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Shape dependence of the conduction-electron spin-resonance g shift in a small sodium particle
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A previous calculation of the size dependence of the conduction-electron spin-resonance g
shift for a small particle of sodium with cubic shape is extended to the case of a particle with

spherical shape. Within a model where the conduction-electron wave functions are approximat-
ed by single orthogonalized standing waves, it is found that one of the major size-dependent

contributions to the g shift displays, for a spherical particle, the same qualitative size dependence
as was obtained previously for a cubic particle. Specifically, we find that this term can be writ-

ten as Sg(A) = [1—P(a/R)]sg(~), where a is the 1attice constant, P is a parameter of the order
of unity, R is the radius of the spherical particle, and Sg(~) is the bulk g shift.

I. INTRODUCTION

In previous papers" (Ref. 2 will henceforth be re-
ferred to as I) we have proposed and developed an
orthogonalized-standing-wave (OSW) method for cal-
culating the conduction-electron wave functions in
small particles of simple metals. Furthermore, we
have applied this method to make a detailed study of
the size dependence of the conduction-electron spin-
resonance (CESR) g shift in a small particle of sodi-
um. Our motivation for this study was that the only
other existing theory of the size dependence of the
CESR g shift, developed by Kawabata, ' is in disagree-
ment both with recent experiments, and with a one-
dimensional model calculation. 5

The OS% method is a finite-size generalization of
the standard orthogonalized-plane-wave (OPW)
method, ~herein the conduction-electron wave
functions are modeled as standing ~aves in a finite
volume which are orthogonalized to all core states of
the metallic atom. In our previous work' we have
assumed that the finite volume in which the conduc-
tion electrons are confined is a cubic box of edge
length I.. Thus, our previous calculations of the size
dependence of the CESR g shift in both the single"
and multiple OSW approximations are strictly valid
only for a small cubic shaped particle of sodium. We
have, ho~ever, made the assertion' that our results
for the size dependence of the g shift do not depend
strongly on the restriction to that shape.

It is the purpose of the present Brief Report to
present the results of a calculation of one of the ma-
jor contributions to the CESR g shift, within the sin-
gle OS% approximation, for a sphericaI particle of
sodium and to thus confirm this assertion. Measure-
ments of the g shift and other CESR line-shape prop-
erties in small metallic particles as functions of parti-
cle size are of considerable interest to a number of
experimental groups4 9 22 and the experimentally

prepared particles are neither cubic nor truly spherical
in shape. Thus knowledge that the size dependence
of these quantities is essentially independent of parti-
cle shape should be useful for experimental-
theoretical comparisons.

II. REVIEW OF RESULTS FOR A SODIUM CUBE

In I, we have shown that the term denoted as SgP
(Refs. 8 and 23—30) is one of the dominant size-
dependent contributions to the g shift in sodium. We
have found that, 2 for a sodium cube of edge length
I., this term can be written in the single OSW ap-
proximation as

'( )-4'
P VF h PF 2

and

J (yr) = l Jl/2(yp') + 2J3/2(y p') ]/3,

Ja(yr) = i Jl/2(yF) J3/2(y F) ~/3 ~

(Ib)

(Ic)

in which

J (yr) = J R (r)j t(yrr)r~dr . (Id)

(Ia)

where a,3 is the unit cell volume, y F is the Fermi
wave vector of the small particle (which, in general,
can depend on size and is not necessarily equal to the
bulk Fermi wave vector kr), y„r, y„r, and yr'are its
x and y components and magnitude, the angular
brackets denote an average over the Fermi surface,
and a„ is the effective simple cubic lattice constant
for sodium. 2 The latter quantity is defined as a
= a/(2)'/3, where a is the true bcc lattice constant.
In Etl. (Ia), we have defined the functions
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Here the functions R (r) are the radial parts of the
wave functions for the 2pt(2(n = —,) and

1

2p3(2((((= —,) core states of sodium, and j t(year) is a

spherical Bessel function of order 1. The functions
8 (r) have been calculated and displayed in
parametrized form by DeGraaf and Overhauser. 8

As is discussed in I, in the calculation of Sgp,
which leads to the result shown in Eq. (1), the rela-
tionship

L =(N+1)a„ (2)

(3)

where n is a parameter of the order of unity and
Sgp(~) is the bulk value of BgP. Furthermore, we
have shown in I that this form is unchanged if a
more accurate multiple OSW calculation' is per-
formed. It should also be noted that the size depen-
dence predicted by Eq. (3) is expected to be qualita-

has been assumed, where N is the number of atoms
along a cube edge and a simple cubic lattice has been
assumed. As is shown in detail in I, altering this re-
lationship or choosing the correct, but calculationally
more difficult, bcc lattice for the sodium particle will

serve only to slightly change the multiplicative factor
in front of the size-dependent correction a„/L in Eq.
(1). The calculations of I also have been shown that
the Fermi surface has only a weak size dependence
which can, for all but the very smallest particles, be
neglected in comparison with the size-dependent pre-
factor in Eq. (1).

We thus conclude in I that the size dependence of
Sgp for a sodium cube may be written approximately
as

tively correct for particles other than sodium and that
it is in qualitative agreement with the size depen-
dence of the g shift observed by Millet and Bore14 for
small magnesium particles.

III. OUTLINE OF SINGLE OS% THEORY FOR
A SPHERICAL PARTICLE OF SODIUM

While the calculational details of the OSW method
are different for cubic and spherical shaped particles,
essentially all of the general formalism is identical for
the two cases. Thus only a brief outline of the theory
will be given here and the reader is referred to I for
more details. Furthermore, since the results of I
show clearly that the multiple OSW approximation
results for the size dependence of the g shift are
qualitatively similar to the single OSW results, and
since the multiple OS% calculations require a large
amount of computation, while the single OSW calcu-
lations can be done essentially analytically, only the
single OSW approximation will be discussed here.

Following I, we assume, in the spirit of the frozen
core approximation, that the core states are un-
changed in the cluster from those in the infinite crys-
tal. We can thus describe these states in the same
parametrized form and with the same values of the
parameters as DeGraaf and Overhauser' have done
for their bulk sodium wave functions. Also following
I, in order to simulate the effect of the potential bar-
rier at the surface of the spherical particle of radius
8, we assume an infinite potential barrier at the sur-
face.

In the single OSW approximation, the spin-up con-
duction electron wave function for a spherical particle
of sodium is written as

Pt~(k(„, r ) =Bt (ki„) S (ki„, r )(0) —XPt~(R, , k(n) U, ( r —R, ) (4)

where the arrow indicates spin up, S (ki„, r ) is a
free-electron standing wave normalized to unity in
the volume V=4m R'/3 of the sphere, the U, ( r )
are the atomic core state wave functions for sodium
as calculated by DeGraaf and Overhauser, ' and o. la-
bels the core states. The standing wave has the form

S (k )
2 i((k(.r) I'( (I( 4)

li(+t(k(A) I

where j~ is a spherical Bessel function of order /, F~

is a spherical harmonic, l is a positive integer, and m

is an integer in the range l ~ m ~ l. In Eqs. (4) and
(5), k(„ is a quantity which plays the role in the small
particle that the wave vector does in the bulk. It has

1

the value

kin x(n/~ (6)

where x~„is the nth root of the (th spherical Bessel
function. In Eq. (4) the orthogonalization coeffi-
cients Pt (R,, ki„) are equal to

P t~ (Rg, k(„) = J U„' ( r —R))S ( k(„r ) (()d3r,

the sum over lattice sites R, goes over the finite
number of atoms in the cluster and Bt (ki„) is a
normalization coefficient, approximately equal to uni-

ty. We shall set it equal to one in what follows, since
it does not significantly affect the results of our cal-
culations.
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In order to establish a connection between the ra-
dius R of the spherical particle and the number of
atoms in the cluster, we first assume that the lattice
parameter in the small particle is unchanged from its
bulk value. " For further simplicity we assume, fol-
lowing I, that the particle has a simple cubic lattice
structure with the same average density as the body-
centered cubic structure found experimentally for
bulk sodium. " This means that we choose the lattice
parameter a„of the sc structure as

a„=a/(2)' (8)

IV. RESULTS FOR THE g SHIFT OF A SPHERICAL
SODIUM PARTICLE' CONCLUSIONS

The formalism for the calculation of the g shift in
bulk materials is complicated and has been discussed
by a number of authors. We have also briefly
reviewed it in I. Furthermore, although this formal-
ism was developed for bulk crystals, we use it here,
following I, to calculate the g shift in a small particle
while realizing that the ideal formalism to use would
be one designed specifically for finite crystals. Un-
fortunately, such a formalism does not, at present,
exist.

Since we have shown in I that one of the major
size-dependent contributions to the g shift is the term
in the bulk formalism denoted as Sg, ' we will

calculate only this contribution here. The formal ex-
pression for this quantity, evaluated at wave vector k
is8

Sg (k) = „td'r Pt(k, r )L,gt(k,—r), (10)

where pt(k, r ) is the predominantly spin-up
conduction-electron wave function for that wave vec-
tor, which for the small particle we take to be given
by Eqs. (4)—(7) and L, is the orbital angular momen-
tum operator.

Since CESR experiments measure only the Fermi-
surface average of the g shift, Sgp(k) must be
evaluated at the Fermi wave vector kFI„of the small

where a is the bcc lattice parameter (we use a = 7.984
a.u. in all of our calculations). Finally, we assume
the (admittedly somewhat arbitrary) relationship

R = J3(N +1)a„/2,
where N is the number of atoms along a cube edge.
[A sphere of this radius will entirely enclose a cube
of edge length L, where L is given by Eq. (2).] It is
shown in I, and we have reverified in the present cal-
culation, that the precise choice of relationship
between a linear dimension of the conduction-
electron container and the number of atoms along a
cube edge does not appreciably affect the results for
the g shift.

particle and averaged over all integer values of I and
n on the Fermi surface. Combining Eqs. (4)—(9),
putting the result in Eq. (10), evaluating the result to
lowest order in the spin-orbit coupling, and averag-
ing over the Fermi surface, leads, after a considerable
amount of algebra, to the expression

&sc

where the functions J~ and Jq are defined in Eqs.
(1), H p is the angle that the Fermi wave vector makes
with the Z axis, and the angular brackets denote an
average over the Fermi surface. (That is, over all
values of the index n which lead to a k~I„of the same
modulus. ) As is shown in Eq. (11), only the spheri-
cal Bessel functions in Eq. (4) with I = 1 contribute to
the g shift. This is understandable from the form of
the coefficients pi (R~,ki„) [Eq. (7)] and the fact that
only the core p states contribute to Sg~.8 Further-
more, as is reasonable, the g shift Sg is completely
independent of the index m

Comparison of Eq. (11), the single OSW expres-
sion for the contribution Sg~ in a spherical sodium
particle and Eq. (1), the result for the same quantity
in the same approximation for a cubic particle of
sodium, shows that the predicted size dependence is
qualitatively the same in both cases. In fact, Eq. (11)
can be obtained from Eq. (I) by the replacements
L 2R/J3, 7 p k~ and (7„'p+y~~)/7 p sin'Hp.

Although the Fermi wave vector and Fermi-surface
average have minor size dependences, the dominant
size dependence of Eq. (11) lies in the factor
(1 —J3a„/R). Furthermore, as in I, we have veri-
fied that varying the relationship between R and N,
Eq. (9), only changes the multiplicative factor in
front of the quantity a„/R and leaves the functional
form of Eq. (11) unchanged. Thus, to a good ap-
proximation, Eq. (11) can be rewritten as

(12)

where p is a parameter of the order of unity and
Sgp(~) is the bulk value of 5gp.

Clearly, this result is merely the generalization of
Eq. (3) to the case of a sphere. Since we have shown
in I that Eq. (3) holds in the multiple OSW approxi-
mation and that Sg~ is one of the dominant terms in
the g shift for a cubic particle, it is a reasonable as-
sumption that similar conclusions also hold for the
spherical particle result, Eq. (12). Thus the size
dependence of the CESR g shift for a small sodium
particle should be qualitatively independent of the
shape of the particle.

The results found in I for the size dependence of
the CESR g shift for a cubic shaped sodium particle
[summarized for Sgp in the present paper in Eqs. (1)
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and (3)] and the results obtained here for the size
dependence of Sgp for a spherical particle of sodium,
are both in qualitative disagreement with Kawabata's'
prediction that the CESR g shift should increase with

particle size as the square of an average linear dimen-
sion. Since our model for the conduction-electron
wave functions in a small particle and Kawabata's'
model (see I for a review of Kawabata's theory) are
very different, it is difficult to make an accurate as-
sessment as to which theory is correct. However, it
does appear from the results obtained here and in I
that Kawabata's theory is incomplete. It should thus
be used with caution by experimentalists interpreting
data.

In summary, the major conclusions of this work
are that (i) within the single OSW approximation, the

size dependence obtained for the CESR g shift of a
small sodium particle is essentially independent of
the shape assumed for the particle; (ii) this result is
expected to carry over if one performs a more accu-
rate multiple OSW approximation; (iii) the single
OSW approximation, while not expected to be quanti-
tatively accurate, is useful for obtaining a qualitative
picture of the conduction-electron wave functions in
small metal clusters and therefore is useful for ob-
taining a qualitative functional dependence of experi-
mentally measurable quantities on particle size; and
(iv) Kawabata's theory of the g shift is not complete
and must be applied to the interpretation of experi-
mental data with caution. It is furthermore reason-
able to speculate that conclusion (i) should also hold
for other measurable quantities.
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