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Theory of the splitting and line shape of fluorescence for a magnetic impurity
in a magnetic matrix with application to Cr + in GdA103
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The interpretation of the fluorescence spectrum of a magnetic impurity ion exchange-

coupled to a magnetic matrix is reconsidered with a theory which incorporates correlation
between the impurity spin and the neighboring ion spins and the concept of a Frank-
Condon principle for the magnetic state. Line shapes and splittings are calculated as
functions of temperature and magnetic field for an antiferromagnetic matrix. The appli-
cation of the results to the Cr-doped GdA103 system removes inconsistencies of previous
interpretations.

INTRODUCTION

The present paper proposes a theory for a mag-
netic impurity coupled to an antiferromagnetic ma-
trix. An example of such a system which has been
studied in detail experimentally is a Cr3+ impurity
in GdA103. In this lattice Cr + substitutes Al +

in the center of a slightly deformed cube, the ver-
tices of which are occupied by Gd ions. The oxy-
gen iona are at the centers of the faces of the cube.
The magnetic phase diagram has been determined

by Blazey et al i,2 The luminescence and optical
absorption have been measured extensively by Mur-

phy and Ohlmann, Blazey and Burns, Helman
et al. , and Aegerter et al. Here we are mainly
concerned with the line shapes and splittings of the
fiuorescence spectra. In the paramagnetic region
broad lines are observed with an almost tempera-
ture-independent splitting of 20 cm ' between
the Neel temperature at 3.8 K and room tempera-
ture. Below the Neel temperature the splitting ini-
tially decreases linearly and then appears to level
off at around 11 cm '. A magnetic field increases
the splitting, which, however, saturates together
with the magnetization of the Gd matrix.

The high-temperature splitting and line shapes
have been explained ' as being induced by the
fields of all possible arrangements of the eight
spins —, of the Gd ion nearest to Cr. This leads to
an exchange coupling constant of absolute value
2.1 cm ' between a Gd spin and the spin of Cr in
the ground state under the assumption that the

fiuorescence comes from a single excited state.
However, with this value of the exchange coupling,
the Cr ion is able to order ferromagnetically the
neighboring Gd ions, which leads to an increased
splitting at low temperatures, contrary to the ob-
servations in luminescence, ' which indicate that
the cluster of Gd neighbors is antiferromagnetical-

ly ordered. A previous attempt to reconcile these
apparently confiicting facts was left with the sta-
bility problem that the state considered had a
higher free energy than the ferromagnetic cluster.
An extension of that theory into the paramagnetic
region with magnetic field suffers from the same
inconsistency.

The present paper shows that a consistent pic-
ture can be reached with the introduction of two
new features. The Frank-Condon principle is ex-
tended to the magnetic states of the Gd cluster in
the sense that during the luminiscent transition the
magnetic order of the cluster remains unchanged
and is determined by the matrix with the Cr in the
excited state. The stability of the observed antifer-
romagnetic state therefore requires only that the
exchange coupling constant in the excited state of
Cr is sufficiently small.

%'ith an antiferromagnetically ordered cluster,
the question ' remains; Why does the splitting not
extrapolate to zero with decreasing temperature?
A correlated wave function is proposed for the im-
purity and cluster spins, which leads to a finite
splitting at low temperatures. Both line shapes and
splitting are evaluated as functions of temperature
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and magnetic field. For high fields the splitting
saturates. The calculations are, however, only per-
formed for a spin- —, impurity, which limits a de-

tailed comparison with experiment.

THE MODEL

where

j= 1 n =0

zs
pn(1 p )2s —n ~n j

n

function in the temperature ensemble

8 2S

(4)

The model proposed here may have wide appli-
cations; however, to fix the ideas, we consider the
case of Cr-doped GdA102, where Cr is a substitu-

tional impurity at an Al site. Its spin interacts
with the spins of a cluster of eight Gd neighbors.
These in turn are coupled to the antiferromagnetic
matrix and among themselves.

The spin Hamiltonian is of the form

8

H=Hz+Hc+J s g Sj —gp&B s .
j=1

Hq describes the exchange coupling of the Gd
cluster with the outside antiferromagnetic medium

and the outside magnetic field,

with

I'j (S———Xj )/2S .

~

S n)—j are eigenfunctions of Sj',

Sj'
~

S n)j—=(S n)—
~

S n)—j .

For each set of values of the parameters Xj and Oj

(j= 1, . . . ,8),
~ g) describes a spin state of the

cluster of eight Gd ions around the Cr spin. Note
that

~
P) is not an eigenstate of the total spin or

its z component. The form chosen for
~ P) allows

an easy calculation of matrix elements, in particu-
lar, (P~ P)=1 and

8

Hq ——g Sj' Ig (Sj)rs g'IjjjB—
j=1 I

(2)
(y ~ S,-' ~

y& =(S'—X,')'"e-' j . (9)

(3)

where the sum extends over the twelve nearest-

neighbor links. The exchange integral I' may
differ from that of the matrix, I, in view of the
presence of the impurity. In order to have as few
parameters as possible, we shall assume I'=I in
the following.

The third term describes the exchange interac-
tion between the spins Sj of the Gd ions of the
cluster with the spin s of the Cr impurity. The
last term is the Zeeman energy of the Cr impurity.

The outside Gd matrix will enter the theory in a
molecular field approximation. Since fiuctuations
in the cluster will play an essential role, this re-

quires a microscopic treatment. Since, however,
there are eight spins —, besides the Cr spin, an ex-

act diagonalization is not feasible. We therefore
make use of an ansatz for a typical cluster wave

Here Sj is a cluster spin, while SI belongs to the
outside matrix. Since the treatment of the outside
matrix is not the main concern of this paper, we
shall describe its effect by a thermodynamic aver-

age over the matrix states. H~ therefore represents
the action of a temperature- and magnetic-field-
dependent Weiss field on the clusters spina.

H~ contains the interactions within the cluster

Hc Q I'8j.Sk, ——
{j,k)

Other useful matrix elements are given in the Ap-
pendix. The physical meaning of the parameters

Xj and HJ as quantum-mechanical mean values is

apparent from Eqs. (8) and (9). However, they are
not uniquely determined by the knowledge of the
thermodynamic state of the cluster. Thus, they
will be treated as random variables with two condi-
tions on their distribution functions: (i) Their mean
values must coincide with those given by a mean-
field theory of the magnetic state of the cluster,
and (ii) their fluctuations must be within physically
allowed ranges. [Examples are given by Eqs. (27)
and (30).]

The ground state of Cr + in a cubic crystal field
is an 3 quadruplet, which splits into two Kramers
doublets in the presence of a trigonal deformation.
Actually, this splitting is smaller than the terms
considered in the Hamiltonian and it will be
neglected.

We shall now discuss the correlation between the
Cr spin and the cluster spins. The method be-
comes quite cumbersome with four Cr states. For
this reason we shall consider a spin- —, impurity

only.
The exchange coupling between the impurity

spin and the cluster spins leads to mutual spin
flips. Therefore, if these correlations are to be in-

corporated into the theory, the cluster state cannot
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be described by a single function
~ P& with a fixed

set of parameters, as was done in a previous treat-
ment. Thus at least one further cluster state must

be considered. Vhth the idea of spin flips in mind
we introduce the symmetric spin-wave state:

tion, we shall introduce inagnetic fields which po-
larize in the —z direction.

An equally justified choice of two states would

with

~x+&=a ps+ ~g&,
j=l

a 2=(g xsj sq+
Q)

.

(10)
~
y», (x-»=a g s,

—
~
yt& .

In the absence of magnetic fields these states are
the time reversed of the states (12). The spectra of
the two treatments then coincide due to the Kra-
mers theorem.

Let E be the diagonal cluster energy
We therefore treat the problem in the space of the

two states

~
p, t&, ~x+, &&, (12)

where the arrow refers to the z component of the
impurity spin. Obviously, (X+&

~

gt&=0. For an

impurity spin larger than —,, further magnon states

must be introduced.
There is an asymmetry in these definitions, since

~

X+ & has added angular momentum in the +z
direction. This becomes most manifest when

~ P&
is fully spin polarized in the +z direction, in

which case
~

X+ & does not exist. In order not to
lose the correlation with this choice of wave func-

(y~(a„+a, )
~
y&=E,

and A'0 the diagonal spin-wave energy,

(x+ ia„+a,) ix+&=E+rQ.

The components of the total cluster spin

(15)

8
R'= gS,',

j=l

5
R'-= g S,'-

and products of these operators have matrix ele-
ments listed in the Appendix.

The energy matrix in the space of the states

~itt&, ~X+&& reads

E + —,JR ~
——,gp~8' , Ja(R R+)—&—,gpsaB+R ~—

—,Ja(R R+)~—, gp~aB R~—E+ftQ——,Ja (R R'R+)~+ ,gpiiB'—

where B+=B +iB". -The subindex g refers to the

quantum mechanical expectation value of the
operator in the state

~
g&. The secular equation

has tw'o roots:

co+ ——E+ —,(A'Q ——,J5)1 1

+ —, ( ,J5 fiQ+ JR ~—gp—iiB')—
2 1/2

gpsaB Rp—— , (lg)J

with

5=a (R R'R+)p —Rp .

The splitting is given by

The quantity 5 is the difference in the z com-
ponent of the cluster spin in the states

~ f& and

~

X+ &. For a spin wave one would expect this to

(21}

I

be equal to one. Note, however, that
~ g& usually

contains an amplitude of maximum +z polariza-
tion. For this reason the calculated expression
given in the Appendix is rather complicated. It
decreases from one as

~ g& approaches the fer-
romagnetic state in the +z direction.

The quantity iiiQ is more difficult to calculate,
since it involves the expectation value of products
of four spin operators. Conceptually, it is the en-

ergy of a spin wave localized in the cluster. It will
depend on temperature and polarization and it con-
tains a Zeeman term proportional to 5:

iriQ =a (T,B) g'piiB'5 . —
Since 5 is usually one and g'=g, this Zeeman

term cancels the corresponding term due to the im-
purity spin in the splitting (20}. This is due to the
fact that the two states

~
1(t&, ~X+I& have almost

the same total z component of spin. The magnetic
field only affects the energy by suppressing the
correlation between the impurity and the cluster
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spins.
From Eqs. (14) and (15),

a (B,T)=a&+ac,

where

aA &&+
I
H~

I

&+
& &0—I

II~
I tt &

and

"=&~+I~. I~+&-&~IH. I~&

(22)

(23)

(24)

Here Hz equals Hq for B =0. The expressions for
a& and ac as functions of the parameters of the

state (4) are given in the Appendix. For I=I'=
0.1 cm ', a (B,T) & 6SI=2. 1 cm ' in every case.
Thus, a (B,T) is numerically insignificant for our
purposes and it has been neglected in the calcula-
tions of the spectra.

This calculation approximates the ground state,
as long as the exchange field of the cluster exceeds
the Zeeman field on the impurity spin. At very
large magnetic fields the state in which both the
impurity spin and the cluster spins are aligned to
the magnetic field becomes the ground state. This
occurs when gpsB'& 8JS or for B'& 67 T.

THE PARAMAGNETIC REGION, 8 =0

The exchange coupling constant J between the impurity and the cluster spins can be obtained from the
high-temperature limit with B=0; the spins of the cluster and the matrix are then disordered. Thus,

e=JSf,
'2 2 1/

f= —+8'5

(25)

. 1/2

5 ig2 's. (S XJ)—+ gX~ + g(S —Xj~)'~ e S. (26)

In the high-temperature limit XJ and 8J are con-
tinuous random variables in the ranges

7 7——, &X;&—, and —m&8, &+. Hereaz+ac has

been neglected. The resulting statistical distribu-
tion function P(f) is given in Fig. 1.

Since co+ E=+sSJf, th—e high-temperature line

shape is given by Fig. 1, completed with the mirror

I I I

2 3 4 5 6
f

FIG. 1. Distribution function of f, in the high-
temperature limit. The splitting is given by JSf.

image for negative f, where the abcissa is scaled by
—,JS. The peak of P(f) is at f,„=2.56, which is

close to v 8. This corresponds to the field of a
random addition of eight spins. When f& 1.1,
P(f) becomes negligible. Even a fully antifer-
romagnetic state

I P&, where four of the XJ are
+S and four are —S, leads to a splitting, owing to
the correlations between the impurity and the clus-
ter spins.

A comparison with the experiments is faced
with the problem that Cr + has spin —.Since the

1
2'

treatment given for spin —, has been able to ac-
count for statistical and correlation effects, it is an-

ticipated that a corresponding calculation for spin
—, will simply add two more states. This assump-

tion is supported by the results of the exact diago-
nalization which can be carried out for impurity
spins —, and —, in the case of noninteracting cluster

spina; it is found that the density of states has two
and four slightly asymmetric peaks, respectively.
Thus, neglecting a possible asymmetry, an approxi-
mate density of states can be obtained from P(f)
of Fig. 1 as D =P(3f)+ —,P(f). This density of
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states is given in Fig. 2.
The general shape is similar to the density of

states obtained by Blazey and Burns who evaluat-
ed the mean field produced by the Gd ions, in ran-
dom orientations. The essential difference is the

gap around E, which is due to the correlation be-
tween the impurity and the Gd spins. Identifying
the high-temperature experimental splitting of
a=20 cm ' with the calculated distance between

peak positions e=JSf,„with f,„=2.56, the
value

~

J
~

=2.23 cm ', is obtained. This value

agrees with earlier estimates, ' ' and it has been

pointed out that such a large coupling between Cr
and the Gd cluster results in a ferromagnetic order
of the cluster in the ground state.

THE ANTIFERROMAGNETIC REGION

= 20
E

l5

IO—
I I

4

FIG. 3. Splitting as a function of temperature. Ex-
perimental points from Ref. 4 and theory (solid line).

o; can be simulated using for the random variables

XJ the form

Xz
——( —1 }Jo, +(S—o, )(1—2xj ), (27)

The experimental evidence is that the splitting is
constant above the Neel temperature (T~ ——3.8 K)
and decreases when the temperature drops below

Tz (Fig. 3}. This is only possible if the cluster
essentially follows the antiferromagnetic behavior
of the matrix and does not go into a ferromagnetic
state. ' This leads us to postulate a Frank-Condon
principle for the magnetic state of the cluster.
This means that the polarization of the cluster is
constant during the luminescent transition and that
it is determined by the luminescent excited state of
the Cr ion interacting with the matrix. In order to
account for the observed antiferromagnetic state of
the cluster, we therefore assume that the exchange
coupling constant of the excited Cr ion is suffi-
ciently small.

With Eq. (26) for f, a sublattice magnetization

where x~ (j = 1, . . . ,8), is a set of random variables
between 0 and 1. o., is calculated by mean-field
theory as a function of temperature using a single
exchange constant I'=I and the experimental
value of T& for the matrix. In Fig. 3 the experi-
mental splitting as a function of temperature is
compared with this calculation. The fact that the
experimental points are higher may be due to a
slight magnetization of the cluster induced by the
excited Cr ion. The agreement at low temperatures
shows that even with maximum sublattice magneti-
zation the correlation provides the observed split-
ting. Figure 4 shows line shapes at T =3, 2, and 0
K.

I I I

T=O

$=PK

c
L
C3

0

3
C)

O

L
O

0 I 2 5 4 5 6
I cu-E I

—JS2

FIG. 2. Density of states for an impurity spin —in

the high-temperature limit. The figure is to be complet-
ed with the mirror image for negative co —E.

0 I 2 3 4 5

lu-El
JS

FIG. 4. Calculated density of states in the antifer-
romagnetic region for T =3, 2, and 0 K.
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MAGNETIC-FIELD DEPENDENCE IN
THE PARAMAGNETIC REGION

1/2
J5 2

2
+~~q u~ —~c + l~«l

%ith a magnetic field B' which produces a spin
polarization —S & o. & 0, the splitting becomes
[from (18) and (20)]:

2

B=2T

B=4T

l
4 I

X
3

B=6T

8
X

3

(28)

Using the expressions for R ~ and
I
a

l
given in

the Appendix and neglecting az +ac, this becomes

IO 20
l~-E I (cm-I)

+JQXJ
2 FIG. 5. Density of states for various magnetic fields

in the paramagnetic region (4.2 K}.

2

+J' g(S' —X,')e J

(S —XJ )

2S (29)

The random variable XJ is now simulated by

Xz cr+(S ———
I
o

I
)(1—2xj), (30)

where again the xj (j= 1, . . . , 8) are a set of ran-
dom numbers in the range 0&x~ & 1. The 8J. are
random in the interval —m & 8J & ir. No effect of
the impurity on the magnetization of the cluster is
considered, since by the Frank-Condon principle
this is established while the impurity is in the ex-
cited state, for which the exchange coupling con-
stant is assumed to be small.

The theory which uses the time-reversed states

I
1(tt ), I

X t ) gives identical energy levels in the
absence of a magnetic field, since it is irrelevant
whether the spin wave used to produce a correlated
wave function for the impurity and the cluster
states have angular momentum in the +z or the
—z direction. In the presence of a magnetic field
an asymmetry appears, although the Zeeman term
has canceled out if g =g' and 5=1. The remain-

ing difference is due to the fact that a spin wave of
given angular momentum is gradually suppressed
as the magnetization saturates in that direction.
The splitting for the time-reversed calculation can
be obtained from (29) using the opposite direction
for the magnetic field. The difference is of order

a&+ac at most.
Figure 5 shows line shapes at T =4.2 K for

several values of the magnetic field. Figure 6 gives
the peak splitting at 4.2 K as a function of the
magnetic field. The experimental values of the

average splittings of the four largest peaks for Cr
impurity in GdA103 has a similar behavior. How-

ever, the splitting reaches a saturation value at 40
cm '. At present we cannot account for this
discrepancy of 30%o at high fields. A possible
reason is that the theory refers to a spin- —, impuri-

ty and cannot be simply applied to the spin- —, case.
In a previous paper a phenomenological theory

was used to interpret these data. The excellent
agreement found was, however, fortuitous for two
compensating reasons. Firstly, the data for the
magnetization' referred to an adiabatic situation,
as was pointed out later by Blazey et al. Second-

ly, the phenomenological theory included a Zeeman

energy, which we have now sho~n to cancel out.
The saturation of the splitting found with the
present theory is indeed a striking feature of the
empirical spectra, which show a constant splitting
for fields from 4 to 6 T particularly at lower tem-

peratures, where the cluster is nearly fully magnet-
ized.

I I I I I I I I I I

60

50

20
0 I 2 3 4 5 6 7 8 9 IO

FIG. 6. Splitting as a function of magnetic field at
4.2 K.
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[(Sj') jg XJ.+ TJ——/2S,
1S

S+ (2S)f Tg

(2S —m)~ 2S

(SJ~SJ )g TJ +——(S+XJ) /2S=(SJ sj+)y+2XJ,
r

for m =0,1, . . . ,2S

S X
(SJ SJ')~= XJ+ 2S

j —i8.
je

APPENDIX

The following are useful matrix elements and formulas:

(Al)

(A2)

(A3)

(A4)

=~(SJ')'~PJ+ z TJ'XJ
2S

T
(SJ' SJ SJ')4=(~i SJ )Pi 2S

1+ S (A7)

(S S+S+}p=(2S—1)(S—X } 1 — (S—X ) Te'. (AS)

i8.(z z+),=a '= -QT, e' ' -+ g(s —x, )'/2S

= g TJ Tkcos(81 —8k )+ g (S —X )z/2S, (A9)

(8')p= g XJ z+ g TJ /2S, (A10)

2S —Xj5=1—a g T, Tkcos(8J 8k)+ gT-
,.„S 2S'

a„a= g &s,'),,f, ,
(lj)

(Al 1)

(A12)

x (S—XJ)fj aTJ 1 — g T„cos(——8„—8J )—
~ XJ

n
(A13)
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ac/I'= —a g 2 T/Tkcos (8J —8k)
4S —1

(j k) 2S

+ T Tkcos(8 —8k}[(S—X.)(S—Xk) —(2S —l)(X —Xk) ]
1 2

2S J J J

(T Xk+TkX ) (S ——X Xk) 1+ (T +Tk) —g W
1 2 2S —1

2S J J 2S J J
n=1
nQj
n+k

(A14)

[ (S +Xk —
2XkXJ )Tjcos(8„—8J }+(S +Xi~ —2XkXJ)Tkcos(8„—8k)

—TJ Tk[T cos(8„+8k—28 )+Tkcos(8„+8 —28k)] ], (A15)

8

ac/I'=a' g g W„, k
(j,k) n =1

Tj Tk

2S
cos(8.—8k )[(S—X )(S —Xt, ) + (X —Xk } ]J J

2 2 2 2
Tj Tk 1 Tj Tk

cos (8.—8k )+—(X.—Xk ) — Xk(S —X.) — X.(S—Xk )
2S 2S 2S

(A16)

The sums g. whose limits are not explicitly stated extend from j=1 to j=8. Here Tt (S XJ )'——~ . —
Equations (A14) and (A16) are two alternative forms of writing ac using restricted and unrestricted sums
over n, respectively.

In Eq. (A12) the sum g~t .
~

is to be performed over the 24 nearest-neighbor links between the eight spina

of the cluster (j) and their corresponding three nearest-neighbor spins (l) outside the cluster. In Eqs. (A14)
and (A15) the sum g~. k~

is to be performed over the 12 nearest-neighbor links between the eight spins of
the cluster.
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