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The use of the (1/0) expansion to calculate the thermodynamic properties of systems
such as the Ising model or percolation whose diagrammatic expansion contains only dia-
grams with no free ends is reviewed. Here o=z —1, where z is the coordination number
of the lattice. For more general problems we formulate a self-consistency condition for a
site potential 4, so that diagrams with free ends are eliminated. Construction of 4 gives
the leading order in (1/0) solution and is exact for the Cayley tree. We obtain correction
terms by using a bond renormalized interaction so that to order (1/0)° we need only con-
sider two-site problems. Results are given for (1) K, the critical fugacity for animals,
when either H, the fugacity for free ends, or Q, the density of free ends, is fixed, and (2)
(t/E.), where E, is the mobility energy and ¢ is the magnitude of the hopping matrix ele-
ment whose sign is random. At d =8 our results appear to be accurate to within about
0.01% for both animals and localization. We also obtain an expansion for Q (K,)/(zK,)
whose divergence near spatial dimensionality d =4 supports the idea that the order-
parameter exponent S for lattice animals passes through zero at d =4.

I. INTRODUCTION

Although the development of the renormaliza-
tion-group approach has revolutionized our con-
cept of critical phenomena,’ there still remain
problems where accurate numerical estimates of
critical exponents are desired. Of the numerical
approaches, perhaps the most direct is that based
on analysis or extrapolation of power-series expan-
sions. Except for special cases, this approach is as
follows: One starts from the exact solution (which
is normally trivial) for some coupling constant A
equal to zero. It is important that A=0 corre-
sponds to independent degrees of freedom. Then a
cumulant expansion for desired quantities, e.g.,
correlation functions, are developed in powers of A,
the coefficient of A" depending on the solution to
the problem restricted to systems having n bonds,
i.e., n pairwise interactions. The high-temperature
expansion corresponds to the choice of
A=1/kT =p. In the percolation problem one sets
A=p, where p is the probability that a bond is oc-
cupied. Other problems which may be approached
in this way are polymer formation, where A is the
monomer fugacity, Anderson localization, with
A=1/E, where E is the energy, and the Ising
model in a transverse field H, where A=1/H.
Normally one seeks to determine a critical ex-
ponent x associated with the power series f(A),

fA)=A,—A), (1

where A is the critical value of the coupling con-
stant. This determination usually involves a
Dlog-Pade analysis or a ratio analysis. Usually the
uncertainty in x is caused in large part by the un-
certainty in determining A.. This is because the
results of the various Pade approximants often de-
fine a curve x (A) in the x vs A plane. When A, is
known, a very accurate value of x often results.?
Some years ago, Fisher and Gaunt® (FG) showed
how one could determine A, for certain models as
a series in 1/0, where (0+1)=z is the coordina-
tion number of the lattice. This development was
well suited for investigations of the critical
behavior at high spatial dimensionality d, since
large d corresponds to small 1/0. Thus, power-
series tests of renormalization-group predictions
concerning the upper critical dimension d*, below
which mean-field theory becomes invalid, are facil-
itated by reliable estimates for A,. There remained
a class of problems which we will describe present-
ly to which the technique of FG is unwieldy. It is
the purpose of the present paper to present a tech-
nique which enables a program similar to that of
FG to be performed for a wide range of hitherto
difficult cases.

Briefly this paper is organized as follows. In
Sec. II we formulate an effective single-site poten-
tial which eliminates free ends from the diagram-
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matic expansion. In Sec. III we present the models
for polymer statistics and localization and formu-
late “partition functions” from which their proper-
ties may be obtained. In Sec. IV we evaluate the
single-site partition function. This provides the ex-
act solution for the Cayley tree, since on it no dia-
grams without free ends can be formed. Section V
contains the construction of the series in powers of
1/0 for K. /K?, where K? is the critical value of
the monomer fugacity K for the Cayley tree. For
the usual case when H, the fugacity for free ends,
is held constant we give results to order (1/0)°,
whereas for the case where Q, the density of free
ends, is held fixed we give results to order (1/0)*
Here we also obtain an expansion in powers of 1/o
for Q(K,)/(zK,). This quantity is an interesting
one to calculate, since it diverges when the order-
parameter exponent becomes negative. In Sec. VI
we present the expansion for (¢ /E_.) for a model of
localization* in powers of (1/0) up to order (1/0)°,
where E, is the mobility energy and ¢ is the magni-
tude of the hopping matrix element whose sign is
random. Our conclusions are stated in Sec. VII.

A discussion of the relation, via cumulants, be-
tween the dilute polymer or animals problem and
percolation is given in Appendix A. As a check on
our calculations we rederive in Appendix E the re-
sults of FG for the susceptibility of the Ising
model to order (1/0)°.

II. CONSTRUCTION OF A RENORMALIZED
EXPANSION

It is helpful to review the motivation of the 1/0
expansion developed by FG. We confine our atten-
tion to models involving nearest-neighbor interac-
tions in which case bonds are allowed only between
neighboring sites. One can expand f(A) as

FM)= S w(T)Fx\r), @
r

where the sum is carried over all diagrams I
which represent a set of bonds. Here w(T) is the
weak embedding constant of the graph I, defined
so that Nw(T") is the number of ways the diagram
T can be placed on the lattice of N sites in the lim-
it N— 0 and fY(A;T) is the cumulant value of
f(A) for the diagram T, defined by

FAD)=fAT)= 3 Ay, 3)

y€T

where f(A;T) is the exact value of f(A) for the
system of interactions represented by the diagram
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FIG. 1. Some diagrams permitted on the hypercubic
lattice. The leading term for large o for w(T') is given
under the diagram. Loops of length 2s give rise to a re-
lative factor o~°. All diagrams with no loops have

w(r)~0nb(r)

I" and y is summed over the subsets of I". It can
be shown that f°(A;T") involves terms of order A™
with m > n,(I"), where n,(I") is the number of
bonds in the diagram I". To obtain f(A) correctly
to order A", it is thus necessary to carry the sum in
Eq. (2) over all diagrams with n or less bonds.

The asymptotic behavior at large o of w(I") for
the d-dimensional hypercubic lattice for some dia-
grams is shown in Fig. 1. One can easily verify
that w(I") is of order ¢” for a diagram with n
bonds and no loops. In general, if such a diagram
contains a loop of 2s bonds, w(I") will be of order
o" %, Thus to leading order in (1/0) one considers
only diagrams with no loops. In essence therefore,
one obtains the solution for the Cayley tree of
coordination number z =(o0+1)=2d. In fact, for
the problems considered by FG the task is even
simpler. Consider the case when f(A) is the sus-
ceptibility X(J /kT) for the Ising model for which

i.j)

where (i,j) means that the sum is over pairs of
nearest-neighboring sites i and j. As usual we
write

X= > X(i,j) (5)
ij
with

X(i,j)=Tre ~PHg,0; /Tre ~PH . (6)
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It is easily shown that the cumulant X°(i,j;T") van-
ishes if I has any free ends other than i or j. A
free end is a site intersected by a single bond.
Since to leading order in (1/0) we are restricted to
tree graphs, it is clear that i and j must be the end
points of a chain of length n. For the hypercubic
lattice w(T") for such a chain is 50" to leading or-
der in (1/0). Thus we write’

N-x= 3 [otanh(BD]" (7a)
n=0

=[1—otanh(B)]"", (7b)

which gives a critical value of J,
BJc ~0'~1 ) (8)

and an exponent ¥ for X of unity.

For the percolation problem the pair-connected-
ness susceptibility X(i,;) is defined to be the proba-
bility / and j are connected by occupied bonds.
Again X°(i,j;T") vanishes if any site other than i or
j is a free end. Thus for large o we perform a sum
over chains as in Eq. (7) and find®

N-x=3 (op)" (%)
n=0
=(1—op)~!. (9b)

For problems such as these it is straightforward to
include higher-order terms in (1/0) by considering
graphs with successively more loops. An analysis
of this type enabled FG to give results to order
(1/0) for tanh(BJ,) and Gaunt and Ruskin® to
give results to order (1/0)* for p,, the critical con-
centration for percolation.

We now consider problems where the solution to
leading order in (1/0) is not restricted to linear
graphs but involves tree graphs with arbitrarily
many free ends. Examples of this class of problem
are (1) the counting of polymer conformations (also
called lattice animals) and (2) the construction of a
generating function to describe an electron in a
random potential. Clearly, if we could eliminate
free ends the evaluation of the susceptibility for
large o would reduce to a one-dimensional problem
and the partition function would involve only a
single-site calculation. Furthermore, these quanti-
ties could then be exactly calculated for the Cayley
tree. Our procedure for eliminating free ends is as
follows. We assume that the partition function is
of the form

i ij

where p; is a function only of variables associated
with site 7, and f}; involves the interactions be-
tween sites i and j. We may rewrite Z as

S

11
hihj ’ ( ‘

Z=Tr[] (pir) I1
i (ij)
where A; is an arbitrary function of the variables of
site i. Indeed we write
fi
hih;

Z=Tr[[(:rH I |1+

€ij)

(12a)

=Tr[Ip: [T (1+Vy) . (12b)
i (i)

From Egq. (12b) we see that the condition that dia-
grams with free ends not contribute to Z is simply

where Tr; indicates a trace only over variables of
site j. In terms of A this condition is

z f'
Trjp;h; [h,i —1
inj

=0, (14)

so that A; obeys
- hi=Trp;hf~ fy /Trypsh5 (15)

In general this equation is hard to solve. However,
for the two problems we consider, this equation

A S S S S
TH @
L.

FIG. 2. In this and the next two figures we show all
diagrams on the hypercubic lattice for which w(T") ~o™
with m > n,(I')—5. In the occidental order of reading,
the diagrams shown here are I';,I",, . . .,I's. For their
values of w(T") see Table II.
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reduces to two coupled algebraic equations which
can be solved explicitly enough to tell us all we
need to know.

To summarize: We construct A; as the solution
to Eq. (15). We then obtain an expansion in
powers of ¥j; as in Eq. (12b). If Vj; is represented
by a bond connecting sites i and j, then the con-
struction of 4 ensures that only diagrams with no
free ends, such as those shown in Figs. 2—4, ap-
pear in this expansion.

III. FORMULATION OF THE MODELS
A. Animals

We will consider the lattice model of polymer
statistics formulated by Lubensky and Isaacson.’
They introduce the grand partition function de-
fined by

2= 3 oYK" [T w,” . (16)
{c} f23

Here the sum is over all configurations C of “poly-
mers.” A polymer is a cluster of occupied bonds
connecting adjacent lattice sites on a d-dimensional
hypercubic lattice of N sites. For each configura-
tion, N, is the number of occupied bonds, Ny, the
number of free ends, Ny the number of f vertices
(sites connected to f occupied bonds), and N, the
number of polymers. The associated fugacities are
K, H, wy, and n, respectively. The average poly-
mer density c,, monomer density c, density of free
ends cy,, and density of f vertices ¢y are given by

n JdlnZE
Cp = N‘ E— N (173.)
K dln=E
=— 17b
‘=N ek’ (170
cF% a;;; : (17¢)
I
l .
m=0 l_l
o—e m=1
I
l—.—'.
—t
m=2

FIG. 3. Continuation of Fig. 2. Here we show I'§".

o, s 8InZ
I7 N ow; ’

(17d)

where the differentiation is carried out with all but
one fugacity held constant. In the limit n—0 we
write

NS E
plxlino Nn InE=—F(K,H,{ wf}) (18)

and in this limit

ngSE , (19a)
Cer H aF
: =55 (19b)
¢ w
f _Wr OF (19¢)
cp F awf
where
—F= 2 A(Nb’Nfr’{Nf})
Ny, Ngo {Nf)
XKM,HN& H w}'f , (20)

f>3

where A (N, Ny, { Ny }) is the number of clusters
per site which can be formed containing N, bonds,
Ny, free ends, and Ny f vertices for f>3. When
H=w;=wy= - =1, then F becomes the gen-
erating function for lattice animals. For n=1, we
expect = to describe the percolation problem.
Since the singular behavior in (¢ /c,), (¢t /cp),
and (cs/c,) at the critical point is dominated by
the singularities in the derivatives of F, we define

(Np)=— %‘; (21a)
= 3 Nyd (N, Neo, { Ny DK B [T wy”
f>3
(21b)
Il Il
- N —
J| Ll
m=0 m=1
I_I *—e
[

FIG. 4. Continuation of Fig. 2. Here we show I'{?.
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<Nf,>=_ai§ (21¢)
— N
=3 Ny (N3, Ng, { Ny DK PHY ™ [T
f2>3
(21d)
<N,,>=—£—f— (2le)
.
N
= 3 NpA(Ny,Ng, { Ny DK P H 07! f]]3 wp’
>
(21f)
and the susceptibilities
2
qu= - aaug) ’ (22)

where u and v assume the values H, K, and wy.
We now construct a partition function to repro-
duce E. Consider the quantity

Tr [

ij)

n
1+K 3 S°sP (23)

a=1

where the single site operators Sf* obey the trace
rules

TrSASPf(Si)=0, a£B (24a)
Tr(SF)P?=Trl=1, (24b)
TrSf=H , (24¢)
Tr(SHY=ws, 3<f<z (24d)
Tr (SFY=0, f>z (24e)

where f is an arbitrary function. It is easily seen
by expanding Eq. (23) in powers of K that

E=Tr[]

(ij)

n
1+K 'S, s,-"s;'l (25)

a=1

so that Z is of the form required by Eq. (10).

B. Localization

To study the localization of electronic wave
functions in a random potential we consider the
following model*:

H= 2 tij(C,'TCj +C}-C,-) N (26)
(ij)

where c,f (c;) creates (destroys) an electron on site i.

The hopping matrix elements ¢;; are taken to be in-

dependent random variables which assume the
values + ¢t and —¢ each with probability % We
study the series in (¢ /E) for the averaged Green’s
function g (E) defined via

g(E)=[Gy(E)], , 27

where [ ], indicates an average over configurations
(of the random hopping matrix elements) and
G;(E) is defined as

Gy(E)= 3, ¥, (i), () /(E —E,) , (28)

where 9, is the eigenfunction with energy E, for
the random Hamiltonian of Eq. (26).

Consider the configuration-dependent partition
function

f H E./ﬁ/z oo TI RS

(i)
(29)
One easily sees that
z({t}) =27V 2det( ELI—-1)~'?, (30)
where [ is the unit matrix. Also we may write
%g—g= LB L—p)! (31a)
=—2 3 Gui(E). (31b)
i

To average over randomness we use the replica
trick.? That is, we set

z'= [T ™ ayo 1 [ I ¥

(ij) | a=1

t

(32a)
=[z({t})"], . (32b)

In the limit » —0 we thus have
ZP=1+n[lnz({t})],, (33)

so that
az(n)

5 ; =—1n S (G, (34a)
=—%nNg(E) ) (34b)
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If we set Z\"'=1—nNF +0 (n?), we have

g(E)=2§—§ (35)

Thus we can generate the expansion for g(E) in
powers of (¢/E) from

- —E¥, 2
zZ- [ I i d¢,-,,)(1i_[j)cosh

t Ii_'-Il 1I’ia'/"ja ‘ ’

(36)
which is of the form discussed in Eq. (10).

IV. ELIMINATION OF FREE ENDS: SOLUTION
TO LEADING ORDER IN 1/o

A. Animals

For animals Eq. (15) is

n
hi=Tr; [14+K > S,-"S}’]hj‘_l/Trjh},
a=1
(37)
whose solution is
h;=A+B ES,-“ , (38)
a
where 4 and B are the solutions of
n z—1
Tr; |[A+B 2 S;’]
=1
A= " — (39a)
n
Tr; |[A+B 2 S}’
a=1
Tr;S(A +BSFy !
B=Kk— g . (39b)

Trj(4 +B 3 SPF

a=1

Since we are interested in the limit n —0, we solve
for A and B to the following accuracy in n:

A=14an, (40a)
B=b, (40b)
where a and b are determined by
b2
a=—-r> (41a)
b=K Tr;S{(1+bS7y " . (41b)

Consider now the expansion of Eq. (12b) in

powers of ¥}; for a Cayley tree. All terms other
than the leading terms involve free ends and there-
fore vanish according to the construction. Thus,
to order n the solution of Eq. (40) yields

n zZ1N

E= |Tr; |14+an+b 3, SF , 42)

a=1

so that
zb? ayz
F=1+—2;<——Tr,-(l+bS,- ) (43a)
= —zbH —k%rzzb2

z! —f
— _— bzy , 43b
2 i 2 (43b)

where 7 =(zK)™'—1+4z~!. For wy=1 we have
2

b
F=%E—sz+1+zb—(l+b)z, 43c)

and in this case b satisfies
b=K[H —1+4+(1+4+b)°]. (44)

The form, Eq. (43b), is essentially equivalent to the
mean-field result of Lubensky and Isaacson’:

Fe—QH+irp?— S L
QH +51Q EN,!

in which Q is determined by 0F /dQ=0. Note that
the constraint of Eq. (41b) can be written as

w0/, 45)

dF

3 o, (46)

K,H,{ wf}_

so that the identification Q =zb is indicated.
If we regard F as a function of X, H, {w/}, and
b, we may write Eq. (21¢) as
1 oF db

Vi) == 3 om

1 oF

- (47
K{w) N OH (#7a)

= zb ) (47b)

where we have used Eq. (46). Likewise we write

(Np)=———>="", (482)

1 dF _,; 2

(48b)
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Furthermore we have
d < N fr ) ob

Xoun = =z Ko’ (49a)
9(Ny) zb>  zb 9b
_ __ 2~ 2 0b R 49b
KK 3K K3 +K2 oK H,{wg} ( )
_ (Ng)
“rUrT dwg
_ z! f—1_0b
(f'— 1z —f') 0wy |K,H,{wyf A1)
(49¢)

We may write the results of Eq. (49) in terms of a
reduced susceptibility X defined by

ab
z— =X (50)
oH K, {wy} °
Using Eq. (46) we have that
_1_ 1 d*F
Xo =2 32 (51a)
1—K (z — D)Tr;(SP)(1+bS]) 2
= ) (51b)

zK

which for wy=1for3<f<zis
Xo'=[1—(z—1DK(1+bF21/(zK).  (5l¢)
We also find

ob zb
90 ==X (52)
0K |Hfw) K? 0

and
ab . (z—1)
22 =pf1——"" .
By |k, (s~ (f =Dz ="

(53)

To summarize: In mean-field theory the various
susceptibilities X g, Xgx, and X, ., &T€ Propor-

tional to X which diverges at the critical point
which occurs at K =K, and b =b, for fixed H and
{ws} as determined by

dF

ab =0, (54a)
2
%:o. (54b)

To analyze the behavior near the critical point
we write b =b. +Ab and K =K, +AK. Expanding

Eq. (54a) in powers of Ab and AK and taking note
of Eq. (54b) we obtain

13F, . 3°F

-~ °or =0

> ab3(Ab) +AKabaK ) (55)
from which it follows that

Ab~(—AK)'? . (56)

Thus the result of Eq. (56) lead to the asymptotic
forms for AK <0,

(Ny)~{Ng)~(Ng)~—|AK |2, (57a)
XHH~XKK~wawf~— |AK I =12 (57v)

B. Localization

Equation (15) for our localization model is
n ) n
1T ¢ ay;n; ~'cosh |t 3 ¢,-a¢j,,]
h a=1 a=1
i —

[ 11 ™™ ay,n;
a=1

(58)
We write the solution for A; in the form
A 2
hi=Cexp | = 3 VYia (59)
2 a
and substitution into Eq. (58) leads to
E A n/4
—z
= | =— 60
C F—oA , (60a)
A=t*/(E —0oA), (60b)
so that
A=E1—(1—s0r2/E¥7 . (61)
20
Since free ends are eliminated, we obtain the ex-
act solution for Z™ for the Cayley tree®'°:
z= [ [ e 7 ay,),  (622)
i a
=CN[2rr/(E —zA)¥"/?, (62b)
~1+Nn | Z=21n(E —z0)— Zin(E —oA)
+ %1n<21r>} , (62¢)
so that
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2z N T
L _2% (22 z 63)
3E 4 E_zA _ E—oA

After some algebra we obtain the averaged Green’s
function as
_E | (e+1)(1—40t*/E*)'*—(0—1)

E)= :
g(E) 2 E?—z%?

(64)
the imaginary part of which gives the density of

states as

(0+1)E?—E?»)'\?
2m(z%2—E?)

0, E>E, (65b)

plE)= , E<E, (65a)

where E, =2(ot)'/2. Note that E, ~0'/?, so that
the singularity we are observing does not corre-
spond to the exact band edge of order o for the
hypercubic lattice. Thus we hope that the singu-
larity we are studying for large o corresponds to
the mobility edge. It is usually argued* that such a
singularity cannot be seen in the averaged single-
particle Green’s function g (E). However, a mean-
field and e-expansion treatment'® of the localiza-
tion problem indicates that singularities may also
occur in g(E). In this picture the exact band edge
may be analogous to the Griffith’s singularity!! in
dilute magnets and hence although such a singular-
ity does exist, it may not have a detectible effect
on the series in (t/E)."?

V. THE 1/0 EXPANSION FOR K,
FOR ANIMALS

We obtain the 1/0 expansion for K, when H is
constant in part A of this section and when Q /zK
is constant in part B.

A. Constant H

We now obtain the 1/0 expansion for K, for an-
imals for the case H=1 and wy=1for 3<f<z.
If we write

—F =3 c,K", (66)
n
then K, is given by
K '= lim (c,)'", (67a)
n—o

which is often written as

InK, = — lim — Inc, . (67b)
n—wo N
If we calculate F(K) to a given order in (1/0), then
we can obtain ¢, to corresponding accuracy by
1 dK

Ch=——"—

o [ P, (68)

where the integration is over a contour in the com-
plex K plane surrounding the point K=0. Since h;
involves b, and since a closed-form solution of Eq.
(44) for b in terms of K does not exist, we will use
b as the independent variable via

K=b/(14+b)°, (69)

in which case we have

1 _db

2 prtl!
X[1—=(oc—1)b]F(b) . (70)

If we insert Eq. (69) into Eq. (43) and set H=1, we
have

(1+b)"!

cp=—

F=1—(1+b)”+‘+"T“b<1+b)”EFO(b). (71)

Using Eq. (70) we obtain the leading contribution
to ¢,, which we denote c,? :

0_ (o+1) (on+o)

" (n41) (on+o—n+1)

’ (72)

in agreement with the exact result of Fisher and
Essam.!® This result gives

(0._1)0'—1 —1__

K= .
o’ ge

(73)
The program is now clear: we will evaluate the
contribution to F from the diagrams with no free
ends which are shown in Figs. 2—4. We then can
insert this result into Eq. (70) to find the contribu-
tion 8¢, (I") and thereby obtain the corresponding
correction to K, via Eq. (67). As a check that we
have really included correctly all diagrams relevant
to the calculations to order (1/0)°, we evaluate the
susceptibility of the Ising model to this order in
Appendix E. We there reproduce the results of
FG.

The expansion for F takes the form!4

F(b)=Fo(b)+ 3, w(I")F(T;b) (74a)
r

=Fo(b)+ 3, 8F(T;b) (74b)
r

=Fy(b)+f(b), (74¢)
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where
1+K 3 S7Sf
.1 a
—F(I',b)= lim — Tr;hf | —_— 1], (75)
n—0n ile_Ir o (ij)llr hih;
where
hi=1+an+b 3, S7 . (76)
a

We first note that F(T',b) has no contribution involving a. If an occurs in a factor containing b or K, there
will be an additional factor of n due to a sum over a. On the other hand, if we set b =K =0, then each
bond would give a factor an, and the contribution would vanish for n—0. So we set

a
to evaluate F(I';b). Thus we have

z—n,(T")

HT hio 11

n jer (ij)er

—F(I';b)= lim

n— oo

K ZS,HSJG—{- 1 _hiOth

a

} > (78)

where n;(I") is the number of bonds of I" which intersect site i. We perform a bond renormalization or, as
it is sometimes called, a decimation transformation!® on Eq. (78) in the following way. We will replace a
chain of k + 1 bonds connectlng sites i and j by an indirect interaction V . In view of Eq. (78) we define

(k) I‘I Tl'm
m=1

KZS"S,?.H +1—=hpohm41,0
m=1

X KES,"S‘{+1—h,ohm] KES;ISI?+1”‘hJOhkO] ’ (79)
a a

which we evaluate as

aga
bk+1 ?Sisj

(k) a a agB o
— S (SE+SH)—(b+k) S SESP+n(1+b)°5,; | . 80
Tl vy g( 7 +S7)—(b + azﬁ P +n(1+b)°8;; (80)

The term in §;; is needed in order to renormalize away polygons. In terms of V we write

z—ny(T")

~F(T3;b)= lim HT thio ¢ [TV, 81)
n—0 ij

where the prime restricts the products to sites with n;(I') >3. Now all our calculations of F(T';b) are re-
duced to treating diagrams with at most two sites!
For instance, for the polygon with s sides we set k =s —1 and i =j. We thereby obtain

PR

. 1 z=2  ps a « « o
_F(T:b)=lim |~Tr; [1+b 3 S* 23S (b+5s—1)S S%+n(1+b)
F(r3b)= lm - Tr 11+ §' (1+bF—" | (14+b)° ?' + za:

(82a)
b 3[1 —s(1+b)y]. (82b)
1+b
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TABLE 1. 8F(T',b) for diagrams of Figs. 2—4.

r —8f(T,b)

1 [6/(14+5)]*(1—4X)

2 [6/(1+b)]5(1—6X)

3 [b/(146)]*(1—8X)

4 [6/(1+5)]°(1—10%)

5 [67/(1+5)F[£7'(10+3b)+(30+16b +b)X]

6 [b/(1+0) P [(145)L11[1—(11+35)8 +(37+18b +b5)K7]
7 [6/0+6)P[(1+5)X] 1 [1—128 +4287]

8 b/ P11+ [1—3(4+5)X +(46+20b +b52)X°]
9™ [6/(1+b)]" 3 [(14+6)K]17' [1—(54+b)X]

10m [6/(1+5)]°+"[(1+5)8]7 [1—(7+b)X][1—(5+5)X]
X=(1+b).

®Terms higher order in b are omitted because they give contributions higher order in 1/0.

The full expression is rather lengthy.

TABLE II. Weak embedding constants to order
(1/0)® for diagrams with no free ends.

r 1p(T) w(r) /o™
1 1
4 I S U
1 802 8ot
1 3 1
2 6 30 40*  30°
27 77
3 8 160* 80°
62
10 e
4 50°
1 1
7 —— ey S —
3 40*  20°
1
8 —
6 20.5
2
9 ——
7 P
1
8 ? 120°
gm 8+m L L3480
8o* 8
1
10" 10+m =
o

For some of the other diagrams in Figs. 2—4 the
results are obtained from

—F(Ts;b)= hmo—‘ IT Trris? (VS r3)2,
i=1,2
(83a)
—F(Ty™;b)= lim — [ I1 Trhis ]
i=1,2
X V(3)V(3)V(m-1) (83b)

The evaluation of F(T';b) for all diagrams shown
in Figs. 2—4 are listed in Table L.

To get 8F(T';b) we need the embedding con-
stants which are given in Table II to relative order
o~ for the diagrams of interest. Combining the
results of Tables I and II to get 8F(T';b) and using
Eq. (70) we obtain 8¢, (I') and these are analyzed
in Appendix B. For instance, we find 8¢c,(I") for
the square to be

or—1 (on —5MNo—1)
2(n —4)! (on—n)!

Scn(r1)=

__lon +0—5)(50—4)
(on +o0—n)!

(84)
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This result is the leading approximation (in 1/0) for the correction to ¢, due to all clusters consisting of a
square with trees appended to its corners. More accurate enumerations of such tree dressings can be ob-
tained by including more complicated diagrams consisting of a square with additional loops appended to it.
We may check the result for n=4 where

2

Scy(F)=2 8_1 (1—4) . (85)

The factor (1—4) arises as follows. The 1 counts the number of squares (o>— 1)/8, one can place on a hy-
percubic lattice. These are of course not included in the Cayley-tree result. In addition, there are on the
Cayley tree 4(0”—1)/8 clusters of the type shown in Fig. 5 which have no analog on the hypercubic lattice.
These clusters would be squares on the hypercubic lattice, but on the Cayley tree the points 1 and 5 do not
coincide. Such explicit considerations are clearly unwieldy for more complicated diagrams.

Collecting the results for 8c,(I") from Appendix B we obtain

Cn i 1 s 7 45 1 i 99
2 |n| =2 || L_2 —ln]—=—7=|22_
R e N A I i ]|
11 ,[1 s) 3 889 411
02 - _ 2 - 297 —_
T4 12" 2 2]”[ 2 T8 4
1,01 s 101 4377 2708
—_ _ = __._7 —_ _—
T 1" 2 72 [ de [T T e T T32e T3 S

In Eq. (86) each power of 1/0 multiplies an infinite series in descending powers of n. We have kept only
such terms in these series as influence our present calculations. It is essential and constitutes a partial check
of our calculations that the terms proportional n? are such that they eventually drop out of the calculation.
Next we write

.1 ¢y 1 {1 5 1 11 1 1 139 93 1 29 177 833
lim “In—w=—|——> |+~ |—T|+—~ | —+——F |+ — —_—
n—ow N nc'? o2 |2 2 + g’ | de + o | 8e? + 48e 2 + o’ | 12¢2 32e 3 ’
(87)
from which the final result follows:
K, 1 (5 1 1 1 1 {397 199 1 (1771 45 55
=+ |-+ T-— |+~ |-+ |+ . 88
Kco + 0'2 2 2e + 0'3 4e 0'4 8 48e o’ 6 32e 24e? (88)
T
This result disagrees with that of Gaunt and Rus- n 1 1
kin® who quote results to order (1/0)%. This ~— — 1. (89b)
. . . . . n+1 e 2n
difference arises from their approximation
n Numerical results for various dimensions are
n ~1, (89a) shown in Table III. The importance of the
n+1 higher-order terms we have calculated is apparent.

Clearly near eight dimensions (d*=8 according to
whereas we set _ Ref. 10) our results are very precise. For compar-
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ison, the results of Gaunt and Ruskin® based on a
more global analysis are also given.

B. 1/0 expansion for K, for animals
at constant q

In this section we will give results for K, for an-
imals when ¢ =Q/zK is held constant but H is al-
lowed to vary. We shall again restrict ourselves to
the case wy=1 for 3< f <z. This case is impor-
tant because the exponent for X yy in mean- ﬁeld
theory is unity if Q is held constant'é but is — 1f H
is held constant. It is believed that holding q con-
stant is equivalent to holding Q constant. We con-
sider the constant g case because it is easier to con-
struct a series for this case than for the constant Q
case. Series work!” on the constant ¢ case may
give clearer results than for the constant H case.

Since H varies, we must use the relation

b=K[H —1+(14+b)°] (90)
to express F as a function of K and H. Then Q is
obtained via

JoF (H,K)
0=—""%m -

We construct F conveniently as a function of b and
K. Thus we have

0=— dF (b,K) 3b
- ob OH |
where 3b /0H | x =X(b,K) is given in Eq. (51c).

For F we use the expansion of Eq. (74c) with Fy(b)
given as

91)

(92)

(U+1)b2 1
=T _(14b)°t141
Fy(b) 2K (145)°7 "+

+(o+Db(1+4b)° . (93)

FIG. 5. Section of a Cayley tree with z=0+1=4.
In the Cayley tree there are no loops. This same section
of sites on a square lattice would have a loop because
sites 1 and 5 would coincide.

Combining Egs. (91) and (93) we obtain an implicit
equation for ¢ =Q/Kz:

9f(b,K)

b=Kq + b

Xolb,K)———— (94a)

(o )2
=Kq +¥(b,K) . (94b)

This equation can be solved iteratively to give b as
a function of K and g:

r—1

)

1
b= Kq+2 %

Y(b,K)

b=Kq

=P(Kq,K) . 95)

We find it necessary to work only to order f? to
get K, correct to order (1/0)* The susceptibility
X is given by

_9Q
X= oH |, (96)
and is obtained via
oF| _oF| 8H| __o
30 |, aH 30 K— Y 97)
so that
ylo_LBF| _ 1 o
Q 9Q | (0+17K?% 9q |,
(98)
We locate the critical point by setting X ~!=0.
Thus we write
Kx—'= —(zkq)' O£ | —o0. (99)
g |k
We set
oF oF db
dq K— db |, | 9g (100
and we use
OF | _ ot of
% K- z°bXq (b,K)+ ‘ab . (101a)
and
951 _ 3 g(kgK). (101b)
dq |, Oq
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on the nth order in (1/0) results, denoted

K.
d=6 d=7 d=8 d=9
H, 0.035049 0.029 438 0.025376 0.022299
K., 0.035720 0.029 842 0.025637 0.022478
K.; 0.035902 0.029934 0.025 689 0.022 509
K.4 0.036017 0.029 984 0.025713 0.022522
K.s 0.036082 0.030007 0.025723 0.022527
K, 0.03613 0.03002 0.025730 0.022528
K3 28.531 33.969 39.407 44.845
K3! 27.995 33.510 39.006 44.488
K3 27.837 33.397 38.921 44.422
K3! 27.764 33.351 38.890 44.401
K32 27.715 33.325 38.875 44.392
K! 27.69 33.31 38.865 44.385
K! 27.75 33.25 39.0 44.5
Ref. 6 +1.0 +1.5 +2.0 +2.5

Then, since Eq. (95) gives ® in terms of f, Eq. (99)
can be written in terms of f(b,K). After some

manipulation we find the result up to order f2 to
be

zKX~1(g,K)=T(q,K)—2(q,K)=0 (102)
where
To(q,K)=2KX; (Kq,K) (103a)
and
SqK =K 4k
db*? o+17 7
3 KXo(b,K) | 3f(b,K) 2
2A0+17 | ab b=Kg
(103b)
Recall that b and K are of order 0! and f is of

~ order o2 Consequently, =(g,K) is of order o2
In Appendix C we evaluate f(b,K) from diagrams

up to order 0~*. There we find

/}/4( q, K )
0.4

YB(qu)

0,3

'}/2(q’ )

0.2

2(g,K)=

(104)

This is not the final result because K and possibly

g depend on o. Therefore we write K, in terms of
an expansion relative to the value for a Cayley tree,
denoted K, and defined by I'(q,K,((q))=0, i.e.,

l—UKco(q)[1+cho(q)]°_l= (105)
Thus we set
(@) (q)
Ko(@=Koola) |1+ 222 B
g o
(q)
+ B:I—f+ e (106)

where the B, are to be determined. Then we have

v3(4,K:0(q))

0.3

7’2(‘1, cO(q))
0.2

3(q,K.)=

N va(q,K o(q))

04

c)

BZK(:O
aK ’}/2 q’

K.=Keo

(107)

Then if we insert the expansion of Eq. (106) into
Iy(g,K) in Eq. (102), we determine the B, as
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Bi@)=—2roD+5r0g+5 — 7D =By(ro,q) , (108a)
Bs(q)=5(—9r3g>+63rog —21)+ 2D +ro(2— 2D)=B4(ro,q) (108b)
Biq)=r}(2D*+4D>— D) +ro(D*+D?—49D + 5 —4roq)
+ 5D+ D~ + Froq — T rigt+11rdg’
=PByro,q) , (108c)

. where ro=K_o(q)o and D =(1+r,q)~'. Some details leading to Eq. (108) are given in Appendix D. We
can now use Eq. (106) in various ways.
First of all, if g is fixed (i.e., independent of o), we can rearrange the expansion of Eq. (106) purely in

powers of o~! by expanding r, in powers of 0—!. We write
r r
r0=r8 1+_l+_22.+... (109)
g o
and from Eq. (105) we obtain
0 10
rog(145roq)
r= ————;—— (110a)
(14roq)
(7(0)‘1)2 5 0 2,0, 1,.0.3
r2=(—lm[l+;roq+;(roq) +5(rog)’], (110b)
where rg is the 0— oo solution to Eq. (105), viz.,
_,0
1=rl "0, (110¢)
where ¢ is simply a number in the case under consideration. In this way we find that
Bia) Bila) Bua
K(@=Keo(q) |14+ |, (111)
o o o
where
Ba)=B:r3,q) , (112a)
~ aB
Bs(@)=By(r,a)+r1 [r—ai ] 0 (112b)
r o |r=ry
~ 3B 3B, 1 0’8,
—B.(s0 o3 =2 L,20,2 . (112c)
B4(q) B4(r0,q)+r1 Ir ar ]r=r8+r2 ’ ar r=r8+ 2"1 ’ ar2 r=r8
The expressions for ,@,, are given in Appendix D. o
Values for K,(q) are given in Table IV as a func- 91 492
tion of dimensionality for an arbitrarily chosen g=qo |1+ = T 2 +0 s (113)
value of g, namely ¢ =1/e. This is the value of ¢ i
at the critical point for 0— . We also give re- where gp=e, g, = %, and ¢q,=-,;. More generally
sults for g=0, although we do not know what in- we may consider the coefficients g, to be arbitrary
terpretation to give to this value of g. parameters for the expansion of ¢ in powers of
Secondly, we can obtain the o~! expansion for o—!. Then we obtain
K, when g is set equal to the value appropriate to
the Cayley tree, i.e., ¢ =(0/0—1)°=g*. In this _ B> By Bi (114)
case we write Ke=Kedlg) |1+ o2 a + ot ’
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TABLE IV. Results for K.(q) at fixed g based on results to order o—", denoted K_,(q).
d=6 d=17 d=8 d=9
K.olg*)? 0.035049 0.029438 0.025376 0.022299
K 2(g*) 0.036084 0.030376 0.025983 0.022714
K.3(g*) 0.037312 0.030734 0.026 184 0.022 836
K.q*) 0.037 889 0.030982 0.026 304 0.022 900
K.(g*) 0.0384 0.0315 0.02648 0.02297
K oe)® 0.035 862 0.030014 0.025 805 0.022614
K, (e) 0.037 457 0.030970 0.026 422 0.023053
K.s(e) 0.038242 0.031317 0.026617 0.023 170
K.4e) 0.038 714 0.031562 0.026 735 0.023233
K, (e) 0.0395 0.0320 0.02692 0.023 30
K, o(0)° 0.090 909 0.076 923 0.066 667 0.058 824
K,,(0) 0.090 158 0.076 468 0.066 370 0.058 620
K.3(0) 0.089919 0.076 345 0.066 301 0.058 578
K,40) 0.089 747 0.076271 0.066 264 0.058 559
K.(0) 0.0894 0.0762 0.06623 0.058 543
#From Eq. (114).
*From Eq. (111).
where
B> B3z Bi
. oA K. o(q.(H=1 —_ 4 —
B2=B,(q0) , (115a) c0'e D1+ o2 + o3 + e
. dBaq) ByH =1)
3 =Bs(qo) , 115b = * =
B3=PBs(q0)+4q1 |q g lo-a (115b) K.olg*) |1+ 2
8. —Bulao) dBs(q) N Bz(H=1)+B4(H=1)J
= 3 ’
4=PBa4(q0)+92 |q dq  |a—a0 o a*
(116)
o |, 2BD Y Y. ’B, where the B,(H=1) are the coefficients in Eq. (88).
9114 dq g=q, * E dg® |a=4, ’ For instance, to order o2 this relation is
(115¢) 23 111
Kco(qc(H=1))[1+ D )
In evaluating the derivatives with respect to g it is €)o
necessary to keep in mind that rJ depends on ¢ via s 111
Eq. (110c). The expressions for B, are given in =Keolg®) |1+ (5 —5 |5 |» (117)
Appendix D. The convergence of the expansion 2 2|0
can be judged from the numerical results presented so that
in Table IV for K, as given by Eq. (114).
Finally, we can use this formulation to get the . dK,q
expansion for g.(H=1), the value of g at the criti- [¢(H=1)—g*] dg |,
cal point for the case H=1. If we knew the value e
of g.(H=1), we could calculate K, either from Eq. 13 111 .
(88) or from Eq. (114). By equating these two re- = _T+2_e ?Kco(q I+ (113)

sults we can derive the value of g.(H=1). That is,
we write

which gives
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TABLE V. Results for g, at the critical point for H=1.
d=6 d=1 d=8 d=9
9.0 2.8531 2.8308 2.8148 2.8028
ge2 2.9977 2.9335 2.8915 2.8623
qc3 3.0893 2.9885 2.9271 2.8866
ges 3.1684 3.0288 2.9497 2.9002
GPace” 3.5082 3.1164 2.9826 2.9152
*Here q., denotes the result in Eq. (119b) to order o~".
®From Eq. (120).
3 111 and the series for F is of the form
ag
F(t*/E)=7In |=— |— 3 c,(t2/E?)" . (122)
(119a) |
Ni)ge that since we now kqoyv q.(H=1) to order We get ¢, from F by
o~ *, we can compute explicit values for g, and ¢,
in Eq. (115) and therefore also 85 and ;. To or-
d B3 and B3. To or n=— = [ L F(x)dx . (123)

der o—* this type of calculation yields

13 1141 7 |1
H=1)=qg*|1 —— | —_ |
q.( )=q* |1+ 2 e 02+[ 2% |53
3315__541 _i 1
8 24¢ 2¢2 | o4
(119b)

The ratio of successive coefficients in Eq. (119b) is
not too different from 7, in accord with the idea’
that g, diverges as d—4. To give a rough numeri-
cal estimate of g, we were forced to replace Eq.
(119b) by a Pade approximation, in this case of the
form

172

g
, 120
d (120)

1+=+

<
ag 0'2

with the constants in Eq. (120) determined from
those in Eq. (119b). Using Eq. (120) we found the
estimates for g, listed in Table V.

VI. THE MOBILITY EDGE
FOR THE LOCALIZATION PROBLEM

We write

Z=1—NnF, n—O0. (121

- 2mi xn+1
We find it convenient to work in terms of A. We
write Eq. (60b) as
¢=i[1_(1-4ax)'/2], (124)

where ¢=A/E and x =t>/E2. We can eliminate x
using this relation in the form
x=¢(l—0op) . (125)

Then we have

1 d
= [—— 2 (1_20¢)F(p) .
c - f [o(1—og)] + ( o@)F (@)

(126)

The leading approximation for F given in Sec. IV
gives

1, E o—1
F0—21n21r— 2 In[1—(o+ 1]
+ ":1 In(1—o@) (127)

from which we find for n—0,

FIG. 6. Evaluation of Eq. (119) for I'; (a square).
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F(F1',X)= T_T_.. F(Fi;)()= T—T~T_.—TT
*—e [ ] L ] *—e *—0 *—0
FIG. 7. Contraction of a term in Eq. (119) according _ *—e * o
[ -] | + + |
to Eq. (58). o—e e o ° o—e
[ ] [ ] *— *—e [ ] [ ]
+ 1+ + + 11
*—e [ ] L] *—e [ ] [ ]
o o"2n—1) & 2m +1 —m e o o—e e o o o
= 2 mz=0 (n+m+1)(n—m)'a ’ L. o o o l —e
[ ] [ ]
(128) e W
The analog of Eq. (67a) gives FIG. 8. Result for F(I";x) when the procedure of
xc_1= lim (c, Wn_go (129) Fig. 7 is repeatedly performed.
n— o
As before the expansion for F is =Fo(x z 8F(T;x) , (130b)
= I')F(T;x) (130a) . .
Fx)=Folx)+ ; w(DE where F(I';x) is the contribution to F from T".

F(T; x):—hm—fnd:/},a —E‘b‘z"/zl—lhzn

(131)
n—0 n i (ij)

hih;

cosh(tJi'Jj) 1]

where A B= > Aq.B, and below A2=A-A. We now analyze F diagrammatically. We represent the factor
exp(— —E zp, )h{ by a dot at vertex i and the factor cosh( ti[), z/; j)/hih; by a bond between sites i and j. We
expand the product of n,(T") factors in the product over (i,j) in Eq. (131) into its 2 ") terms. Schemati-
cally we obtain for the square the result shown in Fig. 6. In all these diagrams we can contract free ends
using Eq. (58). Figure 7 shows a typical result of this procedure. Altogether the result for the square is

shown in Fig. 8. The generalization of this result is as follows. For diagrams I" containing at least one
bond, we define G (T';x) by

cosh(t%'fj)

G(Fx)——hm— fl'[ddz,a W”]‘[h’n o — [ M dtie ™ "TI07|. 32
iy ia i

i (ij)
Then
F([;x)=G4T;x) , (133)

where the cumulant G(T';x) is defined recursively in terms of G (T';x) as in Eq. (3). The second integral in
Eq. (132) is found to be

) nny(T)/2 .
s zn
B s (134)
—zA ¢ ’
so that
G(T'ix)= — hrr%) aan D g _, a2 f 1 (e—[E—zA+n,.(r)A]¢,?/2 ] cosh( (t ;- %) HD’/’: ,
n— i (ij)

(135)

where D; = [],[d¥:a/(27)!/%] and n;(T') is the number of bonds which intersect at site / in the diagram
r.



354 A. BROOKS HARRIS 26

As in the animals problems we now perform a bond renormalization. We integrate over all 1/_; pertaining
to sites connected to only two bonds. In this way we obtain an indirect interaction V; k) for sites i and J
which are connected by a chain of k + 1 bonds. Construction of V( ) requires performmg the Gaussian in-
tegration over variables of k sites of the form

Vi(jk)= f

The tridiagonal matrix M is easily inverted. We find

exp

k
l'_I1 Dy,

—%Z%'JSM,S]e"y¢"¢‘"7'¢f'¢*. (136)
rs

nb(r)l E—zA

G(rym=— 2o
= 2 "E_oA Hoan

In(E —zA) +

’

, — 2 E —zA+n,(T)A]/2
) IT Dyie e II Vi

(137
where
k n/2
k) —(A/t)* A 1—(A/)? —(A/t)?

Vi =exp '/" 07 A/t)2k+2 2 | 1oz | B a7 1 aspperr | 138
is the effective interaction between sites connected by a chain of length k + 1 bonds. When k=0, V,~(jk )
reduces to its bare value. In obtaining these results we used Eq. (125) in the form

E—zA=(E —0oA)—A=(t>/A)—A . (139)
It is convenient to have G in terms of the dimensionless variable y:

=(A/1?=¢*/x=¢/(1—09), (140)
whence

G(D3x)=— 3[n,(D)—n,(D)]In(1—y)— lim =~ f II Dypye "I+ IR 10 gt (141)

ij
with

V'_(jk) =e‘¢?+¢,2'" 1 —Y)/ZYn/ZCOSh(y(k +02y {/jj ), (142)
where

1—y
Y= 1_—74'—1 . (143)
For a polygon of s sides we eliminate all but one site by using V(k) with k =s —1 and i =j. Then
1—y |"* 1
G(T;x)= — lim — f Dpe~P+92 | 22V | e 1y [1— ==L | |cosh |ps2=—Ly2 (144a)
n—0 On 1—y° 1—y 1—ys
= 5In(1—-y9)=GT;x) . (144b)

The second equality in Eq. (144b) results from the fact that there are no nonzero subtractions involved in
forming the cumulant G(T';x) when T is a polygon. To verify this one has only to observe that G¢(I";x)
vanishes if T" has any free ends, as is the case for all subdiagrams of a polygon.
We now study the diagrams having the topology of I's. Thus we consider a diagram denoted I'(k{,k;,k3)
having two sites connected via three chains of length &k, k,, and k; bonds. We use the effective interaction
for each of the three chains and find thereby
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G(T;x)= 7In(1—y)

k.
"2 Ry =)
CXp .

1—y

—(P+ 91 +29)/2 131
k;
i=1 1—y*

. d
- },T»})En— fDlﬁlDl/’z [6’

ki+k
i1y _ Lin( Rt L ykethsy (145)

where the last three terms are the lower-order cumulants for the three diagrams found by joining the chains
to form polygons. These cumulants are given in Eq. (144b). We rewrite Eq. (145) as

1

_yk1+k2+k3_k,. ]

GYT;x)=—In(1—p)—5 3 In -
i 11—y
+31m S 9 [ DyiDy,
8 n—0 ; on
— - k2 1—
Xexp | —3(Wi+93) 29 =24 3 — [+ ¥,y —— ¢
i l_y i i 1—_}7 i
(146a)
1 S In 1-24 +B,+42B,—4C
S 1—B,+D —C? ’ (146b)
where the sum over each 7; = +1 reproduces the cosh factor in Eq. (145) and
ky+k,+k
c=yatiatas (147a)
1/2 k72
A=nmmC 23 (i /y) (147b)
i
_k‘,
B=C3xy ", (147¢)
i
ki
D=C3Xy", (147d)
i
and B,=(4?—B;)/2. To low order in y we obtain
(148)

1+ky+k;

G‘(I‘;x)=—yk 4+%2yk‘
i

Finally, we consider two polygons having perimeters k and / connected by a chain of length m bonds. We

write
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1 . d
G(T;x)=5In(1—p)— [’1’1_% P J Dy\De

— (R +93)(1+29)/2

/2
(1=p)1—p)1—p) |’ Lo 1—y _ _1—y
o 7 exp | 3¢ [3—-2 Z
1=y )(1—=pH(1—p™) 1—y 1—y™
) l—y 1—y k2 1=y .
Xexp |73 [3—2 Iy — cosh |y a4
ccosh yl/z%!?d, cosh ym/z_l_l—_Jin{/jl.JzH
- —

1 1
—5In(1—p*)—FIn(1 -y,

(149)

where we have again used Eq. (144b) for the lower-order cumulants subtracted off in the last two terms of

Eq. (149). After some rearrangement we obtain
(k+D/2

GTix)=7 3 In

[1_ 4 M2y
mm (1

_,,“yk/Z)( 1 _nzyl/Z) ’ .

(150)

The next step is to obtain the 8¢c,(I") via Eq. (126). We see that one power of y (or ¢) is equivalent to one
power of (1/0). Thus where convenient, as in Eq. (148), we have truncated the G(T') into the form given in

Table VI. There we also give results pertaining to &c, ().

8¢
—5"-=0“2(n —15)+0~3n —89)+o0~*
Cn 2
from which

c
lim iln—':) =0~ 240734 il—cr_“+2630‘5 s

n—w N ¢, 2
(152)
which gives the mobility energy E, as
1 1 41 264
o o o o
(153)

Values of E, are given in Table VII as a function
of dimension for various orders of Eq. (153). Also
shown, for comparison, is the exact band edge for
this model at E =zt. From the ratio of the last
two terms one might guess that this series would
diverge at 0 ~6 which gives d=2.5. It is be-
lieved'® that d=2 is the marginal dimensionality
for localization. Normally, one would expect the
series for the critical value of the coupling constant
to diverge at low dimension, but here the series for
(t2/E?), the reciprocal of that in Eq. (153), shows
no hint of growing unbounded positively as d de-

n? sl

Collecting these we have

+03(n%+159) , (151)

[

creases. Perhaps at some d =d* the mobility edge
merges with the band edge and the transition
changes its character at d*. Harris and Lubensky!®
find special effects at d=4, and Lubensky and
McKane'? predict qualitative changes in the nature
of the localization transition at d=4+, but our
series is too irregular to give conclusive enough re-
sults for us to comment on this. One measure of
the uncertainty in our result is to compare the re-
sult to order o> with that obtained by adding a
term in 0~ such that F2=4012 for o=1, as it
should because no closed loops can be formed in
one dimension. This ad hoc construction gives

1 1 41 264 308
E}=401? S+ +—+ 55—
g o o o g

(154)

As can be seen from Table VII, E, seems to be ac-
curately given for d larger than, say, 4, and the
difference between E, and the exact band edge is
striking for large d.
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TABLE VI. Diagrammatic results for localization to order o .
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5

e, (I)? 8cn(T")
r —G4T) _CL c,.<0
o c?
L 4 11 (n—15) (3n—51)
1 TW(rl)y 202 0_4 f4 02 —_ 0.3
3n n
T TS
. 6 2 _ 9 2 4(n —35) 21n . 39n
2 ?w(rz)y [03 - 20t - P S "‘03 "_——0_4 +—‘—05
1 8 27 77 27n  235n
3 ;w(l‘;)y ?0.7—;5— fs 04 _ 05
4 Sw(Tyy'® 124 p 248n
a o
5 w(l"s)(4y7+%y8) %__4? 7f7+ifs] 28:1 _ 12§n
g o o o
6 4w(Tg)y? 3_25 fe 645n
o o
7 4w(T,)y° 1# fo 2885n
o o
8 4w(Ty)y° isfg 125n
4 o
3 g%t n+40 |, 3 48 "
' el l—=—— L(n—23)
9 pu 4 40" o no ' - n
+ 3—20’2 +20'y2__.3_ +“195'f10 +—45—(—3n+68)
l—ay o o o
5,10
10° 299 _(3-20y) 2 (n+50)f10 (0 _a9)
1—oy ' o o

*Here fi=[(2n —1]/[(n —KkN][(n +K)].

The results for I'y and I'y, are for the sum over m >0 of all diagrams in the respective fam-

ily.

VII. CONCLUSIONS

We state here the major results of our work.

(1) We have presented a powerful method of
constructing a site potential 2 which eliminates di-
agrams with free ends from the diagrammatic ex-
pansion of thermodynamic functions.

(2) In the cases considered here, we cannot only
construct #, but we can also subsequently perform
a bond renormalization whereby the sites in a
chain connecting sites i and j are eliminated and

are replaced by an effective interaction V;; between
sites i and j.

(3) For the Cayley tree, on which all diagrams
have free ends, the effective potential 4 leads to the
exact solution of the problem. One new resuit
given here is the exact solution for the dilute poly-
mer problem on the Cayley tree for general values
of the fugacities for f-functional units (i.e., for ver-
tices for f bonds come together). As expected, our
result, Eq. (43), is quite similar to the mean-field
approximation of Lubensky and Isaacson.’
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TABLE VII. Numerical results for E2/t? to nth order in 1/0, denoted Ecz,, /t2

d=2 d=3 d=4 d=5 d=6 d=17 d=8

E%/t? 12.000 20.000 28.000 36.000 44.000 52.000 60.000
EL /12 13.333 20.800 28.571 36.444 44.364 52.308 60.267
E%L /t? 13.778 20.960 28.653 36.494 44.397 52.331 60.284
E% /t? 19.852 22.272 29.131 36.719 44.520 52.406 60.333
E% /t? 32.889 23.962 29.571 36.880 44.592 52.443 60.354
EX% /1% 27.819 23.567 29.498 36.859 44.584 52.440 60.352

Band

Edge® 16.000 36.000 64.000 100.000 144.000 196.000 256.000

2See Eq. (153).
PE2/12=4d>.

(4) Using the above renormalizations we are able
to construct terms in the series for the critical cou-
pling constant to order (1/0)° in terms of diagrams
involving at most two sites. We have studied three
problems: dilute polymers (animals) at constant H,
dilute polymers at constant Q, and localization,
where H is the fugacity for free ends and Q is the
density of free ends. For animals we obtain series
for K, the critical monomer fugacity and for lo-
calization we obtain the series for ¢ /E, where E, is
the mobility energy and ¢ is the magnitude of the
hopping matrix element whose sign is random. We
give results to order (1/0)°, except for the constant
Q case, where our results go to order 0~* The
only previous work on these expansions® was for
K, at constant H, where an effort comparable to
ours produced an approximation to the leading
correction of order (1/0)2.

(5) Since for animals we treat the critical point
both when H is constant and when q is constant,
we are able to obtain an expansion for ¢q.(H=1),
the value of g at the critical point for H=1.

(6) Since we can construct the effective interac-
tion obtained by renormalizing chains, we are
studying its use in the renormalization-group cal-
culation at low spatial dimension based on an ap-
proach such as the Migdal-Kadanoff bond-moving
scheme.’® This program would be very interesting,
since an important open question is whether or not
localization and animals are in the same universali-
ty class for all dimensions.

APPENDIX A: CUMULANTS

The purpose of this appendix is to clarify the re-
lation in terms of cumulants between the animals

problem and percolation. We define the percolation
susceptibility for the system I as

X,(T)=3 3 (1—8;)X,(T3i,j) , (A1)
ij

where X, (T';i,j) is the probability that sites i and j
are connected when each bond of the system T is
randomly present with probability p and absent
with probability 1—p. Also the animals suscepti-
bility for the system I, X 4(I") will be defined here
as

X4(D)=3 3 A(ny,ng; DK ®ng(ng—1), (A2)

np g

where A (ny,ng;T) is the number of ways a cluster
of n, bonds and n, sites can be formed on the set
I". For our purposes it is convenient not to include
the i =j term in Eq. (A1) and to use ny(n;—1)
rather than n? in Eq. (A2). It is helpful to give
some concrete results for simple diagrams, such as
those in Fig. 9, for which the various susceptibili-
ties are listed in Table VIII. According to Eq. (2)
the values of X, or X, for the infinite lattice can

1 2 3
IR B
! D !

4 5 ©
I—.—. ‘—I—-—. o
1 -

7 8 9

FIG. 9. A few low-order diagrams.



RENORMALIZED (1/0) EXPANSION FOR LATTICE ANIMALS . ..

TABLE VIII. Various susceptibilities for small diagrams.
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re X4(T) X5(T) X,(T) X5(T)
1 2K 2K 2p 2p
2 6K*+4K 6K? 6p2+4p(1—p) 2p?
3 12K3+12K%+ 6K 12K3 12p3+16p*(1—p) 2p3
+6p(1—p)?
4 12K3+18K*+ 6K 12K3 12p3+18p%(1—p) 0
+6p(1—p)?
5 12K*+48K? 12K* 12p*+48p%(1—p) —12p*
+24K*+8K +32p%(1—p)*+8p(1—p)?
6 20K *+24K3 20K* 20p*+40p3(1—p) 2p*
+18K248K +30p%(1—p)*+8p(1—p)?
7 20K*+ 36K 20K* 20p*+44p3(1—p) 0
+24K?% 48K +32p%(1—p)*+8p(1—p)
8 20K*+48K? 20K* 20p*+48p3(1—p) 0
+36K?48K +36pX1—p)*+8p(1—p)}
9 4K 0 4p(1—p)+4p? 0
* See Fig. 9.

be obtained in terms of the cumulants of the sus-
ceptibilities which we also give in Table VIII.

To see what X5 (T") is we temporarily replace K
by an independent variable K; for each bond i.
The property of cumulants ensures that X$(T")
vanishes if any K; is zero. Thus X$(I") cannot
contain terms in K of lower order than K™ .
Nor are higher-order terms permitted. Hence we
see that for a connected cluster I' we have

n, ()

X4(D)=ny(T)[n(T)—1]K (A3)

As we shall see X;(T') is not obtained from Eq.
(A3) simply by replacing K by p. Reasoning simi-
lar to that leading to Eq. (A3) is needed to derive
Eq. (74a) or (119a) in case one does not regard
them as being obvious.

Now consider X;(I"). If we temporarily replace
p by independent variables p; for each bond i, then
the cumulant property ensures that X5 (I") vanishes
if any p; is zero. As before, this argument tells us
that X,(I") is proportional to p" (r)’ so that

’lb(r)
’

Xp(T)=e(T)p (A4)

where we need to determine e(I"). The coefficient

ny (L) . .
of p® ' is of course zero for subdiagrams of T.

So e(T) is simply the coefficient ofp"”(r) in X,(I).
Considering the factors p and (1—p) it is obvious
that

e(N)= 3 (=1

YE€T

nMI‘)—"HY)Xp(y,p:l) ] (A5)

This relation indicates that
e(I‘)=X;(I‘;p=1) , (A6)

and in particular, e(I") vanishes if " is disconnect-
ed. When T is connected, then

Xp(T;p =1)=ny(D)[n(I')—1]

and X5(T',p=1) is the cumulant {r,(I")[n,(I")
—1]}°. Thus we have established that

n,(C)

X5(C)=K"™® "n,(C)[ny(C)—17, (A7a)

ny (T)

XS(T)=p™" {n,(D)[ny(T)—1]}¢, (A7b)

where C is a connected cluster and I'" is arbitrary.
Thus the coefficient of p” in the percolation sus-
ceptibility is the cumulant, derived from the coeffi-
cient of K" in the animals susceptibility.
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APPENDIX B: 8c,(I') FOR ANIMALS

In this appendix we will obtain the contributions to 8¢, (I") /¢ for the diagrams shown in Figs. 2—4. For
diagrams I'y,T,,..., 'y we express 8F(I") as a sum of terms, each of which is of the form

—8f(r,s)=b"(1+b)°°. (B1)
We denote the corresponding contribution to 8¢, (") as 8¢,(r,s). Use of Eq. (70) yields
o(r +s)on+os—1)!

= . B2
Ben(r,s) (n—rMon+os—n+r) (B2)
We are interested in the quantity 8c,(r,s)/c. which we write as
n—r—1
Se.(r-5) o(r +s) 1+—;— (n41) e 1
c, (7,8 —r— — i
n% _J
'? l n—1 JLI] o,(n +S )I;I n+1) ] ° (B3)
(o+1)on) 1+; (n—r)!

So far we have not dropped any terms. We now carry out the expansion in powers of 1/0 and for each
coefficient we arrange the result in descending powers of n. To obtain the final result for K, /K to order
o> we need keep only terms of the order kept in Eq. (86). Thus we write

60,,(r,s) n(r+S)es—le—(s—1)0[1n(l—1/a)+1/o]
0 = r—1
Cn . 1+L
g

1
o

X

l_l[(r+s)2+2s——5]_ 1 (F4s+3)r+s—2)—--- |, (B4)
2n 2no

where the omitted terms in the last set of large parentheses of order n ~¥o~" with either u >2 oru =1,v>2
are not needed here. Note that 8¢, (r,s)/c? is of order c~". In view of Eq. (B1) this result indicates that we
may consider b to be of order 1/0. Accordingly, we may expand 8F(T") in power of b so that each term is
of the form considered in Eq. (B1). Thus we write

—8F(T')=b*1—4b+1062—2063+ - - - )[1—4(1+b)°], (BS)
so that
8¢, (Ty) w(l“l)
T =0 {[6¢,(4,0)—46¢,(5,0)+108¢,(6,0)—208¢,(7,0)]
¢
! " —4[8c,(4,1)—48c,(5,1)+108c,(6,1)—208c,(7,1)1} . (B6)
In this way we obtain the following results:
8¢,(Ty) 7,13 95 | 1| 7 101
e? 2eq? 240> 480° | eo? | 4 8o
n 14 13 4 1 |45 93
—_— |5 —— - - | = __ = ) B
207 o +02 o? +02 2 o B72)
8¢, (I)
Ay 2n3 23 13| 2_53 _ 2)32 7 143 6_2 2830 , (BTb)
e eo 40 60 eoc” o 4o o
8¢, (I'3) n 497 n 2088
27— — |243— , 7
c? 2e0* 20 ot 3 o (B7c)
8¢, (Ty)
n - 4 _ 1245n _ 13654n , (B7d)

Cn eo o
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8¢cy(Ts)  3n 22 35n 63 60n 27
o =524 |l |54 |1- el L il (B7e)
Cn 2e“o 3o 2eo 100 I S50
8c,,(F6) n 7 88
—n_|L_%° (B7f)
el 200 |2 e +333
8¢, (I'7)
Jik =8_rsl %_ZZ_+105 (B7g)
Cn o |e
8¢, (Tg) n 2 27
— = | S 1s
o0 W et (B7h)
For I'(9"™) we write correctly to order o—>
z en(TY)= 51 [ 20140 [1~(0—1b]
@ 1 3] 1 p ™
X m+8|_1  |q1__ e Z2, B8
2 e o T [T | T B8
where
Z=[14+(5+b)(1+b)°]. (B9)

The term in 8, gives a contribution, 8c\(I'y"™), which is evaluated using Eq. (B4) as

7 80

- —+225
2

sc(Tg™)

e

n
== (B10)

The remaining contributions, denoted 8c\”’(I'y™) give a geometric series which, when summed, lead to a fac-
tor [1—(o—1)b]~!, which is essentially Xo(b). This is to be expected, since the no-loop approximation for
the two-point function Xy(b) involves a sum over all chain diagrams. Thus we obtain

Se (i) = b_(14pyon—o- ‘°" Z¥o—3) . (B11)

bn -7
Since the leading contribution from Ty is of order o~*, we need only keep corrections of order 1/0 relative
to the leading term. However, terms of order n? and of order  need to be retained. The calculations are
straightforward but tedious. The result to order (1/0)° is

—4

o §c (I“( )) 2
2 n _ﬁ_ iz__%_ 1 ; + 7 .
m=0 cy 2 1202 o} 2e0? ' deo
LN 1700+m 36 10840 3801 314 12
160* 2 pu pys o
Similarly we find
@ 8¢, F(M)) n2 2 1 5 n | 33 5i0
— =1 |—==|+—= _
m2=0 ,, 5 1e 2% 2 + o o2 +——— 1855 (B13)
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APPENDIX C: EXPLICIT CALCULATIONS FOR CONSTANT ¢

The calculation of f(b,K,I") are similar to, but more complicated than that for H =1. We start by con-
structing the effective interaction from Eq. (79). To eliminate H we write

TSP '=h+(14+b)°~'—1

where we used the trace rules to obtain the first line and Eq. (90) for the last line. Likewise we find

Tr(SH RS '=(1+b)°"", k>1.

We use these results to evaluate the right-hand side of Eq. (79), obtaining

VIP=[K(14b) ' K3 SESF—b 3 (SF+SH+ |(k —1)b>—
a a

as the effective interaction between sites i and j via
a chain of k sites. The term in §;; is needed for
the treatment of polygons. As a check, we note
that for k =0 the bare interaction is recovered, and
for H=1 Eq (80) is reproduced.

For the polygon with s sides we use V,~(jk) with
k=s —1in Eq. (81) and in analogy with Eq. (82)
we find

—F(T;b,K)=(KX) ~ KX +sb’kKX —sb*) /K ,

(C3)
where X =(1+b)°~1. As will become apparent,
the present calculation is much more intricate than
the one for H =1. Hence we only work to order

3 2
K K K
—F(TK,b)=1X?||= | —6 |— =
(Ts l l b [ b +6 b
The analog of Eq. (83b) yields
S —8F(TY™;K,b)=5Xoo KX" |[K —2b—3
m=0

(Cla)
(C1b)
(Clc)
kb? agB _bi
Ko |25 |
(C2)

o~* In that case the two other diagrams whose
evaluation are required are ['s and {T'§™}, for
which we use Eq. (83), but with V replaced by the
interaction of Eq. (C2). Since these diagrams only
contribute to order o, we may drop correction
terms involving powers of b. Thus we set

(1+4b)~1, (C4a)
TeSPhf '~ % , (C4b)
Tr(SF)?hf 2 ~X , (C4o)

Then the analog of Eq. (83A) yields

—4 +20|+4 % ] ]b3K4X4 . (C5)

o |

I

If we were to obtain a term on the right-hand side of Eq. (103b) of order X,, then the perturbative treatment
we are using would not work. The offending term in Eq. (C6) drops out when we calculated 8 defined as

2
» K K d8F(I';K,b)
8Q9=— ——8F(T";K,b) | — ———Xo(K,b) | ———— | .
9 m2=0 1 9 Ao+ 1) olK,b) 3% (e7))
We work to leading order in 0~'. Then we have -
d8F(I';;K,b)
- ——al’,— = 50X oK*X*—2bK*X3 —30b2K2X?) . (C8)

Thus we finally get
80o=02K>X [0(K?X*—3b%)?—4b%KX]/8 .

(C9)
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We now collect the contributions to = using the results of Egs. (C3), (C5), and (C9). We then obtain Eq.
(104) of Sec. V, where the coefficients are

7,=(KXo)[2rKXo—(1+6rg +>r%g?)], (C10a)
73=(KX0)*(1412rg + 212+ 9r°¢*) + (KX 0)*[ —r (5 +4rq) + (14-8rg +8r2g?)]

+(KX0)'[12rKX 0 —(4+40rg 4 50r’g?)] , (C10b)
Ya=(XK0)*(—6rg — 5 r2q*—36r°q* — Zr*q*) + (XK o) — 1 — 16rg — 22r2q* + 16r°¢* + 16r*q*)
+7(XKo)"7+13rg+6r2¢*)+r(XKo)’[ —(2+20rg +25r%¢?)]

+(XK0)3(134200rg +476r%g2+270r3¢> + 22 r4g*)
+(XK0)[9rt —r(—5- +96rg +27r%q%)+(6+72rq + 108r%¢?)]

+(XKo)[5r2—(27+378rg + 2-r2?)] +108r (XK )? (C100c)
where r =Ko. For further reference we write
87/2 81 2 2 27 3 3
3K, |k =ro(10+8roq) —(3+27rog + 5 rg*+5rq”) » (C11)
¢ c0

where we have noted that XKo =1 when K =K_,,.
APPENDIX D: EXPANSION COEFFICIENTS FOR CONSTANT ¢

Here we record the explicit results for the coefficients introduced in Sec. V in Egs. (108), (111), and (114).
We substitute Egs. (106) and (107) into Eq. (102). In view of Eq. (105) we may write

Ko B, By Bu| BK 3T,
To(¢,K.)=K, 2 B B R0 D0 D1
08Bl =Re0 K, |o* o o 20* 9K’ (O
and from Egs. (103a) and (51c) we have
o, _—
< 3K, |k =—ro(14+gK,0)°  “(1+0K, q) (D2a)
< c0
2 2
r r
~—=(147r0q) 1—-3q—+ OZ 4+ ] (D2b)
o o
and
a’r 2
2 0 _ .2 -3 <
€0 3 Kco——roq(1+cho)" 2+4+0K.09— P coq} (D3a)
~—roq(2+70q) . (D3b)
Substituting Egs. (D1) and (107) into Eq. (102) we find that
By=—7vD , (D4a)
By=PBarog—7vsD , (D4b)
22 1m 37>
Ba=Bsroq —PBaroq -—732r0q(1+D)—y4,D—BzKCD5—K— ) (D4c)
(4

where D =(1+r0g)~!. Using the results of Appendix C for the y,’s we then obtain Eq. (108).
Substituting Eq. (106) into Eq. (112) yields
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By=—2r3Do+ 3733 +5—5Do » (D5a)
33=r8[2—I—ZD0+D(3)]—%("04)2+‘12_5"8‘1—%‘*'TDO—%D%*'%DE) ) (D5b)
~ ) rto) 0 2 3 4 5
B4=(r8)2(2D8+4D0—;D0)+1—2—(—36qu +44—654Dy+ 12D} + 67Dy +6Dg—9D7)
+%[348(r8q)3—2457(r3q)2——18955r8q—11055+11625D0+317D(2,—317D3+15D8—9D8] ,
(D5¢)
where Dy=(14rdg)" L.
Substituting these results into Eq. (115) yields

B’2=32(q0) ’ (D6a)
B =PB140)+2r§(40)41(Doo—Dio) + 341(9—9Dg + D3 —D3) (D6b)

B's=PBu(q0)+24:r3(g0) (Do — Do) + +q2(9—9D g0 + D% — D)

+4173(go)(—2+ 3-Dog— 5 Do —2D +3D)

153 153

+41["%’8(40)‘IO+T—TDOO—%Q‘D(Z)O*F 15D30—%D30+%D(5)0]
—q%r3(go)(2Dgy—3D3o —2D 3 +3D3) + 143 (—9+9D gy +8D3) —10D3 +5D% —3D3) . (Déc)

Here Doo=[1+73(g0)g0]~".

APPENDIX E: THE ISING MODEL
SUSCEPTIBILITY

In this appendix we apply the technique of elim-
inating free ends to the Ising model. For this
model it is appropriate to study the susceptibility
rather than the free energy, since the result for the
free energy of the Cayley tree is not a good start-
ing point for the method. Thus we consider the Is-
ing model in a magnetic field, in which case Eq.
(15) (in units where kpT=1) is

7%i% Trje k7 (E1)

h; =TrjeHa"hj’" le
which has a solution of the form
hi=de" . (E2)

By substituting this ansatz into Eq. (E1) one finds
that 4 and B satisfy

hJ cosh(H +oB)
hB =5 , E3
A cos A cosh(H +zB) (E3a)
A sinhB— sinhJ sinh(H +oB) ’ (E3b)

A cosh(H +zB)

where 0=z +1. We work to order H? and write

B=bH+O(H?), (E4da)

A=(cosh)*(1+ saH*)+O(H*) . (E4b)
Use of Eq. (E3) leads to

a=—t(148)/(1—ot)*=—t(1+X3, (E5a)

b=tX,, (E5b)

where t denotes tanhJ.
We now evaluate

2 2
OF __ 9 SuDFr)  (E6a)

X: — = —
oH*? 0H* £

= > w(lX«r), (E6b)
r

where we set

FO=Te [T (™ m) [T [ /hhp)]. (€T
i (ij)

The advantage of introducing 4; is that now only
diagrams with no free ends enter in Eq. (E6). This
statement holds even when H=40 as we take it to
be here, providing Eq. (El) is satisfied. Such a
formulation is possible because the weak embed-
ding constants for the diagrams with two free ends
which usually are studied to obtain the susceptibili-
ty can be related to the weak embedding constants
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of diagrams with no free ends via a recursion rela-
tion. A direct diagrammatic approach to this
problem can be formulated, but in essence it would
be equivalent to Eq. (E1).

In Eq. (E6) we must include the diagram con-
sisting of a single point. We denote this diagram
I'y. Also note that it is necessary to form the cu-
mulant X(T") defined in terms of X(T") via Eq. (3).
Using Egs. (E2) throught (ES5) we write (E7) as

X(T)=[2n,(T)—zny (D) ]t(14+1)X3

where n;(I") is the number of sites in I" neighbor-
ing to site i. For Ty we find X(Tg)=Xo(1+1).
Again, for the diagrams we consider it is helpful to
trace over sites internal to a chain connecting two
sites @ and b. If the chain contains k sites, we de-
fine V¥ via

V= | [T Tre

i=1

[1+(c—1)b]Ho;

k—1
% eJ(“a‘71+°k”b) H eJalaj i

[1+n,(T)b]Ho; J;.0:0;
e i i e ijY%i%j , '
oH ; <,I;I) =1 (E9)
(E8) Explicitly we obtain to order H*:
]
k tH} 1tk
V‘i{;)z(cOShJ)k-‘-l 1+—2—H% 1+ 1—; k——]?
201 __+k k+1
+ (0,+0p)tH, 11 ! +0,0 t"*“-}-HZ[t((l1 t;) klt - ], (E10)

where
H,=H[14(z =2)b]=H(1—1)X, .

To evaluate X(I") for a polygon of s sides we use
V¥ with k =s —1 and a =b. For such a polygon
we find

2
X(F)=sX0(1+t)—2sX3t‘1Tis- , (E11)
which yields
c, 2.5 l_tz
X4T)=—2sXt 1—+t; . (E12)

For the other diagrams X(I") can be expressed in
terms of V,ﬁ,, as was done in Secs. IV and V. For
instance

X(Tg)=(18—8z)¢ (1+1)X3

H[1+(z—3)b][o, +ab)[ pip3
51 -
dH ! (E13)

|
For the diagrams other than polygons, we find,

keeping only orders of ¢ which matter for our cal-
culation

X(Ts)=8X3t"(1+41) (El4a)
X4(Tg)=8X5t" (E14b)
X4(T;)=XTg)=8X3t° (El4c)
XATY™)=8x3t™ +8(142t), m>0 (E14d)
XISy =8X2" 1%, m>0. (El4e)

Using these evaluations and the w(T") from Table
11 in Eq. (E8) we reproduce Eq. (5.19) of FG.3

This agreement checks that Table II correctly in-
cludes all diagrams needed for calculations to order

(1/0).
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