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Phonon and electron components of the thermal conductivity of tantalum
at intermediate temperatures
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Thermal conductivity, electrical resistivity, and absolute Seebeck-coefficient values for
Ta and four Ta-base alloys are reported. The data, which cover the temperature range
80—400 K, were analyzed to identify the phonon and electron contributions to the ther-
mal conductivity of Ta. Reflecting the strong electron-phonon interaction, the phonon

thermal conductivity is rather small and equal to about —, of the prediction of a theoreti-

cal formula. At the highest temperatures investigated, the electronic thermal conductivity
and electrical resistivity are consistent with the Sommerfeld-Lorenz number. The electri-
cal resistivity and Seebeck-coefficient results can be satisfactorily fitted to standard
theoretical formulas, and these results indicate that deviations from Matthiessen s rule are
small and positive.

I. INTRODUCTION

This study is a part of a systematic experimental
investigation of the phonon Az and electronic A,,
thermal conductivity components of the bcc transi-
tion elements at intermediate' and high tempera-
tures. The experimental A~ values are currently of
interest to theorists because they give a relatively
unambiguous and sensitive measure of the
electron-phonon interaction. First-principles calcu-
lations of this interaction are now possible for
some cases and the connection with superconduc-
tivity is well established. In some alloys, A~ can
make a significant contribution to the total thermal
conductivity A, , which leads to interest in the ex-
perimental A~ values from a more practical
viewpoint.

The high-temperature thermal conductivities of
the transition elements are largely electronic in ori-

gin, and several experimental studies have shown

that A,, is frequently larger than that predicted by
the experimental electrical resistivity p and the
Sommerfeld-Lorenz number Lo. Subtraction of Az

from A, to obtain A,, helps to reduce the difficulty,
but several cases of significant positive deviations
from the Sommerfeld prediction remain. ' De-
tailed applications of the Mott-Fermi smearing
model have met with some success but do not ap-
pear to be applicable to Nb. ~ However, in this case
1.0 seems to be consistent with the data. An ex-
perimental investigation of the validity of the Som-

merfeld law for Ta forms the second goal of this
study.

The apparatus and experimental techniques have
been described elsewhere' and the remaining sec-
tions of this paper contain sample characterization
data, the experimental results, and a comparison of
the results with available theory. Most of this dis-
cussion is centered around the magnitude and tem-
perature dependence of Az at intermediate
(80—300 K) temperatures.

II. SAMPLE CHARACTERISTICS

Two Ta and four Ta alloy specimens were stud-
ied and their characteristics are summarized in
Table I. One of the Ta specimens and the two ter-
nary alloy samples were electron-beam melted at
our laboratory. The Ta sample was then swaged
into rod form, machined, cleaned, and annealed.
This sample was also used for high-temperature
(2600-K) p measurements before the low-

temperature data were taken. These p measure-
ments were conducted in an ultrahigh-vacuum fur-
nace and this heat treatment appeared to lower the
room temperature p by about 1'//o. The two ter-
nary alloy specimens were machined from
electron-beam melted ingots and annealed in anoth-
er ultrahigh-vacuum furnace. The p of these two
specimens was also measured at three positions
along the length and the results showed p inhomo-
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geneities of 0.55% and 0.04% for the nominally
2.5:2.5 and 5:5 Hf-% specimens. The two Ta-%
samples, which were of unknown origin, were also
annealed in an ultrahigh-vacuum furnace. The
zone-refined Ta specimen, which had a resistivity
ratio of about 250, was purchased from Materials
Research Corp. , Orangeburg, N. Y. and was sup-

plied as a cold worked rod. The sample was
machined from this rod, cleaned, and annealed in

ultrahigh vacuum as shown in Table I. The data
for this specimen are somewhat more accurate
than values for the electron-beam melted (EBM)
sample because the diameter was about 2.4 times
larger than the EBM sample. Samples from all the
alloy specimens were examined metallographically
and by x-ray diffraction. This showed that the test
samples were large grain size, bcc solid solutions.
One somewhat surprising observation was that the
lattice parameters ao of the two ternary alloys are
smaller than that of pure Ta, while data on binary
alloys ' would suggest larger ao values for the
isoelectronic ternary alloys.

III. EXPERIMENTAL RESULTS

Smoothed values for the A, and p of the six sam-

ples are shown in Table II. The procedure used
for smoothing the data has been described' and the
two sets of experimental A, data for Ta are shown
in Fig. 1 to illustrate the excellent precision and
the small differences between two sets of results
for samples of about equal purity. The thermo-
power values, which were measured with a Pt (Ref.
11}standard, are shown in Fig. 2. All values are
based on the International Practical Temperature
Scale (IPTS) 1968. The experimental uncertainties
in l and p probably fall somewhere between the
two sets of estimates' which have been presented
for an apparatus of this type. The maximum
determinate uncertainties calculated in these two
cases were 0.5 —1.8% for A, and 0.3—0.7% for p.
The smoothed values contain extra digits to elim-
inate the effects of rounding errors. The k values
for the two ternary alloys were also confirmed by
300—360 K measurements with a comparative
heat-Aow apparatus. These checks were as good
(1—2%) as our previous comparisons. '2

At 100 K the A, values for Ta are in good (1.8%)
agreement with the Thermophysical Properties
Research Center (TPRC, Ref. 13}recommenda-
tions and about 5% higher than the results of a re-
cent Russian study. At 100 K the ideal resistivi-

ty values for Ta are about 0.6' higher than those
of White and Woods, ' and the difference de-

creases at higher temperatures. The 300-K p
values for the two Ta-W alloys are 12—14% lower
than those of Thomas, ' and the cause of this
difference is unknown. In making theoretical cal-
culations, a single set of transport property data
for Ta was required. This set was obtalIled by as-

signing an arbitrary 3:1 weighting factor favoring
the data on the zone-refined sample. This bias was
based on better purity, smaller geometrical uncer-
tainties and a more extensive set of data, especially
at the lowest temperatures.

IV. DISCUSSION

The transport property data obtained in this
study yield values of the phonon thermal conduc-
tivity A~ of Ta; deriving A~ and comparing it with
theoretical estimates is the principaI topic of this
paper. The electronic thermal conductivity is also
of interest; and, in addition, the composition and
temperature variations of the electrical resistivity
and Seebeck coefficients yield information which
can be used in interpreting the behavior of the two
derived A, components. This is especially true in
the case of the two isoelectronic Ta-Hf-W alloys
because our literature survey indicates that these
alloys have not been studied before.

A. Therm opomer

The absolute Seebeck coefficients S of Ta and all
four alloys are relatively small and the results are
shown in Fig. 2. In this temperature range, the ab-
solute thermopowers of all four alloys are some-
what greater than that of Ta and isoelectronic al-
loying produces smaller S increments. The curves
diverge at higher temperatures and this behavior is
not predicted by the dilute-solution model which
Fulkerson et al. ' used to treat data for iron sam-

ples of differing purity. Application of the
Nordheim-Gorter rule' to the two groups of S
data for Ta-% and Ta-%-Hf alloys predicts S
values for pure Ta which generally fall within
about 0.2 )uV/K of the experimental values. The
good general description of S given by the
Nordheim-Gorter equation seems to be another
case in which the equation applies although the al-
loys do not obey Matthiessen's rule and the
Wiedemann-Franz law is not valid. '

B. Electrical resistivity

The temperature arid composition variations of
the p of Ta and the four alloys yield some infor-
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phonon resistivity and includes the assumption that

the Debye temperature 8+ is a constant. The last

term accounts for the combined effects of thermal

expansion and negative deviations from linearity

(DFL). The mechanism repsonsible for the nega-

tive DFL in Nb has been the subject of a recent de-

bate, ' and the theoretical calculations of Pinski

et al. indicate that the s-d model does not apply to
Nb.

If the impurity term is assumed to be an adjust-

able constant, Eq. (la) also gives a good description

of the data for the four alloys:

p —A =pBG —a 2

FIG. 1. Experimental thermal conductivity values for
two Ta samples.

p —pp=pgG —aT2 (la)

In this equation pp is the residual resistivity, p~G is
the Bloch-Gruneisen formula for the electron-
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FIG. 2. Smoothed absolute Seebeck-coefficient values

for Ta and four Ta-base alloys.

mation which is useful in analyzing the thermal
conductivity results. If it is assumed that the ef-
fects of W and Hf are additive, the residual resis-
tivity data (Table I) can be used to evaluate the im-

purity resistivities of W and Hf in Ta. Th'e p in-
crement for Hf is about 1.6 times larger than the
impurity resistivity for %, which may be due to a
lattice strain effect. Neither impurity resistivity is
unusually large. '

The temperature variation of the p of pure Ta
has been discussed by several authors. ' ' ' Our
data on Ta can be described to within +0.04% by

Presumably this additional parameter is required to
account for deviations from Matthiessen's rule.
The parameters derived from the data are summa-

rized in Table III. For the alloys, the temper-
ature-independent impurity terms are about
5 —10% greater than the measured residual resis-

tivity values, and this sign and magnitude is typi-
cal of observations of deviations from
Matthiessen's rule. The Debye temperature de-

rived for Ta is about 0.93 of the value obtained
from intermediate-temperature specific-heat data,
235 K, and a1so smaller than an earlier value

obtained from resistivity data. However, our 8~
value is in good agreement with the results of
Semler and Riehl, 217.5 K.

Inclusion of additional higher-temperature2 data
increases 8~(Ta) by only a few degrees and a then
tends to approach the values derived for the four
alloys. These data do not define a very well, since

it only contributes a few percent at 400 K. For
the Ta-W alloys, other results' ' indicate that a
should gradually decrease with increasing %' con-

tent, but the a values shown in Table III do not
have this variation. The aT contribution to the
electrical (and presumably thermal) resistivities is
very small, in the range 80—200 K, where accurate

Az values can be derived from the data.
The linear resistivity coefficients 8 /8~ (Ref.

19) indicate a gradual decrease with W content and
a smaller increase relative to Ta for the two
isoelectronic alloys. The dependence on % content
is similar to the observations on Nb-Mo alloys
and indicates a gradual decrease in the intrinsic
strength of the electron-phonon scattering. The
factors responsible for this variation have been dis-

cussed by Butler and the variation of the
electron-phonon mass enhancement factor A de-
rived from p is similar to that predicted by
McMillan's formula. ' Isoelectronic alloying does
not seem to disturb the electron-phonon scattering
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as much, and this is important because this is an
assumption about the intrinsic electronic thermal
resistance 8'„., which is used in deriving A& values.

Table III also shows a comparison of Debye
temperatures 8„derived from the p fits with O&
values inferred from the literature. The Sz values
do not form a completely consistent pattern (note
the low value for Ta —6 wt. %%uoW)an d th e litera-
ture values are also somewhat uncertain because in-

elastic neutron scattering measurements are not
available. Specific-heat data indicate that W addi-
tions increase OD of Ta, but these values are not
appropriate for intermediate temperatures because
the real phonon spectrum can only be described by
the Debye model if 8D is allowed a considerable
temperature variation. 6 The temperature varia-
tions found for Ta (Ref. 26) and W (Ref. 32) were
interpolated to derive the intermediate-temperature

8D values (Table III) for Ta-W alloys from the
low-temperature specific-heat values. These 8n
values increase with W content. The 8~ values
for the two isoelectronic alloys were obtained by
assuming that the composition dependence is simi-
lar to that of isoelectronic Nb-Mo-Zr alloys and
the temperature dependence is equal to that of Ta.
These 8D values decrease as the solute content in-

creases, and, for both binary and isoelectronic al-

loys, the 8~ values do not show consistent trends
with composition.

Overall, the differences in intermediate tempera-
ture Oq and 8~ values average about 25 K and
the 8~ values are always smaller than 8D. These
differences are large enough to preclude the use of
composition-dependent 8& values in the analysis
of the derived Az values.

C. Phonon thermal conductivity

As a first step in identifying the phonon conduc-
tivity of Ta, four Az estimates were calculated at
each temperature using the equations described by
Williams and Fulkerson. 3 The principal assump-
tions are that the ideal electronic thermal resis-
tance 8'„and Az are not altered by alloying and
the Sommerfeld-l. orenz number 1.0 applies to the
total electrical resistivity contribution from impuri-

ty scattering. One set of A,, and Az values can

then be calculated from the A, and p data on Ta
and each of the alloys. The relatively concentrated

alloys used in this study were required because the
intrinsic scattering is strong in Ta, and the experi-
mental identification of the phonon conductivity
becomes less uncertain as the relative strength of
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FIG. 3. Phonon thermal resistance (A~ ') estimates
for Ta obtained by using the equations presented in Ref.
34.

the impurity scattering increases. The use of con-
centrated alloys must, however, put a considerable
strain on the assumptions that the phonon conduc-
tivity and intrinsic electronic thermal resistivity of
Ta are unchanged in the alloys. It therefore would

not be surprising if the Az values calculated from
these equations showed a systematic composition
dependence similar to that observed for bcc Fe
solutions. '

The four A~ curves are presented in Fig. 3, with
the results plotted as A~

' to show that they do not
extrapolate to zero thermal resistance at absolute
zero. This large positive intercept (-0.2 mK/W)
gives a rough measure of the strength of the
electron-phonon scattering. These calculations in-
dicate that the phonon conductivity accounts for
about 7% of the total conductivity of Ta at 100 K,
and experimental indentification of this component
is thus a stringent test of the accuracy of the ex-
perimental data.

All four sets of calculations are reasonably con-
sistent up to about 200 K and the difficulties at
higher temperature presumably arise because the
thermal conductivities of the alloys tend to ap-
proach that of Ta at higher temperatures. At 300
K the A, of Ta —6 wt. % W (Table II) is only 17%
less than that of Ta. In the SO —200 K range, the
four calculated Az values are within +11% of the
average A&, and it should be noted that this aver-

age A& is considerably lower than the value derived

by Butler and Williams. This earlier estimate
was based on an extrapolation of calculated values
for two Ta-W alloys at 80 K.

Near 100 K, where the A& results are least sub-

ject to experimental uncertainties, the four sets of
calculations show a consistent pattern; with lower
lattice resistance kz

' values calculated from the
data on the alloys with lower solute contents. This
is reminiscent of the behavior noted for bcc Fe
(Ref. 1) and Nb (Ref. 36) alloys. If these trends
were real, they would also indicate that at lower
temperatures Az of Ta is at least 20% larger than
the average value shown in Fig. 3.

The significance of these compositional trends
was investigated by two methods. A calculation of
the maximum determinate error based on optimis-
tic estimates of the A, (+0.5%) and p (+0.2%) ex-
perimental uncertainties yields maximum A& uncer-
tainties of about +40% at 100 K. This is not too
surprising because Az is small relative to A,, and,
since the calculated uncertainty is about 4 times
larger than the maximum compositional variation,
this result indicates that the concentration varia-
tions are not significant. However, since the
method does not allow for possible cancellation of
errors, and the two A, determinations for Ta differ
by less than 0.5%, a statistical method for estimat-
ing the errors was also used. This analysis was
based on the two equations used to calculate the
Az values shown in Fig. 3. Independence of ran-
dom variables was assumed and subjective esti-
mates of the variances of the experimentally deter-
mined quantities were made by examining the data
scatter. The variance var[L (T)] of the electronic
I.orenz function L (T) was obtained from the
Taylor's series expansion of L (T). var[L (T)] was
then used with the equation for the thermal con-
ductivity of the element to estimate the variance
of Az. Estimates of standard deviations for A~ and
95% confidence limits about the mean of Az show
that, for a given temperature, the large variation
masks any real differences which may exist among
the alloy means. Nevertheless, more complicated

A& calculations were performed, principally to
determine the sensitivity of the Az results to some
of the basic assumptions.

The phonon conductivity calculation can be im-
proved by generalizing the original equations to
account for changes in the intrinsic electronic ther-
mal resistance and alloy phonon conductivities
caused by the presence of W and Hf in the lattice.

The thermal conductivity of Ta, A, ~ is taken to
be the sum of two contributions, A,,'" and A,~

'
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were calculated from the approximate equation':

W,~(alloy)+ W~

fY,p( Ta)+ Wpq(Ta)
' (7)

This is the equation used to relate A, ) and the p of
Ta, pi, in the original calculation. If both W„.
and A& are altered by alloying, the thermal conduc-
tivity of the alloy would be given by

Alz Alp +Xp
pI + 8'„
0

+g(2) (3)

In this equation, pI is the total impurity contribu-
tion to the p of the alloy pz and this quantity was
originally taken to be p2 —(pi —po). However, the
analysis of the alloy p data (Table III) showed sig-
nificant shifts in the intrinsic scattering com-
ponent. This component is given by Eq. (1b) and

by defining

pz —3 pro —aT
pj —po pi —po

pr =pi f(pi po)—=~ . —

(4)

(5)

Defining the ratio of the two phonon conductivi-
ties as a temperature-dependent parameter P and
substituting Eqs. (5) and (6) into (3) yields

lpi —f (pi —po)] f(pi —po)

LpT LT +pg(i)

(3')

Then if P and f are known, Eqs. (2) and (3') can
be solved for L and A~" in terms of A, ), A2, pi, p2,
and T. Note that both P and f are ratios, which is
a relatively undemanding method for introducing
the corrections.

Values for f appropriate for each alloy and T
were calculated from Eq. (4}, the experimental p
data (Table II), and the A values shown in Table
III. At higher temperatures these values approach
the (R /Sz ) ratios which are also related to the
respective A values.

Estimates of P, the phonon conductivity ratio,
were obtained from an approximate theoretical cal-
culation. Ratios for each alloy and temperature

An analogous modification of W,'; ' is required, and
assuming that the intrinsic I.orenz function L is
unchanged,

f pl po

where the phonon-phonon resistance for Ta,
Wzz(Ta), was calculated from the modifiedi7'3s

I.eibfried-Schlomann equation. W~ was calculated
from Abeles's formula for the high-temperature
thermal resistance of an insulating solid solution.
The temperature-dependent electron-phonon
scattering resistance W,z(Ta) values were obtained

by using Butler's formula for the T dependence
and by deriving W,z(Ta) from the lower-

temperature (80—120 K} estimates shown in Fig. 3

by making a small ( —10%) correction for
phonon-phonon scattering. Analogous alloy 8',

&

values then were obtained from the superconduct-

ing transition temperatures, ' McMillan's formu-

la, ' and electronic specific-heat values. This cal-
culation suggests that W,~ for all the alloys is
smaller than the value for Ta, but the difference is
more pronounced in the binary Ta-W alloys.

Abeles's formula for W~ requires a value for
the N to U process relaxation time ratio, and this
parameter was taken to be —, for all calculations.
The atomic volumes of Ta and W were obtained
from their lattice parameters and the value for bcc
Hf was estimated from the lattice parameter of a
Ta —30 wt. %%uoH f alloy . Thes esiz evalue sare
critical because the point defect scattering is con-
trolled by the lattice strain term. It should also be
noted that the cancellation of strain and mass
difference terms is not important in this case be-
cause the mass difference part is always small.
The proportionality factor used to evaluate the
strain contribution (Ref. 40) was obtained by com-
paring Abeles's formula with A, data on electrically
insulating solid solutions. '

These estimates of P range from 1.07 (Ta—12
wt. % W at 80 K) to 0.75 (Ta—5 wt. % Hf —5

wt. % W at 280 K). The P values also suggest that
hnear extrapolation of Az from Fig. 3 against
solute concentration will probably yield low Az es-

timates for pure Ta. This is particularly true for
the binary alloys because the model suggests Az

passes through a minimum in our composition
range.

The results of the modified A& calculation are
shown in Fig. 4, which also includes the average
curve from Fig. 3 for comparison. The new calcu-
lation does not reduce the scatter of the four
curves and produces only small changes at lower
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for Ta obtained from Eqs, (2) and (3').

300

temperatures. The major effect is at higher tem-

peratures, where the corrections lower A,z
', reduc-

ing the temperature coefficient toward the value

(1.9X 10 mK/W) predicted by theory. In our
opinion the average curve shown in Fig. 4 is the
best currently available determination of the pho-
non conductivity of Ta. The uncertainty of these
results is smallest at the lowest temperatures, as
shown by insensitivity to the choice of P and f.

Between 80 and 200 K, these A~ '(Ta) values can
be described by

Aq '(Ta}=IVY+ W,q

=5.7&& 10-'T
'2

than the results obtained from low-temperature
experiments.

D. Electronic Lorenz
function

The experimental Lorenz function of Ta is
shown in Fig. 5. This curve was obtained by mak-
ing the phonon conductivity correction with Eq.
(8) and including the small impurity scattering

(po/Lo T) correction to derive the intrinsic elec-
tronic thermal resistance of Ta. The experimental
values for Cu fall below this curve by about 10%%uo

and two theoretical curves are also included for
comparison. The Wilson theory was normalized
at T/8 of 0.5 and falls about 2.5%%uo below the ex-

perimental curve at T/8 of 1.4.
Niobium is a very similar element and a detailed

and successful treatment of its electronic transport
properties has recently appeared. A comparison to
these results was made by assuming that they also

apply to Ta if an adjustment is made for the
differences in phonon properties. This was done

by assuming that 8(Ta)/8(Nb) =235/280. The
comparison is very encouraging (-2%%uo) at lower
temperatures and the difference increases to about
3%%uo at 8. This divergence at higher temperatures
suggests that the phonon-phonon scattering term in
Eq. (8} may be too strong, and using the theoretical
value, 1.9&&10 Km/W, for Wzz(Ta) in Eq. (8)
brings the experimental I. values at higher tem-
peratures into uniformly good agreement with the
Pinski et al. calculation.

This suggests an alternate method for calculating
the A~ of Ta. Assuming that the Pinski et al.4 L

0.14 223+
2 T

223'3 T
Km
W

(8)
1.0

I I I I I I I I

+1%

Theoretical estimates ' of these two resistance
terms are both smaller: the calculated phonon-
phonon scattering is 33% of the value shown
above the electron-phonon term is 60%. Inspec-
tion of Figs. 3 and 4 shows that 8&z is not well

defined by the experimental results and the
thn)ry also frequently underestimates this contri-
bution. The 8',

& disagreement is more serious be-
cause this relatively large resistance is better de-
fined and the theory tends to overestimate this
term. The 8,& found from these intermediate-
temperature results is also over four times greater

0.9
C)

0.7 I

0 0.2 0.4

KI, etal. (Nb, OD = 280K)

ON FORMULA
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8IMENTAL VALUE
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I

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
T/OOEBYE

FIG. 5. Experimental and theoretical temperature
variations of the electronic Lorenz function of Ta. An
experimental curve for Cu is included for comparison.
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Comparison to Eq. (8) shows that the principal
change is in the phonon-phonon term and the
electron-phonon resistance decreases only 7% and
remains considerably larger than the theoretical
value.

We note in passing that the electronic Lorenz
function of Ta is essentially equal to the Sommer-

calculations apply exactly defines the electronic
thermal conductivity versus temperature and Ay

can then be obtained from the measured l(, values

by subtraction. The results of this calculation can
be described by

(Ta) =0.027T

feld value at the highest temperatures investigated.
The fact that there is no evidence of deviations
from the theoretical value is similar to the observa-
tions for Nb, and, in that case, the data extend to
1300 K.
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