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Elastic scattering by a small inhomogeneous sphere, comprised of two concentric spheri-
cal regions, may be abnormally low if the dielectric constant of the external medium is in-
termediate between those of.the two regions. When one of these regions is a metal with a
real negative dielectric constant, there may also be very large enhancement of the scattering
due to excitation of a dipolar surface plasmon. For a sphere in which the metallic region is
silver, the incident radiation can be tuned over a range of optical wavelengths to give a
variation of 10% in scattering cross section. Such objects may exhibit very large surface-
enhanced Raman scattering with excitation profiles sharply dependent upon the

relative thickness of the spherical shell.

I. INTRODUCTION

The electromagnetic scattering cross section of a
small nonabsorbing ellipsoid, coated with a confocal
ellipsoidal shell of a second material and oriented
with an axis parallel to the electric vector of the
linearly polarized incident radiation, is abnormally
low for certain combinations of the axial ratios and
the dielectric constants. We have termed such ob-
jects “invisible bodies” since an electromagnetic
probe would only detect them in the near field.!~*
A similar effect would be obtained with cylindrical
objects having elliptical symmetry.

In this paper we call attention to the possibility
of either a dramatic diminution or else a dramatic
enhancement of the scattering cross section when
one of the regions is comprised of a metal having a
nearly real negative dielectric constant. Indeed,
with a metal such as silver, the wavelength in the
optical range can be tuned to give either diminution
or enhancement. The enhancement is due to excita-
tion of the dipolar surface plasmon of the metallic
region so that just as in the case of homogeneous
objects, huge enhancements are to be expected for
Raman scattering [surface-enhanced Raman
scattering (SERS)] or fluorescence by molecules at
or near the surface. The diminution is due to in-
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terference between one region that makes a positive
contribution to the polarizability and the other re-
gion that makes a negative contribution.

II. ABNORMALLY LOW SCATTERING
BY CONCENTRIC SPHERES
WITH ¢; AND ¢,>0

The origin of these effects becomes more ap-
parent if we specialize the ellipsoidal object to a pair
of concentric spheres. Then the orientation and po-
larization requirements are relaxed. The scattering
efficiency’ (scattering cross section divided by
cross-section area) is

0ua=(2/a) S 2n+1)|ay |2+ | b, |D)

n=1
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where a=2mb /A with b the radius of the spherical
object, A the wavelength, and a,, and b, the scatter-
ing coefficients.® For a <0.3, Q. is approximated
by dropping all terms except a;, and this in turn
can be represented by a power series in a in which
the leading term is>’
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where €, €,, and €; are the dielectric constants of
the core, the concentric shell, and the surrounding
medium, respectively, and g =a /b with a the radius
of the core.

The scattered field corresponds to that of an os-
cillating electric dipole with polarizability propor-
tional to @;. Indeed, the same polarizability is ob-
tained for this object in a uniform electrostatic
field.

The condition for abnormally low scattering is
that the numerator of a; approach zero, i.e.,
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where 0<g < 1. This requires that the dielectric
constant of the surrounding medium be intermedi-
ate between that of the two regions. The origin of
the very low scattering efficiency is now clear. The
particle, whose far field can be thought of as arising
from an electric dipole, is so contrived that the
dielectric regions each make equal contributions of
opposite sign to the polarizability. The reader is re-
ferred to Refs. 1—4 for further physical discussion
of the effect as well as analogous effects in atomic
scattering.

III. CONCENTRIC SPHERES HAVING
A SHELL WITH €, <0

The point of departure in this paper is to consider
the possibility of abnormally low scattering efficien-
cy when, as in the case of aerosol particles, the
dielectric constant of the external medium is unity.
Then, in order that the numerator of a, disappear,
the dielectric constant of one of the regions in the
particle must be either a positive fraction or a real
negative number. Since metals have a negative
dielectric constant at longer wavelengths than the
plasma frequency, a metal-coated dielectric sphere
offers a physically realizable structure for obtaining
abnormally low scattering efficiency.

In Fig. 1(a) the scattering efficiency of a 10-nm
radius sphere in a vacuum (e3=1) with a core hav-
ing €,=2.25 and a coating having €,=—7.08 is
plotted versus g. [In this calculation and all others
involving an increment in g, the full-series expan-
sion corresponding to Eq. (1) was used. In cases to
be discussed in which the wavelength dependence of
scattering, absorption, and SERS is considered, the
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calculation was based on Eq. (2) or a related expres-
sion.] The scattering efficiency is very small at
q=0.92 as predicted by Eq. (3). However, it does
not actually become zero because of contributions
both from the higher-order terms in the power-
series expansion of a; as well as contributions from
the other multipoles (a, and b,) in Eq. (1). The ef-
fect is certainly striking. A metallic layer with a
thickness of 8% of the total radius and €,= —7.08
reduces the scattering cross section of a 10-nm glass
sphere (€;=2.25) by nearly 5 orders of magnitude.
Thus, the metal acts as a very efficient “antireflect-
ing” coating.

Equally striking is the strong enhancement at
q=0.74 where Q.. is nearly 5 orders of magnitude
greater than for a homogeneous sphere (e,= —7.08,
q=0). Just as the minimum stems from the
numerator in Eq. (2) becoming zero, the maximum
arises because the denominator goes to zero, i.e.,
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This resonance can be attributed to excitation of
a dipolar surface plasmon for a cavity comprised of
a spherical shell. It depends both upon the dielec-
tric constant and the relative thickness of the shell.
For a homogeneous spherical cavity, the resonance
conditions requires e=—2 (Refs. 8 and 9); for a
spheroidal cavity the resonance depends upon both
€ and the axial ratio of the spheroid.'® One would
anticipate analogous results with spheroidal shells,
ellipsoids, ellipsoidal shells, etc. Indeed, when both
regions of a compound body, core, and shell, exhibit
resonances there may be rather complicated interac-
tions and splittings of the resonant peaks.'!

The minimum may occur either when both re-
gions are dielectrics or as in this case when one of
the regions is a dielectric and the other is a plasma.
The resonance peak, on the other hand, only occurs
with plasmas, i.e., the denominator of Eq. (2) can-
not go to zero for 0 <g <1 when both €, and ¢, are
positive.

Excitation of the surface plasmon does not cause
the polarizability to blow up catastrophically even
in the idealized case of a purely real negative value
of €, because with retention of higher-order terms
in the expansion of a; there is a second term in the
denominator given by'2
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FIG. 1. Scattering efficiency Q. (solid lines) and absorption efficiency Q.. (dashed lines) for a 10-nm concentric
sphere at 450-nm wavelength vs ratio of radii g=a/b for €,=2.25 and (a) m,=0—0.266i, (b) m,=0.05—2.66i, (c)

m,=0.30—2.66i, and (d) m,=1.50—2.66i.

In panels (b)—(d) of Fig. 1, Q,., for this particle
is plotted for three complex values of €,. In fact,
the parameter utilized in Figs. 1 and 2 is the refrac-
tive index m, where m3=¢,. Now, in addition to
Qsca» there is loss within the particle which is denot-
ed by the absorption efficiency, Q,, shown by the
dashed line. Q. increases with increasing real part
of m,. Both maximum and minimum are damped
out with increasing real part of m. This is shown in
greater detail in Fig. 2.

The absorption and scattering efficiencies, Q
and Q.,, follow a parallel pattern with increasing ¢
up to gna, Where the dipolar surface plasmon is ex-
cited. Somewhat beyond g, there is the region

that exhibits a deep minimum in the scattering.
There is no corresponding minimum in the absorp-
tion. Rather, Qs decreases monotonically to g =1.

Q.vs and Qg, follow a parallel pattern because at
low ¢ the particle is mainly metallic, and absorption
occurs only in the metallic region. However, with
increasing volume of core the out-of-phase contri-
bution of the dielectric core to the polarizability be-
comes appreciable. The minimum in Q. arises
from destructive interference between the metallic
and dielectric regions. Beyond the minimum the
contribution of the dielectric core to the polarizabil-
ity dominates. The volume of metal decreases and
so the absorption falls off accordingly.
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Unlike the scattered radiation, the absorption ar-
ises entirely in the metallic region. It depends on
the field strength in that region as well as upon the
volume of the lossy metal. There is, then, no
mechanism for a minimum in Q. corresponding
to the interference mechanism which gives rise to
the minimum in Q.

In Fig. 3, Q... and Q. are plotted versus g for a
10-nm concentric sphere with €, =2.25, €;=1, and
with values of €, obtained from the literature'* for
Ag at A=335, 390, 485, and 600 nm. None of the
features described above is evident for A=335 nm
for which m,= —0.84—0.30i. This value deviates
too far from the requirement of a purely negative
dielectric constant. Also, as noted below, since
| €] <€, this region no longer makes a negative
contribution to the polarizability. In each of the
other instances, m,=0.05—1.97/, 0.05—3.00i,
0.05—4.00i, sharp maximum and minimum are ap-
parent. Both g, and qp, shift to larger values
with increasing imaginary refractive index and they
become closer to each other. Ag is particularly ver-
satile in exhibiting these maxima and minima since
the imaginary part of its dielectric constant is very
small from A=350 to 1400 nm while its real part
varies from —2 to —100 over this wavelength
range.

It is of some interest to note that the relative
values of ¢, and ¢, are independent of the
dielectric constant of the core and are determined
only by €,, i.e.,

3_ (€2+2€3)(262+63)
N 2(62—63)2

qmax

(5)

9 min

This ratio increases from O to 1 either as €, becomes
smaller than —2 or as it increases from —0.5 to 0.
Intermediate values of €, are inconsistent with hav-
ing both a maximum and minimum.

In Fig. 4, Q... and Q. are plotted versus g for
various particle sizes (b =10, 20, 60, and 100 nm)
for the dielectric constant of Ag reported by
Johnson and  Christie'® at 450 nm
(€= —7.07—0.021i). This illustrates that the
sharp maximum and minimum are associated only
with a; the electric dipolar contribution to Q.
and are therefore limited to small particles. The
secondary peaks on these curves represent the onset
of significant contributions from higher multipoles.
Thus the secondary peak at ¢ =0.82 that becomes
more prominent with increasing particle size is due
to a quadrupole mode and the peak at ¢=0.88 is
due to an octapole mode.

The display in Fig. 5 is comprised of plots of Q..
and Q,,, versus wavelength (nm) or energy (eV) for
10-nm radius Ag spheres and ¢=0.50, 0.80, 0.90,
and 0.96, using the reported dielectric constant data
of Johnson and Christie.!> The dipolar surface-
plasmon resonance for a 10-nm homogeneous
sphere (¢ =0) occurs at 3.5 eV. This shifts to 3.25
at ¢=0.5 and to correspondingly lower values with
increasing ¢g. The interference minimum that has
only begun to develop at ¢g=0.5 deepens with in-
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FIG. 3. Q. and Qg vs g for a 10-nm concentric sphere, €,=2.25, €3=1, and the shell corresponding to Ag at (a)
A=335 nm, €,=—0.84—0.30i, (b) A=390, e;=—3.88—0.20i, (c) A=485, €,=—9.00—0.30i, and (d) A=600 nm,

€=—16.00—0.40i.

creasing g and also shifts to lower energy (higher
wavelength) in accordance with the requirement of
Eq. (5). The shallow minimum at 3.8 eV arises
from the dispersion of the refractive index in this
region rather than from an interference or a reso-
nance.

Perusal of Fig. 5(c) (¢=0.90) suggests an in-
teresting possibility for experimental investigation if
a system comprised of Ag-coated glass spheres were
to be prepared. Q,., would be expected to increase
by nearly 10° as one tunes from the minimum at 3.0
eV (410 nm) to the maximum at 1.9 eV (650 nm).
On the other hand, dielectric spheres of this size
would show an eightfold decrease of Q.. over this

energy range. Whereas a dispersion of these parti-
cles would be strongly absorbing and might show a
Tyndall beam at 1.9 eV, it would appear less ab-
sorbing and quite clear at 3.0 V.

Figure 6 demonstrates the effect of the refractive
index of the medium and of the core upon the reso-
nance maximum and the interference minimum. In
Fig. 6(a), increasing the refractive index of the
medium shifts the resonance maximum to lower en-
ergy, whereas the interference minimum shifts to
higher incident energy.!* However, if the dielectric
constant of the core is increased, then both the
scattering maximum and minimum are shifted to
lower energy as shown in Fig. 6(b).
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FIG. 4. Q. and Qs vs g for (a) b=10 nm, (b) b =20 nm, (c) b =60 nm, and (d) 100-nm radii concentric spheres with
€,=2.25, e3=1, and €,= —7.07—0.21i, corresponding to Ag at A=450 nm.

A rather interesting aspect is the apparent isobes-
tic point in Fig. 6(a) for which Q. is independent
of €;. There are two cases for which this may oc-
cur. When

2¢%(e,—€,)=€,+2¢, , (6)

it follows from Eq. (2) that g=-—0.5 and
Qm=%a4 for all values of €;. Since g is con-
strained to the range 0—1, €, /€, correspondingly
ranges from O to —2. In Fig. 6(a), for which
q=0.8 and €;=2.25, the isobestic point is calculat-
ed to occur at €,=—4.67. Indeed, there is a cross-
over of the curves obtained by varying €; from 1 to
25 which hovers about A=404 nm where

€,=—4.67—0.22/ and Q, ranges within 2% of
(2/3)a* ( when the radius is 10 nm). This variation
occurs because the experimental dielectric constant
of Ag has a finite imaginary part so that the condi-
tion that €;/€, be constrained to values from O to
—2 is not met exactly.

The second case for which an isobestic point may
occur requires that

)]

Then g=1, Q.. =+a* and €, /€, ranges from —2
to —oo. For the same conditions as in Fig. 6(a),
i, €,=2.25 ¢=0.8, a second isobestic point
would occur at €, =—0.44. However, such a point

q3(e,—62)=e,+2€2 .
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FIG. 5. Q. and Qu of a 10-nm radius concentric sphere vs energy of radiation (eV) or wavelength (nm) for (a)
g=0.5, (b) g=0.8, (c) g =0.9, and (d) g =0.96 for €,=2.25, €3=1, and ¢, corresponding to values for Ag.

was not obtained when the values for the dielectric
constant of Ag were used for €;,. The real part of
the dielectric constant of Ag does become increas-
ingly negative at lower wavelengths, but because the
magnitude of the imaginary part also becomes
larger, the condition that €, be a real negative num-
ber is no longer sufficiently satisfied.

IV. CONCENTRIC SPHERES HAVING
A CORE WITH €, <0

We now consider the inverse configuration
comprised of a silver core encased in a dielectric

concentric spherical shell, i.e., €,>0 and €; <0. In
this case there is a more severe restriction upon the
appearance of the interference minimum than when
the Ag comprises the shell. In order that the
numerator of Eq. (2) become zero (assuming
€,>€3), it is necessary that €;+2€,>0. For
glass-coated Ag spheres in a vacuum (€;=2.25),
this condition is met only in the restricted wave-
length range 350—380 nm. However, that range
may be extended considerably for larger €, and so
the value €, =9, corresponding to titanium dioxide,
has been used in Fig. 7. In Fig. 7(a), where Q,, is
plotted versus g at A=450 nm, the interference
minimum occurs at a lower value of ¢ than the res-
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FIG. 6. Q. of a 10-nm radius concentric sphere with ¢ =0.8 vs energy of radiation (eV) or wavelength (nm). The
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FIG. 7. (a) Q. and Qg at A=450 nm vs g for a 10-nm radius concentric sphere; Ag core, €,=9, €3=1, (b) Q.. and
Q.bs at ¢ =0.8 vs energy (eV) or wavelength (nm). Other conditions as in (a).
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onance maximum in contrast to the case treated in
the preceding section where Ag comprises the shell
instead of the core. Figure 7(b) illustrates that it is
possible, provided €, is sufficiently large, to tune
the incident wavelength so that both the interfer-
ence minimum and the resonance maximum are ob-
tained, just as when Ag comprises the shell.

The effect of varying the dielectric constant of ei-
ther the external medium or of the shell for a fixed
shell thickness (¢ =0.8) is illustrated in Fig. 8. In
Fig. 8(a), the dielectric coating around the silver
core is maintained at €,=2.25 as €; varies from 1 to
25. The most striking features are the two isobestic
points at 2.35 eV (527 nm) and 3.65 eV (339 nm)
corresponding to silver dielectric constants of
—11.5—-0.36i and —1.10—0.31i, respectively.
These isobestic points correspond to the conditions
specified by Egs. (6) and (7).

The interference minimum which occurs for
€3=25 requires some discussion. Whereas the ear-
lier minima such as that in Fig. 7(b) result from in-
terference of a region of positive dielectric constant
and positive polarization (€, > €;) with a region of
negative dielectric constant and negative polariza-
tion ( | €;| >€3), in this case where €; is large, the

signs of the polarization in each region are reversed,
i.e., €,<€; and | €| <€; are now the respective re-
gions of negative and positive polarization. Unlike
the former case [Fig. 7(b)] this interference
minimum occurs at a higher wavelength than the
resonance maximum. For such a dielectric-coated
Ag sphere, there are four interesting features into
which one might tune the incident radiation, viz.,
the interference maximum, the interference
minimum, and the two isobestic points.

The curves in Fig. 8(b) correspond to a coated Ag
sphere with ¢ =0.8 as €, varies from 1 to 25, illus-
trating once again the richly varying optical proper-
ties of the dielectric-coated Ag sphere.

V. SURFACE-ENHANCED RAMAN SCATTERING

There is now broad acceptance'” that the major
contribution to surface-enhanced Raman scattering
is due to amplification of the local electromagnetic
fields upon excitation of surface plasmons of col-
loidal structures. The Raman scattering molecules
respond to these enhanced fields. The colloidal
structures may be bumps, pits, ridges, valleys, etc.,
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FIG. 8. Q. of a 10-nm radius concentric sphere vs energy of radiation (eV) or wavelength (nm) for ¢ —0.8, Ag core.

(@) €,=2.25, e3=1 (——), €3=2.25 (---), €3=4 (—+-—-—. ), €3=9 (—-—-), €3=25(--+), (b) e3=1, e,=1 (
€=2.25(-),6=4(—-—.—. ), €2=9(—-—-),e,=25(--).
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on a macroscopic surface or they may be disper-
sions of colloidal particles. Creighton, Blatchford,
and Albrecht'® first detected Raman signals from
Ag and Au hydrosols and our laboratory has re-
ported enhancements as large as 6X10° using
Carey-Lea Ag hydrosols.!” The magnitude and the
excitation profiles of such signals have been shown,
both experimentally'®!® and theoretically®—!! to de-
pend upon size, morphology, and the optical con-
stants of the colloidal particles.

The resonances reported in this paper for metal-
coated dielectric spheres or for dielectric-coated
metal spheres would also be expected to give rise to
SERS. The enhancement can be estimated in the
small-particle limit by utilizing an expression de-
rived earlier,°

G=|(1+2g)(142g)|?%, ®)

where g, and g, defined in Eq. (2), correspond to
values of the dielectric constant at the excitation
and Raman wavelengths. The adsorbed Raman
scatterers are modeled by a monolayer of dipoles
with dipole moments normal to the surface. The
enhancement is taken to be the ratio of the Raman
signal from an adsorbed dipole to that of a random-
ly oriented dipole in the medium having the same
dipole moment.

We note parenthetically that Eq. (8), which is a
limiting value for small particles obtained by reduc-
tion of the general boundary-value solution, differs
in several respects from another relation proposed
for homogeneous spheres,” viz.,

G=|g}| . 9)

Because the effect of dispersion has been neglected,
the enhancement estimated by Eq. (9) may be too
high by more than an order of magnitude. Also,
this expression gives enhancements independent of
the magnitude of the Raman shift. Finally, it
reduces incorrectly to zero enhancement rather than
to unity when €, and €; becomes close to unity.

In Fig. 9(a), the calculated enhancement is plotted
against excitation energy (wavelength) for a Raman
scattering monolayer adsorbed on a small sphere

comprised of a core with €,=2.25 and a spherical
shell of Ag. The Raman shift is taken as 1010
cm~!. The four curves correspond to g =0, 0.50,
0.80, and 0.90. The values for the complex refrac-
tive index of Ag have been selected appropriate to
each excitation and Raman wavelength.

A number of features are reminiscent of earlier
results found for homogeneous metal spheroids.'”

For spheroids the maximum enhancement shifts to

longer wavelengths with increasing spheroidal ec-
centricity. For these concentric spheres there is a
similar shift to longer wavelengths as the concentric
shell becomes relatively thinner, i.e., as g ap-
proaches unity. Also, the region of maximum
enhancement is comprised of dual peaks that are
separated precisely by the Raman shift. The peak
at the higher energy (for a Stokes shift) occurs at
the same energy as the absorption band of the parti-
cle. As discussed earlier,!® the higher-energy peak
corresponds to the excitation radiation being tuned
into the absorption band of the particle. The
lower-energy peak corresponds to the Raman shift-
ed radiation being tuned into that band.

The enhancement profiles in Fig. 9(b) are for a
Ag core encased in a spherical shell with €,=9.00
(titanium dioxide). In this case the homogeneous
metal particle corresponds to g=1, and the
enhancement maximum shifts to longer wave-
lengths with decreasing ¢q. For a homogeneous
dielectric sphere (¢=0), the enhancement is very
much smaller but still significant as has been noted
earlier.’ This smaller enhancement is independent
of wavelength as shown here only provided e, is
constant over the wavelength range and most im-
portantly provided the particle is small compared to
the wavelength so that only the leading term of Eq.
(1) need be used. This result illustrates rather point-
edly that the electromagnetic model does not neces-
sarily require direct contact between the metal and
the Raman scattering molecules. The experimental
observation of SERS by molecules separated from
the roughened metal surface by a dielectric layer
has been submitted as experimental evidence
demonstrating the validity of the electromagnetic
model.?! SERS, luminescence, and absorption ef-
fects that occur when the active molecules are em-
bedded in the dielectric coating rather than ad-
sorbed at the outer surface have been treated else-
where, 122,23

Figures 9(c) and 9(d) are plots of enhancement
versus excitation energy for Au- and Cu-coated
dielectric spheres. The results are similar to those
found for homogeneous metal spheroids. Whereas
the maximum enhancement for homogeneous Au
and Cu spheres is very much less than that for Ag
spheres, the enhancement increases very sharply as
spheres comprised of the former materials are dis-
torted to spheroids. Thus eccentric Au and Cu
spheroids may exhibit very large enhancements,
comparable to those of Ag spheroids. This occurs
because the condition for excitation of the dipolar
surface plasmon is determined by the shape of the
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FIG. 9. Enhancement of Raman scattering vs excitation energy (eV) or wavelength (nm) for a monolayer of molecules
(electric dipoles) on a small concentric sphere comprised of (a) €,=2.25, e3=1, Ag shell, (b) Ag core, ,=9, €3—1, (c)
€;=2.25, e3=1, Au shell, and (d) €,=2.25, e3=1, Cu shell. For (a), (c), and (d) the curves correspond to ¢ =0 (——),

q=0.50, (---), ¢=0.80 (—-—-—. ), =0.90 (—-—-).
(=-—-),q=0(---).

plasma cavity as well as by the values of the optical
constants. It is apparent from Figs. 9(c) and 9(d)
that similar effects occur with spherical shells of
Au and Cu. Although the maximum value of
SERS for the homogeneous Au and Cu spheres is
only 0.01 that of silver, for ¢=0.9 the enhancement
of the Au-coated sphere is 0.10 that of Ag; for Cu it
is 0.04 that of Ag.

For (b) g=1 (

), ¢=0.90 (---), ¢=0.80 (—.—-—- ), ¢=0.50
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