and the
precise temperature power are not understood.

The fact that trapping occurs in 0 sites instead
of T sites as at high temperature is a serious open
problem; it is probably connected with the dif-
ferent nature of the process by which the traps are
reached (the low-T trapping might occur further
out from the impurity centers). It could be noted
that the smaller depolarization for Li doping com-
pared to Mn doping of similar concentration (70
ppm) means a longer trapping time, i.e., time of
stay in the coherent regime for the case of Li dop-
ing. Although the difference is not large, this fact
indicates a smaller trapping radius for Li than for
Mn.

All the observed facts [(i)—(v) above] can there-
fore be said to fit qualitatively into a picture of
coherent motion before diffusion-limited trapping.
The precise power laws are still not reproduced,
but the data provide strong evidence for the ex-
istence of coherent motion in this temperature
range, for samples of sufficient purity.

One can also consider more complicated physical
pictures, but we have not yet worked out these in
detail. For instance, one can assume that the
muons first perform rapid coherent motion and
then enter into regions where they get localized but
continue to diffuse by an incoherent process. The
region where the transition between both types of
motion occurs should be strongly disturbed (of the
order of zJ,rr); on the other hand, only energies of
the order of k&T are available for thermal activa-
tion. Hence the incoherent process would most
likely consist of a sequence of steps which lead
more deeply into the trap. This would give a
temperature-independent contribution to the depo-
larization, and the temperature variation deduced
for coherent diffusion would be slightly increased.

The interpretation of our results below and

above 1 K implies a transition from coherent to in-

coherent diffusion around this temperature. By
comparing the experimental transition temperature
of —1 K with the prediction of small-polaron
theory, which is of the order of some tenths of the
Debye temperature, again large discrepancies be-
tween experiment and theory become obvious. A
possible way to overcome these difficulties might

be the consideration of electron-scattering processes
that are not related to the vibrational properties of
the Al lattice.

Finally, some comments should be made on the
possibility of capture from a metastable, non-self-
trapped state, as suggested by Browne and Stone-
ham. " In this theory the muons perform diffusive
motion in extended states with a mean free path
limited by scattering on the impurities. The au-
thors assume l ~ c ' in apparent contradiction to
the accepted theory of transport of, e.g., electrons
in band states. If transport is limited by scattering
on impurities, l should be inversely proportional to
c. Furthermore, they use the expression (19) for
diffusion-limited trapping, whereas their assump-
tion on the metastable state (1)r, ) means a
capture-limited trapping. Although a motion in a
metastable state before trapping at low T cannot be
excluded, it is doubtful whether their theory can be
modified to give a better description of the results
for Al and Al alloys than the one presented here.

IV. CONCLUSIONS

A number of questions concerning the nature of
motion of light interstitials, especially for the case
of positive muons, were raised in the introduction
and in the review of the theory of diffusion. Sum-
ming up the arguments of the preceding section,
we can draw the following conclusions from the
present experiments:

(1) The diffusion mechanisms of muons in
aluminum appear to be different above and below
1 K. Above 1 K the muons perform incoherent
hopping, whereas below 1 K they diffuse by
coherent transfer at least in parts of the sample if
the samples are sufficiently pure.

(2) Above 1 K, muons are trapped at substitu-
tional impurities. The capture process is
diffusion-limited trapping at single impurities.

(3) The linear temperature dependence found for
the incoherent hopping rate is in contradiction to
conventional small-polaron theory; it is typical for
a one-phonon process. However, the theories of
one-phonon processes do not apply to the present
case, with the exception of possible alternating
transitions between 0 and T sites.

(4) The trapping regions around each impurity
are extended, comprising many interstitial sites.
The size of these regions is not directly correlated
to the long-range strain field of the impurity used.

(5) In pure aluminum the motional process is of
such nature that practically complete motional nar-
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rowing takes place down to 100 mK. Because of
motional narrowing, the regime of coherent motion
can only be studied indirectly in @SR experiments
as a stage preceding trapping at low temperatures.

(6) The analysis of depolarization below 1 K in
aluminum alloys suggests trapping controlled by
coherent diffusion. The resulting diffusion coeffi-
cient is then proportional to T . The tempera-
ture dependence is in disagreement with the predic-
tions of conventional small-polaron theory, but it is
in rough agreement with the predictions of scatter-
ing of conduction electrons on the muon.

(7) The transition temperature of approximately
1 K between the region of incoherent hopping and
the region of coherent transfer is lower than that
predicted by small-polaron theory.

(8) The 0 sites are the lowest-energy sites for
muons at the lowest temperatures. At intermediate
temperatures the muons seem to move over T sites
as well as 0 sites. At the Mn-trapping peak in Al
the T site is the most stable one, probably lowered
in energy by the closeness of an Mn atom at a sub-
stitutional site.

In our opinion the essential results of the present
investigation are (i) clear evidence for both in-

coherent hopping and coherent motion of muons in
pure aluminum, and (ii) the fact that the results
are not adequately described by the current small-
polaron theory of the motion of light interstitials

in metals, which predicts strong temperature
dependencies of incoherent hopping and coherent
diffusion. The weak temperature dependence of
the coefficient of coherent diffusion, as well as the
low transition temperature between dominating
coherent diffusion and dominant incoherent hop-
ping, indicate that electron scattering may play an
important role at low temperatures. Since alumi-
num is the only metal which has been studied so
far systematically at low temperature, it is of great
importance to extend the investigations to other
materials in order to find out whether the observed
diffusion phenomena are of a universal nature.

Note added in proof. Some points that we criti-
cized in the preliminary version of Ref. 11, espe-
cially the assumption 1 ~ c ', have been correct-
ed in the published version. However, our final
conclusion about the applicability of this mechan-
ism is not altered.
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