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The theory of permutational crystallographic color groups is used to construct tables of
the k =0 irreducible representations whose basis functions are linear combinations of the
components of tensor fields defined on the atoms of an arbitrary crystal. As examples of
their use, these tables are shown to be applicable in determining the k =0 vibrational and
magnetic modes of a crystal, the infrared and Raman-active vibrational modes, in testing
the validity of the Jahn-Teller theorem in crystals, and in applying the tensor-field cri-
terion in the Landau theory of continuous phase transitions in crystals.

I. INTRODUCTION

In many problems in solid-state physics it is
often necessary to determine the irreducible repre-
sentations of the symmetry group of the crystal
whose basis functions are linear combinations of
components of tensors defined on the atoms of the
crystal. In lattice vibrational problems, one deter-
mines the irreducible representations whose basis
functions are combinations of components of a
three-component tensor, the displacements, of each
of the atoms.!* These irreducible representations
of the symmetry group G of the crystal are con-
tained in the direct product of the polar vector rep-
resentation D} and the permutation representation
DE™ of the atoms of the crystal. The permuta-
tion representation characterizes how the atoms of
the crystal permute under elements of the symme-
try space group of the crystal. In determining pos-
sible types of magnetic ordering in crystals, one
can determine the irreducible representations of the
nonmagnetic symmetry group of the crystal whose
basis functions, the magnetic modes, are linear
combinations of the atomic spins.>® These irredu-
cible representations are contained in the direct
product of the axial vector representation D¢ and
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the permutation representation D™ of the mag-
netic atoms. In the general case, the problem is to
determine the irreducible representations contained
in the direct product of a tensor representation Dg s
whose basis functions are the components of the
tensor defined on the atoms, and the permutation
representation DE™ of the atoms of the crystal.
We refer to this direct product representation as
the tensor field representation Dg" of the crystal.

Central in determining the irreducible represen-
tations contained in the tensor field representation,
is the problem of determining the irreducible repre-
sentations contained in the permutation representa-
tion DEF™. Using the theory of permutational
color groups, Litvin, Kotzev, and Birman® have de-
rived and tabulated all kK =0 irreducible representa-
tions contained in the permutation representation
DE™ for all possible crystals of all space-group
symmetry G. In Sec. II we briefly review the
method of Litvin, Kotzev, and Birman.” We then
derive and tabulate all kK =0 irreducible representa-
tions contained in the tensor-field representation
DZF, for all possible crystals of all space-group
symmetry, in the cases where the tensor representa-
tion D is D¢, the polar vector representation, DZ,
the axial vector representation, D& X D¢, and
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(D¢ )i2;- Applications of these tables in determin-
ing lattice vibrational modes, infrared and Raman-
active lattice vibrations, in the Jahn-Teller theorem
in crystals, magnetic modes, and equitranslational
phase transitions are given in Sec. IIIL

II. TENSOR-FIELD REPRESENTATION

Let T,, a=1,2, ..., q be the g components of a
tensor T defined on the atoms, at position 7;, of a
crystal of space-group symmetry G. Let Dg be the
tensor representation of G whose basis functions
are the g components of the tensor T, and DZF the
tensor-field representation of G whose basis func-
tions are the components of the tensor field T,
=T(r))e a=12,...,q,i=1,2,... defined on the
atoms of the crystal. The tensor-field representa-
tion DZF is related to the tensor representation Dl
by

eF=DE™x D, (1)

where DEF™ is the permutation representation of
G, representing how the atoms of the crystal per-
mute under elements of the space group G.

A crystal of space-group symmetry G can be
partitioned into “simple crystals.”!® Each simple
crystal consists of all atoms of the crystal whose
position vectors can be obtained by applying all
elements of the space group G to any one position
vector r, and is said to be generated by G from r.
A crystal can be considered as consisting of a cer-
tain number of simple crystals, no two simple crys-
tals having atoms in common, and the elements of
G permute the atoms of each simple crystal among
themselves.

For a single simple crystal generated by G from
r, the permutation representation D™ is given by’

DE™=DI"=D}1G , ‘ 2)

where S(r) is the subgroup of all elements of G
such that gr=r, and D5"" is the representatlon of
G induced by the identity representation D, of
S(r). The tensor-field representation, Eq. (1), can
then be written as

DEF=D§"x D . 3)

The tensor-field representation is in general reduci-
ble, and in this paper we are interested in deter-
mining the k =0 irreducible representations con-
tained in this representation.

Because the tensor representation D describes
the rotational properties of the components of the

tensor T, it contains only k =0 irreducible repre-
sentations DS"* of the space group G. From Eq.
(3) it follows that the k dependence of the irreduci-
ble representations contained in the tensor-field
representation D&Y depends only on the k depen-
dence of the irreducible representations contained
in the permutation representation D", Eq. (2).
Consequently, to determine the k =0 irreducible
representations in D& one needs to know the k =0
irreducible reprmentatlons contained in the permu-
tation representation D(‘

Litvin, Kotzev, and Birman® have derived and
tabulated the k =0 irreducible representations in
all permutation representations D3”: The permu-
tation representation D" is, in general, reducible,

D(S;'(r)= 2 (Dg(r) ID(Gk,v))D‘(;k,V) , (4)
(k,v)

where (D™ | D&Y)) is the number of times the
(k,v)th irreducible representation of the space
group G is contained in D3, It has been shown®
that

(DS"’lD(G°"”)=(Dg(”]D5) , (5)

where D =T, is the vth irreducible representation
of the point group G of the space group G. The
permutation representation

Ds( )—D§(r) TG\

is the reprwentatlon of G induced by the 1dent1ty
representation Dg( ;) of the site point group S S(r) of
the atom at position r. All possible permutation
representations D@") are in a one-to-one correspon-
dence with all permutational color point groups.
Using the “short” notation for permutatlonal color
group, the permutation representation Dg corre-
sponds to the permutational color point G(S(r)).
A list of all classes of permutational color point
groups is given in Table I. The number
(Dg(’) | T,) of times each irreducible representation
I',=D¢ is contained in each permutation represen-
tation Dg(’ ), and, by Eq. (5), equal to the number
of times DS is contained in D3, has been de-
rived by Litvin, Kotzev, and Birman.’ Their re-
sults are found in the first line of each subtable of
Table II.

The tensor-field representation is in general
reducible:

Dng 2 (DgF | Dé;k,v))Dé;k,v) . 7
(k,v)

For the k =0 irreducible representations D"
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(DEF | D =(DEF|T,), (8)
where DZF is defined by
D =D§"'xD§ . 9)

That is, the number (DZF | D®) of times the

k =0 irreducible reprwentatlon D" of the space
group G is contained in DZF is equal to the num-
ber (DAF|T,) of times the irreducible repwsenta-
tion T, of the point group G is contained in D
defined by Eq. (9). Consequently, determining the
1rreduc1b1e representations I', of the point group G
in D determines, by Eq. (8), the k =0 irreducible
representations D(o ¥) contained in DgF . We have
calculated the coefficients (DSF | T,) for all D"
for tensor representations Dg =Dg , the polar vec-
tor representation, D§, the axial vector representa-
tion, Dé XDg, and (Dé’ )i2)» the symmetrized
square of the polar, or axial, vector representation.
These coefficients are tabulated in lines two to
four, respectively, of the subtables of Table II.

III. APPLICATIONS
A. Lattice vibrations

The k =0 irreducible representations of a space
group G, whose basis functions are linear combina-
tions of atomic displacements of the atoms of a
simple crystal generated by G from 7, are deter-
mined using Eq. (8) by finding the irreducible rep-
resentation I, of the point group G contained in

Eq. (9),
DFF=D§"xD{ , (10)

where D@ is the polar vector representation of the
point group G and $(r) is the site point group of r.

As an example, consider the rutile structure of
TiOz.“ This crystal is of space-group symmetry
G=D)} and consists of two simple crystals. The
simple crystal of Tl atoms, at the 2(a) positions,?
is generated by D}} from r, =000, and the simple
crystal of O atoms, at the 4(f) positions, is gen-.
erated by D}} from r,=xx0. The point group of
D)} is G=Dy, and the site point groups of the
s1mp(1e crystals are $(r;)= DE™®® and S(r,)
—_ C X.V

For the Ti atom simple crystal, irreducible repre-
sentations contained in the representation Dgp (r),
Eq. (10) for the simple crystal generated by G from
r, are found as follows: In Table I, the permuta-

tional color point group G(S(ry))= D4(DE™™)
is listed as group 15.15a. In Table II, subtable
15.15a, line two, one finds the irreducible com-
ponents of the representation, Eq. (10):

DgF(r))=T57 +T5 +2I5 . (11

In the same manner, for the O atom simple crystal
one finds from subtable 15.5b of Table II:

DEF(ry)=Tf 4+TF 4T3+ +TF
+T5+T54+2I5 . (12)

Consequently, the k =0 irreducible representations
D of DY; whose basis functions are linear com-
binations of the atomic displacements of atoms of
the TiO, crystals are, combining Eqs. (11) and (12),
and using Eq. (8):

0,1 0,2 0,3 0,4
D'+, DY, DG, DAY

D(GO,5+)’wéO,Z—)’ZD(GO,3—)’4D((;0,5—) . (13)

B. Infrared and Raman-active
lattice vibrations

A k =0 irreducible representation D" of the
space group G of a crystal whose basis functions
are linear combinations of the atomic displace-
ments of the crystal, is said to be infrared active if

I EDY (14)

if it is contained in the polar vector representation
of the Pomt group G. The irreducible representa-
tion D" is Raman active if

I, €(Df)y (15)

if it is contained in the symmetrlzed square of the
polar vector representation of én

The k =0 irreducible representations D" are,
for each simple crystal, determined as in the above
example, using Tables I and II. For the TiO, crys-
tal, of space-group symmetry D.,,,,, these irreducible
representations are listed in Eq. ( 13).

Because the representation D@(” for S\ (r)—-G is
the identity irreducible reprasentatlon of G the ir-
reducible components of D{ and (Dg )2] can also
be determined from Table II: In Table II, in the
subtable corresponding to the permutational color
point group G(G), the listed irreducible com-
ponents of the second and fifth rows, respectively,
are the irreducible components of Dé'\ and (Dé’ )2)
In the example of the TiO, crystal, G =Dy, the
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TABLE L. Permutational color point groups G(S) are listed using the numbering of Ref. 9. Column 1 lists the
group’s number, column 2, the point group G, and column 3, the subgroup Sof 6.

1.1 ¢ G 876 Dy Ci 14.3 Dy CP? 17.1 ci G
2.1 C; C, 8.7c Ch 14.4 H 17.2 C;
22 G 8.8 Dy 14.5 C,, 17.3 C,
3.1 C, C, 9.1 C, C, 14.6 D, 17.4 C;;
32 C, 9.2 C, 14.7 A 18.1 D C,
4.1 C, C, 9.3 C; 14.8 Dy 18.2 C,
4.2 C, 10.1 S4 C, 15.1 Dy C 18.3 Cs
5.1 Cy C 10.2 C, 15.2a c3 18.4 D,
5.2 C, 103 Ss 15.2b cy 19.1 C, C
53 C, 11.1 Cy C 15.3a Ccr 19.2 C,
5.4 C; 11.2 C, 15.3b cy 19.3 C;
55 Cy 11.3 C, 154 C? 194 Cy,
6.1 D, C, 114 C; 15.5a o 20.1 Dy C
6.2a 3 11.5 A 15.5b c3 20.2 C,
6.2b H 11.6 C, 15.6 (of 20.3 C
6.2¢ (61 11.7 Cop 15.7a o 20.4 C;
6.3 D, 11.8 Can 15.7b c% 20.5 Cy
7.1 C, C 12.1 D, C, 15.8 Cc3 20.6 C;
7.2 C, 12.2a c3 15.9 o 20.7 Cy,
7.3a cr 12.2b cy 15.10a D™ 20.8 D,
7.3b (o4 12.3 C3 15.10b D@ 20.9 Cii
7.4 Ca 12.4a D™ 15.11a cEsy 20.10 Dy
8.1 Dy C 12.4b D@y 15.11b (o} radad 2.1 Gy G
8.2 C; 12.5 C, 15.12 C, 21.2 C,
8.3a (81 12.6 D, 15.13 Ss 21.3 C,
8.3b c: 13.1 Cyw C 15.14a DE»™ 21.4 Cs
8.3c c3 13.2q Ccr 15.14b D‘zﬁ"’” 22.1 Cy, C
8.4a c 13.2b c» 15.15a D™ 222 C,
8.4b c? 13.3 C, 15.15b D& 22.3 C;
8.4¢ cr 13.4a (o} radad 15.16 Ca 224 Ca
8.5a 3 13.4b cEs 15.17 Cu 23.1 Ca C
8.5b " 13.5 C, 15.18 D, 23.2 C;
8.5¢ c3, 13.6 Cyq 15.19 Dy, 23.3 C,
8.6 D, 14.1 Dy C 16.1 C; (of) 234 C;
8.7a C3 14.2 ] 16.2 C; 23.5 Con
permutational color point group Dy (D) is listed infrared active, and D'+, D3+), D4, and
in Table I as group 15.19, and from subtable 15.19 D(Go,s +) are Raman active.
of Table II, we have
D g =y +I5, (16) C. Jahn-Teller theorem in crystals
Vy o+ iTtartarst
(Dgl=2TT7 +I5 +T3+T5 . {17 The Jahn-Teller theorem, which states that de-
Consequently, for the TiO, crystal, the lattice vi- generate electronic states give rise to configuration-
brations [see Eq. (13)] corrm?onding to the k =0 al instabilities that lower the symmetry and split

irreducible representations D>~ and D’ —) are the electronic degeneracy, has been shown to be
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TABLE 1. (Continued.)

23.6 Ca C; 27.1 Dy C
23.7 Cy 27.2a %
23.8 Cs 27.2b c
23.9 Ci 27.3a cr
23.10 Cen 27.3b c’
24.1 D¢ C; 274 c?
24.2q c 27.5a %
24.2b 3 27.5b i,
24.3 H 27.6 G
24.4 D, 27.7a I
24.5 Cs 27.7b Ch
24.6a D) 27.8 c:
24.6b DY) 27.9 D,
24.7 Cs 27.10 ci
24.8 D 27.11 2
25.1 Ce C 27.12 Dy
25.2a c’ 27.13 C;
25.2b cr 27.14 Cy
25.3 C, 27.15 Cs
25.4 Cy 27.16 Ci
25.5 C; 27.17a D)
25.6a cEx) 27.17b DY)
25.6b cEy) 27.18q cExx)
25.7 Cs 27.18b cEry)
25.8 Ce 27.19a D"
26.1 Dy G 27.19b D"
26.2 cs 27.20a D™
26.3 cr 27.20b DFY’
26.4 s’ 27.21 Cev
26.5 Cy 27.22 Cen
26.6 C; 27.23 Dy
26.7 Cy 27.24 Dg
26.8 D, 28.1 T C
269 Css 282 C,
26.10 Dy, 28.3 (o}

28.4 T D, 311 Ty Ty
28.5 T 32.1 o, C

29.1 T, C 322 H

29.2 C, 323 c:

29.3 C, 324 c?
29.4 G 325 c?
29.5 C,, 32,6 G,

29.6 D, 32.7 C,

29.7 T 32.8 Ss

29.8 o 32.9 ™
29.9 Can 32.10 DE»®)
29.10 (o 32.11 CcE»®)
29.11 Dy, 32.12 Ccio®:z)
29.12 Ty 32.13 D;

30.1 o) Ci 32.14 Csp
30.2 Cs 32.15 Cu
30.3 cy 32.16 Dg
30.4 C; 32.17 G

30.5 D™ 32.18 z
30.6 C, 32.19 cx
30.7 D; 32.20 Cy

30.8 DY 3221 Cun
309 D, 3222 D™
30.10 T 3223 Dy
30.11 o 3224 DY
31.1 T, C 32.25 D,

31.2 C, 32.26 DE»®)
31.3 C, 3227 D&Y
314 C; 32.28 Da
31.5 Cy 32.29 T

31.6 Ss 32.30 T,

31.7 Cs 32.31 0

31.8 D, 32.32 T,

31.9 Dy 32.33 0,
31.10 T

valid for all molecules.!*!” Examples in crystals
where the Jahn-Teller theorem is not valid have
been given by Birman.!® We shall discuss here the
use of Tables I and II in determining whether or
not a k =0 degenerate electronic state in a crystal
gives rise to a configurational instability.

Let D be a degenerate “single” k =0 irredu-
cible representation of the space group G of a crys-
tal, corresponding to a degenerate electronic state.
This degenerate electronic state gives rise to a con-

figurational instability if there is at least one ir-
reducible representation D(Go" ), corresponding to a

lattice vibrational mode, such that
e, (18)

that is, I'; is contained in the symmetrized square
of T, and where the following conditions apply.

(1) T; is not the identity irreducible representa-
tion I';.
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TABLE II. (Continued.)

13.4a

13.3

13.2b

13.2a

13.1

12.6

12.5

12.4b

I’y ToI04Ls

Iy L0000 Ty Dol Iy 0050, [y L0 Cs Iy ToO0s Ty Lo0s

Ty 0T

111

1
1
1

1

1
1123
2213

1

2

1

1 1112
3 3336
3 3336
9 99918
6 66612

1 12

1114

1114
55558
4 4444

2

1

1213

1
1

2 1112

2

PRV 12

P®A4 12

PRV A 3 2324
3

1
2 3324

3

2123
4 5459
4 2426

4 5549
4 2246

3 3224
22222

PRV}

1132

11

1

1312
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(2) I T; is contained m times in D§, T; is con-
tained M > m times in DS, Eq. (10). If T;=T,,
the symmetry of the crystal is not lowered, and the
degeneracy of the electronic state is not split. Con-
dition (2) takes into account that a rigid translation
of the crystal also does not lower the symmetry of
the crystal and split the electronic degeneracy.

(3) If T'; is contained m times in Dg and I[; cor-
responds to a rigid rotational lattice vibrational
mode of the atoms in the unit cell of the crystal,
I'; is contained M >m times in Eq. (10). If there
is only one atom per unit cell of the crystal, condi-
tion (3) may be deleted. The symmetrized squares
of all degenerate point-group irreducible represen-
tations are given in Table III.

In the TiO, crystal of space-group symmetry
D}}, the symmetrized squares (I, ), of irreducible
representations I', corresponding to k =0 degen-

erate irreducible representations DS® are (see Dy,
in Table III)
(P2 =5 )g=TT+T¥ . (19)

The irreducible representations I'; corresponding to
k =0 irreducible representations of lattice vibra-
tions in TiO, are given in Egs. (11) and (12), and
from subtable 15.19 of Table II we have, for the

“point group Dy

D{=T5 +T5, (20)
DE=TF+TI5 . 21

The irreducible representation I'j is contained in
both Egs. (19) and (12), i.e., I'; =T} is contained
in (I, )2, and is not contained in either D(';/ or
D§, Eqgs. (20) and (21). Consequently, both the

k =0 degenerate electronic states Di>">* and
D3~ of TiO, give rise to configurational insta-
bilities. Since I'f is contained in Eq. (12), we have
that these configurational instabilities are associat-
ed with the oxygen atoms of the crystal.

In the diamond structure, the space group is O,
and the crystal consists of a single simple crystal
generated by O7 from r =000, the 8(a) atomic po-
sitions, with site point group S(7)=T,. The sym-
metrized squares of irreducible representations I,
corresponding to kK =0 degenerate electronic states
DE® are (see Table III)

(TP =T ) =TF +T7, (22)
(I“z‘)[21=(1‘4‘)[2]=(F;“)[2]=(I‘5‘)m

The irreducible representations I'; contained in Eq.
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TABLE III. Symmetrized squares of degenerate point-group irreducible representations.
The notation for the point-group irreducible representations is that of Ref. 25.

Point group r (T
D4yc4v7D2d FS F1+F4
Dy, r¥ ri+r¢
Ds,C3, Is I'+Ts
Dy r¥ I +Tf
D, Cey, D3 I's,Ts I'i+T
Dy rf,rf I +T¢
T Ty I‘1+I‘2+I‘3+1"4
T, r¥ T +IF +0F +1¢
O,Td 1“3 F1+F3
[y, Is I'+T3+4Ts
On ¥ S
TiT I +I7+T3

(10) are found in subtable 32.30 of Table II:

DEF=T# 4Ty (24)
and from subtable 32.33, for the point group Oy:

DE=T7, (25)

D§=TF . (26)

Since the irreducible representation I'; =I'J, Eq.
(24), is contained in (T'7 )y, Eq. (23), for T, =T},
I';, T'#, I's, but not in Egs. (25) and (26), the

k =0 degenerate electronic states D(o 4+) D(o 4=
D((;O’H), and D> —)all give rise to conﬁgurational
instabilities. Since no I'; of Eq. (24) is contained
in Eq. (22), the k 0 degenerate electronic states
D(° 3+) and DY do not give rise to configura-
tional instabilities.'®

D. Magnetic modes

The k =0 irreducible representations of a space
group G, whose basic functions are linear combina-
tions of the spins of the magnetic atoms of a sim-

- ple crystal generated by G from r, are determined
using Eq. (8) by finding the irreducible representa-
tions [, of the point group G contained in

DEF=DE"x D 27)

where D@ is the ax1a1 vector representation of the
point group G and S(r) is the site point group of r.
As an example, we consider the crystal of
TbCrO; of space-group symmetry D15.7 The
terbium atom simple crystal is generated by Dy

from r, =xyi, 4(c) atomic positions,'? and the site
point group S(r;)= C?. The permutational color
point group D,,(C?) is listed as group 8.4b in
Table I, and in line three, subtable 8.4b of Table II
one finds the irreducible representations I',, con-
tained in Eq. (27):

D& (r))=T{ +2F +T§ +2r¢
+2I'y 4y 427+ . (28)

The chromlum simple crystal is generated by D35
from r, —O 0, the 4(b) atomic positions, and the
site point group S (rp)=C;. The permutational
color point group D,;(C;) is listed as group 8.2 in
Table I, and in line three subtable 8.2 of Table II
one finds the irreducible representations I, con-
tained in Eq. (27):

DE¥(ry)=30{ 4305 +30F +3IF . (29)

Consequently, the terbium k =0 magnetic modes
are associated with the irreducible representations
D§* with v of the representations T, given in Eq.
(28), and the chromium magnetic modes to those
given in Eq. (29).

E. Equitranslational phase transitions

In the Landau theory of continuous phase transi-
tions one of the several group theoretical criteria
used'>?* is the tensor-field criterion. As reformu-
lated by Litvin, Kotzev, and Birman,’ this cri-
terion, for equitranslational phase transitions is as
follows. If the phase transition is due to a physical
property described by a g-component tensor T de-
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fined on the atoms of a crystal of space-group
symmetry G, then a k =0 irreducible representa-
tion Dé;o"’) of G is associated with a phase transi-
tion from a high-symmetry phase G is ', is con-
tained in DS defined by Eq. (9).

As an example, consider UBi, whose nonmag-
netic space group is D}, with the uranium atoms
forming a single simple crystal, the 2(c) atomic po-
sitions, generated by D}, from r=0%z.24 The site
point group S (r)=C,,. For the magnetic phase
transition in UBI,, to find the k =0 irreducible
representations which satisfy the tensor-field cri-
terion, one uses Eq. (9) with Dg =Dé, the axial
vector representation. From line three, subtable
15.16, of Table II one finds that

DFF=TF+4+TF 4+ +T5 . (30)

Conse?uently, the k =0 irreducible representations
D) pP®3H) DO and D3 satisfy the
tensor-field criterion for equitranslational magnetic
phase transitions in Ubi,. Using the additional

7543

group theoretical criteria as formulated in Ref. 9,
the magnetic phase transition associated with the
irreducible representation D!~ gives rise to the
low-symmetry phase of space-group symmetry D2
with a spin arrangement generated by D3 from
3(0,-;-,2)= (0,0,w). This is the spin arrangement
of the uranium atoms in the magnetic phase of
UBi,.
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