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This paper presents a systematic classification of multilayer-adsorption phenomena on
attractive substrates, with emphasis on the buildup of thick films. The approach is based
on statistical mechanics and includes adsorption-desorption effects and the interrelation of
bulk and surface behavior. The surface phase diagram depends qualitatively on the relative

strengths and ranges of adatom-adatom and adatom-substrate attractions. When the
adatom-substrate attraction dominates (strong substrate), the film builds up uniformly, as
the bulk adatom density increases, and the excess surface density diverges at coexistence
(complete wetting). The buildup proceeds via an infinite sequence of discrete layer transi-

tions (layering) at low temperatures (below the roughening temperature Tz) and smoothly

at higher temperatures, as originally noted by de Oliveira and Griffiths. Substrates of in-

termediate strength are characterized by a wetting temperature T& above which wetting at
coexistence is complete but below which the film thickness builds up only to a finite value,
as coexistence is approached. The relative values of T~ and Tq define three subregions:
When T~ & T&, layering occurs, with an infinite sequence of transitions between T~ and

Tq,' when T~ &T~, layer transitions have coalesced into a single thick-film —thin-film
transition (prewetting); when T~ && T~, prewetting may disappear, leaving only a critical-
wetting transition on the coexistence axis. For still weaker substrates, wetting is incomplete
at all temperatures; however, a variety of drying phenomena may occur on the high-density
side of bulk coexistence. Specific calculations are given for a lattice-gas model at T=0 and
in the mean-field approximation. Conclusions are informed, in addition, by certain exact
results and symmetries. The last section includes a critical discussion of the relation of the
lattice-gas model to the real world and a brief review of relevant experimental data.

I. INTRODUCTION

Over the past two decades a great variety of ex-

periments have studied the process of physisorption
on inert substrates and a fascinatingly rich
phenomenology has emerged. ' Much of this
work was motivated by the desire to study strictly
two-dimensional systems —particularly, perhaps, be-

cause of exciting theoretical advances in this
area —and focused on submonolayer phenomena.
In this regime the attractive interaction which binds
the adatoms to the substrate is very strong and the
interesting physics, which takes place on energy

scales of order ktt T, is dominated by the lateral in-
teractions, both adatom-adatom and adatom-
substrate, which serve to determine the two-
dimensional ordering. There is also, however, an
accumulating body of experimental data probing
the third dimension. This data, taken at higher
bulk densities (i.e., nearer bulk coexistence), has at-
tracted much less theoretical attention and forms
the object of our study.

Beyond the first few monolayers substrate in-
teraction fall off rapidly (roughly as z for van der
Waals forces, where z is the distance from the sub-
strate" ) and lateral ordering becomes less impor-
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[U(Z)]atom-substrate=~ [f(Z)]atom-substrate ~

where f«om, «and f„, ,„b„„„,carry the distance
dependence, while u and u set the energy scale and
will be taken negatiue for attractive interactions. At
this level of description there are, thus, four impor-
tant energy parameters in the problem: the poten-
tial strengths lv l

and lu l, the thermal energy
kqT, and the chemical potential p, (measured rela-
tive to its coexistence value pv), which sets the den-

sity of the bulk adatom gas. Taking
l

v
l

to fix the
energy scale, we may imagine plotting the (p, T)
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FIG. 1. Strong-substrate system, u &u~&0. Typical
surface phase diagram with representative gas-phase ad-
sorption isotherms. Surface phases are designated
0, 1,2, 3, . . . , indicating the number of completed layers
at T =0. Note the (infinite) sequence of layer transitions
terminating in critical points T,(n), which approach the
roughening temperature T~, as n ~ oo. Isotherm A has
an infinite number of sharp steps, while 8 and C are
smooth. Isotherms A and 8 have n, ~ao (complete wet-
ting) as popo (coexistence), while isotherm C, above
coexistence, is smooth and finite.

tant, so the averge local density n ( r ) depends main-

ly on z. Local properties of successive layers even-

tually approach those of the bulk. Physically im-
portant surface parameters, such as the excess sur-
face density (nb is the bulk density)

n, = J dz[n(z) —nb], (l)

involve measurement of substrate perturbations of
bulk properties, i.e., the properties of the surface
phase' as it coexists with the bulk. It is the pur-
pose of this paper to study the types of surface
phase diagrams to be expected of multilayer sys-
tems. We shall neglect the details of lateral order-
ing almost entirely.

It is convenient to separate the basic energy scales
of the adatom-adatom and adatom-substrate in-
teractions from their distance dependence. Thus,

[I ( r )]atom-atom =v [f( r )]atom-atom

and
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FIG. 2. Intermediate-substrate system in the layering
subregion, u~&u &u~ &0. Typical surface phase dia-
gram with representative gas-phase adsorption isotherms.
At low temperatures there is little or no adsorption. As T
is increased, the number of steps in the isotherms in-

creases, becoming infinite at the wetting temperature T~.
For T &T~, n, remains finite (incomplete wetting) as
lM~po. There is complete wetting at coexistence for
Tp &T&T .

phase diagram for different ratios
l
u/v

l
. It is our

thesis that the form of the phase diagram is depen-
dent crucially on this ratio and to a lesser but still
important extent on the range of the adatom-
adatom and adatom-substrate interactions. By
varying these parameters we may study within the
same context a wide range of physical phenomena,
including layer formation, wetting, prewetting, and
critical wetting. We shall consider interactions
which are dominantly attractive, so u, u & 0.

It will facilitate discussion to present our con-
clusions here at the outset in qualitative form. Im-
agine that u is varied at fixed v, f„, «, , and

f,„, ,„b„„„.It turns out that there are three broad
classes of systems: lu l

&&
l

v
l

(i.e., u «v &0),
which we shall refer to as strong-substrate systems;

l
u

l

—
l

v l, which we shall call intermediate-
substrate systems; and

l
u

l
«

l

v
l

(i.e., v

«u &0), which we shall call weak-substrate sys-
tems. The boundaries between these regimes, u~
(between strong and intermediate) and ue (between
intermediate and weak), have a precise significance
which we shall describe below and in Sec. II C. The
intermediate and weak regimes are further subdivid-

ed, as we shall discuss below. Figures 1 —S show
schematic phase diagrams and typical gas-phase ad-
sorption isortherms for different ratios u/v. These
sketches represent the case of short-ranged atom-
atom attraction and longer-ranged atom-substrate
attraction. They are illustrative only. As we shall
see, other hybrid and limiting cases may occur. In
particular, the range dependence is treated in Sec.
III. Figure 6 depicts the full (p, T,u/v) phase dia-
gram for atom-atom and atom-substrate interac-
tions which are of the nearest-neighbor type only.
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Fig. 1i, an in ini ej,

' f' 't sequence of transitions occurs,
correspon ing o cd' t ondensation of successive mono-
layers. The critical temperatures of these layer
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FIG. 6. Full T, p, u surface phase diagram. The
adatom-adatom potential is fixed. The overall strength u

of the substrate potential becomes more attractive upon
going away from the origin {left) along the u axis. The

T & T, corresponds to bulk coexistence.
the coex-Layering and prewetting surfaces are below t e coex-

Layering and predrying surfaces are above the coex-
istence plane i.e., in1 (' '

the bulk-liquid region) for
u 0. This sketch corresponds to the case of d =

'th rest-neighbor-only interactions. xcep
slight differences between nearest-neighbor an ong-
range adatom-substrate potentials (see Sec. IIC), Figs.
1 —5 correspon od to sections at fixed u through Fig. 6.
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creased beyond u ii, one reaches the regime of inter-
mediate substrates (Figs. 2 —4). The layer transi-
tions no longer extend' to the T =0 axis but now
meet the coexistence axis at and below a charac-
teristic wetting temperature' ' T~ (0& Tiv & T, ).
For moderately strong substrate potentials
(uu &u &uii) Tu remains below TR ("layering"
subregion of the intermediate-substrate regime) and
the phase diagram (Fig. 2) is not very different from
Fig. 1, except that the layer transitions now accu-
mulate on the coexistence axis at T~. Thus, at suf-
ficiently low temperatures the isotherms show little
or no observable excess surface density at any pres-
sure short of coexistence (Dash's "class' III"). For
T&Tu there are a finite number of layer transi-
tions as p approaches pz from below, n, (p=pD ) is
finite (Dash's class II), and the surface is "incom-
pletely wet" at coexistence. (Other manifestations
of incomplete wetting are discussed in Sec. IIC.)
Above T~ the surface is completely wet at coex-
istence and isotherms are similar to those of Fig. 1.
If the substrate is weakened further (u~ & u & ucw),
Tii. increases beyond T„(Fig. 3, "prewetting"
subregion), high-order layer transitions cannot
remain distinct, and the infinite sequence of layer
transitions is replaced by a single thin-thick prewet-
ting transition of the type discussed by Ebner and
Saam and by Cahn. '

n, (pD ) is finite for T&Tii
(incomplete wetting) and infinite for Tii &T& T,
(complete wetting). Isotherms are smooth, unless
they cross the prewetting phase boundary, in which
case they undergo a finite jump. Below T~ they are
class II; above, class I. For still weaker substrates
(ucw & u & u, ), the prewetting line probably
reduces ' to a single "critical-wetting" point on the
coexistence curve (Fig. 4, critical-wetting subre-
gion). Here, isotherms are smooth at all tempera-
tures but switch from class II to class I at T~.

Finally, for u=u, ~0, T~ reaches T, . Beyond
this (i.e., for u, &u &0) is the regime of weak-
substrate systems (Fig. 5). For such systems gas-
phase behavior exhibits no anomalies' and all iso-
therms are class II. %hat happens, however, is that
the singular behavior shifts to the liquid side of the
coexistence curve. There is a "drying temperature"
TD, above which n, ~—oo as p —+pp+ ("complete
drying, " class-I liquid-phase isotherms) and below
which n, is finite as coexistence is approached from
the liquid phase ("incomplete drying, " class-II iso-
therms). As

~

u
~

decreases from
~

u,
~

towards
zero, the subregions identified for intermediate sub-
strates are encountered in reverse order on the
liquid-phase side of coexistence: critical drying,

predrying, layering. Since experiments have con-
centrated on the gas-phase side of coexistence, we
shall not dwell further on the weak-substrate re-
gime.

The physics behind this picture is as follows. A
strong substrate potential u orders the layering sys-
tematically and reduces the adatom-adatom interac-
tion to the role of controlling the in-layer condensa-
tion. As u decreases, it begins to have to compete
with the forces which hold the liquid together (i.e.,
the forces responsible for the gas-liquid interfacial
tension) and prefer droplet formation on the sub-
strate to uniform wetting. This raises the wetting
temperature T~ to a nonzero value, initiating the
intermediate-substrate regime. Here, the low-
temperature (T & T~) behavior is dominated by en-

ergy considerations and favors class-II isotherms
(incomplete wetting), while at higher temperatures
(T & T~) entropy contributions decrease the surface
tension, ' so the substrate potential is more effective
and isotherms change to class I (complete wetting).
%hether thick-film growth takes place discretely,
layer by layer, or all at once depends on the relative
values of T~ and TR Finally. , for

~

u
~

&
~

u,
~

interfacial-tension effects are strong enough to
prevent complete wetting for all T & T, and
anomalies shift to the liquid side of the coexistence

Behavior on the liquid side of the coex-
istence curve for u =u, +b u is analogous to
behavior on the gas side at u =u, —Au by virtue of
a "magnetic" symmetry described in Sec. II A.

The elements of which this systematics is com-
posed certainly occur in the literature; however, so
far as we are aware, they have not, except in special
cases been integrated into a coherent picture,
including the possibility of discrete layering and en-
compassing the strong-, intermediate-, and weak-
substrate regimes. With the exception of
Sullivan's work the central role of the ratio u/v
does not seem to have been emphasized. The ex-
istence of systems (Figs. 2 —4) with class-II (or
even "class-III") isotherms at low temperatures but
class I at higher temperatures has not received suf-
ficient theoretical attention. The available discus-
sions of layering versus prewetting and critical wet-
ting and the relation of these phenomena to coex-
istence behavior are fragmentary.

Our understanding is based in large part on the
detailed analysis of a simple lattice-gas model of ad-
sorption, originally introduced by de Oliveira and
Griffiths. In Sec. II we introduce this model and
discuss its properties both at T =0, where an exact
analysis of ground-state energies and layering can
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be carried out, and at coexistence (p=pp), where

the thermodynamics of wetting and roughening can
be explored. Section III treats the full (T,p) surface
phase diagram. We have performed detailed mean-

field calculations for interactions (both adatom-
adatom and adatom-substrate) which are nearest-

neighbor only. We discuss in the light of other
theoretical work the probable effects of further-
neighbor forces and of thermal fluctuations,
neglected in the mean-field theory. Both of these
extensions make significant and physically impor-
tant changes in the mean-field phase diagram. Sec-
tion IV examines the shortcomings of the lattice
model itself, as a description of experiment, and at-
tempts to identify those features which it may be
expected to describe reliably and those which it may
not. We conclude with a short discussion of the
present experimental situation, which seems to lend

some support to our picture, and some suggestions
for future directions. Appendix A contains some
results associated with the T =0 problem. Appen-
dix B discusses adsorption in two (bulk) dimensions,
where one-dimensional layers adsorb on a one-
dimensional substrate. A short summary of some
of our results appears elsewhere.

We emphasize that the picture presented here de-

scribes what happens only in the strict static ther-
modynamic limit (see Sec. II). In experiments, par-
ticulary at low temperatures, long-lived metastable
states may dominate what is seen. Furthermore,
finite-size and radius-of-curvature effects have ob-

servable consequences (such as capillary condensa-

tion). Substrate inhomogeneity and impurity ef-
fects, ignored in our discussion, may also be impor-
tant. ~

II. LATTICE-GAS MODEL
OF ADSORPTION

where (,i,j ) denotes a sum over distinct pairs. For
simplicity we take the lattice to be hypercubical.
Note that in this form the adatom kinetic energy
contribution has been suppressed. In a classical
treatment inclusion of the kinetic energy produces a
temperature-dependent difference between the phys-
ical chemical potential pphy and the lattice-gas
chemical potential appearing in (3),

p=pzh„, +Td In(a/A), (4)

Un = UIJ'

J
(7)

for i in layer m and j in layer m+n (v„=v „). We
shall discuss at length in Sec. III a model for which

all interactions are of the nearest-neighbor type
only,

where d is the dimensionality, a is the lattice spac-
ing, and A=(A l2mmk&T)' is the thermal wave-

length. This does not affect the difference

p&h&&
—

(pp)&h&s =p —pp plotted in Figs. I —6.
We shall assume that the single-particle potential

u; is translationally uniform in directions parallel to
the substrate surface,

u; =u„ for i in the nth layer .

Typically u„ is attractive (u„(0) and falls off away
from the substrate as' n . Reference 5 uses the
parametrization (for d =3)

u„=—A5„)—8pg

The adatom-adatom interaction is assumed invari-
ant under translations and point-group symmetries
of the (bulk) lattice. It will be convenient in what
follows to define layerwise sums over the pair in-

teractions,

A. The Hamiltonian

—/lX = g U,y pl; uj + g ( u —p )n .

&I,) &

(3)

Following de Oliviera and Griffiths, we consider
a gas of atoms adsorbed on a semi-infinite set of
discrete lattice sites (Fig. 7 with D,L~ao) and
described by occupation-number variables n; =0, 1,
where the subscript i labels sites. We assume that
the substrate may be represented by a single-particle
potential acting on the adatoms. ' The adatoms in-
teract with one another via pairwise forces. The
combination which enters the grand canonical parti-
tion function is

n= l

ol ~

M

2 3

~ 0
Z

~ ~

2 I =n

~ ~

~ ~

~ ~ yl 0
/ e

~ ~

~ ~

~ ~

FIG. 7. Lattice structure for the model (3). There are
D layers with L~ ' sites per layer. The direction perpen-
dicular to the substrate is z. The layers are taken to be
periodically connected in directions perpendicular to z.
In the thermodynamic limits (16) and (17) both L and D
go to infinity. Note that the "slab" is bounded by sub-
strate on both sides.
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and

u» =u5q
& Thus, any phenomena occurring in the gas phase at

p =JMo —bp for a substrate potential

v, ij nearest neighbors
UiJ =

0 otherwise,
(8a)

u„= —,
' g U +Au„

m=n
(14a)

so
wI11 have an image P'=Po+EP in the liquid phase
for the (different) substrate potential

2(d —1)u, n =0
v, n=1 (8b)

00

u„'= —, g v —b,u„.
m=n

(14b)

0, n & 1.

—& J"0 0.. o =+1lJ l J& l

(ij &

provided that

(9)

0.=2n; —1,
1H= p —

2 QVtj2

The model (3) is equivalent to a spatially inhomo-
geneous spin- —, Ising model

P t„„s——const —g (H +H; )o;

For interactions which are of ghe nearest-neighbor

type only [Eq. 8(a)], this gives 'the whole phase dia-

gram (e.g., Fig. 6) reflection symmetry in the line
u=u, = —,v, P=Pp. For non-nearest-neighbor in-

teractions, this symmetry of the phase diagram is
not exact; however, a qualitative correspondence be-
tween gas-phase behavior at u =u, +hu and
liquid-phase behavior at u =u, —hu is retained.

To discuss the thermodynamics, it will be con-
venient to consider a rectangular slab (Fig. 7) con-
taining DL" ' sites, arranged in D layers of L"
sites each. The slab is bounded on two opposite
sides by substrate. It is connected periodically in
the transverse directions and has free energy

1H-=—
2

1

u(+ 2 QVtj.
J

F~ n(T,p, ) = ksTln T—re

1

Jij 4 vij

where the prime on the summation indicates that
only "virtual" sites j, lying in the region occupied
by the substrate, are to be counted. Because the
bulk magnetic transition takes place at H =0, the
lattice-gas coexistence curve is at

1 1

Po= 2 gvtj =
2 Uo+ g Um ~

J m=1

which reduces for d =3 and nearest-neighbor in-
teractions (8) to

fb(T,p) = lim &~ D(T,p)/DL
L,D~ ot)

(16)

which depends on the pair interactions [U,J ]. Simi-
larly, the surface free energy per unit area is
(remember, the slab has two faces)

f,(T,p) = lim [FL D(T,p)
L,D, ~oo

DL" 'f (T,p, )—])2L"—

The bulk free energy per lattice site (i.e., the free en-

ergy per unit volume measured in unit cells) is de-
fined by the thermodynamic limit,

Pp=3U . (12)

P Po~Po —P ~

1 1—u +—~ U"~u ——Z, v"2~ ~J~
J J

(13)

Uij~vij

The usual magnetic symmetry, o.&~—cr;, H~ —H,
H'~ H J'j~J'j corresponds to a lattice-gas
symmetry,

n; =~n; =1,

(17)

which depends on both [ u,j ] and ( u„] and assumes

popo (single-phase bulk). Under suitable condi-
tions this limit has been proved to exist, with f,
bounded and convex as a function of surface (but
not bulk) potentials. It follows, for example, that f,
is necessarily continuous across surface phase boun-
daries (but may be discontinuous across bulk transi-
tions, as at coexistence).

In addition, we shall need in our discussion of
wetting the interfacial free energy. If the sample is
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at "liquid-gas" coexistence (p =po, T & T, ) and so
arranged as to contain a planar interface between
i,he two phases of area A (measured in surface unit

cells), oriented perpendicular to the unit vector n,

then the corresponding additional contribution to
the free energy FL, D defines an interfacial free ener-

gy per unit area (the interfacial or "surface" ten-

sion),

f,.(T,n)= lim [FL D DL—" 'fb —2L '[af, (p, =po )+pf, (p, =po )]]/A,
L,D~ oo

which depends on n, T, and [u;J j but not [u„I. The
coefficients a and I3 (a+P=1) specify the frac-
tions of the slab faces in contact with the two bulk
phases. The n dependence is a consequence of the
lattice structure of the model.

B. Analysis at T=0

The T =0 analysis is instructive in that it can be
carried out exactly; however, the technical details
are not crucial to what follows and may be skipped
by the more casual reader. The ground state of Eq.
(3) gives the structure of the system at T =0. For
sufficiently general interactions [u„I and [u„] the
structure can be very complicated. %e shall make
the simplifying assumptions that [u„] and [u„I are
both attractive (nonpositive) and that [u„] decays

monotonically with distance. These assumptions
cover many physical situations' and are sufficient
to eliminate extraneous symmetry breaking, such as
the formation of "antiferromagnetic" or otherwise
structural phases, either bulk or surface. [Such ef-

fects are important in connection with epitaxial and
incommensurate ordering (see Sec. IV) but would

add an unrewarding complication here. ] Under
these conditions the bulk "gas" consists entirely of
empty sites and the bulk "liquid, " of full sites.
Furthermore, in the slab geometry and for p&po
(liquid phase t ) the ground state of (3) has all layers
full, while for p&po (gas phase g) the relevant
states can all be labeled by the number
n =0, 1,2, . . . of completed layers lying next to the
substrate. The corresponding energies E (p)
=(A pE)/L —' per column of Fig. 7 are

0, n=0
E(g)( )

n

2 g u +—uo+(n —1)u, +(n —2)v2+ +u„& pn, 0—&n &D/2
m=1

(19a)

00 DE~l'(p)=2 y u +—vo+(D —1)u/+(D —2)u2+ ' ' Dp, —
m=1 2

(19b)

where we have taken D large compared to the range
of both u„and u„. In the thermodynamic limit (16)
gives

fi(T=O,z)= ——, g nu„.
n=1

(22)

r

fb(T =O,p) = . P &Po

po —$l, p +pp
(20)

Two important inequalities follow directly from
the above expressions. Bemuse interactions were
assumed attractive (v„&0), Eq. (22) shows

and it follows from (17) that fi(T =O,z) & 0 . (23)

min [—,E„'g'(p)], p &po
n

f, (T =O,p)=
g (u„—, nv„), p—&po.

(21a)

(21b)

Furthermore, direct evaluation of (21) gives

f,(T =O,z) & f,(T =—O,po ) fs(T =O,po+)—
A calculation similar to the above gives the interfa-
cial free energy per unit area for an interface paral-
lel to the substrate surface,

&f,(T =O,z) . (24)

Simple physical arguments show that both these
inequalities are, in fact, quite general, extending to
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&minE' '(po) . (25)

Because bulk free energies per unit volume are equal
at coexistence,

f (T =0 po ) —f (T=0 po+)

= —,[minE' '(po) —minE' '(po)], (26)

so Eq. (25) gives the left-hand half of Eq. (24). The
other half follows similarly, starting from the
minimum-energy liquidlike state.

The T =0 results (19)—(22) provide insight into
two important questions. (i) When is there an infin-
ite sequence of layer transitions (Fig. 1, Dash's class
I) and when, on the other hand, does the system

jump directly from a finite surface-density enhance-
ment to bulk-liquid behavior (Figs. 2 —5, Dash's
classes II and III)? (ii) If layers form, what deter-
mines their sequencing? Question (i) will turn out
to be directly related to the existence of a wetting
transition. To establish the existence and sequenc-
ing of layering for p, &po requires carrying out the
minimization in (2 la). Details depend on the
specific forms of {u„j and {U„j;however, a few
more general statements can be made:

(a) Because of the form of Eqs. (19a) and (21a),
f,(T =O,p) is convex upward for all p &po (see
also Appendix A). Furthermore, the linear p,

dependence guarantees that the n =0 state is pre-
ferred for all sufficiently negative p, .

(b) If the nth-layer transition (n —1 layers goes to
n layers) occurs, it takes place at a chemical poten-
tial p„defined by E„'~', (p„)=E„g'(p„),which gives

interactions which are neither purely attractive nor
monotonic (and, indeed, to T & 0, as we shall see in
Sec. IIC). The postivity (23) of the interfacial free
energy at T =0 guarantees that near p =pa the sys-
tem is energetically stable against the creation of
opposite-phase inclusions in the bulk. Similarly,
Eq. (24) expresses a bound on the free-energy
discontinuity at po, based on a perturbation in
which the whole bulk region, away from the walls,
changes phase: Denote by superscripts l and g con-
figurations which are, respectively, liquidlike and
gaslike far from the walls. Any gaslike configura-
tion can be made liquidlike (and conversely) by tak-
ing an entire interior region of layers, far from both
boundaries, and reversing all site occupations 0 1.
This creates two interfaces and costs an energy per
column 2ft(T =O,z). Application of this procedure
to the minimum-energy gaslike state creates a
liquidlike state with energy

E'"(p)=min, E' '(po)+2ft(T =O,z)

pn po+un g Um (27)
m=n

(c) A necessary but not sufficient condition for
occurrence of the nth-layer transition is po —pn )0.
If the substrate potential is regarded as composed of
contributions wm from successive substrate layers,

1l~ = g W~ With lD =Q~ —u
m=n

then this condition takes the form

(28)

g (U —m~)&0,
m=n

(29)

which has the interpretation that the tail beyond
layer n of the substrate potential must be more

strongly attractive than the corresponding tail of
the particle-particle potential. Note that wn is nega-
tive if {u„j is attractive and monotone decreasing
in magnitude.

(d) We call the transitions "locally sequential" if
p„+i &p„. This is equivalent via (27) to

Qn+] —Qn+vn =vn —wn 60 (30)

[u —(m —n)U~] &0 . (31)
m =n+1

(f) A sufficient but not necessary condition for
wetting is that the n-layer phase occur and that Eq.
(30) [and thereby Eq. (29)] hold for all m & n

(g) If wetting occurs, then

f, (T =O,po )= , E's'(po) = g —(u„nu„)—
n=1

=fs(T=Opo )+f1(T=O,z),

and means that the attraction of the nth substrate
layer dominates that of the corresponding adatom
layer. Equation (30) does not, of course, guarantee
that the nth- and (n + 1)st-layer transitions actually
occur—only that they may occur sequentially, pro-
vided that other layer configurations do not have
lower energy. Equality in (30) means that the al-

lowed range in p of the n-layer phase has shrunk to
zero, a situation which develops, for example, when

both I u„j and {u„j are of strictly finite range.
(e) A necessary and sufficient condition that an

infinitely thick "wetting film" should build up as

p —+po (as, e.g. , in Fig. 1) is that E„'g'(po) & E~s'(po)
for all n & oo. The necessity of this condition fol-
lows from continuity; sufficiency uses in addition
the convexity property (a). Direct evaluation of this
condition gives

—,[E."'(po) —E'."(po)]
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so the right-hand side of Eq. (24) holds as an equali-
ty. Furthermore, for large n (where v„and u„vary
smoothly with n) the minimization condition
BE„'s'/dn =0 reproduces Eq. (27), which then deter-
mines the thickness t(p) of the wetting film for

p &pp.
(h) When the substrate potential vanishes, then

n =0 minimizes Eq. (21a); so f, (T =O,po ) =0 and
I

the left-hand side of Eq. (24) holds as an equality.
For any attractive substrate potential the left-hand
side of Eq. (24) holds as a strict inequality.

These results allow a systematic discussion of
wetting at T =0. In this discussion the long-range
behavior of {u„J and {v„j plays a crucial role. We
define

oo, if {u„] "dominates"

lim (u„/nv„) and lim (w„/v„) = positive constant, if {u„]and {v„ I are"comparable"
n~ oo n~co

0, if {v„] "dominates. "
(32)

Now, consider an attractive substrate potential
u„:uf„of—fixed shape but with an overall strength
u which is variable, as in Eq. (2). When the long-
range behavior of {u„] dominates or is comparable
to that of {v„] (as, for example, when {v„] has
strictly finite range), then at large enough

~

u
~

Eq.
(31) holds, wetting occurs as p~po, and the thick-
ness t(p) of the wetting film is determined via (g)
from Eq. (27). For example, if u„= 8/n —as in
Eq. (6), then

t (p) = [B/(po p)] as p po (33)

As
~

u
~

is decreased, the minimum of Eq. (21a)
switches to n & oo at a special value of the coupling
u, which we denote u~. For u & u~ complete wet-
ting occurs as p~pp and T =0 behavior is class I;
for u~ & u &0 complete wetting does not occur and
T =0 behavior is class II. On the other hand, if
{v„] dominates at long distances (e.g., if {u„j is of
strictly finite range and {v„] is not), then however
large

~

u
~

is the condition (31) fails for sufficiently
large n, so complete wetting never occurs at T =0.
These conclusions are relevant to our discussion of
the wetting transition in Sec. II C.

Appendix A gives some detailed results for layer
sequencing when the substrate interactions are at-
tractive and monotonically decaying with distance
and the particle-particle interactions are attractive
and short ranged. When v,z is nonvanishing be-
tween nearest neighbors only [Eq. 8(b)], then as p
increases to po the layering sequence can be (a)
[0,1,2, 3, . . ., oo,liquid], (b) [O,n, n+1, . . ., oo,
liquid] with n & 1, or (c) [O,liquid]. In cases (a) and
(b) Eq. (31) is satisfied and a wetting film forms; in
case (c) the surface remains incompletely wet right
up to coexistence. Case (a) obtains when

~

v
~

&
~

u
~

—u2
~

(i.e., when the first two layers are
strongly distinguished from one another on the

C. Behavior near coexistence: Wetting,
drying, and roughening

In this section we explore behavior near p=pp.
At T y 0 exact calculations cannot be done except in
very special cases; however, a more or less com-
plete picture emerges from qualitative considera-
tions.

Connection with the usual surface and interfacial
coefficients, which are only defined at coexistence,
is established by

and

ys (T)=f (T,p~po (T))

yi, (T)=f,(T,popo (T)),

(34a)

(34b)

yet(T, n) =fq(T, n) . (34c)

Note that (34a) and (34b) differ slightly from the

I

scale of
~

v
~

), while (b) obtains when

~

v
~

&
~

u& —u2
~

(i.e., when they are not). It is easy
to verify that uu. occurs when v =g„" &u„. When

U,J contains interactions between both first- and
second-neighbor layers, then the additional lay-

ering sequences [0, 1,n, n + 1, . . . , ao,liquid] and

[O, l,liquid] can also appear for appropriate interac-
tion parameters. The sequence [0,l,liquid] exhibits
Dash's class-II behavior at T =0 and corresponds
to failure of (31) (i.e., relatively weak substrate) with

/
vq

f
&

f
u& —u2 [

(weak nearest-neighbor layer at-
traction vq) and

/
vz

/
& g„" 2 / u„f (second-

neighbor layer attraction dominates substrate tail).
Additional possibilities occur for even longer-range
particle-particle attractions. In Sec. III we shall ex-
plore the connection between T=O behavior and
the form of the full (T,p) phase diagram.
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usual definitions in that they do not include the
substrate-vacuum surface energy, ' often denoted

y, o, which is simply an additive constant for the in-

ert substrate of our model. These coefficients satis-

fy two important inequalities,

and

}'st( T,n ) )0 (35)

& ygt(T, z), (36)

n, (Tp): g[n (z) —nb]—
z=1

I}f,(T,p)
Bp

(37)

whose T =0 versions have already appeared as Eqs.
(23} and (24). The positivity (35) of the interfacial
tension is well known and follows from stability
against macroscopic phase separation; however, we
are aware of no rigorous proof. The right-hand-side

inequality of (36) appears in the adsorption litera-

ture; however, to the best of our knowledge the
left-hand side one does not (indeed, there have

been suggestions that class-III behavior might be
connected with its violation ). Rigorous proof is

again absent; however, generalization of the T =0
argument given after Eq. (24) appears possible.

In the absence of lateral symmetry breaking, the
thermal-average density n (z)—:(nI ) for i in layer z,
is uniform in directions parallel to the substrate and
the excess surface density for the lattice model is

[cf. Eq. (1)]

(38}ys, (T)=yt, (T)+ygt(T z) .

This relation, called Antonov's rule, " ' is the ther-
modynamic counterpart of complete wetting and
means that the right-hand side of (36) holds as an
equality. Physically, complete wetting corresponds
to the intrusion at coexistence of a layer of (bulk)

liquid between the bulk gas and the substrate. For
p &pc the gas-liquid interface may be regarded as
"bound" to the substrate. When complete wetting
occurs, the interface unbinds from the substrate
continuously as p~pp . When there is incomplete

call it complete drying (class I), while
—oo &n, (T,po+) & oo is incomplete drying (class
II), and the final alternative, n, ( T,p)~, oo as

popo, does not occur.+ 47

Consider first what happens when complete wet-

ting occurs. Because n (z) & 1, the fact that n, ~ oo

implies that the thickness t(T,p, ) of the region of
enhanced density must diverge as popo (Fig. 8).
When t is much larger than both the bulk correla-
tion length g and the range ro over which the sub-

strate potential is appreciable, then arguments of lo-
cality suggest that the density becomes more or less
independent of z, n(z)=n„over most of the film
thickness t. As popo, nb approaches the coex-
istence value of the bulk-gas density (nbs'), n, is

expected to approach the coexisting bulk-liquid den-

sity (nb"), and n, diverges as (nb" nb ')—t(T,p) At.
coexistence the bulk gas and bulk liquid have the
same free energy per unit volume, so the only con-
tributions to ys, (T) come from the two widely

separated nonuniform regions d1 and d2 in Fig. 8.
It follows from this picture that

where the last equality follows from (17). n, may
be either positive or negative. Away from phase
boundaries it is finite and varies smoothly as a
function of T and p. We shall see below that the
behavior of n, as popo is related to the occurrence
of equalities in (36) and to crystallite formation on

the substrate at coexistence.

N

c ne

O
O
O0

(g)
nb

I

I

I

I

I

I

I

I

I

I

I

Distance From Substrate z

1. 8'etting and drying, complete
and incomplete

When n, (T,p)~oo as popo (e.g., a gas-phase
isotherm), we shall refer to the substrate surface
as completely wet at coexistence (Dash's class I).
When —oo &n, (T,p, o ) & oo, the surface is in-

completely wet at coexistence (Dash's class' II).
The remaining alternative, n, ( T,p )~ oo as-
p~po, does not occur. 47 When n, (T,p)~ —oo as

popo on the liquid side of coexistence we shall

FIG. 8. Density profile, n(z) as function of distance z
above the substrate, under conditions such that complete
wetting occurs at coexistence. p & JMO (gas phase). The re-

gion of nonuniform behavior near the substrate has a
width d~ comparable to the larger of g (the bulk correla-
tion length) and ro [the range over which u (z) differs ap-
preciably from zero]. The region of nonuniformity at the
"interface" has a width dz-g. nbs' is the bulk-gas densi-

ty. When t »d~, d2, the density n, of the enhanced re-

gion is (nearly) uniform. As popo, t~ ao and n, ap-
proaches the coexisting bulk-liquid density nb".
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wetting, the interface remains bound as popo .
The counterpart of complete wetting on the

liquid side of coexistence is complete drying,

n, ~—co. A precise parallel of the argument lead-

ing to (38) gives

E(T,p, n (z})= g (u,' —p)n (z)
z=1

+ —, g U,', n(z)n(z'), (40)

yg(T) =ps, (T)+ysi(T, z), (39)

i.e., the left-hand side of (36) holds as an equality,
corresponding to a gas-layer intrusion at coexistence
between the liquid and the substrate.

Complete wetting and complete drying, defined
in the limits popo, have important implications
for behavior at coexistence. If the dense phase were
an isotropic liquid, thus making applicable the
Young-Dupres condition, '

which neglects the thermal-fluctuation (entropic) ef-
fects due to finite T except insofar as they give rise
to modified, temperature-dependent effective poten-
tials u„' (T,p) and U„' (T,p). Near coexistence a
film of thickness t may be approximated by a pro-
file"

(I)nb, z&t
n(z)= .

nb, z&t

with nb" +nba'= 1. Minimization of (40) with
respect to t gives' [cf. Eq. (27)]

—
QIg =pgl cosO, eff ~ eff

p =po+u, —~ v, (41)

then equality in (36) would make the contact angle
8 equal to zero or rr, thus preventing droplets from
forming on the substrate at coexistence. The aniso-
tropy introduced by the lattice replaces the Young-
Dupres condition by the Wulff construction, ' with
(when the bulk phase is gas} the quantity yi, —ys, in
place of the interfacial tension for the crystallite
facet which contacts the substrate. When

yz, —yl, &0, as it is when (38) holds, this requires
that the equilibrium crystallite shape be outside the
plane through (ys, —yi, )z but inside the usual Wulff
construction (see Fig. 9). Equation (38) reduces this
available volume to zero, so surface crystallites do
not form at coexistence. On the other hand, when
(39) holds, a crystallite can form but it is completely
independent of the substrate (i.e., 9 =m ). In the in-
termediate regime, where (36) holds as a strict in-
equality, both wetting and drying are incomplete
and there is no direct connection between the free-
energy discontinuity across coexistence and the in-
terfacial tension. Under these conditions the Wulff
construction produces a well-defined equilibrium
shape (see Fig. 9) and crystallite growth can proceed
at coexistence. The foregoing discussion has an ex-
act parallel on the liquid side of coexistence: Small
voids can form on the substrate when (36) holds as
a strict inequality but are suppressed by (38) or (39).

A surface which is completely wet at coexistence
is covered by a film whose thickness t(T,p) diverges
as popo. The form of this divergence can be
guessed by an appropriate generalization of the ar-
gument leading to Eq. (33). We suppose that the
free energy of a situation described by a density
profile n (z) may be approximated as [cf. Eq. (19a)]

Solving for t(T,p) provides the film thickness near
coexistence, assuming that the effective potentials
are known. Just as at T=O, complete wetting
(t~00 as popo ) requires that the combination
u,' —g,",v,' be less than zero, i.e., that u,'
dominates U,

' for large z [in the sense of Eq. (32)].
No first-principles calculations of t(T,p) or the ef-
fective potentials u' and U' are presently avail-

yg(n)

FIG. 9. Illustration of the Wulff construction for crys-
tallite growth on a surface at coexistence (Ref. 52). The
square represents the equilibrium crystal shape in the ab-
sence of the substrate. The allowed volume (cross-
hatched) is within the square but outside a plane perpen-
dicular to z and through the point (y~, —yI, )z. When Eq.
(38) holds (complete wetting), the allowed region shrinks
to zero and no crystallite formation is possible. When
Eq. (39) holds (complete drying), the plane passes through
the point A and crystallites no longer use the substrate
surface. As long as Eq. (36) holds as an inequality, the
Wulff construction gives a well-defined surface-crystallite
(surface —small-void) shape.
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able; however, qualitative behavior can be inferred
from (41). Away from criticality Ising-model corre-
lations die off exponentially as e "~~, where g(T,p, )

is the bulk coherence length. When T &Tz, it is
hard to see how this kind of short-ranged effect can
modify the form of a long-ranged potential such as

Eq. (6). Thus, if U„ is not of longer range than u„,
we expect for (6) u„' = B(T—)/n so that, when

complete wetting occurs,

(42)

[cf. Eq. (33)] and layer transitions are spaced as

po —p„B(-T)/n [cf. Eq. (27)], where we have al-
lowed the possibility of a temperature-dependent
coefficient B(T). On the other hand, if both u„and
U„have strictly finite range as in Eq. (8a), then it
seems reasonable to expect that the thermal fluctua-
tions will produce an exponental tail
u„' = C(T)e —" ~ and similarly for u„' . Thus,
when complete wetting occurs (i.e., for u sufficient-

ly attractive)

t(T p)-g ln[(po —p)/C(T)],

with layer-transition spacing p, o
—p,„=C(T)e

When T& T&, interfacial roughening effects may
produce long-range (i.e., power-law rather than
e "~~) modifications of the bare potentials, so the
above conclusions may be significantly
modified. '" We shall return to this point in the
next subsection. Long-range transuerse correlations
associated with the approach to complete wetting
have recently been discussed by several authors.

Complete wetting (class-I isotherms) and incom-
plete wetting (class-II isotherms) have both been ob-

served in a variety of adsorption experiments. "
Analogous observations have also been made on
three-phase fiuid-fluid-vapor systems. Com-
plete drying, on the other hand, shows up in liquid-
phase isotherms. It has only recently been .dis-
cussed' ' and has not to our knowledge been ob-
served directly. It is tempting to guess that such ex-
treme class-II (Dash's class III) situations as H20
on graphite and mercury on glass may correspond
to complete drying on the liquid side of coexistence.

2. The wetting and drying transitions

Figure 10 is a sketch of the coexistence plane

p=po for d =3 in the rather special case of
nearest-neighbor interactions (8). It is a conse-
quence of the magnetic symmetry (14) that TII (u)
and TD(u) and the associated regions of complete

strong

Substrate Potential Strength u

intermediate —.= weak
UW UR UCW UG CO

I
I
I

I
I
I

I

I

I

I

I

Scaling
region

up 0

TR
E

I—
Tcw=Tco

l
To(u I

FIG. 10. Singularities at coexistence for d =3

(simple-cubic lattice) with nearest-neighbor interactions
only. For this case u~ ——v, u, =v/2 (exact), and further-
more, T,=1.128~ U

~

/ke, Tq=0. 57T, . Reflection sym-

metry about the line u =u, takes the wetting curve
T~(u) into the drying curve TD(u), etc. Roman
numerals indicate the class of gas-phase (unbarred) and
liquid-phase (barred) isotherms. Only under the wetting-

drying curves (II,II) can crystallites form at coexistence.
The scaling described by (47)—(49) holds in the region
near u =u„T=T,. The curves along which layer tran-
sitions meet the coexistence plane are not shown in this
figure.

and incomplete wetting and drying are exactly
symmetrical about the line u=u/2 (corresponding
in magnetic language to H; =0 for all sites i) T. he
T=O analysis of Sec. IIB identifies u~ ——U, so
T~(u) = TD(0)=0. The fact that u, =u/2 (i.e., that
at u =U/2 behavior is class II, II for all tempera-
tures T & T, ) is equivalent to the statement in mag-
netic language that when [H;=0] the excess sur-
face magnetization remains finite as H +0 —for -all

T&T,. While to our knowledge not rigorously
proven in d =3, this statement is, we believe, reli-
able: It respects the symmetry, is rigorous ' in
d =2 (Appendix B), and certainly holds in mean-
field theory (Sec. IIIA). Notice that a strong sub-

strate potential favors complete wetting, while a
weak one favors complete drying. At fixed u the
competition between complete and incomplete wet-

ting (drying) is between substrate forces, which
favor orderly layering, and interfacial tension,
which inhibits layering and favors crystallite (drop-
let) formation (class II or II). Increasing T reduces
the interfacial tension and thus promotes complete
wetting (drying). The wetting line T~(u) has spe-
cial significance only on the gas side of coexistence,
where it signals the unbinding of the interface, as
the film thickness t diverges. There is no qualita-
tive change in behavior near T~(u) on the liquid
side of coexistence. Similarly, TD(u) is significant
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for behavior only on the liquid side of coexistence
and cannot be used to make a sharp distinction be-

tween Dash's class-II and class-III gas-phase iso-
therms. "' The form of the singular behavior near

T~(u) as popo and near TD(u) as p, ~pa+ will be
discussed below.

For interactions which are not nearest-neighbor

only the coexistence phase diagram loses the exact
symmetry of Fig. 10 but nevertheless retains its gen-
eral shape. The T =0 analysis at the end of Sec.
IIB shows that complete wetting occurs for suffi-
ciently large

~

u ~, provided only that u„ is not
dominated by v„at large n [in which case Eqs. (29)
and (30) can never be satisfied at large n] Th.ere is
an interval uii (U) &u &0 in which incomplete wet-

ting and drying occur at T =0. Furthermore,
Antonov's relations (38) and (39) hold at u=uir
and u =0, respectively [see comments (g) and (h) of
Sec. II B], so

Tw(uw) = TD(O) =O .

The existence of an unique u, with

Tir(u )=TD(u )= T

(43)

(44)

is not rigorous but seems firm. It is certainly true
in mean-field theory. Indeed, experience with mag-
netic surfaces suggests that there is only one
relevant surface-field variable, which we may take
to be 5u =u —u, . If this is so, then local changes
in v;J and u; (such as further-neighbor interactions)
may shift u, but will not change its character. The
upshot (Fig. 11) is a coexistence phase diagram
which is broadly similar to Fig. 10 but possesses
some features which are sensitive to the long-
distance competition between u„and v„, as we now
elaborate.

When u„and U„both have strictly finite range
[Fig. 11(a)], then the coexistence phase diagram is
simply a distorted version of Fig. 10. Notice in par-
ticular that when u =0 there is complete drying on
the liquid side of coexistence for all 0 & T & T, .
The physics of this is as follows. As long as t (the
thickness, now, of the drying layer) is larger than
the range of the atom-atom potential, the position
of the interface is neutral (undetermined) at T=o;
however, for any T&0 the interface has thermal
fluctuations, which are inhibited by the substrate
surface, so there is an entropy effect which favors
large over small t and causes the interface to unbind
from the substrate. If u„remains of strictly finite
range but u„becomes long ranged (u„— Bln ), —
then the coexistence phase diagram [Fig. 11(b)] is
modified near u =0: Although drying is complete

at u=0 (where the problem is identical to the
finite-ranged case), there is now incomplete drying
arbitrarily close to u =0 at low temperatures. This
discontinuous behavior is most easily understood by
using the magnetic symmetry (14) to map to a cor-
responding wetting problem: Beyond the range of
U„,u„=hu„, so u„'= —hu„= —u„. Thus, drying
behavior with a weakly attractive substrate maps to
wetting behavior with a weakly repulsiue substrate
(at long distances). This repulsion violates Eq. (29)
[or, equivalently, the condition after (41) that
u,
' —g, , U,

' &0] and prevents complete wetting

with [u„' J and, therefore, complete drying with

Iu„I. As T increases, the weak attraction ju„I
competes with the repulsion of the interface due to
thermal fluctuations. Provided that T & T~, it
seems likely that the power law u„-n is not
modified [cf. the discussion surrounding Eq. (42)],
so drying remains incomplete for u &0; however,
when Tz & T & T„ interfacial wandering is known
to produce power-law correlations and it is
reasonable to suppose that the interfacial (entropic)
repulsion develops power-law behavior —n with
an exponent 8'(T) which decreases as T increases.
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FIG. 11. Sketches of coexistence-plane phase dia-
grams for attractive potentials (a) Iu„] and Iu„] both of
strictly finite range, (b) Iu„] long range and [u„I of
strictly finite range, (c) [u„J of strictly finite range and

t U, ] long range. Onsets uc~ and ucD of critical wetting
and drying are not shown. At u =0, 0 & T & T, drying at
coexistence is always complete (class I); however, in case
{b) drying is incomplete (class II) for u &0 at low tem-
peratures. Similarly, in case (c) wetting remains incom-
plete at low temperatures even for very strong attraction
u, as explained in the text.
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As soon as 8&8'(T), complete drying occurs for
small enough u. This behavior of the entropic
repulsion is, of course, beyond mean-field calcula-
tions. It remains conjectural pending a realistic cal-
culation. It is possible, for example, that for small
enough 8, 8'(T) remains larger than 8 for all
T & T„and so u, =0. Modification of Fig. 11(a)
for the case of atom-atom attractions which are
long-range (u„-n ) with atom-substrate attrac-
tions of strictly finite range is shown in Fig. 11(c)
and also deserves comment. Here, u„vanishes at
large n, so Eq. (29} can never be.satisfied at T=O
even for very large

~

u
~

(uir~ —Oo). As T in-

creases, the entropic repulsion (which may here be
thought of as a repulsive contribution to u„' } com-
petes with U„, so for large enough

~

u
~

we expect
crossover to complete wetting behavior at
Ttt & Tiv(u) & T, . A corresponding discussion of
the situation when both tu„j and tu„j are long-
ranged is certainly possible; however, it would re-

quire a better understanding of the thermally modi-
fied exponents 8'(T} than we now possess. Suffice
it to say that, when u„and U„are comparable in the
sense of Eq. (32) (which applies, for example, to the
physically interesting case when both arise from van
der Waals interactions), then a coexistence phase di-
agram similar to Fig. 11(a) seems likely.

Near enough the bulk critical temperature
(T& T, ) the substrate surface is always completely
wet or completely dry at coexistence. An argument
to this effect was first advanced by Cahn, ' who
noted [t=

~

(T T, )/T,
~

]—
'V I-t"

and argued further that

(45)

ys, yt, -u—, [n (z=l) —nt(z=1)]-t ', (46)

with =(d —1)v =2—a —v and Pi ——(d
—1)v—b,, '. Here, v, a, and b,,' ' are the exponents
associated with the bulk correlation length, the bulk
specific heat, and the surface field, respectively. In-
complete wetting near T, would require

ys, —ya & yst, i.e., P» p, which disagrees with the
actual d =3 values, p-1.3, Pi -0.8. This argu-
ment is not without its ambiguity: In the complete-

ly wet phase ys, —yt, =yet-t", so (46} must fail.
This is understandable within a mean-field frame-

3
work, where p = —,, Pi ——1, and (46) may be regard-

ed near T, as describing a metastable incompletely
wet phase. However, a scaling generalization of
Cahn's argument beyond mean-field theory is really
not possible, since for u &u, (u ~u, ), the incom-
pletely wet (dry} phase disappears before T, (see

Figs. 10 and 11) and its properties cannot be scaled
as t~0. To treat the question further it is useful to
work near 5u—:u —u, =O, t=O, where a scaling
description presumably exists. The nearest scaling
equivalent of Cahn's argument is then just the state-
ment that the surface field 5u is a "relevant" vari-
able ' in the renormalization-group sense, so

with

g(0)

yg, —yt, —t' M(5 ult '
) (47)

const )&x asx ~0
~(x)= singular atx=xp)0

const asx~oo
(48)

Behavior as x~ reflects the fact that y~, —yI, van-
ishes by symmetry when 5u =0 and gives

ys, —ya -t '5u for fixed t+0 as 5u ~0. Behavior
as x~oo assures yz, —yI, -t as t~O at fixed(d —i)~

5u+0, which continues to hold even for large sub-
strate fields. The wetting singularity is character-
ized by what happens at xp. It follows from this
analysis that

) gg(0)
Tw, D(u (49)

where 5,' '-0.46 in d =3.
The wetting transition has been seen experimen-

tally for several adsorption systems, including 02,
ammonia, and ethylene ' on graphite (see Sec.
IV). Analogous behavior in three-phase, fluid-
fluid-vapor systems was first observed by Heady
and Cahn and has been seen subsequently by
several other groups. ' ' ' The drying transition
has yet to be definitively observed experimentally.
Monte Carlo calculations have recently been carried
out by Sullivan et al.

3. The roughening transition
and its influence on singular behavior

near wetting and drying transitions

Roughening is primarily an interfacial as opposed
to surface phase transition. It shows up as a very
weak singularity in the interfacial free energy as-
sociated with symmetry directions, as in yst(T, z ).
The long-wavelength capillary-wave fluctuations
which dominate the interfacial wandering in the
rough phase are cut off in a film of finite thickness.
Thus, a strict roughening transition occurs only
when n, ~ ao (n, ~—ao ), i.e., as p~p p (p:~pp )

and for surfaces which are completely wet (dry) at
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coexistence. Under these conditions the equality
(38) [(39)] holds and yg, (T) [yI, (T)] inherits from

ygI the roughening singularity at T =Tz. In addi-
tion, the roughening transition at Tg, pp (pp )

makes itself felt in a qualitative way for p&po
(p )po) provided T~ & Trt ( TD & TJt ). The order
parameter of the roughening transition is the step
energy (or kink mass), which is positive for T & T~,
zero for T & Tz, and vanishes continuously as
T—+Tz . It is the nonzero kink energy which al-
lows clean distinction between successive layers in
the thick-film limit. Hence, distinct layer transi-
tions leading to complete wetting (drying) can only
occur for T~ & T & Tz (TD & T & Tz), and
distinct-layer critical temperatures T, (n) approach
Tz as n ~ oo, as illustrated in Figs. 1 and 2. Note
that, unlike T~ and TD, Tz is independent of the
substrate potential Iu„t. Thus, it is in principle
possible experimentally to adjust T~ and TD rela-
tive to Tz by varying substrates with a fixed type of
adatoms.

The wetting transition is observed for intermedi-
ate substrate strengths u~ & u & u, (Figs. 10 and 11)
and its character depends crucially on the relative
positions of T~(u) and Tz. If 0&T+ &Tz (i.e.,
u~&u &u~), then, as T increases from zero to-
wards T~, complete wetting at coexistence is
achieved via an infinite sequence of first-order
surface-layer transitions which accumulate at T~
(Fig. 2). This is the "layering" subregion identified
in Sec. I. When Tz &T~, these layer transitions
can no longer remain distinct. The simplest conjec-
ture is that all but a finite number of layer transi-
tions coalesce (at least for p —+p,o ) into a single
first-order prewetting line (Fig. 3). Precisely such a
line is seen in density-functional theory, continuum
mean-field theory, ' ' ' ' ' and one Monte Carlo
simulation. This range of couplings, uz & u

&ucw, is the "prewetting" subregion. As the sub-

strate is weakened further, there is plausible but not
conclusive evidence that the length of the prewet-
ting line decreases and goes to zero ' at a charac-
teristic coupling ucw (u~ & ucw &u, ) with

Tcw T~ (ucw). For——substrates weaker than ucw
(ucw & u & u, ) complete wetting occurs via a
second-order "critical wetting" transition. It is not
known with certainty that critical wetting persists
beyond mean-field theory. In this paper we shall
adopt the point of view that it does. Continuum
mean-field theory, which cannot describe discrete
layering or roughening but might well be expected
to be qualitatively valid for T & Tz predicts ' this
changeover from prewetting to critical wetting.

where A is some analytic background, so that,
apart from background terms, yg~ and yI, and their
difference ygt all vary as t' "", while n, (po )

diverges for all T~ & T & T, and varies as t'"
for T & T, . The roughening transition appears as a
weak singularity in yg, for T~&Tz but not for
T& p T~. When 0 & T~ & Tz [Fig. 12(b)], n, (po )

diverges as T approaches T~ from below via the in-
finite sequence of layer transitions which accumu-
late at T~. In the prewetting subregion [Figs. 3
and 8(c)], we conjecture that n, (po ) goes to a finite
value as T—+T~, reflecting our picture of layer-
transition coalescence. In the critical-wetting subre-
gion [Figs. 4 and 12(d)] n, (po ) diverges continuous-
ly as T~TC. To the best of our knowledge the
values of the critical exponents describing this
divergence and the corresponding singularity in yg,
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FIG. 12. Sketches of the behavior of the surface coef-
ficients yg, (T) and yI, (T) and the gas-phase excess sur-
face density n, (T,po) for (a) strong substrate, (b) inter-
mediate substrate, layering, (c) intermediate substrate,
prewetting, and (d) intermediate substrate, critical wet-
ting. f, lpol is the surface free energy at p, =go but for
T & T„beyond coexistence. The enlarged dots show po-
sitions of nonanalyticities in the surface coefficients.

Expected behavior of thermodynamic quantities
at coexistence for strong and intermediate substrates
is summarized in Fig. 12, which shows sketches of
ys„yl„and n, (po ). Note that the free energies are
bounded and continuous as functions of T, in accor-
dance with the discussion after Eq. (17). Near bulk
criticality it is natural to suppose that

(50)
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have not even been conjectured (for d =2 see Ap-
pendix B). Also unstudied are the special singulari-
ties which occur when T~ ——T~ and at the boun-
dary Tcw between prewetting and critical wetting.

Behavior in the weak-substrate regime is entirely
analogous to behavior in the intermediate-substrate
regime by virtue of the (approximate) symmetry
about u =u, (Figs. 10 and 11), only now ys, (T) is
smooth for T&T, and all singularities appear on
the liquid side of coexistence. There is "critical
drying" for u, &u & ucD (T, & T & Tcz), "predry-
ing f«ucD&u &uii (TcD&T&Tz), and "layer-
ing" for uz & u &0 (TR & T & 0).

III. CALCULATIONS AND RESULTS

This section sets forth the evidence for the phase
diagrams shown in Figs. 1 —6. Beyond the T =0
and p =go treatments of Sec. II, it is necessary to
rely on approximate and/or numerical techniques.
In Sec. III A we review the results of mean-field cal-
culations performed by us ' and others. ' Mean-
field theory gives a global picture which, although
not quantitative, is accurate in some respects: It is
exact at T =0 and exhibits both layering and wet-

ting. In other ways mean-field theory is completely
wrong: It is unable to describe the roughening tran-
sition and related phenomena. Section III B
discusses the modification of mean-field results by
thermal fluctuations. We concentrate here on a
two-dimensional substrate surface in contact with a
three-dimensional bulk. The behavior of a one-
dimensional substrate in contact with a two-
dimensional bulk is treated in Appendix B. In this
case mean-field theory does not provide an adequate
starting point; however, all the interesting behavior
occurs at T =0 and p =pp, so it is possible to form
a complete picture.

A. Meari-field results

Mean-field calculations for the discrete lattice-
gas model (3) were first carried out for a strong sub-

strate potential of the form (6) by de Oliviera and
Griffiths. Similar calculations for a weaker sub-

strate were recently performed by Ebner. We
have studied ' the particularly simple case of
nearest-neighbor-only interactions (8) systematically
over a range of ratios u/v. The methodology of
such mean-field calculations has been adequately
expounded in the literature. ' ' We shall first
present results for the nearest-neighbor model and

then discuss in less detail how such results are
modified by further-neighbor interactions.

For nearest-neighbor-only interactions, (8) and
(12), several exact results are available. The T=0
analysis of Sec. IIB and Appendix A identifies

us ——v. For u &v (i.e.,
~

u
~

&
~

v ~, the strong-
substrate regime) the first layer forms on the sub-

strate at T=0 when JMO
—p=u —u. At T=0 all

further layers form simultaneously at po —p =0. In
addition, the magnetic symmetry (12)—(14) means
that the nearest-neighbor-only model is exactly
symmetric about u=u, = —,u, p=po, so it is only

necessary to study the strong (u & v ) and intermedi-
ate (v &u & —,v) regimes. Properties in the weak

1

( —,v & u &0) regime follow by symmetry from those
in the intermediate regime (e.g. , Fig. 6.). These ex-
act relations are respected by mean-field theory.
For the nearest-neighbor simple-cubic lattice mean-
field theory gives k~ T, = —,

~

v
~

.
Figure 13 shows representative (p, T) and (n„T)

mean-field phase diagrams for u/v=1. 25, 0.975,
and 0.025. Note that the u/v=0. 975 and 0.025
data are related by p —po~po —p and n,~—n, .
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FIG. 13. Representative T,p and T,n, mean-field
phase diagrams for the simple-cubic nearest-neighbor
model (8) for u /u = 1.25 (strong substrate), u /u =0.975
(intermediate substrate, ks Ts /

~

v
~

=0.78), and
u/v =0.025 (weak substrate, ksTv/

~

v
~

=0.78). There
is an infinite sequence of layer transitions, with
T,(n)~T, (bulk) as n~ 00. Only the transitions n =1,
2, and 3 are actually shown on the T,p surface phase dia-
grams (n =4, 5, and 6 are shown on the semilogarithmic
insets). Because of the exact magnetic symmetry the T,p
phase diagrams for u /u =0.975 and 0.025 are mirror im-
ages. It is a special feature of the nearest-neighbor model
that only a single layer transition separates off at T =0 in
the strong regime. The T, n, phase diagrams exhibit the
excess surface density along the phase boundaries, includ-
ing coexistence. Allowed regions connect to the lower
right.
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Within the context of discrete mean-field theory
these phase diagrams are qualitatively typical of all
behavior in the strong, intermediate, and weak re-

gimes, respectively. Consider first the (p, T) phase
diagrams. The sequence of phase boundaries ap-
proaching the coexistence axis represents successive
layer transitions, n=1,2,3,. . . . For u/v &1 all

layer transitions reach T=O, with coincidence at
T =0 of all the layers n & 1. This coincidence is an
exact consequence of the choice of nearest-neighbor
interactions. For —, & u/v & 1 the layer transitions,
separated now by entropy contributions, reach
Itt =ditto (coexistence) at distinct temperatures, which
accumulate as n~oo at the wetting temperature
T~. Each layer transition n terminates at a critical
temperature T, (n). Because of its failure to include
roughening, mean-field theory (incorrectly) predicts
T( n) ~T, (b ulk) as n +Do —(although the approach

to this limit is rather slow). Thus, for n~ao the
layer-transition lines approach the segment of the
coexistence axis between Tz and T, . In the weak
regime 0&u/v& —, all the layer transitions have

shifted to the liquid side of coexistence. The (n„T)
phase diagrams of Fig. 13 plot the excess surface
density versus temperature for points along the
phase boundaries on the gas side of coexistence.
The fingerlike shapes are regions of coexistence of
the two surface phases (of different n, but at the
same T) on opposite sides of the (p, T) layer-
transition phase boundaries. For u /v & 1 the
fingers extend down to T =0, join at a cusp there,
but are separated at T & 0 by narrow regions of al-
lowed, single-phase n, For —, &.u /v & 1 fingers

join at T &0. The points of joining approach T~
1

as n, ~ ao at wetting. For 0& u/v & —, there are no

gas-phase layer transitions and n, (T, Itt)IIchanges

continuously along the coexistence curve, diverging
as

~

1nt
~

as T~T,+
Representative adsorption isotherms and "iso-

bars" are shown in Fig. 14 for some of the same
data as Fig. 13. Both isotherms and isobars exhibit
sharp steps at the layer transitions. When the sub-
strate is completely wet at coexistence (within
mean-field theory this occurs for 0 & T & T, for

1

u/v &1 and Tw &T&T, for —, &u/v&1), the cor-
responding isotherms show an infinite sequence of
such steps as p~pp. The approximately equal
horizontal length of these steps in Fig. 14 reflects
the logarithmic behavior of t(T,p) expected for
short-ranged potentials [see after Eq. (42)]. Of
course, for 0 & T & T~ at most a finite number of
steps is present. The isobars at p &pp show a finite
number of steps followed by a smooth decay to-

wards zero for T& T, . As p —+pp the isobars
should in principle approach those shown in Fig.
12. For u/v &1 [Fig. 12(a)] this does, in fact,

1

happen; however, for —, &u/v&1 all curves ap-

proach the limiting form of Fig. 12(b), so Figs. 12(c)
and 12(d) are never seen, reflecting, again, the ab-
sence of a roughening transition in mean-field
theory. Nevertheless, it is interesting to note that
for weaker substrate potentials (e.g., u/v=0. 75 in
Fig. 15) the horizontal size of the steps becomes
very small and prewetting —critical-wetting be-
havior is simulated at a gross level.

Inclusion of further-neighbor attractions '

modifies the nearest-neighbor-only picture present-
ed above in two important ways: (i) Successive
layer transitions are separated at T =0 (cf. Fig. 13)
and (ii) surface triple points may occur. Both these
modifications may be studied exactly at T=0 in the
strong-substrate regime [Sec. II, Eq. (27)ff, and Ap-
pendix A]. The first corresponds to the separation
and orderly sequencing of the chemical potentials at
which the successive T =0 layer transitions occur,
p&&p2« pp', the second, to the possibility
for sequencing of the type 0,1, . . . , n, n

+q, n+q+1, . . . , liquid, in which several layers
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FIG. 14. Representative mean-field gas-phase adsorp-
tion isotherms n, {p) and "isobars" n, {T) for the same
data as Fig. 13. In the strong-substrate regime
{u/U =1.25) all isotherms are class I; however, at higher
temperatures the first few layer transitions are rounded
because T & T,{1),etc. In the intermediate-substrate re-
gime the isotherms are class II for T & T~ and class I for
Tw&T &T, (for u/v=0. 975, kqTw/i v

i
=0.78). The

isobars are smooth except when they cross a phase boun-
dary. As p approaches po, more and more such boun-
daries are crossed. The height of the peak diverges as

I In(IMII —p, ) i [see after Eq. (42)].
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FIG. 15. Mean-field gas-phase adsorption isobars for
u/v=0. 75, in the intermediate-substrate regime. Ob-

served at a fine scale (see detail), these isobars are similar

to those shown in Fig. 14; however, on a coarse scale they

exhibit the kind of smooth behavior expected in the

prewetting subregion. For ulu =0.75, ksTs I
l

u
l

=1.36.

fill together. Monotonically decreasing substrate
potentials which are strong enough to wet at T =0
lead to sequential layer filling, 0,1,2, . . . , liquid,
when the layer potential falls off rapidly, thus

cleanly distinguishing layer n from layer n+1 [see
Eq. (30)]. Conversely, several layers which feel

more or less the same substrate potential may fill

together. Layers which fill together at T =0 may
be separated by entropy effects at T increases, thus

leading to triple points. Corresponding effects are
also expected for intermediate and weak substrates.
Examples of the various different types of phase di-

agrams which may be expected are shown in Figs.
16 and 17. Only a few of these have yet been seen

for the small number of potentials that have been

studied explicitly. Note that in all cases T, (n) +T, —
as n~00.

The major qualitative defect of mean-field theory
is its failure to include roughening and the conse-

quent absence of prewetting and critical-wetting
1

phenomena. For short-range forces Tz —, T„so-
we may say crudely that discrete mean-field theory

gives a reasonable description at low temperatures

but not at high temperatures. Surface phenomena

have also been treated by continuum mean-field

theories. ' ' ' ' ' Indeed, it was from this point of
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FIG. 16. Possible mean-field surface phase diagrams

for strong-substrate systems with further-neighbor in-

teractions. Longer-ranged interactions separate the layer

transitions at T =0. A potential [e.g., Eq. (6)] which de-

cays strongly and monotonically separates all layer tran-

sitions, as in (a). When two or more layers feel potentials

which are nearly the same, their transitions may occur
simultaneously at T=0 [(b)—(d)]. In solved examples

with weaker substrates (Ref. 79) the transitions tend to
separate off at higher temperature via surface triple

points [(c) and (d)]; however, it is not known whether this

always happens [c.f. (b)]. In all cases T, (n)~T, (bulk) as
n~oo.

FIG. 17. Possible mean-field surface phase diagrams
for intermediate-substrate systems with further-neighbor
interactions. Interactions of relatively short range appear
to lead to phase diagrams such as (a) [e.g., Fig. 13].
Strong first-layer interactions can split off one (or more)
separated layer transitions as in (b). Longer-ranged in-

teractions appear to lead (Ref. 79) to a series of surface
triple points (c). There is no reason to believe that addi-

tional composite and/or intermediate cases do not occur
[e.g., (d)]. As in Fig. 16, T,(n)~T, (bulk) as n'og.
Corresponding phase diagrams for the weak-substrate re-

gime are simply inverted in the T axis (Fig. 13), so

p —p~pp —p and layer transitions take place in the
bulk-liquid region.
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view that both prewetting and critical wetting were
first discovered (see Sec. IIC2). The applicability
of continuum mean-field theories is somewhat am-

biguous: Discrete-layer transitions are not possible.
Such theories are arguably valid (i) for T& Ttt,
where layer transitions are absent anyway, and (ii)
in some lumped, average sense over the full phase
diagram; however, they can certainly not shed any
light on the complicated questions surrounding the
crossing of T~ and Ttt. Nevertheless, Sullivan's

theory, valid in sense (ii) above, is the first and un-

til now only treatment of the crossover from class-
II to class-I behavior as a function of T and the ra-
tio u/U.

B. Beyond mean-field theory

For T&0 the results of mean-field theory are
modified by the presence of thermal fluctuations.
These fluctuations have a disordering effect and
tend to reduce (often substantially) the temperatures
at which ordering phenomena occur. Of course,
they also modify the details of critical behavior near
second-order phase transitions, both bulk and sur-
face. From a global point of view the main conse-
quence of including thermal-fluctuation effects is to
produce the interfacial roughening phenomena
described in Sec. IIC2. Interfacial roughening be-
comes a surface phenomenon only in the strict
thick-film (complete-wetting) limit; however, asso-
ciated qualitative effects extend away from coex-
istence. Thus, the considerations of Sec. II C allow
a satisfactory qualitative description of adsorption
systematics beyond mean-field theory. Numerical
evidence to support this description is sparse at
present: There are Monte Carlo simulations by
Ebner and by Kim and Landau and, most re-
cently, a Migdal-Kadanoff renormalization-group
calculation by Saam ' for four- and five-layer lat-
tices. What evidence there is is consistent with the
picture we now present.

Possible phase diagrams for u «uii (strong sub-
strate, complete wetting at coexistence) are shown
in Fig. 18. For nearest-neighbor interactions only
[Fig. 18(a)] the n &1 layer transitions bunch at
T=p —go=0. A long-ranged but rapidly decreas-
ing substrate potential [Fig. 18(b), which is identical
to Fig. 1] separates the layer transitions at T =0.
Weaker falloff and further-neighbor particle-
particle interactions can lead to multiple-layer tran-
sitions and triple points, just as within mean-field
theory. The qualitative difference between Fig. 16

(and Fig. 13, u/U=1. 25) and Fig. 18 is that now

T, (n) +T—~ as n~~, reflecting the influence of
roughening on the completely wet substrate at coex-
istence. Phase diagrams such as Fig. 18(b) have
been seen in Monte Carlo simulations. ' Note
that Fig. 18 shows T, (n) increasing with n, as has
been observed in the simulations. This tendency is
certainly nonuniversal, at least for small n, in that it
must depend on the details of the substrate potential
in the first few layers. The experimental situation
appears correspondingly variable.

Intermediate substrates, u ~ & u & u„have a
nonzero wetting temperature, 0 & T~ & T„and
divide into three subregions, layering, prewetting,
and critical-wetting, as described in Secs. I and II C.
In the layering subregion, u ~ & u & uz,
0& T~ & Tz, the situation is as shown in Fig. 19
(see also Fig. 2), which should be compared to Fig.
17, the corresponding mean-field results. Again,
roughening controls the thick-film behavior, so
T,(n)~Ttt. Note that a substrate potential which
is strong in the first few layers but weak thereafter
can split one or more layer transitions away from
the coexistence axis [Fig. 19(b)], so the isotherms
contain one or more steps at arbitrarily low tem-
perature, despite being class II for all T & T~.
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FIG. 18. Surface phase diagrams beyond mean-field
theory, strong-substrate regime, u &u~&0. For short-
ranged interactions [e.g., nearest neighbor, as in (a)] layer
transitions are bunched at T =0. Longer-ranged interac-
tions with rapid falloff separate the transitions at T =0
[e.g., (b)]. If interactions in the first few layers are close-
ly matched, surface triple points may occur (c). A partic-
ularly strong first-layer interaction splits away the first-
layer transition (d). In all cases T,(n)~T& as n~ao, as
originally argued in Ref. 5.
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FIG. 19. Surface phase diagrams beyond mean-field

theory, intermediate substrate regime, prewetting subre-

gion, u~ &u &uz &0. Here 0& T~ & T& and the layer-

transition temperatures T,(n) approach T~ as n~oo.
Short-ranged substrates probably leave layer transitions
distinct as in (a). Particularly strong early-layer interac-
tions may split off one or more transitions onto the T =0
axis [(b) and (d)]. Longer-ranged interactions may give a
sequence of surface triple points (c). Intermediate and

mixed situations (d) may presumably occur for appropri-
ate substrates. T,p phase diagrams for the weak-

substrate regime are obtained by inverting p —po~po —p
in the coexistence axis, so that T~~TD and layering

takes place on the liquid side of coexistence.

FIG. 20. Surface phase diagrams beyond mean-field
theory, intermediate substrate regime, prewetting subre-

gion, u~ &u &uc~&0. When T~ is above T~, high-
order layer transitions cannot remain distinct at coex-
istence. There is no longer any thick-film behavior at
coexistence near Tz, so roughening singularities disap-
pear from the surface problem. For some interactions,
the prewetting line appears to be simple as in (a) (Ref.
25); however, early layers may be split off as in (b) and
(d). There seems no reason in principle to exclude surface
triple points away from coexistence [(c) and {d)]. Similar
behavior in the predrying subregion for weak substrates is
obtained by reflecting p —popo —p and Tp™~TD

Whether layer transitions are always separate and
distinct, as in Figs. 19(a) and 19(b), or merge via
surface triple points, as in Fig. 19(c), is not possible
to determine without detailed calculations, which
have not yet been done. Within mean-field theory,
nearest-neighbor-only interactions lead to separate
transitions (Fig. 13), while longer-ranged interac-
tions can give triple points. It is, therefore, plausi-
ble to suppose that appropriate potentials can pro-
duce both types of behavior and, indeed, other inter-
mediate cases such as Fig. 19(d). The common
features of all variants of this phase diagram are
class-II isotherms for T & Tz and class-I isotherms
for T~ & T & T„ thus allowing situations in which
increasing temperature increases the number of
layer transitions seen. Just such behavior has been
clearly observed by Menaucourt ' for ethylene on
graphite, as we shall discuss more fully in Sec. IV.
Indeed, it is a consequence of the Cahn argument'
(see Sec. IIC2) that any system exhibiting class-II
isotherms will eventually develop class-I isotherms
as T is increased, so this kind of behavior is prob-
ably common.

Weakening the substrate potential still further

raises T~ above Tz. Figure 20 (see also Fig. 3) de-

picts possible phase diagrams in the prewetting
subregion, u& &u &ucw, Tz & T~ & Tcw. Corre-
sponding pictures for the critical-wetting subregion,

ucw & u & u„Tcw & Tw & T„ lack the prewetting
phase boundary but are otherwise the same (e.g.,
Fig. 4). Because thick films occur only at tempera-
tures above T&, the point 1 =Tz, p=po is no
longer special and the sequence of distinct layer
transitions leading to complete wetting for T& & Tz
(Fig. 19) coalesce in the prewetting subregion into a
single thick-film —thin-film prewetting line, at least
near coexistence. Ebner's Monte Carlo simula-
tions appear to show a phase diagram like Fig.
20(a) for a particular 3—9 potential. Note that a
strong substrate potential in the first few layers can
still split off a finite number of layer transitions
below T~ [Figs. 20(b) and 20(d)]. Away from coex-
istence there is nothing in principle to prevent layer
transitions, surface triple points, etc., as sketched in
Figs. 20(c) and 20(d). In the critical-wetting subre-

gion the prewetting line shrinks to a single point on
the coexistence axis (see Sec. II C2); however, finite
numbers of layer transitions may presumably per-
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sist elsewhere in the phase diagram (away from

p=po, T&Tz) for suitable potentials. Which of
these many possibilities is realized for a particular
combination of atom-atom and atom-substrate po-
tentials can only be determined by detailed calcula-
tions, as yet unavailable.

Possible phase diagrams for the weak-substrate
regime are obtained from those in the intermediate-
substrate regime (Figs. 19 and 20) by reflecting all

phase boundaries onto the liquid side of coexistence.
The discussion parallels that given above with dry-

ing substituted for wetting, T~~TD, etc.

IV. DISCUSSION: THE LATTICE
MODEL VERSUS EXPERIMENT

A. Deficiencies of the lattice-gas model

The lattice-gas model (3) does have a bulk first-
order transition from a low-density (gas) phase to a
high-density (liquid) phase which ends at a critical
point possessing the experimentally correct liquid-

gas critical exponents; however, as a description of
the real world, it is at best only partially successful.
Some of its deficiencies are rather subtle (e.g. , the
"magnetic" symmetry of the associated Ising model
artifically straightens out the coexistence-curve di-
ameter ) and others refer to regions of extreme
temperature or pressure, beyond the principal focus
of our present concerns (e.g. , it is a "classical"
model and cannot describe quantum effects, which
may become important at very low temperatures).
Others, however, are grossly evident in regions of
major experimental interest. We shall concentrate
on four interrelated problems.

1. Lack ofa solid phase

The lattice-gas model has only two bulk phases,
which meet along a single coexistence line. By con-
trast, even simple materials such as the rare gases
(helium excepted) have a bulk phase diagram [Fig.
21(a)] with three bulk phases, meeting along three
distinct coexistence lines which join at a bulk triple
point. Even if we confine ourselves to those situa-
tions (which have received almost all experimental
attention) where one of the coexisting phases is the
gas, there is still a new characteristic temperature,
the triple-point temperature T„which must play an
important role in the coexistence analysis of Sec.
II C. Along the liquid-gas boundary the two coex-
isting phases are both continuum phases, so the in-

terface is always rough. Thus, there are two pos-
sibilities: Either there is an ordinary roughening
transition along the gas-solid coexistence line,
0 & Tq & T, & T„or there is no roughening transi-
tion in the usual sense but simply a transition at T,
between a smooth gas-solid interface and a rough
gas-liquid interface. In the former case our previ-
ous discussion applies directly and T, is unimpor-
tant. In the latter case the triple point must play
the same role as the roughening transition in bound-

ing the critical temperatures T, (n), above which
layer transitions cannot remain distinct for large n.
Otherwise, the systematics of surface transitions in
the bulk-gas region should not be substantially in-
fluenced [see Figs. 21(b) —21(d)] by the presence of
the additional high-density phase. It seems likely
that the situation for Oq on graphite ' is of this
type [probably Fig. 21(c)].

The free energy f, and corresponding surface
coefficients will, of course, have singular behavior
near T, . When T~ & T„so that complete wetting
occurs near the triple point, then in analogy to (38),

Vgas-substrate 7solid-substrate + Vgas-solid

for T~ & T & T, (51a)

Vgas-substrate 71iquid-substrate + Vgas-liquid

for T, & T & T, . (51b)

At the triple point 'Ygas-substrate is continuous and
both equalitites hold; however, there seems no
reason not to expect discontinuity in slope. On the
other hand, when Tz & T„ then thick films cannot
occur as gas-solid coexistence is approached from
the gas phase, so at T= T„p~pp surface thermo-
dynamic functions should inherit only the very
weak coexistence-curve singularities characteristic
of the bulk; however, the coexistence "crystallites"
which grow at p =pp change shape discontinuously
across T, from anisotropic (T&T, ) to spherical
(Ty T, ) Of course, .special singular behavior is
presumably expected for TR ——T~ Tw =T„or both.

2. Monolayer structure, epitaxial
transitions

For the purely attractive interactions which we
have studied, each layer transition involves the con-
densation of a low-density (d =2 gas) phase into a
high-density (d =2 liquid) phase. This simple two-

phase picture may be adequate for high-order-layer
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transitions but is certainly inadequate to describe
the rich diversity of experimental monolayer and bi-
layer structure. Purely epitaxial effects are dis-
cussed here; those involving incommensurate phases
and/or situations with serious misfit between the
substrate and the bulk adatom solid are discussed in
the next subsection. In nature both effects can and
do occur together.

The appeararice of epitaxial ordering, such as in
the v 3&&W3 phase, ' typically requires atom-atom
forces with competition between, for example,
nearest-neighbor repulsion and further-neighbor at-
traction. Such effects can be modeled with a lattice
gas and form the subject of a separate publication. '
If repulsion is weak, then at each temperature the
epitaxial phase exists only over a narrow range of
density (chemical potential) and the addition of fur-
ther adatoms completes the layer, destroying epitax-
ial order. Thus, single-line layer-transition phase
boundaries in the (IJ„T) plane open up into narrow
"fingers" bounding regions of epitaxial order. At
the opposite extreme, strong repulsion may prevent

completion of the first layer. Then, the second and
subsequent layers condense in registry under an en-

velope of epitaxy in the (p, T) plane. In both limit-

ing situations the general systematics of layer con-

densation should be as described in the text.

3. Imposed uersus spontaneous lattice
structure, incommensurate phases

Incommensurate phases and the transitions be-

tween commensurate and incommensurate phases
cannot, of course, be described adequately by a
lattice-gas model with attractive interactions. Such
effects must be felt in the process of building up
thick films in the vicinity of the bulk gas-solid

phase boundary, unless the adatom solid phase is
precisely commensurate with the substrate surface.
Incommensurate (d =2 solid) phases often occur for
early ( n = 1,2) layers and certainly render the
description of such layers beyond our model; how-

ever, it seems likely that the effect of these early
layers on the large-n systematics is small: Near the
bulk gas-liquid phase boundary (p~po,
T, & T & T, ) the high-n layers are more or less uni-

form and should admit a lattice-gas description,
while near the bulk gas-solid phase boundary

(p ~pa, 0 & T & T, ) the high-n layers (beyond some
characteristic "healing" distance) will have essen-

tially the bulk-solid lattice structure.

4. Weak-substrate layering

Note finally that the layering transitions on the
dense ph-ase side of coexistence which are present in
the lattice gas (weak substrate, layering subregion)
are an artifact of the model and not to be expected
in the real world. For a weak substrate and in the
dense bulk phase the "film" is actually a low-

density region sitting between the substrate surface
and the high-density bulk. This film may possibly
have thick-thin (predrying-type) transitions; howev-

er, it will not have a sequence of layer transitions.
The physics of this situation is misrepresented by
the lattice-gas model. Layering in ordinary, dense
films is driven by the hard-core atom-atom repul-
sion, represented in the model quite appropriately
by the lattice; however, at low densities the hard-
core repulsion should not play an important role
and is artifically overemphasized in the model by
the latticization of empty space. These remarks ap-

ply most directly to the solid side of the bulk gas-
solid phase boundary [Fig. 21(a)]. The point is
moot on the liquid side of the gas-liquid phase
boundary, since this boundary is rough for all

T, ~T&T, . It is not clear what happens near
(smooth portions of) the bulk liquid-solid phase
boundary, since here both phases are typically dense
and hard-core repulsion certainly plays a role.

In summary, then, we anticipate that the simple
lattice-gas model we have studied should provide an
adequate description of thick-film systematics in
the bulk-gas region, though it is bound to miss
structural details of the first few layers, if epitaxial
and/or commensurate-incommensurate ordering oc-
curs.

B. Implications for and comparison
with experiments

To study experimentally the kind of global-
phase-diagram systematics on which we have
focused, it is necessary to have data at a variety of
temperatures T and bulk densities nb (or,
equivalently, chemical potentials p, ), e.g. , isotherms
taken systematically over a wide range of tempera-
tures. In addition, the limitations mentioned in Sec.
IV A put a premium on data near coexistence, espe-
cially in thick-film regions. For a variety of experi-
mental reasons' such data are not easy to gather. In
particular, low-temperature work (needed to distin-

guish between strong and intermediate substrates,
Figs. 18—20) involves long equilibration times and
thick-film work (needed to distinguish class-I and
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class-II isotherms) involves difficulties with capil-
lary condensation and requires good pressure reso-
lution. In view of the above it is, perhaps, not
surprising that there does not seem to be even one
system for which the full (T,i4) surface phase dia-

gram can be reconstructed in detail from experi-
ments. (Indeed, it is one of our purposes to stimu-

late interest in what we believe to be a fertile area
for new experiments. ) Furthermore, qualitative
comparison with specific systems which have been
studied experimentally, although not out of the
question, is hampered by limited knowledge of
many atom-substrate potentials and by the difficul-

ty of reliable calculations beyond mean-field theory.
We restrict our remarks, therefore, to some rather

broad and qualitative points. The theory predicts
the following:

(i) A system with class-I isotherms at low tem-

peratures will have class-I isotherms at all higher
temperatures. Such behavior is to be expected for
strongly attractive substrates.

(ii) A system with class-II isotherms at some
temperature To will remain class II for all tempera-
tures lower than To, howev'er, it may (u &u, ) or
may not (u & u, ) shift to class-I behavior in an in-

terval T~ to T, for some To&T~&T, . Such
behavior is to be expected for intermediate or weak
substrates, respectively.

(iii) An infinite sequence of distinct, sharp layer
transitions, terminating in critical temperatures

T,(n) is to be expected for all strong and some

(u & uz) intermediate substrates. The limit as
n~oo of T, (n) should be either the triple-point
temperature T, or some roughening temperature

0(Tg (Tg.
(iv) For potentials of intermediate strength but

near u, (u &u, ) prewetting and, possibly, critical
wetting should be seen.

A classic example of the infinite sequence (iii)

(actually 5 —6 layers) is the Kr-on-graphite work of
Singleton and Halsey ' and more recently of Thorny
and Duval. ' Good data showing class-I iso-
therms are also available for CH4 (Ref. 93), Ar (Ref.
94), and Oq (Ref. 68) on graphite. These data are
not inconsistent with acceptable limiting values of
T, (n) as n~oo. Both 02 (Ref. 68) and Eq (Ref.
95) on graphite appear to have class-II isotherms at
low T and, thos, to belong to the intermediate-
substrate class [Figs. 19 and 21(c)]. To the best of
our knowledge it is not known experimentally
whether Ar and Kr on graphite remain class I at
low T or switch to class II. He on graphite is
known to be class II at low temperatures near the
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FIG. 21. Phase diagrams for a three-phase system
with a bulk triple point. (a) Bulk phase diagram. (b) —(d)
Surface phase diagrams, when the gas-solid interface is
always smooth, so T, plays the role of a roughening tem-
perature. (b) Strong-substrate, behavior. (c) Intermediate
substrate, layering subregion. (d) Intermediate substrate,
prewetting subregion. The intermediate substrate with
critical wetting and the various weak-substrate regimes
are direct extensions. Of course, variants with split-off
layers, surface triple points, etc., are also possible. There
is some evidence that 02 on graphite may be represented

by (c).

(d)

liquid-gas phase boundary; very recent work
near the liquid-solid phase boundary indicates
class-I behavior at 1 K but does not go to lower
temperatures.

Several systems are now known with behavior of
type (ii), exhibiting, as T is increased, an increasing
number of sharp layer transitions in the isotherms
and, thus, corresponding to intermediate substrate
strength. In addition to 02 mentioned above, recent
studies of both ammonia and ethylene ' 8 on gra-
phite show this behavior. The case of ethylene is
particularly striking, exhibiting an isotherm with

one step at 77 K, two steps at 91 K, and three or
more steps at 106 K. The 77- and 91-K isotherms
are clearly class II, while the 106-K isotherm ap-
pears distinctly class I, indicating that T~ is quite
close to T, (104 K).

Clean instances of prewetting or critical wetting
do not yet appear in the literature with which we

are familiar. Similarly, although there are many
systems showing for particular T isotherms with no
measurable adsorption right up to coexistence
(Dash's class III, which we regard as "strong" class
II), systematic studies have not been made to check
whether crossover to class I occurs at higher tem-

peratures. Thus, there are several good candidates
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for weak-substrate behavior (e.g., Hzo on graphite
or, indeed, the familiar mercury on glass} but no
confirmed examples. Drying phenomena—
complete or incomplete —have not yet to our
knowledge been studied experimentally. Standard
thermodynamic methods' do not lend themselves to
detection of a low-density surface region against a
high-density bulk background. Direct measurement
of the density profile n(z) would appear to be re-

quired.
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APPENDIX A: SURFACE BEHAVIOR AT T =0

The sequence [O,n, n+I, . . . , Oo, l] for n &1 re-

quires

g u nu„+—i & vi & g u (n —1)u—„. (A5)
m=1 m=1

And, the sequence [O, t ] requires

Qm .
m=1

(A6)

Note that (A4) and (A5) correspond to a strong sub-
strate, with a class-I isotherm at T =0, while (A6)
corresponds to an intermediate or weak substrate,
with a class-II isotherm at T =0.

For given atom-atom and atom-substrate poten-
tials the T =0 calculation of f, (T =O,p } outlined in
Sec. IIB can be done explicitly. To provide a con-
crete example, we consider below the case of a
long-ranged, attractive, monotonic atom-substrate
potential,

Q1 (Q2 (Q3 ( (0,
subject to the convergence condition

fo, ],

[0,2,3

l.0,3,4

U) -UP -Vl

U(+ U~- 2U~-Vi

U)+UP+UP - 3U+-Vl

m=1
Qm (A2)

and a short-ranged attractive atom-atom potential,

v„=0 for n &2 . (A3)

1. Nearest-neighbor atom-atom attraction:
van&0, u2 ——0

The minimization (21a) required to compute

f,(T=0,p) for p &po (gas phase) is illustrated in
Fig. 22. For n &0, the plot of , E„'s'(p) [Eq. (19a)]—

[0,&3

FIG. 22. The surface free energy f,(T=0,p) for

p (po with monotonically decaying substrate interactions
and nearest-neighbor atom-atom interactions. The
minimization (21a) requires taking the lowest point at
each value of p. The curve

z Eo '(lM) is a horizontal line.

2 Eo '(p) ) u ] —u2 —u ~ the layering sequence is

[0,1,2, . . . , oo, l ]. When Eog'(p) &g",u ——v„ the

layering sequence is [0,1]. Other intermediate cases are
indicated. Note that f,(T =O,p) consists of straight-line
segments and is convex upwards.
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2. Next-neighbor-layer interactions: v~ &0,v2 &0

In this case local sequencing holds automatically
only for n & 2, so both —,Eos'(p, ) and , EI—s'(p,) must

be treated specially. Otherwise, the calculation
proceeds as for the nearest-neighbor case. There are
now five generically different types of sequencing
possible: The sequence [ 0, 1,2, . . . , ae, l ] requires

V) & Q) —Qp, Vp & Qg —Q3 (A7)

The sequence [O,n, n+1, . . . , ee, l ] for n &1 re-

quires

n —1

g u~ nu„—+i &vi+2v2& g u~ (n ——1)u„

and (AS)

5 n —2
u& — g u~ &vl+ v2

n —1 2 n —1

The sequence [0,l,n, n + 1, . . . , Oe, l ] for n & 2 re-

quires

n —1

g u (n ——1)u„+i & v2 & g u~ (n —2—)u„
m =2

(A9)

APPENDIX B: SURFACE PHASE
DIAGRAMS FOR d =2

(81)

In the text we have discussed the properties of a
two-dimensional surface in contact with a three-
dimensional (d =3) bulk. Here we describe the case
of a one-dimensional surface in contact with a two-
dimensional bulk. The key new feature is the ab-
sence of all phase transitions from the regions
T &0, pQp, o. Away from bulk coexistence, surface
behavior is d —1=1 dimensional and, thus cannot
support' phase transitions at T &0. Layer transi-
tions, which persist at T =0 only, can be identified

by the methods of Sec. IIB. Since Tit ——0 in d =2,
discrete layer transitions cannot exist at p=pp so
the only transitions possible at coexistence are of
the critical-wetting and critical-drying types. We
therefore expect phase diagrams as shown in Fig.
24. Since the T =0 transitions can all be calculated
exactly, the only parameters of the phase diagram
which are not in general exactly calculable are T,
and T~ or TD.

For the simple example of nearest-neighbor-only
interactions [Eq. (8)], the lattice gas is equivalent to
the d =2 nearest-neighbor s = —, Ising model, so

AT, P)v
/

= 1

2 ln(1+ 2)
Furthermore, rn (and by symmetry TD) has been

The sequence [O,l ] requires

and

g u~ & vi+2v2
m=1

1 n —2
m&vl+

1
v2.

n —1 n —1

(A10)

I

8& j 0
Vp

Q) & V]+U2 .

The sequence [0,1,I ] requires
U( -U~

[0,2,3, ,0O, 4]
U)+ Up Up

m=2
Qm &V2

(Al 1)

[0,&,S, . . . , cO, S]

U(+ U ~ + U~
—SUE

Q( & V]+V2

These results are illustrated in Fig. 23, which shows
the regions of different sequencing over the (vi, v2)

plane for a representative example. Note that the
new sequences [O, l, n, n+1, . . . , ae, l ] and [0, 1,l]
correspond to the T =0 versions of Figs. 18(d) and
19(b), respectively.

CO

Z U

rl}=i

FIG. 23. T=O layer sequencing for nearest- and
next-nearest-neighbor attractive atom-atom interactions.
When u2 ——0, the sequences of Fig. 22 are recovered.
Nonzero v2 allows the new sequences, [0,1,1 ] and
[O, l, n, n +1,. . ., oo, l ] with n &2.
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FIG. 24. Surface phase diagrams for d =2. There are
no transitions at T &0 for (Lt+uo. (a) Strong substrate,
showing T =0 layer transitions; (b) and (c) Intermediate
substrates, showing critical wetting on the coexistence
axis. One or more layer transitions may remain on the
T =0 axis, if the first few layer potentials are strong. (d)
Weak substrate, showing critical drying.

calculated exactly ' and satisfies

2Q ixe" coshx —cosh x— =sinhx,

x= . (B2)
2k' T

The full phase diagram is shown in Fig. 25 (exact),
which should be compared with the corresponding
d =3 picture, Fig. 6. Note the division of the coex-
istence plane into regions by the critical-wetting and
critical-drying lines, as in Fig. 10 (only here Tz ——0).
Because the interactions are nearest neighbor, there
is only a single separated layer transition at T =0 in

FIG. 25. Exact phase diagram for d =2 with nearest-
neighbor-only interactions (Ref. 61). There is only one
layer transition separated off at T=O. The wetting-

drying transition curve is given by Eq. (B2). u, =v/2,
u gr =v.

the strong-substrate regime.
A closely related class of models consists of a

structureless (i.e., zero-width) interface bound to a
flat surface by a potential well. The wetting (or
drying) transition corresponds to thermal unbinding
of the interface from the well. These solid-on-solid
models can be exactly solved in d =2 (one-
dimensional interface), where they lead' ' ' to a
number of interesting results, including
n, (T,po )-1/(Tu T) as T~—Tu. Such models
should provide a good physical description of the
wetting transition, provided T~ && T, . Similar
models in d =3 promise to be useful in studying
phenomena which involve both wetting and
roughening.
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