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Magnetic excitations in amorphous ferromagnets
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The magnon excitations near the first P'(Q) maximum in amorphous ferromagnets have

been reexamined by the use of a triple-axis polarized-beam spectrometer. This technique

permits us to separate inelastic magnetic cross sections from phonons and all elastic com-

ponents. We point out that this technique is not useful once the magnon excitation energy

becomes smaller than the instrumental width. We have examined three different Fe-based

alloy compositions at room temperature. In each case our results are consistent with a
mechanism involving "umklapp scattered" long-wavelength spin waves with no energy gap.
We compare our results on Fe75Pi5C~p with those of Mook and Tsuei who interpreted their

results in terms of a 19-meV energy gap in Fe75P)5C)p.

I. INTRODUCTION

The power of polarized neutrons for magnetic
studies was amply demonstrated by Moon, Riste,
and Koehler in their classic paper on polarization
analysis. ' One application of the technique is the
study of magnetic excitations with a polarized in-

cident beam without polarization analysis of the
scattered beam. If we place a ferromagnet at the
sample position in a horizontal magnetic field
(parallel to the scattering vector Q), then the differ-
ence of spin-up (+) and spin-down ( —) cross sec-
tions selects out only the inelastic spin-wave com-
ponent. This is particularly suitable for the study
of amorphous ferromagnets to separate out the non-

magnetic scattering. The technique was successful-

ly applied by Mook et al. and by Mook and Tsuei
for the study of magnetic excitations in amorphous
ferromagnetic alloys, in particular, near the first
peak in 5 (Q) around Qu-3 A

Mook and Tsuei reported a detailed study of
Fe75P]5C&0 and their major observations are
schematically depicted in Fig. 1(b). They utilize a
time-of-flight polarized-beam spectrometer with the
correlation technique for a high efficiency of data
collection. They have succeeded in observing the

dip in magnetic excitation energy near the max-

imum of W(Q) and reported a rotonlike gap of 20
meV at room temperature at Q =Qo. Theoretical
models have been proposed to explain this type of
magnon energy gap.

Recently, we have designed a new polarized-beam
spectrometer with a variety of modulation tech-

niques in mind. In the process we carefully reexam-
ined the problems associated with the above
polarized-beam technique for inelastic scattering.
We came upon the following simple conceptual
problem concerning the interpretation of the data.

6000—

C;

E 4000—

2000—
O
O

(a)

4 (Q)
Ef=30 meV

AI

n
(I

I
Ii
( I

I
I

I I

Fe75 PI5 CIO

N0. 5

3.0

Q(A )

(b)

60—
I

40—
l5

20—
X

0

Mook —Tsuei

75

I I I

2 3 4

Q ( A-I)

200—

I 00—

'0

(c)

—X (Q, o))
g+- J-+

Q= 3A

I I

20 40
E {meV)

FIG. l. (a) Maximum of P'(Q) is demonstrated for
amorphous ferromagnet Fe75Pi5C]0 at room temperature.
The data were taken with an analyzer set at 30 meV.
Previous magnon data of this compound by Mook and
Tsuei (Ref. 3) are schematically shown in {b) and (c);
E; =120 meV.
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The measurements consist of taking the differ-
ence of counts in the (+) (flipper OFF) and ( —)

(flipper ON) channels at a given setting of Q and co.

Neglecting magnon-lifetime effects we have P"-++0
and P'+ =0 for co & 0, while P' +—=0 and &++0 for
a) &0. In the limit %co &~kT,

P'+-(co & 0)=P'+(co &0)

so that P'+-—P'+ is an odd function of co. The
measured intensity is a convolution of P'+-—P'+
with the appropriate instrumental resolution (even
in co) and therefore passes through zero at co=0.
This technique thus will produce a peak at a finite
energy even for a gapless excitation spectrum. The
peak in this case is essentially determined by the in-
strumental energy width. This peak can be mistak-
en as an indication of the magnon energy gap. It
appeared to us worthwhile to reexamine the mag-
netic excitations in amorphous ferromagnets from
this particular viewpoint.

This paper reports the measurements on magnetic
excitations in the three different amorphous fer-
romagnets shown in Table I. The spin-wave disper-
sion of sainple 1 at small Q was previously reported
by Axe et al., and sample 2 was specially prepared
for the current experiments aiming for a highest
concentration of ferromagnetic Fe atoms in an
amorphous state. Sample 5 is the identical sample
previously studied by Mook and Tsuei, who kindly
provided us with the sample. Most of the measure-
ments were made on sample 5 since it was the one
in which a large magnon energy gap had been re-
ported.

II. EXPERIMENTAL

The measurements were carried out at a triple-
axis spectrometer at the high-flux beam reactor at

Brookhaven National Laboratory with the configu-
ration illustrated in Fig. 2(a). Sample S is exposed
to an unpolarized beam from a monochromator, py-
rolytic graphite (002). The horizontal magnetic
field of 7.5 kOe is applied along the scattering vec-
tor Q, then the neutron polarization is rotated to the
vertical position by a guide magnet. The flipper is
placed just before the analyzer, Heusler (111).

This geometry is inverse to the conventional set-

up in which polarized neutrons are created at the
monochromator and the energy analysis is done ei-
ther by the time-of-flight (TOF) technique or by a
nonpolarizing crystal analyzer. The procedure of
the measurement is identical in both setups. As
shown in Fig. 2(b), for a single-crystal sample of
Heusler alloy the OFF and ON channels cleanly
pick up the expected magnetic excitation. Note that
the Heusler (111) analyzer reflects ( —) neutrons
when the flipper is off, in contrast to an Fe polariz-
er where the channels are reversed. For the study of
amorphous ferromagnets, where we expect large
elastic scattering as well as nonmagnetic inelastic
cross sections, we take the difference of OFF and
ON counts. This process should eliminate all but
magnetic inelastic cross sections and we expect the
curve to go through zero at the elastic position.
However, this simple picture can be distorted by a
polarization effect which we will describe later.

We should point out in passing that the inverse
geometry has a considerable intensity advantage
over the more conventional polarizer-sample-
graphite arrangement. This is due to the fact that
the sample-counter distance is usually considerably
shorter than the sample-source distance. Even
standard magnetic form-factor measurements may
benefit by using this arrangement for a good signal
with a low background.

TABLE I. Magnetic properties of amorphous ferromagnets.

Samples

Composition

Tc

pq/Fe atom at 295 K
D meV A at 295 K
Effective thickness

Transmission-polarization
effect at 30 meV'
Correction factor at 30 meV"

1

(Fe93MO7)soBioPio

450 K
~ lpga

68
2 mIIl

0.6%

&0.2%%uo

2

Fe848i6

620 K
1.8pg
140

-2 mm

2.2%

—1%

5

Fe7sPisCio

600 K
1.8pq

149
—1 mm

3.4%

—1.3%

4
Fe ingot

1042 K
2.2pg
280

6 mm
(0.6 mm)

20%
(2%)

—15%
'Defined as the fractional increase in transmission of one polarization state relative to the other.
Empirical effective transmission-polarization factor necessary to antisymmetrize (OFF—ON) counts around DE=0

(see text).
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Figure 1(a) shows a typical elastic scattering
P' (Q) of amorphous ferromagnets. Actually, these
data were taken with the analyzer set at 30 meV.
We have selected most of our inelastic scans with

0
the constant Q03.05 A '. This Q is close enough to
the P' (Q) maximum and avoids contamination
from the Al(200) peak. Selected scans were also
carried out with constant E configurations. Mag-
netic excitations were clearly observed as the differ-
ence of OFF and ON counts and clearly peaked
near Q =Qo as found by Mook and Tsuei. These
are, however, less than 10% of the total inelastic
cross sections, thus, a very long counting time was
required to accumulate adequate statistics.

Let us now examine more closely the observed in-
tensities. The data for sample 1, (Fe95Mo7)soBioPio,
are shown in Fig. 4; the upper part depicts average
counts of OFF and ON channels normalized to 1%
of the counting time for obtaining the difference

FIG. 2. (a) Experimental setup of polarized-beam
triple-axis spectrometer. Sample S is placed in a hor-
izontal magnetic field of 7.5 kOe. (b) Test of overall ef-
ficiency by using magnons from a Heusler single crystal
at room temperature.
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We have limited our measurements to the range
of final energy Ef from 24 to 60 meV, and an ener-

gy transfer of 15 meV. This is simply a matter of
intensity and counting time. The TOP technique '

is far more efficient than the triple-axis polarized-
beam spectrometer for this type of measurement.
We emphasize that we are only concerned with the
cross sections at low energy transfer.

All of our samples are placed in an aluminum
container with an area of 25X25 mm . The colli-
mators are all 40 min except for 100 min between

sample and analyzer. The overall polarizing effi-

ciency was tested by placing a matching Heusler
(111)at the sample position in a vertical field. The
fiipping ratio ranges between 15 and 40 for the ex-
perimental conditions employed. The data shown
in Fig. 2(b) demonstrates the proper functioning of
the system.

In order to properly compare the data on these
amorphous samples, we have characterized them
further under identical conditions by performing
conventional unpolarized small-angle magnon stud-
ies as shown in Fig. 3.
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FIG. 3. Characterization of three amorphous fer-
romagnets at room temperature. All of the small-angle
magnon data were taken with the identical experimental
conditions. Note that magnon intensities of sample 1

are weaker (at the same energy) in comparison with the
other two samples.
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counts, except at the upper end where they are
scaled to 10% counting time. These are comparable
to the observed-difference cross section. The pro-
files of the average intensity represent the energy
resolution at this energy. We could not extend our
measurements beyond the energy transfer of —5

meV (neutron energy gain) because the horizontal
magnets interfere with the scattering arm carrying
the flipper. We note that the difference counts
OFF—ON go through zero near the elastic position
as expected.

We observed peaks at -2 meV, both energy loss
and energy gain. As we will see later, these peak
positions are consistent with the resolution effect
and they do not necessarily signify an energy gap.
The peak position shifts to higher energies when we
increase Ef from 30 to 60 meV reaching around 6
meV. The identical sample was studied by the
correlation technique with F.; =120 meV (and cor-
respondingly coarser resolution) and the peak ob-
served around 11 meV, also approximately what
one would expect from resolution. We thus con-
clude that a gap may exist but it is not detectable
under the current experimental conditions if it is
smaller than 2 meV.

The data for the Mook- Tsuei sample S,

Fe75P&5C&0, gave an entirely different appearance at
first glance as shown in Fig. 5. The OFF—ON
differences do not show an expected antisymmetric
shape which goes through zero at the elastic posi-
tion. Instead, they exhibit a sharp peak near
hE =0, the characteristic shared with another
amorphous sample 2, (Fes48t6). In order to resolve
this unexpected extra component we have carried
out a series of tests comparing the amorphous sam-

ples and polycrystalline Fe ingots of various
thicknesses. As demonstrated below, this is due to
a bea, m-polarization effect within the sample, an ef-

fect known for many years.
First, we measured the polarization of the unscat-

tered beam after transmission through the sample.
In Fig. 2(a) we set the Heusler analyzer at 28s ——0
and measured the OFF —ON difference. As listed
in Table I, samples 2 and 5 show considerably
larger polarization effects than No. 1, while the Fe
ignots clearly demonstrate the thickness dependence
of this effect. The (+ ) neutrons (detected at the
ON position) are more efficiently scattered out than
the ( —) neutrons by the sample; thus the sample,
on the average, is irradiated by a larger number of
( —) neutrons. This is a relatively minor effect of
the order of a few percent at most and is inconse-
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FIG. 5. Identical data presentation with Fig. 4 for
the Mook-Tsuei sample Fe-,5P~5C~O. The sharp peak
around zero energy transfer is due to a transmission-
polarization effect (see text).
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quential in regular scattering experiments. This be-

comes a very serious correction when we take the
differences of two large numbers near AE =0. As
shown in Fig. 5, the central elastic (mostly nuclear)
component is 100 times larger than the difference
counts.

We have so far failed to find an analytic prescrip-
tion for correcting the data for this polarization ef-
fect. If we directly apply a 3% correction (the
value obtained from the transmission measure-
ments), the difference peak on the positive side is
considerably overcorrected. This is qualitatively
understandable since the OFF—ON transmission
difference may include additional spin-flap effects.
We then adopted an empirical approach by assum-

ing that the effective absorption correction must
bring the difference count to zero at b,E =0. This
entails reducing the ( —) neutron counts by 1.3%
before taking the difference. The corrected data are
shown by solid circles in Fig. 5(b).

This same empirical approach discussed above
fails at Ef 60 meV——. Subtraction of a constant
fraction of the measured quasielastic cross section
[solid line, Fig. 6(a)] from the raw magnetic scatter-
ing [Fig. 6(b), solid line] does not produce the re-

quired antisymmetric line shape. However, interest-
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FIG. 6. Energy dependence of the data for
Fe75P]5C/0 Note the transmission-polarization correc-
tion is somewhat smaller for higher energy of EF——60
meV.

ingly enough, an acceptable antisymmteric line

shape [dashed curve, Fig. 6(b)] results by subtract-
ing from the raw data of Fig. 6(b) a constant (1%)
fraction of the "elastic" component of Fig. 6(a) (i.e.,
the dashed curve with the intrumental linewidth).
We have no detailed justification for this ad hoe

procedure. But note in this regard that the observed
quasielastic linewidth is significantly larger than the
resolution linewidth at 60 meV, in contrast to the
case for the 30-meV data. This presumably reflects
the increased contribution of inelastic processes due

to poorer resolution at high energies.
We have tried to prove this transmission-

polarization effect by the measurements on Fe in-

gots, where all cross sections are known. With a
large 2 —6 mm thickness the polarization effects are
so dominant that it was. not possible to extract
meaningful cross sections. With decreasing thick-
ness the magnon intensities decreased; no suitable
experimental "windows" were found for Fe which
has a sharp strong elastic peak and a very large
stiffness constant D.

We have to resolve one more question about the
polarization correction. Why is the polarization
correction much smaller in sample 1 which shows a
magnon cross section (see Fig. 3) approximately
50% smaller than that of sample 5, but has a cen-

tral component at least six times weaker? This is

probably due to the fact that the spin-wave cross
section is proportional to (S) at low temperatures

(T&&T, ) while the polarization effect is propor-
tional to (S) at room temperature. We made the
transmission measurement of sample 1 as a func-
tion of temperature, and it shows an increase from
0.6% at room temperature to 1.2% at 10 K.

IV. DISCUSSION

While thinking about inelastic magnetic scatter-
ing measurements at large momentum transfer it is
important to keep in mind the possible distinction
between the momentum transfer at the scattering
event Q and the momentum of the excitation q so
produced. The distinction is clear in crystalline sys-
tems where the two may differ by any lattice-
reciprocal-lattice vector Q —q =GI,k&. In this "um-

klapp" scattering the deficit momentum is taken up
by the lattice as a whole. It is less widely realized
that essentially identical processes occur in amor-
phous solids as well. ' Neutron scattering mea-
surements unambiguously establish that spin waves
with a well defined momentum q occur for suffi-
ciently long wavelengths, q &q «(2m/d) where d
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represents the interatomic spacing. It it therefore
essential to understand to what extend these small q
excitations contribute to the higher momentum neu-

tron scattering.
The expression for the appropriate generalization

of umklapp ferromagnetic spin-wave scattering for
a monoatomic amorphous solid is derived in the
Appendix,

P',+—„(Q,co) =2Sl(,(Q) g (nq+ 1)
)q) (q

XP'„(Q—q)5(to —Dq ) .

(1)
Equation (1) represents a convolution of the spin-
wave spectrum with the elastic nuclear-structure
factor

~o(q) ~—I y —2w(Q) i Q I

I

(a)

I
/l

/I

/lIII l

Qp

At Qp
with 21 (Res) =0

k(Q pcu)

—-- X(Qp~) pFF

(b)

(c)

Qp

21 (Res) =0

21 (Res)
finite

From the form of the expression it is clear that one
expects to see scattering due to they &q~ spin
waves centered about those values of Q for which
5 „(Q) is sharply peaked. The subscript sw re-

minds us that this is only a portion of the total
magnetic inelastic cross section that has to do with
well defined wave vectors

I q I &q . There are con

ceivabgl other sharp contributions to P'-+(Q, to) at
large Q which represent new physics. But certainly
P'+-(Q, co) contains P';+„(Q,co). Equation (1) does
not represent simply a replication of the long-
wavelength spin waves. To see what is implied it is
only necessary to carry out the convolution indicat-
ed in Eq. (1). This is performed in Appendix I.
The essentials of the result can be most easily
grasped by approximating P'„(Q) by an infini-
tesimal spherical shell,

~'(Q) =@
I Q I

—Qo) .

This is equivalent to a polycrystalline approxima-
tion, for which

SA, (Q) Qo

I
to

I »(Q —Qo)' (2)

I

~
I

&D(Q —Qo)'.

Because of the smearing due to rotational averag-
ing, the scattering is not sharply defined in Q but is
constrained to lie within and smoothly fill a volume
bounded by a parabolic surface of revolution [Fig.
7(a)]. There is, of course, no gap in this spectrum.

%e have tested this umklapp model to see wheth-
er it is consistent with our observations of the mag-

60 Ef 30Ef

FIG. 7. Schematic presentation of magnon measure-
ments by the polarized-beam technique. (a} %'e assume
a simple cross section {with uo gap) around the P'(Q)
maximum Qo. {b) With ideal resolution condition
(21'=0), P'(Qo, co) peaks at co=0 but g(Qp ci)) ( P'a))
show a peak at finite co. (c) OFF—ON counts remove
phonons and elastic components and diverge at co=0.
(d) Finite resolutions create a peak in OFF—ON counts.

netic scattering seen around the first elastic diffrac-
tion maximum. This was done by convoluting

given by Eqs. (AS) and (A6) with the appropriate
instrumental resolution functions for several typical
cases. Some results are shown in Figs. 8 and 9. For
the "amorphous" case we have approximated
P'„(

I
Q'I ) by a triangular function with the ob-

served full width at half maximum (FWHM). The
"polycrystalline" approximation was discussed
above.

To recapitulate the essential points of the um-

klapp model one begins with the established fact of
well-defined spin-wave excitations at small wave
vectors. These excitations cause scattering around
the first diffraction maximum at Qo (and subse-
quent maxima as well) but with an altered (diffuse)
momentum distribution [Fig. 7(a)]. At Qo this
gives rise to P'+-—P'+ shown in Fig. 7(b) (assuming
no intrinsic spin-wave damping). With finite spec-
trometer resolution, which increases with increasing

Ef, the observed intensity differences show ap-
parent gaps [Fig. 7(c)].



26 MAGNETIC EXCITATIONS IN AMORPHOUS FERROMAGNETS 2581

LLI

I-
~ 2

CO
K

CA(- 0
0
O
Z0 -2—

I
4
40

(Fe93MOT )80 8(oP(o
I

g g ( I

/

( ~~ (

-5 0
I

IO

(No. I)
I

Ef 60 meV

Q= 3.05 4 '

T = 290K

LINE MODEL

N,
MODEL

I

l5
400 —

(b)

C

E0 2000
lA(-
Z 00O
20

i -200-
tL..

0
-400—

Ef = 30meV

Q=3.05 A

T = 290K

UNCORRECTED DATA

COMPUTER
CALC UL AT ION,
AMORPHOUS MODEL

I

IO
I

-5 0 5
E(~ev)

FIG. 8. Numerical calculation of [P',+—„(
~ Q ~,co)

—~+(
~ Q ~,co)] described in the text for sample 1 con-

voluted with the appropriate spectrometer resolution
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polycrystalline model is compared to the amorphous

model for a final neutron energy of 60 meV. In (b) the
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experimental data for a final neutron energy of 30 meV.
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There is one other very important feature of the
Mook-Tsuei result which should be emphasized.
They chose to present

X"(
Q, co)=[n(co)+1] 'P' (Q,co)

rather than P' (Q,co). Since for fuu «kT,
X"(Q,co)=(fuolkT), W~(Q, co) is odd in co and

shows a peak at finite co even if P' (Q, co) does not

[see Fig. 7(d)]. Furthermore, a peak in g"(Q,co)

does not necessarily imply a gap. [Consider, for ex-

ample, a simply Debye relaxation for which

X(co)-(1 icos} ' (Ref—. 11).] Mook and Tsuei's
X"(Q,co) when converted to P'(Q, co} shows no peak
at finite co, as shown in Fig. 1(c},and we can specu-
late that they might have reached a very different
conclusion concerning a gap if they had been look-

ing at P'(Q, co) rather than g"(Q,co). Another
equally important point is that in converting ob-
served intensity into X"(Q,co) [or 5 (Q,co)] one
must be careful to first remove resolution effects
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which can cause considerable distortion [Fig. 7(c)].
Finally, we would like to comment on the expres-

sion "a rotonlike, " used in conjunction with excita-
tions in amorphous ferromagnets. In the umklapp
model discussed above P',—+„(Q,co) had features rem-

iniscent of rotons in superfluids but it seems un-

necessary and possibly misleading to pursue them.
The dynamics of P';+„(Q,co} is only that of the
long-wavelength spin waves. %e believe that our
data are satisfactorily explained by P',+-„(Q,co). It is
not clear that the Mook-Tsuei data, which princi-
pally explore larger energy transfer than was possi-
ble in these experiments, can be explained by
P';+„(Q,co).

The more basic question of a rotonlike behavior
is whether the amorphous ferromagnets have a
genuine energy gap at Qo and this is the question
we are reexamining in this paper. Alben states his
opinion that a rotonlike dip in amorphous fer-
romagnets is explained "in terms of static structural
correlations rather than dynamical effects. "Alben's
results do not give a peak in W,s(QO, co) as a func-
tion of co, although they would produce a peak

0
E(meV)

FIG. 9. Numerical calcu(ation of [~,—„(
~ Q ~,co)

—~+(
~ Q ~, co)] for sample 5 according to the amor-

phous model described in the text convoluted with the

appropriate instrumental resolution function is com-

pared to corrected experimental data for a final neutron

energy of (a) 60 meV and (b) 30 meV.
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qualitatively similar to those reported by Mook and
Tsuei in 7"(Q,co).

The triple-axis data described above fall short of
providing a complete quantitative picture of low-

energy magnetic excitations near the P'(Q) max-
imum in amorphous ferromagnets. They do point
out, however, two important features not previously
discussed. One is the resolution effect which au-

tomatically creates an apparent gap. Another is the
transmission-polarization effect which distorts cross
sections near h,E'=0. Obviously, one must carry
out the orthodox inelastic polarized-beam experi-
ment with polarization analysis in order to lower
the upper limit of the gap below 2 meV. This is
planned in the near future.

Very recently, we were informed by Cowley of
new triple-axis measurements' on an amorphous
sample very similar to our sample 2. They ap-
parently also reached the conclusion of "no gap"
through somewhat different reasoning. We feel it is
important that independent measurements are being
carried out to clarify this important question in

amorphous ferromagnets.¹teadded. After this manscript was submitted
Mook informed us that he has reexamined

Fe75P]5C~O at improved signal-to-noise ratio with
his time-of-flight instrument. The data taken near

Qp show considerable scattering at small energy
transfer in qualitative agreement with what we have
identified in this paper as umklapp scattering from
long-wavelength spin waves. These new data extend
considerably beyond the 10-meV energy transfer
studied here, and when presented as X"(QO,E),
show a broad peak at —17 meV.
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principle applies equally to other long-wavelength
excitations (e.g. acoustic phonons). Assuming that
the spin and positional degrees of freedom are in-
dependent, the transverse magnetic inelastic scatter-
ing is given by

~,s(Q, co)=~-+(Q,co)+P'+(Q, co),

where

~+(Q ) g(Q) g e
—2w(Q)ei Q ' !

l

So+ 0 SI

Xe'"'dt, (A 1)
where Si-+(t) is the time-dependent spin variable on
the atom at vector position t, and A,(Q) is the
square of the neutron-spin coupling constant. The
spin-spin correlation function even in the one-
magnon approximation is not simple for an amor-
phous material, but we know that there is a macro-
scopic limit in which q is much smaller than (in-
teratomic spacing) ' for which simple spin waves
should be appropriate. This contribution is readily
evaluated, '

f (So+(0)Si (t))e'"'dr

2S ~ +
~

(ne+ 1)e' q '
5(co —coe )+

q~lel&e ~

where the ellipsis stands for contributions from oth-
er long-wavelength spin waves.

The spin-wave contribution to P'+-(Q, co) is

P';+„(Q,co)

=2SA(Q) g (ne+1)5(co Dq )—
lel &e

—&n'iQi ii Q —q i

I

which leads, by definition of P'„(Q},to Eq. (1).
The corresponding expression for the long-

wavelength spin-wave contribution to 5 +(Q,co) is

P'+„(Qco)= 2SA,(Q)

net'„(Q —q)5(co+Dq ) .
lel &e

APPENDIX: UMKLAPP SCATTERING
IN AMORPHOUS SOLIDS

We will examine explicitly the case of ferromag-
netic spin waves in a monatomic solid although the

(A3}

ln order to further simplify Eqs. (1) and (A3) we
use the fact that P'„(Q') depends only upon the
magnitude of Q' and that co~ likewise depends only
on the magnitude of q to rewrite Eq. (1) as
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P';+„(
f Q f,to) = 2SA(g)[n (co) + 1]

x g ~'„(
~

g'
~ )pz (~), (A4)

Q'

where now Q'=Q —q and p& (co) is the density of
states with frequency co and umklapped wave vector
Q'. This latter is proportional to the area of a cir-
cular annulus formed by wave vectors ~q ~

on a
sphere of radius Q' (see Fig. 10).

Therefore,

pg (to)dco-hg'dg=g' sinPdP

or

pti (co)-Q' sing
dP dq 1 fg'f

dto 2D )Q [

where we have used the relation

e'=Q'+Q'+2Q'Q cos0 .

(A5)

FIG. 10. Geometry used in "powder averaging" the
scattering cross section. For any given nominal wave
vector

~ Q ~

there are degenerate contributions from
many umklapped wave vectors q whose number is pro-
portional to the shaded annulus.

SA(g)
( ( ) 1)

D

w „(
~ g ~

„~) x g' ~.'( (
g'

~
), ~ & o

IQ I

=0, a) (0 (A6)

where the prime indicates that Q' must be such that

Equation (A5) is correct as long as q can form a tri-
angle with Q and Q', which are considered fixed;
i.e., as long as

~ q ~
&

~

Q' —Q ~, or equivalently for

~
co

~

D(Q' —Q) . Substituting into Eq. (A4) we find

~to
~

&D(g' —Q) . Similarly,

SA ( Q )

~.:( ( Q (,~) x g' w'„(
)
g'

) ), ~ &o
I
O'

I

=0, co&0 .
(A7)

Setting 5 (
~

Q'
~

) =5(2 (2, leads immediately to the

results quoted in Eq. (2).
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