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The generalized theory of the intermediate-coupling scheme has been developed for the
many-electron systems of the second and third series of the transition-metal-ion octahe-
dral complexes. The theory has been developed for the general configuration, kd"
(k =3,4, 5; n =2, . . . , 9) but has been presented up to n =5. The transformation ma-

trices for the remaining d' "(n & 5) configurations can be easily found from those of
d (n & 5) by using the well-known principle of electron-hole complimentarity. To show

the enormous simplicity and great advantage over the strong-field coupling scheme so

long used in such cases, the d' configuration has been treated by this method as an appli-
cation. At the end some typical magnitudes of the parameters like Dq, g, B, and C have

been used to find the energy levels and the paramagnetic susceptibility for K2ReC16. The
beauty and importance of this scheme lies in the fact that as one switches off the spin-

orbit interaction one gets results identical with those of Tanabe and Sugano, and further,
if one also switches off the crystal field but retains only the interelectronic repulsion term

one gets the results coinciding with those of Racah in atomic spectroscopy.

I. INTRODUCTION

It is well known that in order to adequately
describe the magnetic and optical properties of the
complexes of the rare earths and the first transition
series it is sufficient to use the weak-field and the
strong-field coupling schemes, respectively. But
for the complexes of the transition-metal ions in
the second and third series, the above schemes are
grossly inadequate since the crystal-field as well as
the spin-orbit interaction are much stronger than
the interelectronic-repulsion term. In fact, in going
through the Periodic Table, we notice that the in-
terelectronic repulsion among the outer-shell elec-
trons gets weaker while the spin-orbit interaction
becomes stronger. In atomic spectroscopy this sit-
uation is known as the breakdown of the Russell-
Saunders scheme. The appropriate coupling
scheme to use in such cases is the jj-coupling
scheme, also known as the intermediate-coupling
scheme. This exact situation is encountered in the
compounds of the palladium (4d") and platinum
(Sd") groups of ions. Taking the Racah parameter
B, the spin-orbit interaction constant g, and the oc-
tahedral ligand-field parameter Dq as the indica-
tors of the respective interactions, it is easy to real-
ize that while the applicability of the weak-field

scheme for the ions of the palladium and platinum

groups is of doubtful validity, any calculation
based on the strong-field scheme should include
the configuration mixing due to the strong spin-

orbit interaction. Alternatively, one may inquire
whether it is possible to develop a scheme analo-

gous to the jj-coupling scheme in atomic spectros-

copy. Such a procedure has been developed in this

paper and is outlined below.
The fact that the strong spin-orbit interaction

can change the magnetic behavior of the 4d" and
5d" compounds was pointed out by Van Vleck' as
far back as in 1932. While studying the
anomalous magnetic properties of the palladium
and platinum series of ions, he showed by qualita-
tive arguments that the large spin-orbit interaction
is responsible for the complicated behavior of t;hese

ions. He also showed that, just as the electrostatic
field quenches the orbital angular momentum of
the ion, the combined action of the electrostatic
and the spin-orbit interaction can quench the total
angular momentum. Later, Liehr~ and Moffitt and
his co-workers ' studied the cases where the spin-
orbit interaction is strong. Liehr considered an ion
with a single electron; he treated the electrostatic
(the cubic field and the lower symmetric crystal
fields) and the spin-orbit interactions on the same
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Z2 +g v, (r, ) .
l l

(1.2)

The symmetry group of 4 z is OI„whereas in the
weak-field scheme it is the full-rotation group R3.
In the intermediate-coupling scheme the starting
orbitals are y81, y7, and y8„, which are explained in
the next section. The zeroth-order Hamiltonian
now includes the spin-orbit interaction:

+gg li s(. (1.3)

footing and stressed the importance of the role of
the spin-orbit interaction in the properties of the
4d" and 5d" ions. Moffitt and his co-workers,
from a similar point of view, analyzed the absorp-
tion spectra of the hexafluorides of the 5d" (n =2,
3, and 4) ions. These studies may be said to have
used the intermediate-coupling scheme in the true
sense of the word, where a number of authors still
use the strong-field coupling scheme but take into
account the configuration interaction due to the
spin-orbit interaction. Contrary to the claims that
are made, such calculations cannot be considered
as truly based on the intermediate-coupling scheme
for the following reasons.

Since the wave functions belonging to different
coupling schemes are related by a unitary transfor-
mation, diagonalization of the complete matrices
using any of the schemes will give identical results.
However, the appropriateness of a particular
scheme lies in its ability to give "good" results
when only a few terms or configurations are in-

cluded in the calculation. In this sense, the basic
orbitals used to build the many-electron functions
are of importance.

The three schemes use different starting orbitals.
In the weak-field scheme, the starting orbital is d
and the zeroth-order wave functions are

id, m(=2&, id, l&, id, 0&, id, —1&, and id, —2&.
The zeroth-order Hamiltonian consists of the free-
ion Hamiltonian, given by

Ze 2 e 2

~w =~core g +g
l l l Qj lj

where the summation is over all the d electrons.
Here 4 „„involves the electrons in the closed
shells. In the strong-field scheme, the starting or-
bitals are t2 and e. The zeroth-order functions

I t2g&
I
tie&

I
e8&, and

zeroth-order Hamiltonian is given by

Owing to the spin operators in the above Hamil-
tonian, the symmetry group of A I is now the oc-
taheral double group, denoted by OI', .

It follows from what has just been said that al-
though the strong-field calculations, including the
configuration mixing via the spin-orbit interaction,
can be applied to the 4d" and 5d" ions, the
strong-field scheme is not identical with the
intermediate-coupling scheme. From the computa-
tional point of view, however, the strong-field ap-
proach has certain advantages which will be evi-
dent later in this paper. The advantage is due to
the fact that the relevant transformation matrices
are readily available which are very helpful to con-
struct the intermediate-coupling scheme for the
many-electron systems. With this introduction we
now develop the intermediate-coupling scheme for
the many-electron systems.

II. THE INTERMEDIATE-COUPLING
SCHEME

We consider a single d electron in the crystal
field of octahedral (Os) symmetry. We include the
spin-orbit interaction in the zeroth-order Hamil-
tonian along with the free-ion Hamiltonian and the
crystal-field potential:

HO Hfreeion+ Vc+01 ' S (2.1)

Since spin is now included, the full symmetry
group of this Hamiltonian is the octahedral double
group (O/). '

As mentioned earlier in the strong-field scheme,
the spin-orbit interaction is not included in the
zeroth-order Hamiltonian. In this scheme there
are two single-electron energy levels denoted by t2
(lower level) and e (upper level) whose spatial de-
generacies are 3 and 2, respectively. The sets of
spatial basis functions for these two levels are
(g, i), g) and (8,e), respectively, ' which span the

T2g and Eg representations of the OIl group. These
functions are suitable linear combinations of the
five d orbitals (d2, di, da, d i,d 2). ' The elec-
tronic energies for the t2 and e levels are, respec-
tively, —4Dq and 6Dq measured from the free-ion
energy level ~ Each of these levels has a spin de-
generacy of 2. The complete sets of basis func-
tions are obtained by coupling the spin functions
with the spatial t2 and e basis functions and then
symmetry adapting to the irreducible representa-
tions I 7 and I 8 of the double group 0&. These
sets are given as follows:
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i + 1 + . vZ
I y«, K&

i 1A'= Iy«A&= -g + -7)
&2 'V2

with the corresponding eigenvectors

cos8
—sin8

+ 1w'=
I rs p&= ~zg'+ ~zn',

i 1 . vZ ~

and

sin8

cos8

(2.2)
&"= Ir7rx"&= ~30 ~ri + ~g',

y8t2 y8e

r«l 4Dq ——,g &3—/2('

&3/2g'Hp ——
y8e 6Dq

Since the radial part of the wave function for a Il
electron may be slightly different from that for an
e electron, we have reasonably taken two different
spin-orbit interaction parameters, g and g'.

Diagonalizing the above matrix we get two
eigen values:

P"=
I
re" & = ~ g++ ~ 7)+ —~ g

K =
I rsgK) =6

""=
I ysel ) =—8+

V"=
I rs, V &=8

v"=
I ysev) = e+ . —

%'e shall use the notations I 6, I 7, and I 8 in-

stead of E', E", and U, respectively, which appear
in Ref. 5.

In deriving the above sets we note that the spin
1 '1

functions IS=—,,ms ——+ —, ) and
1

I
S= —,,ms ————, ) span the I 6 representation of

O~. Decomposing the direct product T2g S I 6 we

get I s and I 7 which give the first two sets in (2.2).
Similarly Eg (3 I 6 gives I 8 corresponding to the
last set. The coupling coefficients required here
are given in Table A 20 of Ref. 5.

In the presence of the spin-orbit interaction term

gl s there will be mixing between the y«and ys,
terms. The matrix of Ho between these two terms
is as follows:

respectively, where we have set

6 '
tan28=

10Dq + —,g
(2.4)

Now, the y8I and y8„basis sets corresponding to
the two fourfold degenerate energy levels in (2.3)
are linear combinations of the original ys, and ys,'2

basis sets:

aI I rsla &

=cos81 y«, a ) —sin81ys, a ),
au =

I rsvp a )

=sin81y«, a ) +cos81ys, a ) .

(2.5)

The y8„ level is above the y8I level and the
remaining doubly degenerate y7 level lies in be-

tween those two. The energy value of the y7 level

1s

&o(y7) =(y7a I Ho I r7a

4Dq+g . — (2.6)

For a many-electron transition-metal ion Nd",
we can make use of these three single-electron en-

ergy levels (ysi, ys„, and y7) as obtained above —the
task then is to accommodate the n d electrons in

these levels in various ways and to construct the
symmetry adapted wave functions for each config-

If ] Pl2 1f3uration; ysi ys„y7 (ni (n42n3 (2; ni+nl
+ni n). This configuratio—n—gives a

C„, C„, C„,-fold degenerate level, the associated

unperturbed energy (in the absence of electron-
electron interactions and external magnetic fields)

being

so(ysI)=Dq ——,g ——,[(10Dq+ —,g) +6(' ]'~
Eo(ni, n2, n3) =nitro(ysi )+n2eo(ys„)

+nitro(37) . (2.7)

(2.3)

~o(ys. ) =Dq --,' g+-, [(»Dq+-,'g)'+6g'~'",
The method of construction of determinantal

(antisymmetric) wave functions for the different
configurations in the present case is very similar to
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the analogous procedure for the strong-field
scheme. The main difference here is that we
are dealing with three basic single-electron levels

instead of two. The coupling coefficients used in
this construction are given in Table A 20 of Ref. 5.
However, the sets of coefficients for the decompo-

1
I rgb&1a1 & = (

I
lrlvz

I

—
I kw I

&

2

sition of I 8 S I'8, I 8 S I 7, and I 7 8 I 7 are not
found ready made; these are easily constructed by
using the Wigner coefficients in conjunction with
the Table A 19 of Ref. 5. We give below only a
few examples of the determinantal wave functions
constructed according to the present scheme:

Ir7+1ul &= la"p"
I

I rgl(E)rgu I'6a'&= 2( I
&lvl~u I +

I
~1"l~u I +

I
~l~lvu

I
+ II lvlvu

I
& t

Ir'lry. (T ): ', I' -&= ( —
I 1~la "~ I+ I 1~le p" ~ I+ I 14 lp"ix. I&+

10 10

I rsl(T2) Y7((l s))y', „(T,):—,r,~& = ( —
I
«4a"~.V. I

+
I I l»a "~.S ~ I

—
I
~lvl p"~.I ' I10

+!VIP"~.v. I

—
I
trip«"tr. ~.

I
+

I
trip'la"p. v.

I

(2.8)

+
I
«~1P"~u~u

I

—
I «4P"ix«vu

I

—
I
vl»P"~u~.

I

+ I Plvl p"p, uv„ I
) .

The notations used here to designate a state are quite obvious and clearly show the steps contained in the
construction of the state. Thus, for example, the construction of the state

I
ygl(T2)y7((I'g))yg„(T2): 2

I'SK &

consists of the following steps:
(i) T2 states are obtained from the two-electron configuration ysl.
(ii) These two-electron T2 states are combined with the one-electron y7 states to get three-electron (note

the first underline) I s states (indicated by I s within the double parentheses).
(iii) These three-electron I g states are finally combined with the T2 states of the two-electron (note the

second underline) configuration ys„ to give the a. component state of one of the two I g levels (the direct
product I g 181 T2 gives two I g representations denoted by —,I g and —,I'g).

By using Eq. (2.5) we can express these wave functions in terms of determinants involving a', t(,', tu', v',
a",p"; z",A,",p, ",v". Thus, for example, the fourth wave function in (2.8) becomes

I
ysl(E)ys„:I 6a' &

= —,C„(
I

~'v'~"
I +

I

~'S '~"
I + I

~'&1'v"
I
+

I 1

'v'v"
I

)

+ —,c„(
I

tc"A,"v'
I
+

I

A,"p"A,'
I
+

I

t~"v"t(,'
I
+

I
11''vv

I
)

+ —,C12( «'~'v" I+ I

~'p'~" I+ l~'v'~" I+ I

p'v'v"
I

&

+ —C03(
I

~"v"~'
I
+

I

~"p"~'
I
+

I

~"~"v'
I
+

I 1M
"v"v'

I
) (2.9)

where
C „=cos csin"8.

ll
l ll2 )f3 ml m2 m3

After this step we can express the y8I ys„y7 wave functions in terms of the y@,y8, y7 wave functions:

nl n2 n3 ~

I rslrg. r7:1«&=

where

J,ml m2

(ml+m2 ——nl +n2)

r. m l 1' 2a (i,n ,1n 2n,3j, m ,1m 2)
I y«, yge y7 jI a &, . (2.10)

r. ~ & ml m2 83 nl n2 n3 ~

tl (l, n l, n2 n3tJ,m 1 m2) (rgt yge y7 jl a
I ygl ygu Y7 'l l a &

we note that by making the replacements I~t2, 9 ~8, K~, etc.~K', etc., K„, etc.~K", etc., in the original
nl n2 n3 . . nl n2 n3

expression [such as those in (2.8)] for a ygl yg„y7 wave function we get the corresponding ys, ys, y7 wave
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function. Thus, for example, the fourth wave function in (2.8) gives

1 ys, ,(E)ys, .I sa') =—,(
1
aVA, "1+1A,'p'A, "1+

1

a'AV'1+
1

p'v'v" 1) .

As an example of the transformation (2.10), we find that Eq. (2.9) gives

(2.11)

I y8l(E)rsvp I'6[i ) Clo
1

r'st (E)rse.I s&)+Co,
1 ys, (E)ys, I sa) .

These transformations for all the wave functions of d, d, d, and d' ions are given in matrix form in
Tables IA, IIA, IIIA, and IV A, respectively in Ref. 27 (Appendix B). We note that these transformation
matrices are unitary.

n) n2 n3
Next, we use Eq. (2.2) to express the yz, y«y7 wave functions in terms of determinants involving

g+, ri+, g+,g, ri,g,8+, e+,8,e . For example, Eq. (2.11) gives

lrs, (E)rs, I'sa')=-. (it+0 8+I —» Ik+n ~+I+2i le+0 8+I+ ln'n O'I

(2.12)

+14'0+~+
I

—i le+&+0+
I

—I& 4 ~+
I

—
~ lk n ~'I +21& 0'~'I)

+ (-14'4' e'I+ ln'n e'I —lk 4 e'I+i IC ri e'I
2v3

(2.13)

+ I
k+(+e+ I+~ I

~+(+e+
I

)

Finally we couple the space and spin parts of the usual strong-field-scheme wave functions (given in Ref.
nl n2 n3

5) to correspond to the representations of the double group 0/ and express the ys, ys, y7 wave functions in

terms of these symmetry adapted strong-field wave functions:

where

sg rsgr7 .iI'a ) = g b "(i,n&, n2, nz, k, m, nz)
1
t2e ';(j '+'D):kI a )

j,k, m
. (le =N )+53)

(2.14)

b (i,n~, n2, ns, j,k, m, n2)=(t2e ';(j +'D)kI a
1 ys,',y«y7', iI'a) .

For example, by using the coupling coefficients for the decomposition, I s ss T& ~I & + I 7+ —,I s+ —,I s,
we can form linear combinations of the twelve strong-field wave functions

1
t2( T~ )e; T&m, a)

3 1 1 3
(m, = —,,—,, ——,, ——,; a =1,0, —1) to correspond to the irreducible representations of the Os group:

1
t2( T~)e;( T&):I sa')=

1
t2( T~)e; T~ —,—1)— 1t2( T~)e; T~ —,0)+ 1t2( T~)e; T~ ——, 1)

=- —-
I
&'n'~' I+ I

0'n'e'
I
+- --

I
4'&'()' I—i 1 W3 1 1 v3

2 2 2 2 2 2

I+ I
ri+0 ~+ I+ I n 0+~+

I
)

3

+ 12(l&'n ~ I+1k n'0 I+ 1k n il'I)

4 3
(I&'n e 1+14 n'e I+ I& n e+I)

(2.15a)
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lt2( T]}e ( T]):17&"&= It2( T])e; T] —, 1& —
I
t2( T, }e; T] ——,

' —1& It22(3T]}e ~T, 'p&
6 2 3

——
I
&'n'~'

I +
I
&'n'e+

I

i 1 v3
2v3 2 2

2v3 2
+ 1 —114'+0+~+

I

— 3 14+&+ +
I2

+4 3(I&'n ~ I+ I& n+~ I+ I& n ~'I&

—4(lk'n e I+ I& n'e I+ Ilute''I&

+4 3(14'& 6' I+14 4'~ I+ 1k 0 |&'I&

+-, (14'0 & I+14 4'e I+14 & &'I &
—

~3 In 4 ~
I

(2.15b)

I
t2('T] )e;( T]):—,&8~ & =

I
t2('T] )e T] —,p& —

I
t2('T])e T] —, 1&

5 2 5

'v 0

(
I
('n'~

I + I
0'n (&'

I +
I 0 n'~'

I
}vs 2v 15

+
2 5

(14'n'&
I
+

I
&'n e'

I +
I 0 n'&'

I
&

+ (14'0+(&
I + 14'4 (&'

I + 14 0'(&' I&2v 15

+ (14'4'& I+14'0 e' I+14 0'e'
I

&

2 5
(2.15c)

I t2( T])e;( T]):-I8]t&= —
I
t2('T]}e T]}e'T]—,p& —

I
t2(' ]»' ] 2

It&('T])e; T] ——,—1&

(
I
&'n'~ I+ I&'& ~&' I+ I 0 n'~'

I
}vis 4v iS

+4 5(10+n+e I+ IN+a e+I+ I& n+e+
I

&

+ (14'4'~
I
+14+& ~'

I +14 &'(&'
I &4v iS

+ (14'4'e I+14'0 e' I+14 k'&'
I

&4 5

l+
4

vS 1

3 I
+ 4 ~314 4 1+14

(2.15d)
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As an example of the transformation (2.14), we find that

~ys, ,(E)ys, .I6a)= ~t2('E)e;( A&):I6a) ——~t2( Ti)e;( Ti):16a)— [t2( Ti)e;( T, ):16tt),

(2.16}

where the transformation coefficients are as given in (2.14). Thus, for example, using Eq. (2.13) and Eq.
(2.15a) we find

( t 2 ( T, )e;( T, ):I 6a'
~ ys, (E)ys, :I sa') = ——„——,——„——, ——, ——,——„—,—,——„——„=——, .

2

The other coefficients in (2.16) are similarly evaluated:

(t2('E)e;( 3 i ):I 6a'
I ys, (E)ys. :I sa'& =

'(t2( ~2}e ('~»:I 6a'
I ysi, (E)ys. :I sa'& =o

(t2( Ti)e;( T2):I 6a'
~ ys, ,(E)ys:16a') =0,

(tz( Ti}e;( Ti):I 6a'
~ ys, ,(E)ys, .l 6a') =—

These transformations (2.14) for the wave func-
tions of the d, d, d, and d ions are presented in
matrix form in Tables I B, II B, III B, and IV B
respectively, in Ref. 27 (Appendix 8). These
transformation matrices are unitary as they should
be.

After going through these two successive
transformations (2.10) and (2.14), the original

1 2 3
yst ys y7 wave functions of our intermediate-

coupling scheme will be expressed in terms of the
wave functions of the usual strong-field coupling
scheme and thus the matrices of 4, in the
intermediate-coupling scheme can be directly
evaluated in terms of those in the strong-field
scheme. This method of taking recourse to the
strong-field-scheme results is advantageous because
the matrices of PP, in the strong-field scheme have
been fully tabulated in terms of the usual Racah
parameters, A, B, C (Tables A 26—A 30 in Ref. 5).

We have presented the transformation matrices
of our scheme up to the d transition-metal ion.
Similar results for the remaining ions are not given

explicitly since according to the principle of
electron-hole complementarity, the scheme can be
easily extended to embrace those ions also—the
terms and matrices for the d' " ion follow from
those of the d" ion (n=2, 3,4).

III. APPLICABILITY OF THE SCHEME

As already stated, the intermediate-coupling
scheme developed here will be very helpful for the
ions of the second and third transition-metal series.

I

In this case (4, « V, =A „),according to the
configurations of the different unperturbed states,
we can classify these states into several groups
such that the energy separation between two unper-

turbed states belonging to different groups will be

considerably large compared to the perturbations
which these states would acquire on addition of
P, to the unperturbed Hamiltonian containing V,
and A „.Then, as a first approximation, we may
neglect the "mixing" (through A, ) of states in dif-

ferent groups. Of course, we can always improve
the accuracy by taking into account the effects
coming from configurations located energetically
higher and higher above the low-lying group of
states. Thus, the Hamiltonian matrix block for
any given representation of O~ will break into
smaller sub blocks, each of which can be diagonal-
ized with very little computational labor. Thus the
major part of the approach consists of straightfor-
ward and easy analytical calculations based on the
well-tabulated results given here.

Chakravarty and Desai *' undertook the
theoretical study of the optical and magnetic prop-
erties of osmium fluoride (OsF6) to illustrate the
usefulness of the intermediate-coupling scheme.
Here Os + is a 4d ion situated in the octahedral
fiel due to the six F ligands. The results of this
study are in good agreement with the available ex-

perimental data. ' " The merit of their investiga-
tion is that the results obtained in the first approx-
imation only are sufficiently close to the experi-
mental data and that these are easily derived in

simple analytical forms. Earlier Eisenstein' tack-
led the same problem by using the conventional
strong-field coupling scheme. Naturally he had to
consider all configuration interactions through

A, + A „and the matrices to be diagonalized
were of huge dimensions. Hence, although the re-

sults of Eisenstein are exact, his solution fully de-

pends on numerical computations and there is
hardly any scope for obtaining results in analytical
forms.
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The complex K2ReC16 was similarly treated by
Eisenstein' on the basis of the strong-field scheme.

We shall apply the intermediate-coupling scheme

for the same complex and use the same set of
values for the parameters as employed by Eisen-

stein to show that the results obtained in the first
approximation of our scheme are very close to the
exact results of Eisenstein. Further, it will be evi-

dent that our procedure involves simple analytical

steps and the amount of numerical computation
necessary is very small compared to that encoun-
tered in Eisenstein's work. Here lies the impor-
tance of our present investigation.

Re + in K2ReC16 is a 5d ion situated in the oc-
tahedral ligand field. To investigate the ordinary
properties of the system we need only a few lower
states. So we start with the six low-lying unper-
turbed levels,

I
I s&= lyst:I s& I

I s&=
I
yst(E)y7:I s&

I

I s&= lyst(Tz)y7:I's&

I
I s& =

I
ysty7. 1 s& I

I'6& =
I yst(Tz)y7:I 6& I

17&=
I
yst(A i)y7:I'7&

Usually ep(ys„) is much greater than ep(yst ) and ep(y7) so that the states coming from the configurations

yst y7ys yst ygsg $7ys y7gs ys are situated much higher in energy scale and therefore can be omitted. Thus,
for the values Dq=3350 cm ', g=g'=2300 cm ', as used by Eisenstein for KzReC16, we get

Ep(yst) =—14777 cm tp(y7) =—1 1 100 cm ', and e'p(ys ) =20 327 cm '. Using Tables II A(3) and II B(3)
given in Ref. 27 (Appendix B), we express the unperturbed states considered in terms of the strong-field-

scheme wave functions. Then, using the known electrostatic matrices in the strong-field scheme, we can

easily construct the required matrix elements of the Hamiltonian (A, being the only perturbation included),

with respect to these states of the present scheme. For the electrostatic matrices in the strong-field scheme

one may use Table A 28 of Ref. 5, where the matrix elements are given in terms of three Racah parameters

A, B, and C. However, because of the covalency effects (which are more prominent in the complexes of 4d"
and Sd ions), there arises the inequivalence of the Sdtz and the 5de orbitals so that it would be reasonable

to introduce several different sets of Racah parameters A;, B;, C;, where i refers to the number of times

(0—4) that the Sde radial function occurs in the Coulomb integrals. The electrostatic matrix elements used

by Eisenstein' are in terms of such Racah parameters. However, we cannot use those elements directly here

since our wave functions have been constructed in accordance with Griffith's phase convention which is

slightly different from that in Ref. 13. The proper electrostatic matrices to be used in our case are given in

Appendix C.
The perturbed energies for the I 6 and I 7 levels, with the use of Appendixes B and C are simply

E, (I 6)= (yg(Tz)y7 Ester I
M

I ygsj(Tz)y71 6a'&

2~0( Ysl )+~0( Y7)

+ (3A0 —6Bp+3Cp)C40+(2W6Bi)C3i+(2Ap+4Az —3Bp —14Bz+ 3 Cp+ 3 Cz)Czz

lov 6 10 1+ BI Ci3+(2Az+A4 —
3 Bz —8B4+ 3 Cz)Cp4 (3.1)

and

Ei(I 7)=&yst(A )y:I &" I~lysi(Ai)y717~" &

=2&0(yst )+~0(y7)

+[( 3A 0 + 5Cp )C40 + ( 6v 6Bi )C3 i + ( 2A p +4A z
—5Bp + 12Bz + T Cp +5Cz )Czz

+(2v 6Bi )Ciz +(2Az+A4 —2Bz+ 8B4+Cz+4C4)C04] . (3.2)

The corresponding wave functions are the original unperturbed functions
I
I 6& and

I
I 7&, respectively.

The energies and wave functions for the four I 8 levels are obtained by diagonalizing the 4X4 matrix of
the Hamiltonian with respect to the four unperturbed I 8 states considered. This matrix is
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rs rs rs rs
1Ps E]j Ej2 Ej3 E]4

2I g E)2 E22 E23 E24
3
3 E13 E23 E33 E34
4

~3 E]4 E24 E34 E44

where the matrix elements are

Eii =3eo(ysl)+[(3Ao —58o+ 3 Cp)C4p (4V 6—8&)C3~+(6A2 —1682+4Cq)Cqq

+ (3A4 884+—4C4)Cp4],

E&2 =[(28p+ 3 Cp)C3p+(482)C]2],
r

4v6 v6
&2+

3
C2 Ci2

v6
Ei3 —— &68o+ Co Cso+ (281)C21—

3

5
E~4 =[(58p+ 3 Cp)C2& —(2W68 )C]]+(282+C2)Cp2],

E22 2'(ysl)+eo( Y7)

+ [( 3A p
—88p + 3 Cp )C4p

—(2W68 ] )C3 ] + (2A p +4A p
—5Bp —1082 + 3 Cp +C2 )C22

+(2W68 ) )C)3+(2A2+A4 282+ C —+22Cg)C~],

(3.3)

(3.4)

(3.5)

(3.6)

(3 7)

(3.8)

vS
Ep3 = —W68p+ Cp C2p+(48~ )C~~—

3

2
E24 (28o+ 3 Co)C3o —(482)C12 ~

2v6
2 02~ (3.9)

(3.10)

vS 4v6
E34 = — V 68p+ Cp C3p —(28& )C2& + Bp—

3 3
(3.1 1)

2v6 v6
0+

3
2 12 ~

E44 ep(ys~ ) +2——ep( y7 ) + ( 3A p
—58p + 3 Cp )C2p + ( 2v 68

~ )C~ ~ + (A p+ 2A 2
—282 + 3 Co +C2 )Cp2 . (3.12)

The above matrix elements can be easily derived by

using the tables cited in Appendix C.
With the following choice of the values of the

parameters, Eisenstein' got good agreement with

the observed energy levels of the system:

Dq
——3350,

Ap ——A2 ——A4 ——0,

Bo=380

8) ——335,

82 ——305,

84 ——260,

Cp= 1760

C2 ——1520,

C4-—-1300,

g=g =2300 .

With the use of the same values in our case we ob-

tain the following numerical results:

E, (I )=6778.8,
E,(I )=12836.7,

and

Ei i ——3661.6,

Ei2 ——1922.5,

Ei3 ——2384.0,

Ei4 ——4684. 1,

E22 ——4597.4,

E23 ———2248. 2,

E24 ———1922.5,

E =3779.7,

E34 ——2388.0,

E44 ——11452.6,

(3.13)

(3.14)
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where Dq and all the A' s, 8's, C's, and E's are in
cm ' and the energy levels in (3.13) and the diago-
nal matrix elements in (3.14) have been measured
from the value 3'(ysi)= —44332.5 cm '. Diago-
nalization of the matrix (3.3) gives the following
four 1 s energy levels in cm

E,(r', ) = —246o.4,

Ei(I s) =5621.0,

Ei (I s) =6476. 1%

Ei(1 s) = 13 854.S .

(3.15)

Relative to the lowest level I s, the positions of
the levels in order of increasing magnitude are, in

—1cm

Ei(I s)=0,

Ei(I s) 8081,

E, (I') 8936,

Ei ( rs) =9239,

Ei(I 7) 15297,

E,(I' )=16315 .

(3.16)

We note that these levels almost coincide with the
corresponding levels by Eisenstein (again, in cm ):

'a, (r, ): o,

Ti(I's): 7895,

E(I s): 8798,

2T, (I ): 9176,

T2(r7): 14653,

Tz(rs): 15723 .

(3.17)

Obviously, the coincidence would be exact if we
take into account the interactions with the higher
levels also. The number of higher levels whose in-
teractions with the six lower levels were neglected
is 33. The fair agreement between the two sets of
levels [our set of (3.16) and Eisenstein's set in
(3.17)] clearly indicates that this group of higher
levels, although very large in number, have very
little interactions with the six lower levels. Of
course, this situation was evident at the very begin-
ning of the calculation in our scheme and simplifi-
cations in the subsequent steps were based on this
aspect. We note that the positions of the levels in
(3.16) are slightly higher than the corresponding
exact positions in (3.17). This is expected because
the effects of the higher levels which we neglected
here are to "depress" the lower levels, the depres-
sion of the lowest level being smaller than those of
the others The w. ave functions corresponding to
the four I's levels in (3.15) are, respectively,

I rsy& = —0.623 781 r'y&+0 439 19
I
I s2y&+Q. s35 30

l
I sy) +0.362 58

l
I sy),

I rsy &
= —0 682 25

l rsy& —0 493 62
l rsy) —O 509 61

l
I y) +0.1765 65

l
r y),

I
ray&= —0.040761 rsy)+0 74588

l
I y) —0.66478

l
I y)+0.00772

l
r y),

I
rsy&=o 37917

I
I sy) —0.08501l I sy) —0.10820l I y)+0.91504l1 y) (y=a, A, ,p, v) . (3.18)

We now proceed further to find the paramagnet-
ic susceptibility of the system. The magnetic-
moment operator of the system is

N

B i

iM =p(KL+2S)

=pg (K 1;+2s;), (3.19)

2~ 2 ~ l &&g I &. I ran & l

'
'J 1

(3.20)

where p is the usual Bohr magneton and K is the
orbital reduction factor arising out of the covalen-
cy effect. ' ' Since the system has cubic symme-
try, it is sufficient to evaluate the z component of
susceptibility. In the present case, the appropriate
formula to use is

where N is the Avogadro number and k& is the
Boltzmann constant. Here, the first sum over the
index i, is required to distinguish the four degen-
erate ground-state wave functions. The second
sum is over i and also over all excited states; Ej is
the excitation energy for the state whose wave
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function is PJ.. Thus we require the matrix ele-

ments of the operator

z=KLz+2Sz

= g (Kl +2s. ) .

First we evaluate the matrix elements of the
single-electron operator g, =Kl, +2s, with respect
to the single-electron states ~7, A7,I4l, vl, a",p" T.he
nonzero elements are as given below:

1 4 2= ——,(1—K2)C20+ ~ Kl Cll C02v'3

&~i 171. 1~7&=—&I47171. Iul &

=—( 1 —K2 )C2ll +Cll2
(3.21)

v2 2

3
(K2+2)Clp+ Kl Cpl,

3

&a"
I n. I

a". &
=—&P"

I n. IP" &

= ——,(2K, +1) .

Here, in view of the inequivalence of the 5dt2 and
the Sde orbitals we have used two different orbital
reduction factors —we have put K =K& when g,
has nonvanishing matrix elements between a t2 or-
bital and an e orbital and K=K2 when ij, has non-
vanishing matrix elements between two t2 orbitals.

With the use of these results in (3.21) and the
determinantal expressions (given in Appendix A)
for the wave functions

Irl&= iysl 1 y&,

Ir &=-
I
y'«)y:1 y&

I r4& =
I
rsly'7 f'sy&,

I
u l &

=
I y81(T2)y7 f's& ),

= ——(K2+ 2)Clp+ Kl Clll,
3 3

(Al iN, ial)=(lml iN, i pl)
vz

(K2+2)Clp+ KlCpl,3v'3 3

&~2 IN* I
a'l &

= &lM2 I Ns
I pi &

4 402
(1—K2)C2ll+ Kl Cl l,3v'3 3

(X, IN, I

a', ) =(q, I N, I
P', )

2v2 8
(1—K2)C2p+ Kl Cl l9 3 3

2v2
023' (2K, +1),

(~41N. I p,"& = &v4 IN, I
a," &

1 v2
(K2+2)Clp+ Kl Clll

3 3

matrix elements required in Eq. (3.20) are given in
the following:

(al
i
N,

I
lrl) = —(vl

i N, i vl)

1 4v2=——(1—K2)C20+ Kl Cl 1 C02
3 v3

&~l
I
N.

I
~l &

= —&Pl I N* I l l &

= —(1 K2 )C2—0+C02

&&l INs I
&2) = —&vl IN. I

v2)

1 v2=—(K2+2)Clp — K l Cp l,
3 3

(X,
I N,

I

A,2) = —(P, , IN, IP,2)

1 2
(K2 +2 )C ill

— K l Cll l3 v'3

&~l IN. 14& = —&Vl IN. Il 3&

zv2 4
(K2+2)Clo — Kl Col

3&3

and

I bl & =
I ysl(~1) Y717& &,

&&4IN. I

'l &=&~4IN* IPi &

1
(K2+2)Clp — KlCpl .

3v'3 3

(3.22)

where y=sc, i,,p, v; a =a', p', b =a",p", we can
easily obtain the matrix elements of the operator
N, = g,. 7);, with respect to these unperturbed

many-electron wave functions. The nonvanishing

Finally, using the energy values in (3.16), the
wave functions in (3.18), and the matrix elements
in (3.22), we find that Eq. (3.20) reduces to the fol-
lowing expression:
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X= (0.375 23 j2T)(9.361 08 —1.504 56Ki —0.231 70K2+0.062 27K i +0.01861KiK2

+0.00143K2)+1.043 32)& 10 ( 0.2168+0.0123K, +0.2170E2

+0 09.49K i +0.0211KiK2+0.0544K') . (3.23}

This expression almost coincides with the corre-
sponding expression obtained by Eisenstein. ' In
Eisenstein's paper the notations a—:(sr~, )' and
K appear in place of E& and E2, respectively.

IV. CONCLUDING REMARKS

In this paper we have worked out in full detail
the intermediate-coupling scheme and its relation
with the strong-field scheme. A truncated inter-
mediate-coupling scheme especially meant for the
ions of the second and third transition-metal series
was earlier developed by Moffitt and others '" in a
different way. They neglected the y» orbital and

~ 3
used the fact that the j= —, state of spherical sym-

metry (for example, P3/2 state or D3/2 state in a
free ion) transforms as a I & representation in Oi
and also that the product of a function transform-
ing as A2 in O~, with a spherically symmetric

j= —, state, transforms as I 7 in O~. Then, denot-

ing the ys„and y7 orbitals by t3/2 and t
~ ~2, they

reduced the intermediate-coupling scheme for a d"
ion in a crystal field to that of a j-j coupling
scheme for a free p" atom. This is similar to t2-p
isomorphism first discussed by Abragam and
Pryce' and more rigorously shown later by Grif-
fith '6

Here we have constructed the intermediate-
coupling scheme for the octahedral transition-
metal complexes purely from the crystal-field ap-
proach in that only the metal d orbitals have been
considered. It is now well established' ' that
some form of allowance for covalency is usually
necessary; the d electrons are somewhat delocalized
from the central metal ion and participate in the
formation of chemical bonds. This has given way
to modern ligand-field theory. We have incor-
porated this covalency effect phenomenologically:
It has been shown on the basis of the molecular or-
bital theory ' that we need not change the
basic model (i.e., we can still use the pure d orbi-
tals}, and the effects of covalency may be almost
fully reflected in the usual key parameters Dq, g,
A, B,C and in the orbital reduction factor E. Dq

now has a somewhat different interpretation and
the values of g, A, B,C usually get reduced from
the corresponding free-ion values. As we have seen
in the preceding section, it is reasonable to use
more parameters in order to take account of the
inequivalence of the dt2 and the de orbitals, this
inequivalence being also a consequence of the co-
valency effects.

The scheme developed here is meant for the
transition-metal ions (4d" and Sd") in perfect octa-
hedral stereochemistry. By changing the sign of
Dq it can also be applied to the tetrahedral com-
plexes. In reality, however, for a number of
reasons, amongst which are the Jahn-Teller effect
and crystal-packing considerations, ' it is almost

impossible to have complexes with perfect octahe-
dral or tetrahedral stereochemistries. The devia-
tion from perfect cubic symmetry can be treated as
a perturbation over the ideal situation. Thus, for
example, De, Desai, and Chakravarty took ac-
count of the axial distortion (reflected by the
parameters Ds, Dt) in investigating the magnetic
properties of Mo + (4d' ion) in RbMoF6, KMoF6,
CsMoF6, NaMoF6, and also of Mo + impurity in
CaWO4. Such departure from the cubic symmetry
is also found in the case of hexachlororhenium
compounds. '

In condensed systems there may be the presence
of superexchange interactions leading to deviations
from strict-paramagnetic behavior which could be
observed in the corresponding dilute systems.
Thus, for example, the superexchange interaction
in KiReC16 leads, at sufficiently low temperatures,
to antiferromagnetism of the compound. Also, be-

cause of the same effect, the temperature-depen-
dent susceptibility of K2ReC16 in its paramagnetic
phase obeys the Curie-Weiss law rather than the
Curie law. The susceptibility calculated here and
also in Ref. 13 applies only to a magnetically di-
lute system; for example, to K2ReC16 in K2PtC16.
In subsequent papers we shall deal with the indivi-
dual cases of the 4d" and 5d" complexes in order
to understand their complicated optical and mag-
netic properties, which are not well understood at
present.
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APPENDIX A

The wave functions in the intermediate-coupling scheme are given below.

1. d ~ system

Configuration ysp{p =I or p =u )

1
I ysp+

tat�

& = ~ { I &p'p I I ~p{ltp I j
2

I rs, &8&= { Ittp~p I+ I ~pitp11
1

2

I rs, «& = {
I trpb I + I up~p I

I
1

2

I rsp Tz1& =
I ~p~p I

I y8p'T20& = { Inp "p I

—
I pp~p I

&

1

2

I rap. Tt —» = —
I ~pimp I

Configuration r7

I r7& ia & &
=

I

tt"0"
I

Configuration ystysN

Irsll 8 +lal &,{1«~.I

—
I
~tn. I

—
I ~t ~ I+ I et~. I

&

I rslrs +2a2 & {
I
~t~. I +14~. I

—
I w~. I

—
I ~tj '11

I ystys. :3:Ti1&= {—~&
I « ~ I

—~&
I et&. I

—314~.
1

—51&t&. 11
1

2 10

I rstrsu 3 Tlo& = {
I
~t~. I+ I ~t~. I+31%v' I+31m~. I

~

1

2 5

I ystys. .3:Ti—» = {—51~i~.
I

—~31~t~.
I

—~31~t~.
I

—31vt ~ I
&

1

2 10

I rstrs. :3:T2»= {—~—31«&« I
+ I%~a I + I

&t~. I
+~3

I i tvu I
j

1

2 2

I rstysu 3 T20& = t {
I
~i~. I + i 4~. I + I pt'. I

+
I
~i@. 11

I ys11 su 3 T2 1& {1«p.I+ I pt". I+~314".1-~31~i~. 11
1

Irstrss. «&=-, {
I
«~. I

—
I
~t~. I+ I ~vs. I

—ls t". I
&

I rstys:«& =
2 {

&
«~. I

—
I
~z~. I + litt~. I

—
I ~tit' I

&
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I rsirs:2:T21 & = j.

2

I
ysirs:2:T20&= &

I
KI~

I I
~IK

I IPIv I
+ I vIP

1
Irsiy8u 2T2 1& -1—IKIpu I+ IluiKu I1&2

I y81 Y8u'1:TI1&= &v 3 IKIpu I+v 3 I( IKu I

—2
I k~u I

j
1

10

I r811 su 1 Tlo& = 513 I Klv. I
+3

I
vIK.

I

—
I
~1 . I

—
I C I~u

I
1

1

Irsiy8u 1Tl 1&= 101' 3lhv I+~3lvi&u
I

—2IPIPu I1
1

Configuration y7ygp (p =1 or p =u )

I r7ysp Tl »'=
I
~—"vp I+

2 ~ 2

I r7rsp'Tl0& = ~ I

~"Kp
I ~ I

&"vp
I2 2

I y7ysp:Tl —1&=—
I
&"&p

I

I y7ygp. T21 &
= ——

I
a "Ap

I + I
P"Kp

I

I r7rs, T2 »=—

I r7rsp E~&= Its"Kp I+ I&"vp
I

I r7rs, T20& ~~ I
~"Pp

I
+

~& I
&"~p

I

z
I&"v I+2 IP"i p I

I r7rs, «& = ~ I

~"I p I

—~ I
&"~,

I

2. d3 system

Configuration ysp (p =1 or p = u )

esp 'FgK &
I Kp A, i2

I ysp
..Psk& = —

I
Kpk pvp I

I rsp:~sp & =
I Kpppvp I

I rsp:1 sv& = —
I Apispv
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Configuration rspysq (P=I, q=u «P=u, q=I&

I rap(~i)rs, rs&&= (
I ~p~p&» I

—
I ~pvp~» I

)
1

2

I
y'„(w, )y«:r,~& = ( I, ,~, I

—
I ~,v, ~, I

)
1

2

Iy,', (& )y«:ra &=
1

2

I
y'„(& )y,„:r 1

2

I
r'„(E)ysq. rsa'& =

2 (
I ~p~p~» I + I "ppp~» I + I "p~p"» I + I Vp~p&q I

)

ly' (E)y, :rsp'&= ,'(I,——p,I+ I~ p p I+ I~,~, , I+ Is. ..l)

I rsp(E)ys». I 7a" &
= —,

'
( —

I
"p~p~q I

—
I ~pvp&q I + I ~p~p~» I

+
I s p&p~q I

)

esp (E)ysq 'r7p & 2 (
I +p +p&q I + I ~pl'p+» I I +p~pp» I I pppp'q'

I rs (E)rs 'rs&& = -, (
I

& ~ n, I + I ~pp ~
I
+

I &p~pp, I
+ I pp&ppq I

)

I ys (E)ys I 8~&=-,'( —l~, ~,~, I

—
I
~ p ~

I
+ l&p~, &, I

+ IV &,&
I )

I rsp(E)ysq ra & =. , (
I

~-p~p—p» I

—
I ~ppps q I +

I np~~~» I + I s p~p~» I
)

Irs (E)rs 'rs &=-, (
I I+ l~ v, , I+ I

~ ~ I+ Ipp, ~, I
)

I rsp(T2)rsq. rsa & = (
I ~p~p~» I

+~3
I ~ppppq I

—
I ~p~p~q I + I Vp~p~q I

)
1

6

I
y'sp(T2)ysq rg'& =. ( —

I ~p~pnq I
+ I s p~p~q I

—~3
I ~p~p~q I

—
I npssp~» I

)
1

p p

I rsp( T2 ) V8q r7a" & = ( —~3
I ~ppp~q I

—
I ~p~p~q I + I Vp~p~q I

+ I ~&~pa» I )
6

ly', (T )rs, .r P"&= ( —
I s ~

I

—
I

~ s I+ I p, ,v, 1+~31~, ,p p q p p

I
rsp(T'2)ysq -', .rs~& = (41&pssp~q I

+ I np~pp» I

—
I pp~ppq+2~& I ~p&p~» I

)
3o

I
y', (T2)ys, .—, rs~& = ( —2

I &ppppq I

—~3
I "p"p~» I

+~3
I Vp~p~q I )

Sp 2 Sq 2
' 8

I
r'„(r )y«: , :ru&= —(~3l~, ~,~, I

—alp, ~,~, I
—2I ~,~,~, I

)
10

I ys, (T )r q: ', :r,~& =-(2v 3
I ~ppp~» I

—
I np~, ~» I + I pp~, ~» I

+4 I ~,~,V» I
)

3o

lys, (T )rsq ,'r„~&=.-.' ( —~sl&ppp~» I+~&l&p~ v, I

—~&lvp~pvq I+ I~p~p~» I)
1O

Iys, (T2)ys, .—', rs~&= (5I~. .. I

—~3ln, v,p, I+ I& ~ &, I

—IsSp 2 Sq z S 30

I
y'8, T2)rs, , rsv &

= —. ( —
I ~p~p~» I + I vp~pnq I

—~&
I

& p~p~» I
+ &

I &pssp~» I )
3() p p

I
r', (~2)rs, .—, r & = ( l,p, , I

—~3 I,~,~, I
+~3

I v, ,~, I
—~3

I ~, ,v, I
)

Sp 2 Sq 2 8
1()
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Configuration yspy7 (p =l or p =uj

I rsp~~ i)r7'
2

pp pp

lr2 (E»,:~ &= ~
I

~"I+ l~ u &" I)
2

I r8p)r7:~d & =
~

I
ttp~~a"

I
+

I
ppvpa"

I
)

2

lr, )»:~a &= — ~l ~ &" I+lit
2

I r8p{E)r,:rsv & = —
~

I
ttpvpa"

I + I ~,it pa"
I

)
2

I ysp~T2)r7 ~ Ega'& =
~

I ttp
"pa"

I

—
I
itpvpa" I 21~,vp—P"

I
)

6

I re'(T2)r7 Pg &
— ( 21ttpe pa"

I

—
I
ttp~pP"

I
+

I Vpvp13"
I

)
6

I ys c T2)r7'~su& =
I

A, v a'

I ysp&T2)r7'~8~& =
&

I
ttp~pa"

I

—
I
upvpa"

I + I ~,vpP"
I

)
3

I ysp&T2)y7'~ap & =
&
—

I
ttpppa"

I + I ttp~, 13"
I

—
I
itpvpi3"

I
)p p

Irs ~T2)y7~8 &= —l,u, &"
I

Configuration yspy7 (p =1or p =u)

I yspy7 ~su& =
I
ttpa"&"

I

I rs, y7 ~s~& =
I ~,a"&"

I

I rspy7:r~ &
=

I
itpa"0"

I

I rs, r7:rsv& =
I
v a"P"

I

Configuration ystys„y7

I rstrs. &xi)r7 r7a" & =.,
'
&1«v.a"

I

—
I
-vttt. a"

I
—lkp. a" I+ liMt~. a"

I )

I rstrs &~i)y7:~7P"&= & ltttv 13"
I
—

I
vttt 13"

I

—
I kp &"I+ Iyt~ P"

I
)

I rslrs ~"2)y7 ~6a'&= & l&i~ a" I+ I
~i& a"

I

—
I gatv

a"
I

—
I vtp a"

I
)

lr r.&" )r:~ &'&= , &
I ~.I"-I+ l~ .&"

I

—Ic'

I rsl7 8 «)r7:~sit& =
&

I
tttv P"

I

—
I
vttt 0"I+ lb)ts 13"

I

—la~ &"
I )
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I ysiysu(E)y7:1 s~& =
2 (

I
&i~ua"

I

—
I
~i&ua"

I +
I
piv. a"

I

—
I
vie'a"

I
)

lr r. (E)r:1'a &= —-&
I ~.&"

I

—l~ .&"I+ lv .&"
I

—
I «~.&"

I
&

I rslrs «)r7:~s &= —
& 1&i .a"

I

—
I i .a" I+ lkv'a"

I

—II I»a"
I

&

I ysiys. (3:Ti)y7:17a"&= (
1
~iv. a" I+ I

vi~. a" I+31k@.a" I+31@i~.a"
2 15

+v 3
I
~I .13"

I
+v 31m~.P'

I
+314~.P'

I
+51viv. &"

I
)

I ysiys (3:Ti)r7:F7P"&
= (51~«.a"

I
+v 31~~v.a"

I
+v 31vi~.a"

I +31@iv.a"
I

2 15

+
1
~iv 0"

I
+

I
vi" &"

I
+3 lkp 13"

I
+3 IPI~ 7'I &

I yszys. (3:Tl )y71 8K & (5
I

~Is„a"+v 31lzv„a"
I
+v 31v~~ a"

I +31@Ip„a'
2 30

—21&Iv.&"
I

—21vI&.&"
I

—61~11.13"
I

—6
I Pl ~.~"

I
&

~.P"
I

—31@w'&"
I

&

2 10

I r»rsvp(3:T~)»:~e &=, ( —v 31&1 .a"
I

—v 31vi~ua"
I

—314~ma"
I

—51vivua"
I

)

I yslys (3 Tl)1 718v&= ( —2
1
~iv a"

I

—21vi& a"
I

—614@ a"
I

—61pr~ a"
I2 30

+v 31~ivuP"
I
+v 31w~uP'

I
+314~.P'I+51vivul3"

I
)

I rsirs. (3:Tz)r716a'& = - &
I
~~~.a"

I
+ 14~.a"

I
+

I p~v. a"
I
+

I vie. a"
I2&3

+ v 31~i~.13"
I

—
I
Kv. ta"

I

—
I
vi~. &"

I

—v 31va .13"
I

&

I rslrs. (3:T2)r7:1sP'&= &
I «.a" I+ lvi~. a"

I
+v 3

I
~I~.a"

I

—v 31 z .a"
I2 3

—
I ~I~.P"

I

—
I
~i~.ia"

I

—
I I Iv.Ã'

I

—
I vII .13"

I
&

I ysiys. (3:T2)y7:1 s~&= & v 3 "I~.a"
I
+1%v.a" I+ I

vr~. a" I+v 3 lvl .a"
I

&

2 2

I ysl Ys (3 T2)y7.'I sA, &= (21&I~ a"
I

+21&t& a" I+2 I iv a"
I
+21v~p a"

I2 6

—v 3
I
~I~.P"

I
+

I
kv. t3" I+

I
v(~.P" I+v 3 Is «.P"

I
)

I rsiys &3:T2)y7:1 sp &
= (

I &a .a"
I
+ II i~,a"

I
+~314~.a"

I

—v 31viv. a"
I2 6

+2
I
~I ~u&"

I +214~.&"
I
+21m v.P"

I
+21''&"

I
)
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1
I yslysu(2 T2)y7:re'& = (

I «~ a"
I

—14&ma"
I I

ptvua"
I + I vtP a"

I2'V 3

—21xtv„p- I +z
I
»z„p-

I )

I ystys. (2:T2&y7:rg'& = ( —21« .a"
I +21' t~.a"

I

—1«~.p"
I +1)t«.p"

I2 3

+ 1lttv, p"
I

—
I vtp p"

I
&

I ystys (2:~2)y7 8 &=
2

I yslys (2:T2)y7 rs~& = («x„a"
I
—

I
xta'„a"

I
—

I
lutv„a"

I +
I
vttM„a"

I

+ I

gatv„p-

I
—

I
vtx„p-

I
&

1
I ys»s~( 2)y7: 'aP &= 6( —

I
"tpsa" I+ Iltt~ua" I+ I

&t~up"
I

—14~v p"
I

—
I I tv. p"

I + I vtI .p"
I

&

I ysty. (2:T &y:r &= ( —
I tp. p" I+ I yt „p"

I )
2

I yslys (1 Tl)V7 r a"&= (31«v.a"
I

—
I ~ttM. a"

I

—
I pl~ a I+31vtlc a

2 15

—2v 31trtP~p"
I

—2v 3
I Itt& p"

I
+41~t~.p"

I
&

I ystys (1:T,)y, :r,p"
&
= (2v 31%v.a"

I
+2v 31vt~.a"

I

—41mp.a"
I

—31«v.p"
I2 15

—31vt~.p"
I +

I
~t .p"

I
+ Is t~.p"

I
&

I
yslysu(1:Ti)y7:"s&& = ( —v 31)t».a"

I

—v 31vt~.a"
I
+21ptp'a"

I

—31«v.p"
I30

+
I ~tt .p"

I + Is t~.p"
I

—31vt&.p"
I

&

I ystysu(1:Ti )y7:rs~ & = (v 31ztv„P"
I +v 31vt~.P"

I

—2
I Ptl 'P"

I
&

10

I
yslys„(1:Ti)y7rstM&= (W31atp„a 1+v 31plK„a"

I

—21Atk„a"
I

)
1

10

ly y.(1:T )y:r &= ( —31 t ~ "I —31 t . "I +1k .l"I+It t~. "I
30

—v 31~t .P'I —v 31m~.p" I+21)tt~»p"
I

)

3. d4 system

The wave function for the first component of each irreducible representation has been given. Other wave
functions can be similarly constructed by combining those of the d', d, and d systems through proper cou-
pling coefficients.
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Configuration ysp (p =l or p =u)
4

ysp A ]a ] ) =
I Kp Appp vp

4

Configuration yspysq (p =/, q =u or p =u, q =I)

1

I yspysqd]a] & =
z (

I
+p'i]pppvq

I
+

I itp~pvpPq I I ltpvpvpAq I
+

I ApScpvpa

j.

Ir8pl sq+2a2& 2( I +p~pPp&q I I np~pvpkq I+ I +pPpvpvq I
+

I ~pPpvpPq I
&

1

I yspysq'E(&& z (
I ~p~pP'pvq I I ~p~pvpP'q I +

I +pP'pvp~q I + I ~pP'pvp+q I
&

Irs, ys, 3:T]& &= (v 31'&pPpPq I +31~p~pvp~q 1
+v 31&pPpvp&q I +51~pPpvpvq I

&

1

2 10

I ys, ys, 3:T2~) (v 3
I ~,~,Pp~q I

—
I ~p~, vpvq I

—v 31npPpvpPq I

—
I ~pPpvp&q I

&

1

2 2

3 -1-lyspysq:: 2'&= - —
I p ~ ~ ql+I pPp ~ ql &

V2

I yspysq. l:T]1)= ( —v3
I aplppppq I

+2
1 apAqvpiq I

—v 3
I apppvpxq I

&

10

Configuration ysl ys„

I ysl('41&ys (~1&&]a] & = -, (
I
&lvI &.v. I

—
I

&IvI ~.P' I

—1%PI~.v. I +
I ~]PI&.S ~ I

&

I
ysl(~1&ysu(E&:E|&& =-, (

I «vi~. vu
I +

I
«iv~ su~ I

—
I kvl~uvu I

—
I

&]I i~uvu I
&

I y81(~1&ys (Tu2& T2~& (I&ivl~uvu
I

—
I &IVI&uvu I

&

1

2

I ysi(E&ysu(~] &:E~&=
2 (

I «vl&uvu I

—1&ivl~upu I
+ I kpl&uvu I

—
I
%PI'i]uPu

I
&

I y81(T2&y8u(&&:T] & &
= ( —v 31« i~,vu

I

—v 31«S ]~us ~ I

—l %vibhu&]u I

—
I ~lvipuvu I

&

2 2

I
y'SI(~2&ysu(E& T2~) (

I ~lvl&uvu
I

—
I kvl~uPu I

+V 31«PI&u~u I
+V 31«PIPuvu I

&

1

2 2

1

2 3
', ysi(T2&ysu(2'z&&]a]&= ( —21&]ivlltupu

I

—I«4&u~u I+ I«~ipuvu I + I]]tlvittu~u I

—
I pivip'vu I

—21~(w~uvu I
&

I ysl(TS&ysu(T2&:E(&& = ( —
I

& Ivl&upu I
+

I
«~i&u~u

I I
«~l]]iuvu I

—IPlvl& ~ ulu
1

6

+
I P'Iv]Puvu I I «P't~uvu I

&

I ysl(T2&ysu(T~&:T] & & = —,(
I

~ivi~u&]u
I

—
I ~]vie .v.

I

—
I «k~uvu I + IPivI&]uvu I

&

I ysl(T2 &ys. (T'2 &:T~( & =
& ( —

I nil~. p. I + I Pl vi&.P. I

—
I «s I&.&].

I
+

I «PIP. v. I
&

I
ysl(E&ysu(E&&]a] & = (

I
&Ivt&uv

I +
I «vl&]upu I

+
I ~IPI&uvu I + I i]IP]~uPu I

1

2 2
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+ IKt~!Ku~u I+ IK!ltP.v. I+ IP!»Ku~u I+ IP!Vt .V. I)

26

Irst(E)ys (&»2a2&= ( IK!v!K ~ I+ IKtvtp V I+ Ikp!K & I+ l&tptp v
I

2

2 2

—
I
Kl~!Kuvu

I

—
I

K!4~ uP ul
—

I P!vlKu vu I

—
I P!Vt~uPu I

)

I
ysl(+)ysu(E):&'9& = ( —

I
Klv!Kuvg I

—
I K!Vt~upu I I 4p!Kuvu I

—
I ~tpt~upu I

1

2 2

+ I
K!4Ku'itu

I
+

I K!4Pu vu
I
+

I
P!v!K ~u I

+
I P!v!Puvu I

)

I
rsl(E)rsu(T2):T1 & & = ( —v 3

I
Ktv!K.pu I

—v 3
I 4p!K.p' I

—
I
Ktk~uvu

I

—
I ptvt~uvu I

)
1

2 2

1
I
yst(E)ysu(T2):T2& &= (

I
Ktvt~uvu

I I
~tpt~uvu I

+~~
I
K!~!Kupu I

+v 3
I plv!Kupu I )

2 2

Irsl(T2)ysu(~1)'T2~& (
I
~IVIKuvu

I

—
I kvt~upu I

)
1

2

Configuration yspr7 (p =l orp =u )

I yspr7:E~& = (—
I
Kp~pPpa"

I
+ I

& pPpv, P"
I

)
2

I r8py7 Tl ~ &
= ——,

I
~pPpvpa"

I

—
I
KpPpvpP" I2

I rspy7 T2& & =-,
I
Kp~pvpa"

I

—
I Kp&pPp&" I2

Configuration yspy7 (p =l or p =p)

I esp(~1)y'7+ 1 a I &
= (

I Kpvpa
"&"

I

—
I
~pPpa"P"

I
)

2

I
r8p(E)y'7 Ee&= (

I Kpvpa
"P'

I + I
~pPpa''P"

I
)

2

I yap(T2)y7 T2» =
I ~,vpa"l3"

I

Configuration yspysqy7 (p =l,q=u or p=u, q=l)

I ysp(~1)r7ysq(T1 ) T1 ~ & = (
I
Kpvpvqa"

I
+v 3

I
K vpPqP" I

—
I zpPpvqa" I

—v 3
I ~pPpPqP" I

)

1
I ysp( 1)y7ysq(T2)T21 & = ( —

I
Kpvpkqa"

I +v 3
I
KpvpKqP"

I
+

I ApP A, a"
I

—W3
I ApPpKqP"

I
)

1
Irsp«)r7rsq(E»1 1&= ( IKpvpKqa" I+ I KpvpvqP" I+ I

"pPpKqa" I+ I "pPpvqP"
I

—
I K,~pp, a"

I

—
I Kp~p~q&"

I

—
I ppv, p, a"

I

—
I ppvp~qP" I

)
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I ysp(E)y7ysq(E}A2a2 & = ~ ( —
I
Kpvppqa' I

—
I p p qP I I ~pPpPqa I I ~pPp~qP

2 2

—
I K,~pKqa"

I

—
I
Kp~pvq13"

I

—
I I pvpKqa"

I

—
11 p vpvq13"

I
)

I y8p(E)r7rsq«}:«& = - ( —
I K,v, Kqa"

I

—
I
Kpvpvq&"

I

—
I
~&ppKqa"

I

—
I ~,I pvqP"

I

I
Kp~pyqa"

I I
Kp~p~q&"

I
IPpvpPqa"

I
IIJpvp~q13" I

}

I ysp(E)y7ysq(T1 }:T1& &
= (

I
Kpvpvqa"

I
v 3

I
KpvpPqP"

I
~pPpvqa"

I
v 31~pPpPq&" I4~2 P JP

+3
I
Kp~p~qa"

I
+v 3

I
Kp~pKq&"

I
+3

I Vpvp~qa"
I
+ v 3

I S pvpKqi3"
I

}

I ys. (E}y738q(T1 } T2~& ( —3 IKpvp~qa"
I

—~3 IKpvpKqP"
I

—31~pI p~qa"
I

—v 31 ~,I pKqP"
I4 2

—
I
Kp~pvqa"

I

—v 3
I Kp~pi qP"

I

—
I
~pvpvqa"

I

—v 3
I I pvpi qP"

I
)

Irsp(E}r7y8q(T2}:T1~&= ( 3IKpvpvqa" I+V3IKpvpl q&"
I

31~pi pvqa" I+v 31~pPpPql3"
I4 2

+
I
Kp~p~qa"

I

v 3
I
Kp~pKql3"

I + 11Mpvp~qa"
I

v 31ppvpKqi3 I
)

I y8n(E}y71 sq(T2)'T2(& ~ (
I
Kpvp~qa"

I

—v 3
I KpvpKqF'I +

I
~pPp~qa"

I

—v 31~pl pKqP"
I4&2

+31Kp~pvqa"
I

—v 3
I Kp~pyqP"

I
+3

I Ppvpvqa"
I

—v 3
I VpvpPqÃ' I

}

I ysp( T2}y7ysq(E):T1 & & = - ( —v 3
I
KpI2pKqa"

I

—v 3
I KpPpvq&" I +

I
~pvpyqa" I + I

~pvp~qP'
I

)
2&2

I rsp(T2}y7ysq(E} T2~ & (
I

ApvpKqa"
I

—
I kpvpvqP"

I

—W31KpPpPqa I

—v 31KpPpkqP I
)Jp

I rsp(T2}y7y8q(T1)+2~2&= - ( —
I
KpIspvqa"

I

—v 3
I Kpvps qP"

I

—
I Kp~, Kqa"

I
+

I Kp~, vqP"
I

+
I y pvpKqa"

I

—
I S pvpvq&" I

—v 31~pvp~qa"
I

—
I
~pvpKqP'

I
)

I r'sp(T2)y7ysq(T1 }:E~&
= (

I
~pvpvqa"

I +v 31~,vpI q13"
I +v 3

I
KpIsp~qa"

I
+

I
KpypKq~"

I
)

2 2

I y8p(T2 }y7y8q(T1 }:T1»= -. ( —2
I Kp1 pKqa"

I
+2

I KpI pvqP"
I

—v 3
I K, ~p~qa"

I

—
I Kp~, Kqi3"

I

+v 3IPpvp~qa I
+ IPpvpKqP I

)

I rs. (T2)Y73~8(T1 } T2~ & 4 (
I Kp~, vqa"

I
+v 3

I Kp41 q13"
I

—
11 pvpvqa"

I

—v 3
I S pvpl q13"

I

—21 ApvpKqa I
+2

I ApvpvqP I
)

I y8p(T2)r7rsq(T2)+1~1&= - ( —+~31~pvpvqa" I+ I ~,vpl q13" I+ I Kp~&I qa"
I

—IKp~, ~q13"
I

—
IS pvp1 qa" I+ IS pvp~qP" I+ I KpI p~qa"

I

—v 3
I Kpl pKqp"

I
)

Iysp(T2)r7rsq(T2}E~& ( V31~pvpvqa" I+ I~pvpiq&" I

—2IKp~plqa" I+2IKp~p~qP"
I2 6
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+2
1
ppvppqtz"

I

—2
I i pvp~qp" I

+
I Kps p~q~"

I

—~3
I
KpvpKqp"

I
)

I ysp(Tz)y7ysq(Tz)'Tl 1 &
=

~ ( 21~pvpc q&"
I

+21~pvp~q&"
I
+

I
Kp~p~q&"

I

I Ppvp~q& I
+~~

I PpvpKqp

I
ysp(Tz)y7ysq(Tz ):Tz» = —,( —~3

I
Kp~pvq~"

I
+

I Kp~pl qP"
I
+~3

I
izpvpvqtz"

I

—
I i pvpizqP"

I

+2
I KpPpPq~ I

2
I KpPp~qP

Configuration ysl ys yu7

I y811 8 y7 & 1 a 1 & = -, (
I

Kt v. tz"l3"
I

—
I
vt K. tz"0" —

I biz. tz"&"
I
+

I
iz 1~.tz "1'

I
)

I ysll sul 7+zaz & z (
I
Kt~.~"P'

I
+ 14Kutz"&"

I

—
I

lzivutz"P'
I

—
I

vtputz"F'
I

)

I ysl1 8 y7'«& = —,(
I
Klv. ~"&"

I

—
I
vlK. ~"&"

I
+

I 4cz. tz"&"
I

—
I V l~. tz"&"

I
)

I ysl3 8 y7'3'Tl 1 &
= ( —~3

I
Ktp. ~"0"

I

—~3
I i iK.&"l3"

I

—3
I
~i ~.~"0"

I

—5
I

vl v. &"13"
I

)
2 10

I y8lys y7 3 T2 1 &''( ~3
I
K1K.tz"F'

I
+ I 4v. tz"F'

I +
I
vi~. ~**&"

I
+~3

I iztp. tz "P'
I

)
2 2

I y81 y8 y7'2'Tz I & = (
I
~i v &"l3"

I

—
I
vi~ &"l "

I
)

2

I y ly .y':I:~ » = (~3
I Klieg. tz "l "I +~3

I S 1K.~ "&"
I

—21~1~.& "1 "I )
10

4. d system

The wave function for the first component of each irreducible representation has been given. Other wave
functions can be similarly constructed by combining those of the d', d, and d systems through proper cou-
pling coefficients.

Configuration yspysq (p =I,q =u or p =u, q =1)4

4
I yspysq'~8K& =

I Kp~pPpvpKq I

Configuration y spy sq (p =l,q =u Or p =u, q =l)3 2

Iy'y (A )I, &= (I kp A p I

—
I

A p I)
V 2

I yspysq(E):f 6&'& = —
2 (

I Kp~pvpKqvq I
+

I Kp~pvp~qPq I
+

I ~pPpvpKq~q I
+ I ~pPpvpizqvq I

)

I yspysq(E)~7~" &
=

2 (
I ~pVpvpKqvq I

+
I ~pVpvp~qizq I I Kp~pvpKq~q I I Kp~pvpeqvq I

)'
I

I yspysq(E) I 8K& = —
2 (

I KpkpPpKqvq I +
I KpkpPpkqP'q I

+
I KpppvpKqkq I

+
I KpPpvpPqvq I

)
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3 1
I yspysq(T2):P6a &

= - (
I ~p~pPp~qvq I ~31~pPpvp~qPq I

+ I ~pPpvp+q~q I I ~pPpvpPqvq I
)v6

I
y8py'sq(T2):~7a" &= - (v 31«p~, i p~qi q I+ I ~p~, vp~q~q I

—
I np~, vpuqvq I

—
I ~pi pvp~qvq I

)&6

I yspysq(T2): , I—'sn&= ( 41~—p~pvp~qi q I

—
I ~pi pvpnq~q I

+
I npi pvpi qvq I

—2V 31~pS pvp~qvq I
)

30

(v 3 I,~. . .V, I

—v 3 I,iu. ..~, I
+v 3 I,iu, ,u, , I

—
I ~,V, ,~, , I

)
10

Configuration ySpySqy7 (P =I,q =u or P =u, q =I )

I
y'sp(E)l sql 7 ~6a'& =

~ (
I ~,vp~qa"P"

I
+

I ~,i p~qa"&"
I
+ I ~,~pvqa

"&"
I
+

I i pvpvqa"0"
I

)

I ysp(@)ysqy7:+7a &
=

2 ( —1&pvpvqa p —
I Apppvqa p I

+
I

Icpkp)I. qa p I + I ppvpkqa p I
)

I y8p(E)ysqI7 I8K& ='.
2 (

I npvp~, a"P"
I +

I ~,i pnqa"0"
I
+

I
np~, i qa"0"

I
+

I S pvpV qa"P"
I

)

I
y'sp(a i )ysqy'7:rsvp& = - (

I
&pvp&qa"0"

I

—
I ~pi p~qa"0"

I
)

&2

I ysp(T2)ysqy7 ~6a'& = - (
I
~pvp~qa"~" +v 31~pI pi qa"7'

I

—
I
~p~pvqa"&"

I
+ IS pvpvqa"P'

I
)

I y8p(T2)y8qy7 ~7a" &
='(—&31~pepea"&"

I

—
I
~p~p~qa"&"

I
+

I i pv, ~,a"P"
I
+

I ~,vpixqa"13"
I

)
6

I ys (T2)y8 y7, ~s~& = (41~ ~ ~ a"&"
I
+

I
~ 4s,a"P"

I30

—
I PpvpPqa P I

+2V 31 Apvpvqa P I
)

I ysp(T2)y8qy7 ~stt &

~0
( —v 31''pvp~qa "P"

I
+~31ttp~, itqa

"P"
I

—~3
I vpvpIxqa

"P"
I

+
I
Apvpvqa P I

)

Configuration yspy7 (p =I or p =u)3 2

I
yspy'7:~8~& =

I np~, V
—pa"13"

I

Configuration ysp y7 (p = l or p =u )
4

y8py7'P/a" &
=

I
+p~pPpvpa"

Configuration ysp ysq y7 (p =i,q =«r p =u ~ q = i)3

I yspy ys (E):I6a'&= —,'( I~pkpvpaqa" I +1&p&pvpvqP"
I I

~piXpvpixqa" I I ~pPpvp~q~" I
)

I
yspy7ysq(E):~7a" &

= z( I ~pi pvp&qa"
I I

~pppvpvqi3"
I I &p~uvpi qa"

I I &p p p
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I
ygpy7yge(E)'rgK&= z (

I
KpApPpKqa"

I
+ I Kp~pPpvqp"

I I Kpgpvpitqa" I I Kpg'pvp~q&" I
)

I ys y7ysq(Ti):rga'& = ( 3
I Kp~pi p~qa"

I
v 3

I Kp~pt pKqP"
I

+2
I
Kp~pvpvq&"

I
+

I KpP pvpvqa"
I
+v 3

I KpV pvpV q~"
I

)

I y8py7ygq(T, ):r7a"&
= - (

I Kp~pi pvqa"
I
+v 3

I K, ~,i pi qP"
I
+3

I Kpi pvp~qa"
I2V6

+v 3
I Kpi pvpKqP"

I
21~pi pvpKqa"

I +21~pi pvpvq13"
I

)

I y8py7y8q(T1): —,rsK& = ( v 3
I Kp~pV pKqa"

I

—v 3
I Kp~, i pvq&"

I

—
I
Kp~pvpvqa"

I

—~3 Kp~pvpPqP I
)

ygp y7yg, ( T, ):—', r,K &
= —( —Z

I
Kp ~,imp Kq

a"
I +2

I Kp ~pimp vq 0"
I

—~3
I Kp ~p vp vq

a"
Zv'3O

—3
I Kp~pvpi q&"

I
+5v 31~pupvp~qa" I +51~pi pvpKq13"

I
)

I y8py7ygq(T, ):r6a'& = ( —
Kp~pP pea" I

+v 3
I Kp~pPpKqP" I+3

I
KpPpvpvqa" I

—~&
I Kpi pvpi q13"

I
+21~pi pvpi qa"

I

—21~pi pvp~q&"
I

)

I ygp3 7ysq( T2) r7a &
= ~ ( —3

I Kp Apppvqa I
+C 3

I KplppppqP I
+2

I Kpkpvppqa

Kp~pvp~q&" I I Kpi pvp~qa"
I

+~3
I Kpi pvpKqP"

I
)

I y8py7ygq(T2): 2 rsK& = (2v 3
I
Kp~pvpvqa"

I

—2
I Kp~pvpi qi3"

I

—
I Kpi pvps«a"

I30

+
I Kpi pvp~q~ I

~31 "pPpvp~qa I +31~pPpvpKq~

( —31,~. .. "I+v 31,&, ,i,P"
I

—2v 31 p2 10

+2~~
I
KpPpvp~q~"

I IxpPpv x a"
I
+@31'Ppv K P"

I
)

Configuration ygtyg y7

I ygt("~)y7ys ("~):r7a"&=
2 ( IK»iKuv. a"

I

—IKtvt~. i.a"
I

—14WK.v.a" I+14Vt~ueua"
I

)

I
yst( z)y7((r6))ysu(~i):r6a'&= (

I
Kt~zK v, a"

I

—
I
pzvzKuvua"

I

—21~zvtKuv„p"
I2 3

—
I

Kt ~t ~.i .a"
I
+ I i »t ~.i .a"

I +21~tvt~. i '0"
I

)
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I
ysl(T2)y7«rs))ysu(a, ):rsK& =

2

Iy'I(~ &y y'. (E):~ ) = , &—I I I ~ .0"I+ I I I~.JL8'&"
I

—I~Ipl ~ .0"
I

—i%pl~.V.P"
I

)

I ys I(E)y7((~ 8))ys u(E)~sa' )= &
I
KIKKu&ua"

I +
I KIACK upua"

I
+

I
pl&IKu&ua"

I2 2

+
I pl~I) .V.a"

I

—
I KI»K. ) .a"

I
—

I Kl» .~.a"
I

—I)rpIK" a
I

—I%PIP ~ a I)

Iy'I(E)y((~ ))y'. (E):~ "&=
2 2& I I I ~ ~ "I+

I I I~.V' "I+ I~lpl ~ ~ "I

+
I
~l I~.p.a" I+ I KIRK. ~.a"

I +
I Kl~(p. ~.a"

I

+
I C»IK.~.a" I+ I plop. ~.a"

I
&

I
ysl(E&r7((rs))ys'„(E):rsK) = (

I
"I"I"~ &" I+ IKI"I~ p &" I+14pIK ~.F'I

2 2

+
I ~iPI) uPuP"

I

—
I
KI~IKu~u&"

I

—
I
KIAPu&uP"

I

—
I PI&IKu~uP I

—
I PI&IPu&uP

I y«(T, )y7((r, ))ys„(E):rsK)= ( —2
I KIPIK A, a"

I
IKIAK ~ P" I+ I pl»K ~ &"

I

2 3

—2
I

KI Ip.~.a"
I

—IKI4p'~. &"
I
+

I plop'~. P'
I

)

I ysl(T2)3 7((~8))ysu «):~sa') = &
I KIKKu ~u a"

I

—
I pl»K. ~.a"

I
+ 14~IKu~uÃ' I

2 3

+ I K%I~. .pal —
I pI»~.p.a"

I +14»~.V'&"
I

~&
I KlplKu~u&" I

~&
I Klplpuvu p"

I
}

I
ySI&T2&y7«~s))ysu(E&:j'7a") =

& ~3
I
KIPIKu~u~"

I
+~31«P"IuP&u" I + IKIKKu "ua"

I

2 3

—Ipl&iK ) a" I+14»K ~ &"
I
+

I KI~Ip & a"
I

—
I plop'&. a"

I
+ 14&ip'&.P"

I
&

I
y'l&T2&y («))ys. «):~ K) =

& ~~14~IK.~.a"
I
+~~14»~.v.a"

I

—
I KlpIK. ~.a"

I

2 3

+ I KI~IK.).P'
I

—
I pl~IK. ~.&"

I

—
I

KIO'Ip'~. a"
I

+ I KI ~IPu ~u P'
I

—
I PI~lou ~u 0"

I
&
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TABLE I. The E electrostatic matrix block in the strong-field coupling scheme for the d
system.

t2
3

t2('A ) )e

tz('E)e

3

t2
3

3A p —6Bp+ 3Cp

t2('A ) )e

—6V 2B)
2A2+Ap

—2B2+ 10Bp
+C,+5C,

t22('E)e

3V 2B,
—10B2

2A2+Ap
—2B2+Bp
+C2+2Cp

3

0
v 3(2B&+C,&

—2v 3B,

3A4 —8B4+4C4

I rsl(~1&F71 8 (T2&'~6+ ) ( I +Ivl&. ~.~"
I
—

I &»Ip.v.~"
I

—
I ~lpl~. ~.I "I

+
I
AlplIM„v„a"

I

—21alvlk, „v„p"
I +21Alplk, „v„p"

I
&

I rsl(~I &&'728 (T2&:~s&&= (
I ~l»~. v.~"

I

—14@I~.v.~"
I

&

I ysl(E&r7((~s&&rs. (T~&:~8~'&= (
I
~Ivl~. v.&"

I +Ital~. v. &"
I

—v 31~!~l~ 8 0

—v 3 IIMlv«. IM. &"
I
+

I
&lvl~u~u&"

I

—
I
&lvIS ave&"

I

+
I ~II l~.~.&"

I
—

I ~IIMIV. v.&"
I

&

I & sl(E&r7((~8&& 8~(T2&:~7&"&
= ( —

I
&I~I&~~~&"

I
+

I
&l~euvu&"

I

—
I II Ivl& ~ &"

I

+ IVIvlp v ~"
I

—v31 "Ivl& p 0"
I

—v3
1
~I@I& p 0"

I

—
I
~I~I~.v.&"

I

—
I I Ivl~. vu13"

I
&

TABLE II. The T& electrostatic matrix block in the strong-field coupling scheme for the d system.

t2
3

t2( Ti)e

t2('T&)e

t2e ( A2)

t,e'('E)

t2
3

3A p
—6Bp+ 3Cp

t 2(3T) )e

3B)
2A2+Ap

+5B2—5Bp+ 3C2

t2('T2)e

—3Bi
—3B2

2A2+Ap
—7B2+Bp
+C2+2Cp

t2e'('A2)

0
3B)

—3Bi

A4+2A2
—8B4+2B,+3C,

t2e ('E)

—2v3B,
—3V 3B,

v 3B,

—2V 3B,

A4+2A2
—2B2+2C4+ Cg
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TABI-E III. The T2 electrostatic matrix block in the strong-field coupling scheme for the d system.

t2
3

t2('T2)e

t2e2('A )

t2e ('E)

t2
3

3Ap+ 5Cp

t2( T])e

—3&3m,
2A2+Ap

—B2—5Bp+3C2

t2('&2)e

5&38)
—3B2

2A2+Ap
+3B2+Bp
+C,+2C0

t2e ('A])

4B2+2C2
—3&3m,

V 3m,

A4+2A2
+SB4—2B2
+4C4+ C2

t2e ('E)

2B2
—3v 3a,

—v3a,

10B2

A4+2A 2

—2B2+2C4+ C2

I yss(E)y7((~s))ys (Tz): ] s&&= (41 ~th& p a" I +41 pivot" p a"
I I

"&4& ~ p"
I2 15

+ I &1~Is .v.p"
I

—
I vi~i~. ~.p"

I
+

I wvII 'v. p"
I

—2v 3
I anvil, „v„a"

I

—2v 3
I

A~p~k, „v„a"
I

)

I ysz(E)y7«~s))ys. (Tz):—,] s~& = ( —v 3
I ~zk~. s ua"

I

—v 3
I ave~. s .a"

I

—v 3
I
~l~l&u~. p"

I2 5

+v 3
I

&Ihe. v.p"
I

—v 3
I pl +1&.~.p"

I
+v 3

I I ivII .vu p"
I

—
I

KgviA, „v„a"
I

—
I

Alp~A, „v„a"
I

)

I ysi(Tp)y7((&s))ys„(Tp):j. 7a"&= —,(
I
~IAga„k,„a"

I

—
I
~Ihip„v„a"

I

—
I
plvia„A, „a"

I

+
I
ptvip„v„a"

I
+2

I
Asap„v„p"

I

—2
I
zgviv

+4 IKgpIA, „v„a"
I
+2

I
ape(A, „v„p"

I

—2
I prvgA, „v„p"

I )

I ysi(T~)y7((I s))ys„(T, ):I sa &
= (

I ~gal~„p„a" I

—
I
p(v(g„Is„a" I

—2
I
g(vi~„p,„p"

I3 2

+2l &t'ai& ~ a
I

—l2&iIsip v a
I + I+I"I& ~ p

' —
I mlklpsvr P"

I I
ptvI+u~uP'

I
+ I

prviguv„P"
I

)

TABLE IV. The T] electrostatic matrix block in the
strong-field coupling scheme for the d' system.

4Z

t,'(3Z ])e

t2e ('A2)

t2( Z'])e

2A2+Ap
+2B2—5Bp

A4+2A2
—SB4—4B2

A]

t2('E)e

t2('E)e

2A2+AO 12B2+Bp+C2+ 2Cp

TABLE V. The A] electrostatic matrix block (ele-
ment) in the strong-field coupling scheme for the d sys-
tem.
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TABLE VI. The A2 electrostatic matrix block (ele-

ment) in the strong-field coupling scheme for the d sys-
tem.

TABLE VII. The A2 electrostatic matrix block (ele-

ment) in the strong-field coupling scheme for the d sys-
tem.

t2('E)e

tq('E)e

2A 2+A o+SB2+Bo+C2+ 2Co

4W,

t2
3

t2
3

33o—15Bo

I
y+(T2)y7((l s}}ys„(Tz}:Isa'&= (

I
A~vqA„v„a,

"
I

—
I
@~pea„p„a"

I + I
tclk~a„p„13"

I

6

—
I
pivl~u puP'

I
+

I ~(p«u "u&"
I

—
I
~Ipi puvu I )

I
ys'I(Tz)y7((l s))ys. (T2):I 7a" &

= ( —31%v«.p'a"
I

—1«4~.~.a"
I + I

~i~a .vua"
I

3 2

+
I pi&I&«~.a"

I

—
I pixel p'v. a"

I

—
I
}Ivi~.}.P"

I

+
I
}I+Ip'v. P'

I

—
I ~ipr ~.v.a"

I
+

I
&i~i~.v.&"

I

—
I p»I}uvul3"

I
)

I
rsvp(T2)r7((l s) }rs„(T,):—,

'
rs~& = (41«~«.p'a"

I 41m v«—.p'a"
I +414v«. s .0"

I

3 10

—1«p«.}.a"
I
+ I «pI p.v.a"

I
+ I &i%&.~.P'

I

—
I
~l}1puvu&"

I

—
I
wvi~u~uP"

I + I ave .vuI3"
I

—61«pi~uvu~"
I

)

Irsi(T'2}r7((l s)}ra.(T2):—,I s~ &= ( —
I ~i%~.p'a"

I
+

I pi~(~.p.a"
I
—1%vi~.p'IB"

I

10

—
I ~ip«. ~.a"

I
+

I
&a a .v.a"

I
+

I
&1~1+ ~ 13

—
I "~%au vu ~"

I

—
I pI v~«u ~u &"

I
+

I pi~a .vu13"
I

I
&Ipl}"uvu~

APPENDIX B

n, n2 n3 n] n2 n3
The transformation matrices between the ysi ys„y7 and ys, ,ys, y7 (wave functions are given in Appendix

n] n2 n3 Nl] m~
A) and those between the y«ys, yz and tz e wave functions are given in Ref. 27.'2

TABLE VIII. The T2 electrostatic matrix block (ele-
ment) in the strong-field coupling scheme for the d' sys-
tem. APPENDIX C

4Z

tq( T])e

t2( T])e

~p+Ap —10Bg—5Bp

The electrostatic matrices for the d system in
the strong-field coupling scheme are given in Tables
I—VIII.
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