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Contribution of optical phonons to the elastic moduli of PdH„and PdD„
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Sound-velocity and ultrasonic-attenuation measurements were carried out on dilute a-
phase and concentrated a'-phase PdH and PdD„alloys between 10 and 300 K. Both the
bulk modulus 8 and the angular shear modulus C44. of a'-PdH„(PdD ) are lower than
those of pure Pd, as expected from the lowering of the acoustic-phonon branches at the
Brillouin-zone boundary observed in neutron scattering experiments. The tetragonal shear

modulus C', on the other hand, increases with hydrogen or deuterium concentration. As
a consequence, at 0 K the Debye temperatures of PdDp 652 and PdHp «are almost equal

to that of Pd (8 =276 K). A marked isotope effect is found in the temperature varia-

tion of all elastic moduli, the temperature coefficients dCj /dT being significantly more

negative for the deuterides. This isotope effect, which is due to the different energies of
the optical phonons in PdH„and PdD„, is well described by a quasiharmonic model in

which the transverse- and longitudinal-optical phonons are treated as Einstein oscillators

with different Gruneisen parameters y, and yI. The Einstein temperatures are 8, =650
K, 81 ——910 K in PdHp 66 and 8, =450 K, 8~ ——640 K in PdDp 652. Our analysis im-

plies that
~ yI —y, ~

is large compared to the average optical-phonon Griineisen parameter

y= —,{yI+2y&) determined from thermal-expansion measurements. For the longitudinal

mode CL, the ultrasonic attenuation exhibits a maximum around 220 K which is interpret-

ed as being due to a reorientation of pairs or clusters of vacancies in the hydrogen sublat-

tice under uniaxial strain. For the shear modes the increase in attenuation is approxi-

mately 1 order of magnitude higher than in CL, . This strong temperature dependence of
the attenuation has, however, no measurable influence on the CJ.

I. INTRODUCTION

An accurate description of the proton —host-
metal ion potential is required for a good under-

standing of the properties of metal hydrides, many
of them exhibiting remarkable isotope effects.
Most of our knowledge of this potential comes
from neutron scattering measurements of the fre-

quency of the hydrogen (or deuterium) vibration in
a lattice. Additional information on the
proton —host-metal ion potential has also been de-

rived from measurements of the thermal expansion
or elastic moduli, or from the hydrogen (deuteri-

um) concentration dependence of the equilibrium
lattice spacing of the host metal. For all the
transition-metal hydrides investigated so far the
absorption of H or D produces a substantial dila-
tion of the host lattice. Since the mode-Griineisen
parameters are normally positive, this dilation of

the lattice is expected to result in a lowering of the
phonon frequencies. For PdH„(and PdD ), how-

ever, neutron scattering experiments show that the
frequency co, (or co, ) of the transverse-optical pho-
nons remains constant for alloys in the n' phase.
As shown in Fig. 1., data obtained from supercon-
ducting tunneling seem to indicate that a decrease
in co, (and co, ) occurs only above 90 at. % H or D
in Pd. Two characteristic features of Fig. 1, name-

ly, the -16% higher transverse frequency for the
dilute a-PdH(D) phase compared to that of the
concentrated a'-PdH(D) phase, and the slightly
anharmonic ratio co, /co, = 1.04M 2 of transverse-
optical-phonon frequencies, has been confirmed
furthermore by Rush, ' who recently obtained
co, =68.5 meV and co, =46.5 meV for a-PdH(D),
and co, =59 meV and co, =40 meV for a'-PdH(D).

The constancy of u, in a'-PdH„and PdH„
could be due to an anomalously small Gruneisen
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80 II. EXPERIMENTAL PROCEDURE

60 ~

1

40
3

CL a ~o

xk

~e
x&

20

0
0 02 0.4 0.6 0.8 1.0

FIG. 1. Hydrogen (deuterium) concentration depen-

dence of the transverse-optical-phonon frequencies in

PdH and PdD„[O, inelastic neutron scattering (Refs.
1 —10), )&, superconducting tunneling (Refs. 11—15) 0,
Raman scattering (Ref. 16).]

constant or to a fortuitous cancellation of volume-
dilation effects and concentration dependence of
the proton-palladium interaction. In order to
determine the strain dependence of the proton-
palladium potential, we have investigated the tem-
perature dependence of the elastic moduli C,z of
both a- and a'-phase PdH„and PdD„alloys.
Measurements of the bulk modulus 8 are particu-
larly interesting since the temperature derivative
dB/dT is proportional to (yt —y, ), where yt~, ~

is
the Gruneisen parameter of the longitudinal-
(transverse-) optical phonons.

In addition to sound velocity we also measured
ultrasonic attenuation in order to study the dynam-
ic behavior of H or D in the metal lattice. A max-
imum in ultrasonic absorption is expected to occur
when the mean-residence time r of a proton (or a
deuteron) is equal to the inverse sound frequency
co . In our experiment the condition co~=1 is sa-
tisfied at approximately 220 K in a'-phase PdH„
or PdD„.

This paper is organized as follows. A brief
description of the experimental procedure is given
in Sec. II. The experimental results presented in
Sec. III are discussed in Sec. IV. The quasihar-
monic model developed to analyze the data is
described in Sec. V A. The various fitting pro-
cedures used to determine the Einstein tempera-
tures and the Gruneisen parameters of longitudinal
and optical phonons which enter this theoretical
model are given in Sec. VB. Conclusions are given
in Sec. VI.

Two ultrasonic methods are used in this work.
The absolute value of the elastic moduli are deter-
mined at room- and/or liquid-nitrogen temperature
by means of a continuous-wave technique. ' The
frequency of the ultrasonic wave is varied around
30 MHz and the elastic moduli are determined
with a precision of typically 1% from the frequen-

cy intervals between consecutive resonances of
standing waves. The relative changes of the elastic
moduli with temperature are measured by compar-
ing the phase of a short pulse which has been re-
flected several times at the sample boundaries with
that of the excitation signal. The accuracy is typi-
cally 0.02%. The different waves are generated by
10-MHz X- and F-cut quartz transducers with gly-
cerol used as a bonding agent. For comparison we
also used more-permanent glues such as Loctite or
UHU glue. The temperature is varied between 10
and 300 K with the use of an Oxford Instruments
continuous-flow cryostat.

The cylindrical single crystals of 99.999%-pure
palladium have been grown by means of a floating-
zone method. They are oriented by means of Laue
backscattering to within 1' in the [110]crystallo-
graphic direction and cut to a length of 20 mm by
means of a low-damage spark-erosion technique.
The samples are 10 mm in diameter. Their end
faces are carefully polished and parallel within
10 of the sample length.

The alloying of palladium with hydrogen (deu-
terium) into the a' phase is carried out by absorp-
tion from the gas phase in a high-pressure cell at
temperatures -25'C above the critical temperature
T, in order to avoid segregation in a and a'
phases. The hydrogen (deuterium) gas pressure is
gradually increased to 30 (40) atm. The sample is
kept for several hours at T, +25'C and 30 (40)
atm for proper homogenization. After this, the
temperature is reduced to room temperature at a
rate of 15'C per hour. Finally, the pressure is
released and the sample is electrolytically coated
with a thin gold layer to prevent hydrogen (deu-
terium) from leaking out of the metal. Between
runs the samples are stored in liquid nitrogen. The
hydrogen-to-metal concentration ratio x = [H]/[Pd]
is determined gravimetrically with an accuracy
better than 0.05 at. % by means of a microgram
balance and is rechecked between, runs. After each
(de)hydrogenation cycle the end faces are repol-
ished and the length of the sample is measured
with a precision of hl/I —10 . The density p of
the a'-PdH(D) samples is calculated using
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d 1n V/dx =19&&10 for the lattice expansion as-

sociated with the solution of H(D) in Pd. The
thermal expansion of the alloys investigated in this
work is evaluated from the results of Abbenseth
and Wipf' on PdH„and PdD„with 0.6&x &0.8.

The elastic moduli C;~ are obtained from sound-

velocity measurements by means of the following
standard relations:

pvI = —,(C~~+C~q+2C44)=CL,2

2
pu~, =C44 ~
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where ui, u. .. and u,, are the velocities of the longi-

tudinal and the two nondegenerate transverse
modes of a sound wave propagating in the [110]
direction.
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III. EXPERIMENTAL RESULTS

Figures 2, 3, and 4 show the temperature depen-
dence of Cz, the tetragonal shear modulus C', and
the angular shear modulus C44 for pure palladium
and various PdH and PdD„alloys. The tempera-
ture dependence of the bulk modulus

FIG. 2. Temperature dependence of CL, in Pd,
PdHo 73 and PdDO 65~ (solid lines). The results are com-
pared with previously obtained data (Ref. 50)
( ~ ——~ ——) and those of Hsu and Leisure (Ref. 20)
( —~ —~ —~). The estimated absolute error is indicated in
the upper right corner while the relative error for the
temperature dependence itself is at least 1 order smaller.

8=Cl —C44, ——,C'

is shown in Fig. 5. All elastic moduli of Pd and
the Ci and 8 of PdHp 66 agree within about 1%
with those of Hsu and Leisure. The deviations of
the C44 and C' of PdHQ 66 are slightly larger.

One general feature of the curves shown in Figs.
2 —5 is that the temperature variation of the elastic
moduli is markedly larger for the concentrated hy-
drides and deuterides than for pure palladium. At
250 K, for example, the absolute value of the tem-
perature coefficient d lnB/dT of the bulk modulus
of pure palladium is approximately 2 times smaller
than that of PdHp 66 and almost 3 times smaller
than that of PdDp 65'. For the other elastic moduli
the differences between pure palladium and the in-

terstitial alloys are even more noticeable. Above
—100 K the temperature coefficient d lnC44/dT of
Pd is opposite to that of a'-PdH(D). The
minimum around 100 K in the C~(T) curve of
palladium has disappeared and the angular shear
modulus of a'-PdH(D) alloys exhibits a "normal"
decrease with temperature. A similar behavior is
found for the tetragonal shear constant C'. The
point of inflexion in the C'(T) curve of palladium
does not show up in the hydrides and deuterides.
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FIG. 3. As in Fig. 2, but for C'.

In spite of the small range of concentrations cor-
responding to homogeneous phases in PdH„or
PdD„, it is nevertheless possible to see that the
temperature coefficients of the volume-conserving
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FIG. 4. As in Fig. 2, but for C~.
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FIG. 6. Temperature dependence of the amplitude of
the ultrasonic waves corresponding to different elastic
moduli of a'-PdD using boundings such as glycerol (G),
Loctite (L), and one-component UHU (U).
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FIG. 5. As in Fig. 2, but for 8.

shear deformations hardly depend on the hydrogen
concentration, in contrast to that of CL and B
above approximately 100 K (compare PdHp q6 and

PdHp 73 in Figs. 2 and 5). Another clear difference
between the shear modes and the longitudinal
mode is illustrated in Fig. 6 where some typical
curves of the temperature dependence of the ampli-
tude of the first ultrasonic echo are shown. The
longitudinal-mode amplitude has a weak minimum

around 220 K. In order to make sure that this
temperature variation is not due to the bonding
material (glycerol) used to couple the transducer to
the crystal, the same experiments were repeated
with bonding materials that do not soften around
room temperature, such as Loctite and one-
component UHU glue. Figure 6 shows that the
bonding material has almost no effect on the dip
around 220 K. Above 250 K, however, the soften-
ing of the glycerol bond causes rapid decrease of
the amplitude with temperature. This amplitude
reduction is not observed when UHU is used as
bonding agent. For clarity, only the amplitude of
the first echo has been shown in Fig. 6. The
minimum at 220 K is, however, a general feature
which is even stronger in higher-order echoes. The
a'-PdH results are the same as those of a'-PdD,
within experimental accuracy.

In contrast to the weak temperature dependence
of the amplitude of the longitudinal-mode echoes,
the corresponding curves for the shear modes show
a pronounced reduction in the amplitude of the
echo pattern around 150 K. Above 200 K the am-
plitude remains very low (but large enough for
sound-velocity measurements). Even with Loctite
or UHU bonds the amplitude does not increase
when approaching room temperture. A similar
behavior is reported by Fisher et al. ' for Nb-Ta-H
and Nb-V-H alloys. For alloys with [H]/[M]
g 0.03 the echoes even fall under the detection
limit of their ultrasonic apparatus.
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A. Concentration dependence of the elastic
moduli at T=O K

By extrapolating the measured C~~(T) curves to 0
K, one obtains the concentration dependence of the
elastic moduli presented in Fig. 7. The moduli B,
CL, and C44 are lower in PdH„and PdD„ than in

pure palladium while C' increases with H(D) con-
tent. This behavior is just opposite to that ob-

served for the elastic moduli of the group-V tran-
sition-metal hydrides where C' decreases upon hy-
drogenation and B, Cl, and C44 are reported to be
concentration independent by some authors, or to
increase with increasing hydrogen content by oth-
ers 23—26

The difference between PdH„and the group-V
metal hydrides is due to a different d-band filling
in these alloys. As shown by Ducastelle, the bulk
modulus B of transition metals of the same row of
the Periodic Table exhibits a parabolic dependence
on the number of d electrons. B is maximum for
five electrons in the d band. As addition of H(D)
increases the electron-to-atom ratio, one concludes,
within the framework of this model, that B, CL,
and C44 behave "normally" since V, Nb, and Ta
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IV. DISCUSSION OF EXPERIMENTAL RESULTS have a less than half-filled d band and Pd has al-

most ten d electrons.
If band filling were the only relevant parameter,

one would expect the same concentration depen-
dence of CJ in PdH„and in the isoelectronic
Pd~ „Ag„substitutional alloys. In Fig. 7 one ob-
serves, however, that B(a'-PdH(D)) is significantly
larger than B(Pdo iAgQ 7). This difference in bulk

modulus cannot result from a volume effect since
the Pd-Pd interatomic distance in PdH„ is larger
than in Pd~ „Ag„. The isotropic compression
needed to reduce the equilibrium volume of PdH„
to that of Pdi „Ag„would even increase this
difference as d lnB/d ln V & 0. This quantitative
disagreement is likely to be of electronic origin.
The band structures of Pdi „Ag„and PdH„are
known to be quite different. In addition to an up-
wards shift of the Fermi energy relative to the top
of the d band upon adding hydrogen to palladium,
the palladium states with s symmetry at the octa-
hedral site are lowered in energy, forming a low-

lying Pd —H bonding band. As a result, the hy-
bridization contribution to the cohesive energy is
larger in PdH„ than in Pd& „Ag„. One would ex-

pect then a smaller atomic volume for the hydride
but instead, one finds that the lattice constant of
PdH„ is larger than that of Pdi „Ag„. This indi-

cates that the repulsive contribution is stronger in
the hydride as well. This increased repulsion re-
sults then in the observed larger bulk modulus in
the hydride, as it is well known ' that B is
dominated by the repulsive term in the cohesive

energy.
In both the group-V metal hydrides and palladi-

um hydride, the concentration dependence of C'
behaves abnormally in terms of the d-band filling
model mentioned above. While for bcc metal hy-
drides it is conceivable that in the temperature
range where the experiments have been carried out
the anomalous concentration dependence of C' is
due to a relaxation effect (e.g., Snoek effect), such
an explanation is not applicable to PdH„and
PdD„ for which C' is anomalous even at T=0 K.

B. Debye temperatures and acoustic-phonon spectra

0.5
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0 0.5 1,0

b,(e/a) h, (e/a)

FIG. 7. Concentration dependence of the elastic
moduli of PdH„(D„) (&( this work and g Ref. 20) com-

pared to that of the substitutional alloys Pd~ „Ag» (4,
Refs. 51 and 52) in units of 10' Pa. The dashed lines

serve as a guide to the eye.

From thermal-expansion data below 10 K, Smith
and %hite ' found that the lattice contribution to
the linear thermal-expansion coefficient
a=(1/1)(dl/dT) was approximately the same in
PdHo 66 and pure palladium. The same conclusion
was reached by Mackliet and Schindler from
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their measurements of the specific heat at low tem-
peratures. This is confirmed by the present mea-
surements of CJ which lead to SD(Pd) =276+2 K,
SD(PdH0. 66) 27g+2 K SD(PdD0. 652)
=280+2 K for the Debye temperatures determined

by means of the Launay's method. The constan-

cy of SD is the result of an almost perfect cancel-
lation of the increase in C' and the decrease in Cl
and C44 upon hydrogenation. The increase in C'

implies that in the long-mauelength limit the lowest
transverse-acoustic branch T~ of PdDp 652 lies
aboue that of Pd (see also Rowe ). Neutron
scattering data show, however, that the phonon
frequencies at the boundary of the Brillouin zone
are 15—20 /o lower in the deuteride than in pure
Pd. This leads to a strongly temperature-depen-
dent Debye temperature.

The large difference in the hydrogen concentra-
tion dependence of the acoustic-phonon frequencies
at the center and at the Brillouin-zone boundaries
can be qualitatively understood by means of a sim-

ple spring model for a fcc lattice. In such a
model, B, CL, C44, and the phonon frequencies at
the Brillouin-zone boundary are essentially deter-
mined by the first-nearest-neighbor force constant
K~, while C' depends sensitively on the second-
nearest-neighbor force constant K2 (for example,

48-K)—Kp, Cl -K)—( —,) K2, C44-K), but
O'-K&+4 Kz). The dilation of the lattice upon
H(D) absorption results in a weakening of K&. The
presence of an interstitial between a given Pd ion
and its second-nearest neighbor, on the other hand,
leads to a hardening of K2. For C' the increase in

E2 is strong enough to compensate the first-
nearest-neighbor force-constant weakening, and
consequently, C' increases with increasing concen-
tration of interstitials (see Fig. 7).

C. Temperature dependence of elastic moduli

As mentioned in Sec. III there is a clear isotope
effect in the temperature coefficients dCJ /dT of
PdH„and PdD„alloys. The isotope effect is most
apparent in the temperature variation of the bulk
modulus «PdHp. 66 and Pdoo. 652 show»»ig
The slope of the B(T) curve for PdDp 6g2 ls signifi-
cantly steeper than that of the corresponding hy-
dride, and in PdDp 652 a weak point of inflexion is
observed around 180 K.

Three experimental facts must be taken into con-
sideration to identify the origin of the strong tem-
perature dependence of the C;J and their depen-
dence on the isotope mass of the interstitials.

1. The 50-E transition

It is well known that around 50 K a partial or-
dering of the interstitials in a Ni4.Mo structure
takes place in PdH„alloys. ' In an experimental
study of internal friction in thin foils of PdH„
with 0.62&x (0.89, Zimmermann found that
below -50 K the temperature dependence of the
Young modulus E is weak (essentially that of pure
Pd), but that above a certain characteristic tem-
perature, dE/dT increases abruptly to much more
negative values. In spite of the much higher reso-
lution of ultrasonic techniques compared to low-

frequency beam-bending techniques, no such anom-
aly has been observed in our measurements. This
may be due to the difference in samples (polycrys-
talline foils and bulk single crystals) and in hydro-
gen loading (electrolytic charging across the
mixed-phase region in the case of Zimmermann).

2. Re1axation processes

The experiments of Zimmermann showed also
that there is a clear relation between a large peak
at 110 K in the internal friction of PdH„alloys
and a "modulus defect" at approximately the same
temperature in the Young modulus. Since we have
also observed a strong absorption in the measure-
ments of some of the elastic moduli (see Fig. 6) it
is necessary to see whether the large dC,J /dT may
be explained by means of relaxation effects taking
place when an ultrasonic wave propagates through
the sample.

According to Mazzolai et al. the large inter-
nal-friction peak observed in a'-PdH is due to
stress-induced reorientation of pairs or clusters of
vacancies with noncubic strain fields in the hydro-
gen sublattice. The reorientation of a pair requires
a jump (or several jumps for clusters of vacancies)
of an individual hydrogen. According to the
standard theory of anelasticity one expects a
maximum in the absorption and a steplike elastic
modulus defect when the angular frequency co of
the periodic stresses (or strains) applied to the sam-
ple is approximately equal to the jump frequency
co& of the protons (more precisely when co/10
&co~ & 10'). We can evaluate the temperature T
for which the absorption has its maximum value
and the interval AT over which an anelastic contri-
bution occurs by assuming that co& —1/~ where ~ is
the mean residence time. ~ can be evaluated from
the reduced diffusion constant D, because ~ is
equal to b /6a„where b is the jump length. %ith
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the use of the experimental data of Mazzolai and
Zuchner ' for the diffusion constant of concentrat-
ed PdH„alloys and b =2.87 A for the octahedral-
octahedral site separation, we find Tm ——220 K and
AT =50 K for the frequency co=30 MHz used in
our measurements (in Zimmermann's experiment
co =300 Hz and thus T~ =110K and hT =20 K,
in agreement with the data shown in Fig. 3 of Ref.
38). These values agree very well with the data
shown in Fig. 6 for PdD„.

As mentioned in Sec. III, the maximum in the
absorption for PdH„occurs at approximately the
same temperature as for PdD„. This is not

E /kT
surprising since 'T=7oe ' varies over many de-
cades between cryogenic and room temperature as
a result of the relatively large. activation energy

E, =0.22 eV for a jump from one octahedral site
to another.

It would be natural at this point to attribute the
large differences between dB/dT in Pd and in

PdHp 6s (and PdDp 652) to some relaxation process
in the sample. The corresponding modulus defect
would then approximately be given by

T (PdH„)=T (PdD„),

it would follow that 5BH(T) should be proportion-
al to 5BD(T). However, as shown in Fig. 8 quite a
different behavior is observed, the PdD curve be-
ing shifted towards lower temperatures by a factor
of -1.45 relative to the PdH„curve. Such a large
shift cannot be understood within a relaxation
model.

In the following we shall therefore assume that,
in spite of the large ultrasonic absorption in C44
and C' (and to some extent in CL ), the temperature
variation of the elastic moduli C;~(T) is not influ-
enced by a stress-induced rearrangement of H ions.
This conclusion is supported by the Young
modulus measurements of Zimmermann, where
the modulus defect associated with the strain-
induced relaxation of H vacancies is clearly super-
imposed onto a strongly temperature-dependent
background.

5BH(D) ( T)= BPd ( T)—BPdH (D„)( T)
T

BPd(0) —BpdH (D )(0) (2)
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FIG. 8. Temperature variation of the bulk moduli
differences 5B for PdH0. 66 (Ref. 2+ and PdH0. 652 ac-
cording to Eq. (2).

3. Optical phonons

Neutron scattering experiments show that the
optical phonons in PdH and PdD„are well

separated in energy from the top of the acoustic-
phonon branches. The dispersion of the
longitudinal-optiml phonons is large as a result of
the strong proton-proton interaction and the non-
stoichiometry of the alloys. The transverse-
optical-phonon branches, on the other hand, are
rather narrow. The phonon density of states has,
therefore, a peak at 650 K in PdH„(450 K in
PdD„) with a high-energy shoulder whose top
reaches about 1100 K in PdH„(750 K in PdD„).
The position of the density-of-states peak is ap-
proximately independent of the concentration of
interstitials (see Fig. 1).

Above —100 K (70 K) a significant number of
optical phonons are excited in PdH„(PdD„) and
their effect on the electriml conductivity ' and
thermal expansion' has been clearly put in evi-
dence. Figure 8 suggests that also for the elastic
moduli a large contribution to dC,J./dT arises from
the gradual excitation of optical phonons with in-

creasing temperature. The fact that 5B(PdHp 66)

deviates from zero at a 1.45 times higher tempera-
ture than 5B(PdDp 652) indicates that
MHp)H-1. 05MDp)D, i.e., p)H/p)D-1. 03' 2. In the
following section we derive expressions for the con-
tribution of optical phonons to elastic moduli.
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V. QUASIHARMONIC MODEL OF THE
CONTRIBUTION OF OPTICAL PHONONS

TO THE ELASTIC MODULI

A. Theory

The difference in the temperature dependence of
the elastic moduli of PdH„and Pdo„ is assumed
to arise from the difference in the energy of the
optical phonons in these alloys. In ultrasonic ex-
periments, such as those carried out here, one mea-
sures the adiabatic elastic moduli C;~, defined by

r

1 B UC"=—
V Be Bej

where I e; I is the six-component strain vector, U
the internal energy given by

U= Uo(e; )+ g(nq+ —,)Rcoq, (4)
q

and S the entropy, defined by

S=kii g [(nq+ 1)ln(nq + 1)—nq lnnq ],
q

with

(
f8')

1)

and

I3=(kg T)
The summations are over all the phonon states and
ficoq is the energy of a phonon with wave vector q.
The frozen lattice energy Uo depends only on the
strain vector Ie; j. The bulk modulus 8 is defined
analogously to C;J with

B(1/V)
BE(Bej

replaced by

where yq and yq are the Gruneisen parameters as-
sociated with the C,

&
and B, respectively. U and S

depend on temperature explicitly through P and
implicitly through the volume dependence (thermal
expansion) of Uo. They also depend on tempera-
ture through the volume dependence of the coq, but
that dependence is of second order in the thermal
expansion and can be neglected.

Under adiabatic conditions 5S=0 and

B7lqg PRa)q =() .
Be,.

This equation relate the strain dependence of the
temperature to the strain dependence of the pho-
non frequencies by

g (Iaficoq ) nq(nq+1)r, '

BlnT q

g(P~, )'n, (n +1)
q

—=y'

Because T is a scalar, the average Gruneisen con-
stant y' vanishes for a pure shear in a cubic crys-
tal. The average Gruneisen constant y, corre-
sponding to the bulk modulus, is defined analo-
gously, with B/Be; replaced by B/BlnV. It varies
with temperature, except when all the phonon fre-
quencies are equal (pure Einstein model) or when
all the yq are equal.

With the use of the adiabatic condition (Eq. 7),
the elastic moduli C,J can be written as

V g (Podia)q) nq(nq+1)

B

BP'2

In order to calculate the temperature dependence
of the elastic moduli, we assuine, in the spirit of
the quasiharmonic approximation, that the mq are
functions of the strain vector le; I, with

Bluff)q

Be;
——y

of

Bine,
BlnV

The first term on the right-hand side of this equa-
tion depends implicitly on the phonons through the
zero-point motion and thermal expansion because
it has to be evaluated at the actual volume V(T)
given by

V(T)= Vo 1+ g (nq+ —, )— rq, (10)
0 q Q

where Vo and 80 are the volume and the bulk
modulus of the crystal at T=0 K and in the ab-
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sence of zero-point motion. We find

8 U =C(oj+ [V( T) V(—) ] C,jov a~, a~,
0 gV lJ

0 0
0 C~j BlnC~j

a,V, alnV ~

C(oj alnCij 1 aCJ' —— F) 3l +
P a, V, alnV r ae, a~, I

t ~ij 81QCij 1 8 fico+ 1 Vt g y gl y

The expressions for the bulk modulus are analo-

gous to those for C,&, with y» and y' replaced by

ys and y, resPectively, (1/V)[a /(ae;aej)] rePlaced

by V(a /aV ), and C,z by 80.
One often makes the additional assumption

that the occupation numbers n~ themselves do not
depend on the strain state of the crystal. This is
equivalent to assuming that all the Gruneisen con-
stants y» or yv are equal to their average (y' or y,
respectively), and consequently, vanish for pure
shears. Also, the terms proportional to n (n +1)
vanish identically when the y& are equal. These
terms describe the redistribution in the occupancy
of the phonon states due to the relative shifts of
the phonon energies, as is shown by the fact that
these terms depend only on the deuiation of the
Griineisen constants from their average value. As
will become clear in Sec. V B, they are, however,
essential for the explanation of the experimental
data.

The elastic moduli C;J can be written as

with

and

l(t) 1

Fl (nl(t)+ 2 )p~l(t) ~

Fq n((, )—(n((,)+ 1)(picot(, ))
l(t) 2

nl (t)
~l(t)

1 )
—1

&f)i= ~ gf,)ax

(17)

where the sum is over the longitudinal (transverse)
modes only. x is the concentration of H or D, and
Nx is the number of protons or deuterons in the
crystal. It is equal to the number of longitudinal-
optical modes and equal to half the number of
transverse-optical modes.

The bulk modulus is conveniently written as

CgJ —C,J+C,J +C,J (12)
0"'= (F(+2F) )A

V .

where Cz is the contribution of the frozen lattice,
and Cj and Cfj~' that of the acoustic and optical
phonons, respectively. The bulk modulus has a
fourth contribution, 8 ",which describes the
redistribution between the acoustic- and optical-
phonon modes, due to the compression of the lat-
tice. This term, however, is small and will be
neglected.

In order to obtain tractable expressions, we as-
sume here that the optical-phonon dispersion
curves can be described by two Einstein oscillators
with frequencies co, (transverse phonons) and co(

(longitudinal phonons). We cannot assume that
there are only two optical shear Gruneisen con-
stants, one for the longitudinal modes and one for
the transverse modes, because the sum of y~ over
the star of q has to vanish for a pure shear. We
will assume, however, that there are only two
volume Gruneisen constants, denoted by yl and y, .

The optical contribution to the CJ can now be
written as

2F)F) 2F2F2
Fl 2Ft Fl 2Ft

with

al~,
+)'()'+1)

Bln V

BP 2Fg BP

Fl +2Ft

and

F]yl+2Fiy,
Fl +2Ft (20)

The advantage of writing 8' ' this way is that the
coefficient A depends only weakly on temperature
if yl and y, are temperature independent. y varies
then between



1646 GEERKEN, GRIESSEN, HUISMAN, AND WALKER

(y(+2', y, /col )/(1+2', /coI )

at T =0 K and (yI+2y, )/3 at T = co. The tem-
perature dependence of B arises therefore, almost
entirely from the factors in front of A and

B. Fit to the experimental data

As mentioned in Sec. IV B the Debye tempera-
ture determined from low-temperature data is sig-
nificantly higher than that derived from the total
acoustic-phonon spectrum. This implies that the
contribution of optical phonons cannot be obtained
by substracting from the C,J the acoustic contribu-
tion of a Debye model fitted to the low-temper-
ature (T & 80 K) part of the CJ(T) curves. Under
these circumstances it is better to consider the
differences

The most striking feature of the curves in Fig. 9 is,
however, the large difference in the temperature
variation of b, C~J for the shears. AC'(T) increases
much more rapidly than AC44 and reaches a max-
imurn around 200 K. AC44, on the other hand, is
a smoothly increasing function without maximum
or point of inflexion. The curve for 5B(T) shows
an intermediate variation.

We shall show now that the differences in
b,CJ (T) can be fitted by means of the expressions
derived in the preceeding section. The purpose of
such a fit is (i) to obtain information on the strain
dependence of the optical phonons, and (ii) to show
tha, t optical phonons are indeed responsible for the
large temperature dependence of C,z. The fit pro-
cedure is as follows:

(i) Bulk modulus. Equation (18) shows that
M(T) can be cast in the form

M(T) =f(T,8,",8", ,8, ,8, )A

b, Cij. ( T)=C;1 ( T,PdH„) —C,J (T,PdD„) +g(T Q~( Q~ Q~l Q~D)(y y )2 (22)

—[CJ(0,PdH„) —C~ (0,PdD„)],

(21)

which are independent of the acoustic modes. The
ACJ obtained from the experimental data in Figs.
3, 4, and 5 are shown in Fig. 9. For all three
moduli, ACJ- is very small at low temperatures, as
expected from the variation of the functions I' j

and F2 which are essentially zero for T & 8z/6
(the Einstein temperature 8E is approximately 450
K for the optical-transverse phonons in PdD„).

0.6

if the contribution of B '" is negligible and if
y'(PdH„) =y'(PdD„). 8I ' ' is the Einstein tem-
perature of the longitudinal-optical phonons, in
PdH„(PdD„) and Q~ the Einstein temperatur
of the transverse-optical phonons. To reduce the
number of fitting parameters we assume that
8 =v 28 both for the longitudinal and trans-
verse phonons. The remaining parameters 8, , 8l,
A, and (yl —y, ) are not independent since they
determine the value of B(PdH„)—B(PdD„) at zero
temperature. Within experimental errors no iso-
tope effect has been found at T =0 K and thus,
from Eq. 18 it follows that

2H8H

(QH+ 2QH)2

04
CL

O
0

5C44

M =h(T, 8(,8, )(yI —y, ) (24)

Replacing A in Eq. (22) by its value in Eq. (23) we
obtain finally an expression of the following form
for M:

0
0 100 200

T( K)
300

FIG. 9. Elastic moduli differences hC;J. ( T) according
to Eq. (21). The experimental data are represented by
full lines and the fits are given by dotted lines.

i.e., the function LB/h should be independent of
temperature for the proper choice of Sl and 8, .
It turns out, in fact, that the quality of the fit de-
pends strongly on 8lH, but only weakly on StH

From neutron scattering data one knows, however,
that 8, =650 K. The function AB/h versus tem-
perature obtained with this value for 8, is indicat-
ed in Fig. 10 for several values of 8l . As a conse-
quence of the sensitivity of the curves to 8l it is
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possible to derive an accurate value for the Ein-
stein temperature of the longitudinal phonons.
One finds SI ——910+10K corresponding to
1m=78.5 meV, in good agreement with the in-

coherent neutron scattering spectra of Ross et al.
for PdHp 7p. From this fit we also obtain that

200

1050
1000

950

700

750

800

and

I yt —y I
=12.3+0.3

BlnB0 ()y
BlnV

+y(y+1) — = —37 .
Bln V

(25)

(26)

150
900

850

800

850

900
950

1000
1050

With @=3.6, and taking

BlnBo

BlnV
— = —5+2

as for most transition metals, we find

100
750

700
I

100 200 300
T(K)

a =34+6 .
BlnV

FIQ. 10. Temperature variation of (yI —y, )' for dif-
ferent Einstein temperatures ei" of the longitudinal-
optical-phonon branch according to Eq. (24).

(ii) Shear elastic moduli. The difference b,Cg(T)
can be written in the form

&Cg(T) =f(T,8(,8t )&t+f(T,8",0 )~
((y ) )t=-0, At =25+10,

((y")'),=0, W44=13+2
(30)

+g(T,8t",8t )((y~)')(

+2g(T, 8, ,8, )((y~) )(, (27)

Cg BlnCg 1 ()2~
'

Bp Bin V duo (jg~
(28)

((y') )t =5+5, A/ =—0,

((y')2), =15+2, A,
' =0

(29)

for the tetragonal shear (corresponding to C') and

if it is assumed that A;, y;, and y, do not depend
on the mass of the interstitial. For a tetragonal
shear, the shear parameter g is related to the com-
ponents of the strain vector through

e& Ez —g/2, ——e3 ————g, e4 e5 e6 ——0, a——nd ——for an

angular shear through e~ ——e2 ——e3 ——0 and

E4=E5=es ——g. From a fit of Eq. (27) to the
difference curves in Fig. 9, using the Einstein tem-

peratures from the bulk-modulus fit, one obtains
the following values:

for the angular shear (corresponding to C44). With
these values for the fitting parameters, the calcu-
lated hC& agree within 10% with the experimental
results (see Fig. 9).

One of the most surprising results of the fits
described above is the very large value found for

I yt —y, I
. In order to show that this is not an ar-

tifact of the fitting procedure let us assume, as in

Fig. 8, that B' '(T) is approximately given by
M(T) in Eq. (2), i.e., by subtracting the temper-
ature-dependent part of the bulk modulus of PdH„
(or PdD„) from that of pure Pd. For each alloy,
separately, one can then determine

I yt —y, I
by

fitting Eq. (24) to 5B(T). For PdHp 66 we obtain

I yt —
y~ I H 7 6+0 5,

and for PdD0. 652

I yt y, I
D=I—O. 0+0.5.

(31)

(32)

No allowance for a difference in
I yt —y, I

between

PdH„and PdD„was made in the fit of the differ-
ence LB. This is the reason why the values in Eqs.
(31) and (32) do not agree within experimental er-
rors with the value of 12.3 [Eq. (25)] obtained
from a fit where a priori yl and y, are assumed to
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be independent of the isotopic mass. The impor-
tant point is, however, that for both fit procedures

~ yi —y, ~

is significantly larger than the average
value

, (—yi+2y,)H D-=3 3+. 0 4. (33)

yl(q) =yt, (q)

=——,y, (q) for qadi[100] .

obtained from thermal-expansion measure-
ments' ' ' on PdH and Pdo .

Taking
~ yi —y, ~

=10+2.5 as an average of the
values in Eqs. 25, 31, and 32, and the average y
value of Eq. 33, we obtained two sets of possible
values for y~ and y, depending on the sign of
yI —y, . For yI —y, = —10 the corresponding
volume Griineisen parameters are (i) yi = —3.3
+2.1 and y, =6.7+1.2, and for yI —y, =+10
they are (ii) yi =10+2.1 and y, =0.0+1.2.
Although the small value of y, in the second set
(ii) would provide us with a simple explanation of
the insensitivity of the frequency of the
transverse-optical phonons to changes in hydrogen
or deuterium concentration, the values of set (i)

have to be prefered because the value y, =6.7 of
the first set (i) agrees reasonably well with the
Gruneisen parameters determined by Blaschko
et al. for a few transverse-optical-phonon modes
in PdD0 7i (in Fig. 1 of Ref. 49, 4gy, (6). The
constancy of ~, in a'-PdH, and Pdo„ is thus
probably due to a cancellation of volume-dilation
effects and the concentration dependence (at con-
stant volume) of the proton-palladium interaction
potential.

So far we have only considered fits to the bulk
modulus. For an angular shear it follows from
simple symmetry considerations that for the pho-
non frequencies at point I" of the Brillouin zone
Bco/Bg~ —=0. The same holds for all phonon
branches along the (100) directions. The average

~ yi ~

and
~ y, ~

will thus be small for such defor-
mations, in agreement with the experimental re-
sults in Eq. (30). This is also supported by the ob-
servation that for an angular shear the H-Pd
separation remains unchanged for eight nearest
neighbors, while in a tetragonal shear all distances
between nearest neighbors are modified. Further-
more, for a tetragonal shear along [001] the degen-
eracy coI ——co, in the vicinity of point I is lifted in
such a way that

yi(q) = 2y, (q) f—or q ~ i
[001]

and

For the average over the Brillouin zone one expects
that

in qualitative agreement with the results in Eq.
(29). The values obtained for the parameter A;
cannot be discussed in terms of simple models as
they depend on second derivatives of the phonon
frequencies.

VI. CONCLUSIONS

The sound-velocity measurements described in
the previous sections have shown that the bulk
modulus and the angular shear modulus C44 de-
crease with increasing hydrogen or deuterium con-
tent as expected on the basis of a simple d-band-
filling model. The tetragonal shear modulus C', on
the other hand, increases with increasing intersti-
tial concentration. For all moduli the temperature
coefficients dC;/IdT are significantly more nega-
tive for PdH„(or PdD„) than for pure palladium.
This stronger temperature variation of C;~ is not
due to a relaxation process, as one might conclude
from the large ultrasonic absorption occuring
around 220 K, but is due to the gradual excitation
of the optical phonons. This interpretation is con-
firmed by the fact that the decrease in the C;J(T')
of PdH starts at a temperature which is approxi-
mately 1.45 times higher than in Pdo„. This im-
plies that MHcoH 1.05MDcoD.

A quasiharmonic model in which the transverse-
and longitudinal-optical phonons are treated as
Einstein oscillators with different Gruneisen
parameters y, and yI is found to give a good
description of the differences

BC'(T)=CJ(T,PdH„) C~(T,PdD„)—
—[CJ (O, PdH» ) —Ci~ (O,PdD„)],

which are independent of the acoustic-phonon
modes. In this model the redistribution in the oc-
cupancy of the phonon states due to the relative
shifts of the longitudinal- and transverse-phonon
energies corresponding to the strain state under in-
vestigation is explicitly taken into account. This
contribution, which is proportional to (yi —y, ) for
the bulk modulus, is essential for the explanation
of the measured values. Quantitative agreement
with the data for all CJ is obtained by taking
8, =650 K 8I ——910 K, 8, =450 K, and

8I ——640 K for the Einstein temperatures of the
optical phonons in PdHo. 66 andPdoo. 652 The
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large value
~ yt —y, ~

=10+2.5 determined from
the various fits to the B(T) curves of PdHo qq and
PdDp as' indicates that the volume dependence of
the longitudinal-optical phonons is very different
from that of the transverse phonons. By combin-
ing the present results with those of neutron
scattering and thermal-expansion measurements we
obtain yI ———3.3+2.1 and y, =6.7+1.2 . The con-
stancy of the frequency to, in neutron scattering
experiments thus results from the cancellation of

two effects: a lowering of ro, due to the dilation of
the lattice upon hydrogen or deuteron absorption
and a hardening of the proton-palladium potential.
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