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The changes of the vibrational amplitudes of molecules in a crystal lattice, due to in-
teraction between the optically induced dipoles, are shown to account for the nonlinear re-
fractive index of a crystal. The general expressions for the fourth- and sixth-rank ten-
sors, Xij( —w,0,0, —o) and Xjmn( —0,0,0, —0,0, —o), for a crystal lattice, are de-
rived. The results of numerical calculations for diamond and benzene lattices are report-
ed to prove that the contribution to the susceptibility tensors of the effect presented is
comparable with the electronic effect of hyperpolarizability.

I. INTRODUCTION

In previous papers of Piekara! and of Piekara
and Ratajska,2 the mechanism of mutual interac-
tion of dipoles induced by a strong optical field in
crystal lattice or quasicrystal lattice in liquids was
shown to lead to vibrational amplitude and fre-
quency changes and thus to nonlinear refractive in-
dex of the medium. The assumption of short-lived
(r~107"2 5) quasicrystallic structure of liquids® in
the region of action of short-range forces can be
justified by x-ray experimental results.*> Hence, in
the case of picosecond excitation in liquids, when
the mechanisms with the response time longer than
the pulse duration (e.g., orientational effect) are to
be almost neglected,®’ the effect proposed by
Piekara®? should play an important role. In
liquids composed of spherically symmetric mole-
cules it remains the sole reason, aside from hyper-
polarizability of molecules, for nonlinear refractive
index changes.

The same mechanism of vibrational amplitude
shifts due to induced-dipole —induced-dipole in-
teraction of an individual molecule with its nearest
neighbors should also contribute to nonlinear re-
fractive index of crystals, whereas in the former
considerations of this problem only the clearly
electronic effect of hyperpolarizability was taken
into account.t~12

In the present paper the theory presented in
Refs. 1 and 2 for a one-dimensional crystal lattice,
is extended to the three-dimensional crystal lattice
(Secs. II and III). In Sec. IV one derives the ex-
pressions for optical susceptibility tensors
Xijit( —0,0,0, —0) and Xjxjmn (—0,0,0,

—o,0, —o), related to nonlinear coefficients n,
and ny4 in the expansion of refractive index n with
respect to the optical field E:

n=ng+n, |E|*+n,|E|* (1)

by the formulas

21
ny(w)="=3 Xiju(—0,0,0, —0) epepnemn; ,
0 ijkl
o (2)
n4(w)=— E Xijklmn(_w,w,w’_w,w’_w)
o ijklmn

X CipCip Nk M MmMn »

where the index p denotes a chosen direction in
which the refractive index is measured; e;, is a
cosines direction between axes i and p and
n:,=E;/| EI . The results of numerical calcula-
tions performed for diamond and benzene lattices
are reported and compared with the results due to
electronic effect (Sec. V).

II. MOLECULAR FIELD IN CRYSTAL

We are considering a crystal lattice composed of
identical, rigid, nondipolar molecules or atoms per-
forming translational and rotational vibrations
around their equilibrium positions. Small displace-
ments of the (/n)th molecule, where [ is the number
of elementary cells and » is the number of mole-
cules in a cell, are denoted by W(Iln) and 6(In) for
translational and rotational vibrations, respectively.
We use an assumption, often used in molecular
crystals,>1* that the rotational vibrations take
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place around the molecular symmetry axes. Hence, is defined in a system of crystallographic axes,
the vector X,P,2.
B(In)=[0,(In),0,(In)8,(In)] The polarizability tensor of an isolated molecule,
w *Yu v

determined on crystallographic axes, denoted by
[;;(In)] and dependent on small rotational dis-
placements, is given by'*:

is defined in a coordinate system of molecular
symmetry axes (w,u,v), whereas the vector

U(ln)=[uy(In),u,(In),u,(in)]
]

a;;(In) =W, (In)R 1 (0,,(In))R (8, (In))R 3, (6, (In))at, R 5, (6, (In))R 55! (6, ()R 51 (8, (In) )W 55 (In) ,  (3)

where dipole-dipole interactions.
i}j =X,),Z §77,K,)M,HaV,P,U,T=w,u,U . ?(ln,l,nl )= ?o(ln,l'n' ) +ﬁ(ln )—u(l'n")

[W(In)] is a transformation matrix from the is a vector between molecules (In) and (I'n’),
(In)th molecular axes to crystallographic axes, wl.lereas' rolln,'n") is a Vef:tor.betwee.n their equili-
[R(6,)],[R(6,)],[R (6,)] are matrices of rotation brium sites. The sgmmatlon in (4a) is .taken only
around W ,1, and V molecular symmetry axes, over the nearest neighbors (I'n’) of a given mole-
respectively, and [a,,] denotes a polarizability ten- cule (In). The molecular fielq acting on a molecule
sor of an isolated molecule, determined on molecu- embedded in a crystal lattice is obtained as a gen-
lar axes. If the crystal is subjected to an external eral solution of the Eq. (4a):
electric field E=E(w)coswt of a light wave, the to- of,
tal electric field acting on each (/n)th molecule is E; (l”)zz Ty(In)Ej (5)
not only a macroscopic local field, F; = f;(w)E; !
but also a field of dipoles induced in adjacent mol- where Ty;(In)=",, T;;(In,I'n’), and T;(In,I'n’) is
ecules: the [iln,jl'n']th element of matrix (I —A)~", the

inverse of (I —A).
Ef(In)=f{(0)E; + 3, Ay(In,'n E{/(I'n"),  (4a)
i'n’ )
III. VIBRATIONAL FREQUENCY

where f;(w) is a local-field factor, which in this AND AMPLITUDE SHIFTS

paper is assumed to be a Lorentz factor

filo)=l€(®)+2]/3 and According to (5) the Hamiltonian of interaction

of a crystal with an optical field,

a;(I'n')
A,-j(ln,l'n')=2‘—3£]——,—;‘ .
T rn,I'n") Hi=—53 a;(IWEZ(InEH (In) (6)
Inij
r(In,'n")r;(In,I'n’") has the form
rXIn,I'n") 4 1
(4b) HI=——'2‘ 2 a,-j(ln)T,-k(ln)ij(ln)Fka . (7)
Inijpk
is a 3Ns rank tensor (N is the number of elementa- If we denote a small displacement of a molecule by
ry cells, s is the number of molecules in a cell) of w,(In), where
|
V'mu,(In) for translational vibrations r =x,y,z
w,(In)= v/T,6,(In) for rotational vibrations » =w,u,v (®)

(m is the molecular mass, I, is the molecular moment of inertia with respect to the rth axis), then the equa-
tion of motion for the (/n)th molecule with accuracy to the third-order terms in small displacements w,(In)
has the form:
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o, (n)+ 3, |HE (In,0'n’ 2 Koy (In,I'n" )FpFy |w(I'n’)
U'n'r’
=3 #UNIn)F, F—+ [Héf}, (I, ' ")
pk InI n''r'r"
2 p,(f,),, (In,I'n l”n")Fka] w,(I'n"Yw,(1"n"")
_ _é_ 2 [Hgflr’r“r’“ (ln,l'n',l"n ll’lnlnlll)

I'n'l"n"1"'n""'p'r" "

2 ;I(c4r)r gt (ln,l'n r’lnn u’lnrnna)Fka ]w,'(l'n’)w,u(l"n ” )w,"'(ll"n ur) , (93)

where
dH,

ow,(In) - - - aw,j(ljnj) . ’

j)
Hiy ..., (In,.. . Lin))=

are the succeeding derivatives of the Hamiltonian H, of an undisturbed system, whereas the corresponding
derivatives of the interaction Hamiltonian H; = —zpk yf;kaFk,

7y =§§ a;;(In) Ty (In) Ty (In) (9b)
nij
are given in Appendix A.
Taking advantage of translational symmetry of a crystal, we introduce normal coordinates Q% defined
by the relation’>:
w,(In)= 2Q~ eE(n | Ga)e’d T | (10a)

where q is the rec1procal lattice vector, a is the number of vibrational modes corresponding to d, and the
vectors €“(n | Ga) fulfill orthonormality relations:

S etfn | Galef(n | G'a")=8(4 —q )8

in

;e}'E(n | Gadef(n’ | Ga) =88, - (10b)
qa

Substituting (10a) into (9a) we obtain:
.
Tt (w5, 0%, 2 H o (@)F,Fy

= = = - = =
1 @|9 9 49 |4 944
_2_,,—2,,. Ho |y o a” pzkyl’k a o o [FrFk Q Q_’”
q q aa
- - -z n"n b~
EERR go|9 9 9" d
6 =gl B T R TT SN AN ) " O a a a” a"’
q q q aaa
=4 b~ > n -=>m
Jold @479 s
Sy o o o |FFe|Q% o L (11)
pk
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HEMNa)=VNI L (nef(n | Ga)s(@) ,

q» a: an 1
HO |y o o |= 7% HEp(In,I'n’,1"n")
'’ ln ey
XerE(n |q>a)erE’(n/ | Ef’a')e,Eu(n" l El'”a") i[q-T+q'-TU)+4q

= = =0 =

qd d°'q" ¢q 1 R
H |, o o o =¥ HS (I, I'n" "0 I"'n"" Ve E(n | aef (n' | § 'a

) R e

Xer ( ll|—>llall)e’ (nlfllq’lllalll)

- —

Xei[q T(D+7q

and analogically for

= = =
i (449
Pk a al all
and
- =g 4 = n >
AW 949 9 49
pk a al au alll

,,?(l:)+a>,:.?(1,,)+a>,,,

ST
b

1945

If we consider only one monochromatic wave incident on a crystal, E=E(w)coswt, our interaction Hamil-

tonian is time independent because

E,(DEx(1) =7 Ep(0)Ex(0)(14cos2ot) ,

(12)

and the term oscillating with frequency 2w can be neglected because it is very quick in comparison with vi-
brational frequencies of a crystal lattice, Ogq~ 108 s ccw~101 51, a)'—f}a in Eq. (11) denotes the fre-
quency of normal vibration a of a crystal lattice in the presence of a light-wave electric field and is to be

found as an eigenvalue of a secular equation:
(&) %ef(n |da)=3 [HE:(n,n',§) =3 HL2) (n,n",GF, Fy |eE(n’ | Ga)
r'n’ pk
where

HE.(n,n’, )=>H HZ.(0n,In")e’d " TH |
1

%I’,,i?,),.(n,n',a)zz 12 (0n,In")e T

This equation can be solved by the perturbation method because

(a)
1—(a)/r?

2

d
%I(Z), , I,—’FF ~
| DB Fi | ~ 2

E*~10’E? esu ,

[(ax) is molecular polarization] whereas

|HZ) (n,n",§) | ~mwi~10" esu (m ~10"2 g, w,~101 s~1) |

(13)
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which means
| %p{l(czr)r (n’n”a)Fka I << IHBQ'(H,H',a) I
even for E2~10'" esu. Thus the vibrational frequency, changed by the optical field, is obtained from (13) in

the form:

(2)

(0% =% (1+n 3 +n'E+ ), (14)

where w4, denotes the vibrational frequency of a mode a, \ with the eigenvector €(n | a) in the absence of
an extemal field, being an eigenvalue of (13) after putting E=0, and

1 1
77%'):1- (2)(qa)F Fk} %L: —2 2 pkmn(qa)F FkF Fn ,
wﬁa Pk @G q pkmn
with
K(2)(qa 2 er %1(2) (n n ’q)er'(nr | -q»a) ,
nn',r,r'
@) (o 1 * 12) . L
Kpimn(da)= 3, 3 S 5l | qa)F pim(nn’,Glep(n’ | Ga')]
aFEann’,n",n" " Oga— 03y
X[e:"(n” I aa')%;k 'y w(n' n"’,q’)erm(nln I aa)] )

1 q" al a’ll
Q%a(N=0%,(00cos(@4,t +7g,)+dga— 75— > HE PP I ST S
260—> '3 "ada’ a a a q
qaq'q
> =y o
1 r® 9 9 4
4 | a a o
33 "aa
wava-f-l:}a»nau;éa}a»a
Y30t g a7 Vga
Q O)Q os[(wa—,a,+w—>,, VgtV rar]
= Il 2 2
waa—(a)‘—f,a,+wa»”a,,)
120E (0, ST Vg
qa'saq q"a” 2 2
Tfa-—a)—qna.
- > > n > m - > =>n >
_L > H(4)qq a 49 _2%1(4)‘1(1 a 49 F.F
24 L, & 0 a a/ au avu pk a al an aln plk
g ,q " q ,,,a.a,,a.,, Pk

XQ a(O)Q—’H Q‘*m m

o cos[( Og gt OGngn @G men )t +YgwtVg e Vg .

2
“’Ta’a_(“’a"a’+“’a’"a"+“"q’"'a'")
(15)

=3

where we have introduced the denotations w_ ¢,= —w,, and the sum is over —w <qa
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= = = => = —=n = =1 = = = =2 =2
po (4479 _ped @74 L P ) L PR
a al (1” 0 a ar au Pk pk a al (Z” Lk < 0 a ar an alll q a0
whereas
1 I(1)
dgo=—"5—2%p (da)F,Fy
DGa pk

determines the change of the equilibrium position for a vibration @. In the case of rotational vibrations it
corresponds to the change of the equilibrium angle between the molecular and crystal axes. @, is the vi-

qa
brational frequency of a mode a in the presence of an electric field:
Q@) )
- g 1+, 16
qa™ ’
1—€%,
with
’q’ —q" ’ Ei "
f%’a= }z‘ 2 > ™ a o o
8(@71»“) -Elm—‘—f "da”
0% #(0)0% ,(0)
7 O=r O 0 n—0—=, )+4d d—n u
Qﬁ’a(o) q'a q"a qa q'ad”q"a
l (4) a q’l Ei” —(‘illl 1(4) q’ q” al’ ‘q’l’l
+ 6 - ; H() a al an aIH “E%pk a al an anr Fka
q'q"q"dd"'a Pk

y QG w(000%G (010G (0 o
0% ,(0)

The vibrational amplitude of a mode a,Q%a(O),is found from the initial conditions:

0%, (t=0)=0%2"(t=0),
. : (17)
Q% (1 =0)=0%(t=0) .

We are interested only in a mean amplitude and a mean-square amplitude, as will be shown in the next
section. Hence, we have obtained the following expressions: (i) for the mean amplitude:

E _ 1 (3) _q ?l” Zi”
((Qi’a(ony)—dﬁ'a_2w2a’aa”a}2"a’a”H0 a o o da'adﬁ'a
1 qdq —q’ _
—a 2T, o o [(leFRO, (18)
qa q'a

and (ii) for the mean-square amplitude:

(10560120 =( | QGO D)1= 371 ~£ )

+3 (18— 3nE (12 )1 +24% (1-£2) (19)
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where the anharmonic terms £\t g a,g‘q a,g(q » §(4’ are
given m (Ppendlx B.

(] Q_> 2) denotes a mean-square vibrational
amphtude in the absence of an external electric
field, while averaging is performed according to
the formula:

—HkT
Tr(---e 0 )
(- )= (20)
Tre —Hy/kT
with a Hamiltonian
Hy=3 (]0%2° 2 +0%, | 052° %
qa

taken in a harmonic approximation. Such an ap-
proximation is sufficient to get (18) and (19) with
accuracy to the terms linear in anharmonic coeffi-
cients. The sign (( ), )denotes that the result has
been averaged over all possible phases of a vibra-
tion at a moment ¢ =0, when the field E appears.

IV. SUSCEPTIBILITY TENSORS

We assume the polarizability of a crystal to be a
sum of effective polarizabilities of the molecules
composing it:

BOZENA RATAJSKA-GADOMSKA

wi(in) Zaef In)F;

=2a,.,. E{(In) (22)
j

which leads to the following definition of a crystal

polarizability, dependent on molecular displace-

ments:

'@'J =2 a,-k(ln)Tkj(In) .
In,k

(23)

Such a model of crystal polarizability is a good ap-
proximation in molecular crystals, where inter-
molecular forces are much weaker than intramolec-
ular forces. It justifies treating molecules as being
rigid and neglecting their internal vibrations.

The similar model has been used by Schettino
and Califano'® in molecular crystals. They intro-
duce the molecular electric field acting on an indi-
vidual molecule due to dipoles and quadrupoles in-
duced in adjacent molecules by an external electric
field. It allows them to find the dependence of ef-
fective polarizability on rotational and translational
displacements of molecules and to determine
Raman-active modes.

The polarizability [Eq. (23)] can be expanded in
power series of small vibrational amplitudes'*:

zaef(ln) 1) g,<m+2 7 ()
the effective polarizability being a polarizability of ?1’ -3
a molecule embedded in a crystal lattice. Then, ac- ++ : 2 @(2) » Q% g E qa¥
cording to the definition [Eq. (5)] of an effective Faa’
electrical field acting on such a molecule, the di- (24)
pole moment (£(/n) induced in a (/n)th molecule
can be determined in two ways, where
|
Wﬁ}’(a):\/ﬁz 2[aﬁ,l,),(On,ln’)T,(c?)(n)+a§2)(n) ,ﬁ}), On,In')]e,(n' | qa)d(q) ,
Inn' kr
q —
2300 o 1= 2 Sla@nOnin',I'n" TP (n)+a ()T (On,In',I'n")
Inl'n’'n"" krr'
+af), (On,In") T4 (0n,I'n") +afy)(On,I'n")T§} ), (On, In )]
Xe,(n | Gaef(n' | Ga')e! T T
and the displacement derivatives Ty} &, ) (On,In"), Tk, »(On,In",I'n"") are given in Appendix A.
Substituting (24) into the definition of the polarization vector P(z), which is a mean dipole moment M(t)

of a crystal per unit volume (¥ is the volume of a crystal),

Pi)= 2 (Mi(0) =33 (2 ) fj{w)E (@)oo , 25)
j
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and taking its Fourier transform yields:

-

q -9
Pi(w)=73 2P+3 7P @D+ 2 2P |0 o Q5D+ | flwE(w)
J
(26)
where ((Q¢ ),) and (( |Q 2),) are given by (18) and (19).
Comparing (26) with the phenomenologlcal formula for P;(w),"”
Pi(w)=X,~j(w)Ej(w)+3X;jk1(—w,w,w,——w)Ej(w)Ek(w)E,(—-w)
+ 10X jktmn ( — 0,0,0, — 0,0, —0)Ej(0)Ef (0)E/( —0)E,, (0)E,(— o) , (27)

we obtain the optical susceptibility tensors of fourth and sixth rank, connected with nonlinear refractive in-
dex coefficients n, and n,4 by (2),

Xl —0,0,0, ~0) === fil0)f (@) (@)fi(@)

2[@5}1)(a)B(1)( Y+ P (1)( B(l)(a)]

. (2) (IZ)(q )
-3 |77 (Ga Kalde) | _ eigan+2ga )—————’ [1—£5(Ga)]
— w w—
qa qa qa
><(|QE°2>] (28)

and

Xijklmn( —0,0,0, — 0,0, — )

120Vf,(w)f,(m)fk(w)fl(w)fm(w)f,,

X

S l@&}’(a>[3£%4n<a>+3iilnz( @)+ Bk (a)+ Bk, ()]

a

+ PR (@B (@) + Blfpu(@)+Bimy(@) + B (@)]

+ (@) Big (@) + B (@) +BiH () + B, ()]

13 (2 PGBl (G0) + Bl (G0) + Bkt (G2) + Bihn (G)]

qa

+ PRGN Biion (Ga) +Biani(Ga) + Byi(da) +Boy)n(da)]

+ 2 E(Ga)[Bin(Ga)+Biah(da) +Biah(da) +Bjin (da)l} | (29)
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where

B (a)=Bj (a)

i @) |1 04 —d GRS
=t 3 T |y w o |—TH |y o o [KEED) [(Qqn |
Wq 4a)aa'¢a’a»
Biimn(G0)=Bipm (Ga) =Bigmn(Ga) = Bigo (Ga)
59 | 5 g 0 0 0 |7 @) a”)
=—""5 0 ’ ”n
2“)2?1’51 a'a” ¢ a a wa’wtzl"
04 —q -
—50%e 2 X |y o o [Km@@)(1Qqe D],
H,G'#a
Biimn(G0)=Biinm (Gct) =Bjgmy (Ga) = Biinn, (Ga)
Kii' @)K (da)
= (1 Qqa | 1= Eldmn(Ga) ]+ Kidmn (Ga) | @ | ) [1—Efimn(G0)]
wa»a
%I(l)(a)%ﬂl)(a) )
p2 ) (@)]18(F)
wa
‘ [
and £2(Ga), £l qa), Edrn(qa), §k1m,, qa) are term, ~ 2 (a) in Eq. (28). The problem of
1)

given in Appendix B.

The assumption of neglecting the term oscillat-
ing with frequency 2w in interaction Hamiltonian
(Sec. III) H; corresponds with neglecting the terms
of the order w,/w~10"2 in Egs. (28) and (29).

On the other hand, while treating the molecules or
atoms in a lattice as rigid, we do not take into ac-
count temporary dipole moments arising as a func-
tion of their small displacements. This simplifica-
tion does not influence Eqgs. (28) and (29) because
the terms connected with the dipole moment would
also be of the order w,/o.

The results obtained in this paper for the tensor
Xijui( —0,0,0, —®) may be compared with the
general expression for the phonon part of the sus-
ceptibility tensor X ( —(20; —0,),01,01, —0,),
responsible for four wave mixing in crystals,'®!?
after putting w;=w,. The outline of the approach
to this problem is similar. Substituting the solu-
tion of the anharmonic equation of motion for nor-
mal vibrations in crystal to the expansion of crys-
tal polarizability, with respect to the amplitudes of
those vibrations, Flytzanis and Bloembergen'® find
the form of the tensor X ( — (20, —w,),

01,01, —@,). They do not take into account the
change of the vibrational amplitudes, which is a
function of an external electric field. Hence, they
obtain only the term corresponding to the first

dispersion of the mechanism discussed in this pa-
per has already been treated and will be published
elsewhere.

V. NUMERICAL RESULTS AND
DISCUSSION

Using the Eqgs. (28) and (29) we have calculated
the susceptibility tensors due to the optical-field in-
duced vibrational amplitude shifts of =0 optical
modes in diamond and benzene lattices. Acoustic
q =0 modes do not incur any shifts. The structur-
al forces acting between the molecules (or atoms)
in the lattice are assumed to be of a Lennard-Jones

type.

A. Diamond

In diamond, the optical field cancels the triple
degeneration of the only optical §=0 mode of a
frequency wo=1332 cm™!. Table I shows the fre-
quency shifts [see (14)] obtained for three different
directions of an optical-field vector E towards
crystallographic axes. It can be seen that the opti-
cal field necessary to cause the frequency shifts of
1 cm~! has to be as strong as E>~10° esu. Simi-
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TABLE L. Aw’=0f —wi=win?; Av=v0[—;—77(2)+%(17(2))2]; n*'=0 for diamond. The signs || and L denote the vi-

brations parallel or perpendicular to field E direction.

Direction of £ 2¢IE M Avz bolz 13 Avig boly 13 Avig
EZ E2 EZ E2 E2 E2 E2 E2 E2
(106 s=2) (10-1%) (10~ cm~=") (10 s=2) (10-19) (10~ cm~") (10! s=2) (10-') (10~ cm~")
E—E[1,0,0] 215 0.004 23 —625 —001 —65 —625 —001 —65
ﬁ:—%[l,l,o] —53  —0008 —57 055  0.001 0.6 —625 —001 —65
E:%[l,l,l] —~85 —0014 —93 —093 —00015  —1 093 —0001  —1

lar results were presented by Ganesan, Maradudin,
and Oitmaa? for a dc electric field interacting
with a diamond crystal. There are differences in
the signs of the shifts due to the other model of
polarizability assumed by the authors® which is a
sum of the electronic polarizabilities of bonds be-
tween the pairs of atoms.

Table II shows the fourth- and sixth-rank sus-
ceptibility tensors, respectively, calculated from
Eqgs. (28) and (29). In the last column of Table II
are the results: (i) theoretically calculated as due

sors from both mechanisms clearly electronic and
connected with the changes of lattice vibrational
amplitudes. The very good agreement of the order
of magnitude of the numerical results of Table II
with experimental results?! confirms this sugges-
tion.

Table III contains the nonlinear refractive index
coefficients n, and ny, obtained from the Eq. (2)
for three optical-field directions. They fulfill the
conditions required for the self-trapping of light

beams to occur,?? which has been observed recently
to electronic hyperpolarizability of diamond crys- in diamond crystal.?? '
tal,!! (i) obtained in the experiment of four wave
mixing?! and interpreted by the authors as a non-
resonant part of the susceptibility tensor arising
from the redistribution of electronic density. How-
ever, on the basis of the theory presented in this
paper, we suggest that the experiment (Ref. 21)

should show the contribution to susceptibility ten-

B. Crystallic benzene

In this case we have to consider 21, =0, opti-
cal vibrational modes, which means 12 rotational
and 12 translational modes.>* The frequency shifts,

TABLE II. Nonvanishing, different components of fourth- and sixth-rank susceptibility
tensors in diamond.

The results
obtained in
this paper
for
A=6328 Ref. 11 Ref. 21
X xxex ( — 0, 0,0, — @) 2.58%x107" esu 4.3 107" esu 4.6 107 esu

1.84% 10~ esu
1.72X 10~ esu

1.42Xx 10~ esu
3.31% 10~ esu
—6.11X107% esu
—2.99%10~% esu
—7.00x 1072 esu
0.13% 1072 esu
1.91 1072 esu
—1.73%x107% esu
2.21X 1072 esu
—0.51%10~% esu

Xxxpy( —0,0,0, —0)

Xsyyx( —0,0,0, — @)

X xxxxxx( — 0,0,0, — 0,0, —©)
Xpyxxsx ( — 0, 0,0, — 0,0, —©)
X yxxxny( — 0, 0,0, — 0,0, — @)
X sxyyax ( — 0, 0,0, — 0,0, — ©)
X xxxyry( — 0, 0,0, — 0,0, — )
X sxpxyx ( — 0,0,0, — 0,0, — @)
X xxzzyy —0,0,0, — 0,0, —©)
X xzxzyy (— 0,0,0, — 0,0, — @)
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TABLE_’III. Coefficients n, and n4 in the direction
of a field E for diamond.

. . ==
Direction of E n, ny

2.0x107 " esu —1.55X 102 esu

E=E [1,0,0]
E= [1,—1,0] 4.32X1073 esu —0.82X 102 esu

51107 esu —0.86X 1072 esu

il
Il

E_
72
i [1,1,1]

shown in Table IV for an electric field directed
along each of crystallographic axes, appear to be
also of the order of 1 cm~! for E2~10° esu. The
susceptibility tensors are due to two mechanisms
[see Eq. (15)]: (i) the change of the equilibrium po-
sition for rotational vibrations, which can be treat-
ed as quasiorientational effect, (ii) the change of
the vibrational amplitudes. The results of calcula-
tions for both effects are shown in Tables V and
VI. In the last column of Table V there are the
susceptibility tensors due to hyperpolarizability of
benzene molecules, calculated by the author from
the formula:

Xija(—0,0,0,—0) = fi(0)f}(@)f(@)fi(@)

X 3, Viprs (M) Ty (1)
nprs
XTn) TP (n) , (30)

where ¥;,,s(n) is the hyperpolarizability tensor of a
henzene molecule,”> shown on crystallographic

axes, and the tensors T;?)(n) are defined by (5) for
molecular displacements equal to zero. Compar-
ison of the results contained in Tables V and VI
proves that both effects discussed above are of the
same order of magnitude. The nonlinear refractive
index coefficients n, and n4 [calculated from Egs.
(2) and due to the effect of elastic lattice vibra-
tions] are presented in Table VII.

The general conclusion of this paper is that a
nonlinear refractive index change in crystal is due
to two comparable effects: distortion of electronic
clouds and the shift of vibrational amplitudes of
molecules (or atoms) in crystal lattice. Accom-
panying vibrational frequency shifts are too small
to be observed in dc electric fields, but they should
be observed in the area of a focused light beam,
where E*~10°—10'° esu.

C. Liquid benzene

According to the theory of the quasicrystalline
structure of liquids in the region of action of
short-range forces,® we make an assumption that a
liquid is composed of very small, randomly situat-
ed, short-lived crystals. If we ascribe to each of
them the susceptibility tensor X;;; calculated for
the crystal lattice of a given substance, then the
susceptibility tensor of a liquid can be obtained by
isotropic averaging of X over all possible direc-
tions of crystallographic axes with respect to the
frame of reference connected with the optical field.
Let E=Ei 1 be an electric field vector expressed in
a new frame of reference (1,2,3), then

E’“,= 26.,’]'(6‘,'#6‘]'7) ) (31)
ij

TABLE 1V. The vibrational shifts Av/E%= —;—vo(nm/E %) in benzene. The denotations of the vibrational modes are

- o =

explained in Ref. 24. (a) Translational vibrations along X,y,Z axes; (b) rotational vibrations around U,V axes. The vi-
brations around W axis are not shifted in the model applied in this paper.

(a) Vibrations
A Au(y) Ay(z) B () B, (z) By (x)  By(z)  Bau(x)  By(y)
Direction of E 10710 ¢cm~!
E=E[1,0,0] ~1.02 009  —0.20 0.16 1.84 0.05 1.96 —147 —1.07
EzE[O,l,O] —3.60 1.30 0.70 —0.92 —2.30 0.40 —2.30 0 0.25
E=E[0,0,1] 1.78 —0.72 0.12 0.14 —0.60 -—0.08 —2.16 1.08 —0.05
(b)
. Ag(u) Ag(v) Bg(u) B ,(v) Bglu) Bo(v) Biy(u) B3, (v)
Direction of E 1071% cm™!
;E:E[ 1,0,0] —0.98 —0.64 —0.05 —0.52 —0.41 —1.75 —0.23 0.56
EzE[O,I,O] 1.41 0 0.26 0 1.19 0 0.72 0
E=E[0,0,1] —1.49 —0.28 —0.48 0.35 —0.41 —0.70 —0.26 0.35
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TABLE V. The fourth-rank susceptibility tensors for crystallic benzene; X%k, denotes a
quasiorientational mechanism of the change in the equilibrium position for rotational vibra-
tions; Xfj denotes the effect of vibrational amplitude change.

Total Effect of
1013 esu X X X hyperpolarizability
X xxxx ( — 0,0,0, — @) 3910 —2.697 1.213 0.434
Xy —0,0,0, —0) —0.404 —4.925 —5.329 0.830
Xagyx( — 0,0,0, —0) —0.807 —0.807 0.830
Xpyux( — 0,0,0, —0) —0.135 3.340 3.205 0.970
Xy — 0,0,0, — ) —0.270 —0.270 0.970
Xy — 0,00,, — ) 0.0318 0.0318 0.662
X 2z —0,0,0, — @) 0.842 0.835 1.677 0.429
Xxxzz — 0, 0,0, —®) —1.338 —0.104 —1.442 0.030
Xxox —0,0,0, — @) 0.036 0.036 0.030
X zoex ( — 0,0, 0, — @) —2.431 —1.255 —3.686 0.033
X ooxz( — 0,0,0, — @) 0.036 0.036 0.033
Xy — 0,0,0, —0) 0.253 —1.288 —1.035 0.960
Xyzy( — 0,0,0, — @) 0.507 0.507 0.960
Xz,y(—w,w,w,-—w) 0.253 3.040 3.293 1.012
}_\’_ﬂ(—m,w,w,—w) 0.507 0.507 1.012
Xpuvpo= >x ,'jkz(e,-”ej,,e,(pei,,) R (32) pears to be of the same order of magnitude as hy-
ikl perpolarizability of molecules and 1 order of mag-
X ypors= 3 X jimn <eiu € npCis e enp) » (33) nitude smaller than the orientational Kerr effect.

ijkimn

where i,j,k,I are crystallographic axes, u,v,p,0,0
= 1,2,3, are laboratory frames of re_ference, and
e;, is the cosines direction between i and i axes.
Numerical results obtained from Egs. (31)—(33)
are shown in Table VIII. The picture of liquid
presented here is a very rough approximation.
However, it allows one to appreciate the order of
magnitude of nonlinear refractive index changes
due to the effects discussed in this paper. It ap-

However, in the case of spherically symmetrical
molecules it can play an important role. As the re-
sults of Table VIII show, the mechanism discussed
ensures the self-trapping effect.??
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APPENDIX A.

The succeeding displacement derivatives of interaction Hamiltonian (9b) are of the form:

BJ[a,j(LN)T,k(LN)T”,(LN)]

(A1)

yi(i) i !
pk,r,r’,...,rj(ln’lln"-o-,I',nj)= 7 2
LNij

where, according to (5),

TN =TP(N)=3, (I —4 )5 (NN,

T (LN,In)=T};)(ON,l —Ln)

L'N'N"pk

dw,(In)ow,(I'n’) - - - aw,j(ljnj)

3 (-4 (NN"45)(L'N',ON",1 —Ln)T,)(N"") ,

0

(A2)

(A3)
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TABLE VI. The only different components of sixth-rank susceptibility tensors in crystal-

lic benzene.
Total

10_24 esu X g]kmn X;;klmn Xijklmn
X xxxxex( — @0,0,0, — 0,0, —®) —0.35 0.026 —0.324
Xyyxxx ( — 0,0,0, — 0,0, —©) 0.011 —0.003 0.007
Xyxxyxx( — 0,0,0, — 0,0, —0) 0.071 0.071
X zzxxxx( — 0,0,0, — 0,0, —®) 0.070 0.011 0.081
X pexzex ( — 0, 0,0, — 0,0, — @) —0.0109 —0.0109
Xy —0,0,0, — 0,0, —©) 0.227 0.227
X sy —0,0,0, — 0,0, — o) —0.008 0.040 0.032
X xyyxyy( — 0,0,0, — 0,0, —©) —0.023 —0.023
X gy ( — 0,0,0, — 0,0, — ) —0.029 0.0003 —0.029
X gyayy( — 0, 0,0, — 0,0, —©) —0.088 -—0.088
X 22z — 0, 0,0, — 0,0, —®) 0.0497 0.027 0.077
X xxzzzz( — 0,0,0, — 0,0, —©) —0.025 0.018 —0.007
X xzzxzz{ — 0, 0,0, — 0,0, — @) —0.004 —0.004
Xyyezzz | — 0, 0,0, — 0,0, — ) 0.006 0.006 0.012
Xyzyee — 0,0,0, — 0,0, — ) 0.017 0.017
X sxxxyy( —0,0,0, — 0,0, —0) 0.012 0.088 0.100
Xxxxyay( — 0,0,0, — 0,0, —®) 0.133 0.133
X xxpxys ( — 0,0,0, — 0,0, — ) 0.023 0.044 0.067
X xxxxzz( —0,0,0, — 0,0, —®) 0.114 —0.036 0.078
X xxxoxz — 0, 0,0, — 0,0, —®) —0.055 —0.055
X xxoox { — 0, 0,0, —0,0, —©) 0.017 —0.018 —0.001
Xypyyaz{ — 0, 0,0, — 0,0, — @) —0.015 —0.0002 —0.015
Xypyaye —0,0,0, — 0,0, —0) —0.001 —0.001
Xyyayey( — 0, 0,0, — 0,0, — @) —0.029 —0.0001 —0.029
Xyppyex ( —0,0,0, — 0,0, —0) —0.004 0.028 0.024
X yypeys ( — 0, 0,0, — 0,00, — ) 0.042 0.042
Xy —0,0,0, — 0,0, — o) —0.007 0.014 0.007
X zzzzex ( — 0, 0,0, — 0,0, — @) —0.018 0.026 0.008
X ezmxx (( — 0,0,0, — 0,0, —©) 0.035 0.035
X zxzz( — 0, 0,0, — 0,0, —®) —0.016 0.013 —0.003
X zzzzyy( — 0, 0,0, — 0,0, — ©) —0.075 0 —0.075
X zzzyy ( — 0, 0,0, — 0,0, —©) 0 0
X zyzye — 0,0,0, — 0,0, — ) — 0.089 0 —0.089
X xxzzyy( — 0,0,0, — 0,0, —©) 0.005 0 0.005
X xxzyzy( — 0,0,0, — 0,0, —©) 0.014 0 0.014
X sxyzye{ —0,0,0, — 0,0, —0) 0.003 0 0.003
X zzxngy  — 0,0,0, — 0,0, —0) 0.016 0 0.016
X zxyay — 0,0,0, — 0,0, —0) 0.020 0 0.020
Xz — 0,0,0, — 0,0, —©) 0.011 0 0.011
Xyyxxzz( — 0, 0,0, — 0,0, — @) 0 0.005 0.005
Xppxaxe — 0,0,0, — 0,0, —0) —0.001 0.005 0.004
Xpoxex ( — 0,0,0, — 0,0, — @) 0.007 0.005 0.012

T2 (LN, In,I'n") =T}, (ON,] —Ln,I'—Ln")
= 3 3 |7U—-A"%"WN"4E, (L'N',ON",] —Ln,I'—Ln’)
permutations L'N'N "'pk
nr
+ 3 I —A9%(NN"AGLL'N',ON",I —Ln) (I—A4®),, (N"",NV)
L"N"NWV
xAl(pl,;,(LuNIV’ONH’ll_Lnl) TPS;))(NH) , (A4)
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TABLE VII. Coefficients n, and n, in the direction of the electric field E for benzeme.

- n; ny
Direction of E (10~'2 esu) (107'* esu)
E=E [1,00] 1.64 —1.33
E=E [0,1,0] 0.04 0.88
E=E [0,0,1] 2.22 0.33
T3 (LN, In,I'n",1"n")
ij,rr'r sin, ’
=T§ pw(ON,l —Ln,I'—Ln',]" —Ln")
= 3 S | =A% (NN")AR) o (L'N',ON",] —Ln,I'—Ln’,] —Ln")
permutations L'N'N"'pk
rr,r"
+3 3 [T—A NN")AZ,(L'N',ON"",] —Ln,I'—Ln’')
L"N"'valm
X =4 (N, N4 o (L"NY,0N",I" —Ln")
+(1 —A (0)),‘_];1(NN,)A]£II,)r"(L INI’ONIII,III_LnII)
X(I—A (0))1";(N"',NIV)A,(,?P)’”'(L"NIV,ON",I —Ln,l’—Ln')]
+ S (I -4z (N,N")44],(L'N",ON""",] —Ln)
L'L" N NIYN VN Viimns '
X (I —A N N4 (L"NY,0NV,I'—Ln")
(I —A4 (m)n;l(Nv,NVI)As(pl’)r"(L 'IINVI,ONII’III_LnII Tp(;))(Nn) ,
(A5)
TABLE VIII. Numerical results from Egs. (31)—(33).
Mechanism n,(10~12 esu) Ref. n4(10~%* esu)
Orientational 7.58 26
effect 1.4 27
Hyperpolarizability 0.34 26
0.33 27
Discussed 0.45 —2.4
effect
Experimental 1.95 28
results 2.25 29
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7-}‘(;4')’1’"", (LN ln I'n' Iunn I'"'n III)
=T, nyn(ON,I —Ln,I'—Ln',]" —Ln",I"" —Ln"")

ij,rr'r''r’
= 3 3 |mU A" NN Ayl (LNSON" Lyl —Ln' 1" —Ln" L™~ Ln™)
ons LN
P

+.2_ z [(I —A(0))1';l(NN')A,(d%Z.r'r"(L'N',ON",,I _Ln,ll_Lnr’Ill_Lnu)
L"N"'NWVim :
X (I —A (0))—1(NIH’NIV)A'(nlp) ’"'(L "NIV,ON",L "_In'")

+(I A(0)>,k1(NN )A(l) AL INI’ONIH’LIII_InIII)

XA —A N NY)A o (L"NY,0N",] —Ln,I'—Ln'," —Ln")
+ 2 —A©)Z(NN"4, (L'N',0N"",] —Ln,I'—Ln’)

X (I —A (0));”1(N’“,NIV)A,(,IZP) r"r"'(L nNIV ONII 1" — Lnu 1" —Ln u')]

+7 3 [ —A) (NN 4Z,.(L'N',ON"",] —Ln,I'—Ln")
L L"N"NVNVNYmns

X —AG N NV)4L . (L"NY,0NY,I" —Ln")

X (I —A )G (NY, NV (L' NV,ON",I"" —Ln"")

+(I —A) (NN A4y (L'N',ON"",1" —Ln")

X (I -4 N, NY)42) . (L"NY,0NY,l —Ln,I'—Ln")

(I —A “”)“(NVN‘”)A m (L' NVLON", 1" —Ln"")

+(I —A)z (NN")44} ), (L'N',ON"", 1" —Ln")

X (I~ AV (N, N™)A g o (L"N™Y,0NY, 1" —Ln"")

X (I —A) (NV,NA2, (L""NVL,ON",1 —Ln,I'—Ln")]

+ > (I —A) 3 (NN" A4} (L'N",ON"",1 —Ln)
LL"LIYVN"NWNVNVIN VN VIl 0,
X(I —A ) (N, NY)A gy (L"NY,0NY,I'—Ln’)
X(I =AY ANV, NVYAL (L NVLONYIL 1" —Ln")
| x (I _A(O))‘-I—DI(NVII,NVIII)

(1) (LIVNVIII ONII 1" —Ln" T’S;))(N”) (A6)

and the matrix 4;;(LN,L'N’) is given by (4b).
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APPENDIX B
W d -9 4 —-¢q AW qd -4 9 —¢q , ,
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§ -9 -a|
B Tl 0%
+% 2 2 o= Qg 1?) (B1)
T;”a';é'q’a (4 q aKkI ( qa)
d -4 4 —q d -4 49 —q
4) 1(4)
da 9H0 a a a a 1%"’ a a a a (1Q%a®
Eimn +— 4
mn —
32 O%a 4 Ki(Ga) (1Qgq
d -4 4 —9q
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Lo Ho'lg o o o KA G cozqa }
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Kid( @)K (') [ 4o,
4K (da)K R (Ga) 305y
q —q 4@ —q
Ta o o
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ST (G|
() (e Ola a a a | ([Qg.1%
gklmn qo ) ( 2)
D3a [Q‘El’a|
qd -9 9 —q’
H(4) ’ ’ b=d 4 ’
poy —lee @1 Kim (@) || 4 @50 || 2 (B3)
q'a+£qa wgd’a 4 Klf:?r:m(qa) 3 DG 4«
i -aq -4
H(4)
= le @ @ @] o s 5 TEAOTMED) 0g || 05
mn 8 w%a 4@ ? Tartda %fc}”(qa)y/ﬁy(qa) “’4?;":1’ P ogy
449 9" - y X @)X (")
T3 2 %4) a o (IQqal I(1) = '7('1)—»
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