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The Kondo model with a spin-S impurity is formulated using a generalization of the
Bethe-Yang approach. The exact relation between high- and low-temperature dimension-
al scales is obtained for arbitrary S. The formalism is further generalized to include two
species of electrons. It is found, contrary to expectations, that the screening of the
impurity’s magnetic moment is not dependent on the number of species: The spin of the
dressed impurity is S -—-;— in both cases. To ensure that no states have been overlooked

the completeness of the basis is examined in some detail.

I. INTRODUCTION

A number of exact results in the Kondo
model' ~ have been obtained recently using the
Bethe-ansatz technique and quantum inverse
scattering methods. As a result, we now have a
greatly improved understanding of phenomena
such as the screening of the impurity’s magnetic
moment, the scaling property of thermodynamic
functions, and the crossover between weak- and
strong-coupling regimes (including the exact nu-
merical relation—Wilson’s number—between high-
and low-temperature scales). Although the original
methods were specifically designed to treat the
Kondo model with spin-% impurity, Fateev and
Wiegmann* have been able to derive the basic
equations for the experimentally more relevant
spin-S case, and have shown that there is only par-
tial screening of the impurity spin (the ground
state has spin S — %), in conformity with the pred-
ictions of Ref. 6. In their solution, imposition of
periodic boundary conditions requires diagonaliza-
tion of an operator which may be expressed as a
trace of a product of transfer matrices, the latter
having been analyzed by Baxter’ and later by Fad-
deev et al.® in the context of the quantum inverse
scattering method.

In the present work we wish to answer several
questions which remain concerning the Kondo
model with arbitrary spin. First, we want to see
whether the modified Bethe-ansatz approach of
Yang,’ exploited by Andrei in the S =% case, can
be further generalized to handle arbitrary impurity
spin. In addition to providing a conceptually
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somewhat simpler construction than Ref. 4 (lead-
ing, of course, to the same equations), such an ap-
proach may provide new means for attacking one-
dimensional models which have not yet yielded to
traditional Bethe-ansatz methods. In Sec. II we
show that a generalized Bethe-Yang solution of the
problem of diagonalizing the Hamiltonian is indeed
possible, and in Sec. ITI we discuss the classifica-
tion and counting of basis states.

Our second goal in this article is to generalize to
arbitrary S the calculation of Ref. 2 of Wilson’s
number. In Sec. IV we first summarize briefly the
exact treatment of the zero-temperature magnetiza-
tion curve, which can be obtained using the same
methods as in the S :% case. In contrast to the
latter case, where two distinct scales Ty and Ty
govern, respectively, the regions H << T and
H >>T, at T =0, we now have a single scale for
T=0. Hence the ratio of high- to low-temperature
scales is accessible to a perturbative calculation,
which we carry out. This gives us the analog of
Wilson’s number for arbitrary S.

As a final item of interest, we turn our attention,
in Sec. IV, to the modifications (surprisingly few,
it turns out) that occur when one has two electron
species interacting with the spin-S impurity with
the identical coupling. Of primary interest is
whether the new quantum number (which we refer
to as isospin) produces additional screening (be-
yond the half-unit of spin screened in the single-
species case) of the impurity spin. Previous work
on the subject has concentrated on the determina-
tion of the ground-state spin. Abstract theorems
and numerical calculations®!° in the manner of
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Wilson!! indicate that if one has k species of elec-
trons, k <28, then the ground state will have spin
S —k /2. In our opinion, these results are an un-
reliable guide to the extent of screening in the
model, for two reasons: (a) For finite volume L,
the alleged ground state differs in energy by
amounts of order L ~! (or less) from a number of
other states of different total spin. The positions
of these levels can easily depend on the cutoff
prescription and boundary conditions adopted;
which of these levels, if any, corresponds to a sin-
gle “dressed impurity” is not always obvious, and
must be determined from the structure of the spec-
trum (straightforward for one electron species,
much less so for two species). (b) The spin of the
lowest-energy state in the absence of a magnetic
field is not necessarily the same as the spin of the
dressed impurity as revealed by the response of the
system to a weak magnetic field. The former is
found by studying energy levels with excitation en-
ergies of order L !, whereas the latter is derived
from a study of states with excitation energies of
order uH, where L ™' <<uH << T.

In Sec. V, we determine unambiguously that the
spin of the dressed impurity in the two-species case
is §— —;—, just as in the single-species case. This
can be seen both from the structure of the low-
lying spectrum and from the asymptotic weak-field
behavior of the zero-temperature magnetization
curve. Interestingly, the value S ——;— differs from
the ground-state spin of S —1 calculated in Ref.
10, and also from the value S of the spin of the
lowest-energy state in our own construction.

The skeptical reader may worry that our pro-

posed Bethe-ansatz basis may not be sufficiently
rich to describe all physically relevant states in the
spin-S Kondo model with two electron species. In
other words: Do the Bethe-ansatz states constitute
a complete set of energy eigenstates? We believe
that we have satisfactorily answered this question,
in the affirmative, in Sec. VI and the Appendix.

II. DIAGONALIZATION OF THE
HAMILTONIAN

Our system consists of N electrons (spin-% fer-
mions) on a line segment —L /2<x <L /2, with a
spin-S impurity fixed at x =0. The Hamiltonian is

—

N N
P _,-zaiJer%a(xj)(?, S, 2.1)

j=109%;j j

where 0’;/2 is the spin operator of the jth electron
and S is that of the impurity, with

(G/22=5(5+1),
S2=S(S+1).

We wish to construct a complete set of mutually
orthogonal, antisymmetric wave functions, which
are simultaneously eigenstates of &, %, and B
where & is the total spin,

N—>
7.

j=1

—

7 =S+

|~

We assume the following form for the basis
wave functions of distinguishable electrons:

_ P(kyxy+koxy4 < +hyxy)
L N7z P12 NN 29(XQ1< o <va<0<xQ(v+l)< e <xQN)§:Ql"'aQNa (2.2)

ov
with

a;= i% (spin index for electrons) , —S <a <S(spin index for impurity) .

The sum over Q runs through all permutations of the N electrons, whereas v, which marks the position of
the impurity within the sequence of electrons, runs through the integers from 0 to N. The coefficients
§;’Ql - agya and momenta are to be determined by applying the eigenvalue equations and periodic boundary

conditions.

Assuming that a complete basis of this type can be constructed, we shall obtain immediately a complete
basis for fermionic electrons by antisymmetrization. The basis wave functions will have the form

- - i(kpx s +k )
L N/Z(N!) 172 z(_l)pel p1X1+ +XpNEN 29(x91<... <va<O< <xQN)§"’,Q1‘

P

“ragya

(2.3)
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with k; <k, < - - - ky. Note that in this basis, the plane-wave part of the wave function is antisymmetric,

and this leads to the simplifying feature that all k; must be distinct.
Postponing until later the question of completeness, let us now see what constraints the energy eigenvalue

equation places on a wave function F of the form (2.2):

N N izkixj
H—Jk; |[F=38(x;)e 7 3 O(xg1< - <
j=1 i=1 v
Qv=i

x;=0<Xgu4n< " <Xon)

v—1 v
X[( agy e aQNa—gan . '“QN“)

+J(0)

940y

If F is to be an eigenstate of H, the coefficient of each 8 function in (2.4) must vanish, which implies

ag, -

This provides a set of linear relations which allow
one to calculate all £¥ in terms of £°. A second
such relation is a consequence of the perodic boun-
dary conditions, namely, for all j,

lej=——L =F I xj=-+L
and so we must have, from (2.2),

aa.a

£ ga=e" G 2.6)

where g stands for any collection of N —1 indices.
Equations (2.5) and (2.6) together imply that £2,
satisfies

ZEO=RE, Z=Y,P, 2.7
where Y,y and P are matrices defined by
Yon=F1+5oy,S;
+58(on S_+oy_S,),

 JHi[14S(S +1)J7]
S T+i[148(S+1)J%]

27
J+i[1+S(S+1J%
|F+5S| =1,

(PE)a, - ay=Ebaya,--ay_, »

)

“y
Il

v—1 v — (< (EY
.. aQNa_gaQI . -aQNa+J(0)aQ¢1’Qv (S)aa(gagl ‘e “év' ragy @

A@o(y1, . .

— » )
Saal o agyaTEag - ay - agya] -
(2.4)
id —
Eagr---aly, - agya) =0 (2.5)
|

and the eigenvalue is

R=e™" 2.8)

Equation (2.7) is quite similar, but not identical,
to the discrete eigenvalue equation which arises in
other models (in particular in the S :% Kondo
model!). There one could regard a spinorial tensor
$a,---a, Witha;=+1and Ja;=N —2M, as a
wave function on a one-dimensional lattice of N
sites:

bay - ay=PW1s - - - Im) s

Y1<y2< " <Ym

where y; is the position of the jth downspin. The
eigenvalue equation analogous to (2.7) could then
be solved by the Bethe-ansatz method, as modified
by Yang.’ In order to generalize this procedure to
include impurity spin S > %, we write

¢“l ~-‘aNa=(pa(y1’ s L) 2.9)
with
a+sN—-L=5,=S++N_M .

In terms of the wave functions (2.9), Eq. (2.7) takes
the form

. ,yL_lN)=(r—aS)¢a(1,y|+l, .. ,yL_1+1)
+sV(S +alS —a+ Do,y +1, . .

SyL+1), (2.10)



5938 K. FURUYA AND J. H. LOWENSTEIN 25

APV, -y <N)=(r +as)pa(y1+1, .. .,yr+1)

+sV(S —a)(S +a+ Dy Ly +1, .. .,yp+1), (2.11)

where

~

D S R 1 . 2
PSS P4ES T PSS S4g4ic™' ] 1-S(S+1)JF

In addition, the condition
S 14=0, (2.12)

which we may impose without loss of generality (since basis states may be obtained from those with ., =.%
by multiple application of . _), takes the form

V(S —alS+a+ ey, .. y)=— 3 @ar1Wi -0 ...,¥1), —S—1<a<S. (2.13)
1<ysy;

By interpreting the arguments «, y;, . . ., y; of our wave functions (2.9) as specifying the positions of M
identical down spins, S —a of them located at site 0, we are led to the following ansatz:

S—a L
©aVis - V) =Va 2 Ap [T CXp) [T/ Xp(s —azjpobi) > (2.14)
P i=1 j=1

where the summation is over all permutations of M =S —a+L symbols, ® and f are single down-spin wave
functions (the former associated with site 0), and 4p and v, are coefficients. We find that Egs. (2.10),
(2.11), and (2.13) may be satisfied by wave functions of the form (2.14), provided that we have

172
Vg= [(zs)—(s—a) {Sisa] ] , (2.15a)
Xj+i/2
y)=p2 ! = T (2.15b)
f(XJ,,V) ll'] ’ “] X1—1/2 ’
V2S X—i
o) 2 2 (2.15¢)
D(X)= y €= 2
X+ +8i 1-8(s+1J
Ap Xpj—Xpj—i
—=——"—  Pj=P(j+1), P'(j+1)=Pj. (2.15d)
Ap ~ Xp—Xpy1i 0 TITPU J j
The parameters X, j =1,2, . . . , M must satisfy the coupled equations
Xj+ir2 |V (X4 1/c+8i M (XX +i 016
Xj—i/2 Xj+1/C—Si k=1 Xj—Xk—i ’
Once a solution set { X;, . . ., X, } of (2.16) has been found, the corresponding eigenvalue A of Zis
~ . M .
A=e"fu;, e"=F+S§ (2.17)
j=1
which yields for the momenta
21 n 1 M 1 .
k,-=~L—n,-+ 2 —— ¥ (2tan™2X;+m), n;= integer (2.18)

j=1
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and for the energy (relative to the ground state)

N N M
E=2k,~=—NK+—2—712n,~—-AL (2tan“12Xj+1r)+M , (2.19)
i=1 L= L= L
where K is fixed by the condition that the ground-state energy vanishes.

The remainder of this section will be devoted to showing that Egs. (2.10), (2.11), and (2.13) are indeed
satisfied by wave functions of the form (2.14) with (2.15), (2.16), and (2.17).

Proof of (2.13). Suppose @41, . . . ,y1) has the form (2.14) for all @ and L. Since f(X},y) is simply a
power of u;, the summation over y can be performed explicitly using the standard formula for geometric
series. One obtains

2 ‘Pa+1(.}’2,---,y,---;yL)

1<y+y;
y,—1 y; Yip1—1
S—a—1 1_“1,21, L L—1 ‘u}g.,_,,,}g.%
=ver1 24r [1 ©Xp) T’—Hf(xpj',y/')f"' > TL/ Xpsyj40) “1—1—]—— 1/ X persyi)
P 1=1 —HPr j=3 j=2i<j —Hpj k>j
YL N
L—1 _
+ I1/Xpirsyis1) Bru—Frw 11 (2.20)
i=1 1 —pupy

where i'=i +S —a—1. Now (2.15d) and (2.16) imply the following identities for the coefficients Ap:

-1 ¥ yi—1  y;—1 yi—1 y; y;—1 y.—1
Y B OUP; e I’ o
Ap KA DEE) PG —DHE) +Ap Hpj Hp(; LD ot BPG—1) =0, (2.21)
1—up; I—ppi_1 l—ppi_1 1—pp;
where Pj=P"(j —1) and P(j —1)=P"j, and
Ap
AP'EAPZP3 ... PMP1= (222)

(PPlll'gl) ’
where
_Xj+1/c+Si
PI= X, 1/e—5i

With the aid of (2.21) and (2.22) and some algebra, the right-hand side of (2.20) can be considerably sim-
plified:

2 Pat1V1s oo oY o5 L)
1<ys4y;

S—a

L
=Vas1 24p [T @Xp) [Lf Xppoy)) (
P =l j=2

1 1
1 —pp)P(X,1) "~ pp1®Xp)(1—ppy)

(2.23)

Substituting the expressions for ®, u;, and p; in terms of X;, the quantity in large parentheses in (2.23)
reduces to
i . i St ) 1
—‘/“—iE'(Xpy—Xpl-i-ZSl )= VS jgl (Xp(j+1)——ij +i)— —‘/ﬁ(s +a+1). (2.24)
Substituting (2.24) and (2.23), one finds that only the last (X-independent) term in (2.24) survives the sum
over P. We thus end up with
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L
f(ij',y,-) . (2.25)
j=2

S+a+1 S—a
. e, . D(Xpr)
S PatiVi 2 o) \/75: Va+1§APII=11 ( PI,_

1 <y=4y;

Since by (2.15a)
1
V2S

we obtain, finally, Eq. (2.13). Note that in the case @ = —S — 1, the left-hand side vanishes.

Proof of (2.10) and (2.11). Before proceeding to the general case, let us set M =1 and a=S, so that (2.10)
and (2.11) reduce to

(S +a+2Wep 1=V (S +a+1)(S —alv,

A X,N)=(r—as)f (X,1)+5V 25 d(X) , (2.26)
M,y <N)=f(X,y+1) . (2.27)

Equations (2.26) and (2.27) are easily verified using the definitions (2.15b) and (2.15¢) and the relation (2.16).
The generalization to @ =S and arbitrary M is trivial. From here one proceeds by induction on S —a. Sup-
pose (2.9) is valid for all impurity spin projections >a. Then for 1<y &{y,ys ...,y._1,N ] we have

}“Pa(h, v s Yy e ;yL—l’N):(r'_as)¢)a(l7yl+1’ .o ,J’+1, ... >.VL—~1+1)
+sV(S+a)S —a+Dpg_ i1+, ...,y+1,...,yp _1+1). (228

If we now sum both sides of (2.28) over y, omitting y, ¥5, . . . , yr —1 and N, and substitute (2.13), we obtain
(2.10) for spin projection @ —1. Equation (2.11) is proved in a similar fashion.

III. CLASSIFICATION OF STATES

In this section we discuss the physically relevant solutions of (2.16). Since much of the ground has been
covered before, in the S =% case' and in Ref. 12, we shall keep the discussion quite brief. We begin by res-
tricting our attention to solutions of (2.16) for which all X; are real. It is convenient to take the logarithm
of both sides of the equation to obtain

-1 M
XHC | 53 tan— (X —x,) =2 (X) . (3.1)

j=1

2N tan~'(2X)+2tan!

We are interested in those solutions X of (3.1) for which J(X) takes on one of the values

N-M N-M i1 N-—M
5 3 e T
M of these solutions comprise the set { X1, . . . , X }, and are known as 1-strings (the terminology will
become clear shortly); the remaining N +1—2M solutions are called 1-string holes. As in the § =% case,
the ground state corresponds to an absence of holes (provided, as we shall assume, N is odd). Hence we

have

M=+(N+1), #=S—7, (3.3)

(3.2)

1

so that for S > %, the ground state is 2S-fold degenerate. To determine the 1-strings in this state, we exploit
the fact that the solutions of (3.1) become dense on the X axis for N tending to infinity, so that for suffi-
ciently large N it is an excellent approximation to replace the summation in (3.1) by an integral,

Stan~ (X =X;)— [dX'o(Xtan~ (X ~X") .
J
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If holes are located at X’f,. o Xf'uh, then o(X) is related to J(X) by

M
dJ(X) 4 h

LAY % A S(X —xM .
dx oX)+ E (X —X;)

i=1

(3.4)

Differentiating (3.1) with respect to X and inserting (3.4), one obtains

M,
o)+ [dXo(X KX —X)=f00)— 3,80 —XP),

i=1

1 N/2

(3.5)

k=1 . 00
o

1
1+x? ST (224x2

which may be solved by Fourier transformation:
My X |p| /2

U(p)=Uo(P)"'j§1 2cosh(p/2)

(3.6)

The first term in (3.6) corresponds to the ground-
state distribution

N eiP/co—(S=1/2)|p |
2cosh(p /2) 2cosh(p /2)

50([7):

(3.7

Formula (3.6), when substituted in (2.19), allows
us to compute the energy contribution of each
hole, i.e.,

2N

h
E()(}l =—L—tan“1(eﬂxj

). (3.8)

Since this is positive, we verify that the state
without holes is indeed the minimum-energy state
(among those with only real X;). I}/Iore detailed
analysis shows that, as in the S =+ case, the ener-
gy relative to the ground state is always given by a
sum of contributions (3.8); moreover, in order to
have nonreal X, one must have at least one 1-
string hole, hence positive energy relative to the al-
leged ground state. Note that there is no mass
gap: The energy contribution of a hole at the ex-
treme negative end of the X axis is only of order
1/L.

In the presence of a magnetic field H, it is no
longer true that the minimum energy state

S+ (X 4c1)?

r
corresponds to an absence of holes. Placing a hole
in the 1-string distribution will, of course, cost
some energy, but if H is large enough and the hole
is far enough to the left on the X axis, the net ef-
fect is to decrease the energy. The ground state
will then have holes from — o to B, and only 1-
strings to the right of B. (There are, of course,
other states, with nonreal X;, with the same total
spin % as this state; these states would have addi-
tional holes and higher energy.) The distribution
o(X) for such a state would then be given by

o)+ [dVoKX—X)=f0),  (3.9)

an integral equation which can be solved by the
Wiener-Hopf technique.? The results of this calcu-
lation are summarized in Sec. IV.

The classification of general excited states of our
system is completely analogous to the S =% case,
and will not be treated in detail here. We do wish
to convince ourselves, however, that the spinorial
basis which we have constructed completely spans
the (28 +1) X 2" dimensional space of tensors
¢a1, ..aya- TO this end, we follow Takahashi!® and

make the assumption (whose consistency has been
thoroughly checked for states with a macroscopic
number of 1-string holes, i.e., M}, « L) that apart
from corrections of order exp(—«L), k>0, each X;
in a solution set { X, ..., X, } of 2.16) is a
member of an n-string, i.e., a family of X j with the
same real part, of the form

(Xojg=Xpj+iln +1-20/2, Xy real, I=1,2,...,n}, j=12,...,M,. (3.10)

Writing Eq. (2.16) for each member of such a string and taking the product of these n equations, one ob-

tains, as the generalization of (2.10) of Ref. 13,
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min(2S,n) 2X,: +2¢~!
N nj .
e (2Xp; /n) el |= E(Xpi —Xmie), j=12,..., M,
nj P ZS—i—n—l—l—ZI (m,kl);]&:(n,j) nm \A nj mk J n
x l 2 x 2 X x
e , h=Fm
n—m n—m|+2 m+4n—2 m+n
E,,(x) | | | | + (3.11)
2 (X | 2| X 2 X x _
N N R R PP L P i
e(x)=(x +i)/(x —i) .
The logarithm of (3.11) gives
2X ) min(2S, n) 2an+20_1 o My
NO |— —_— | =2nJ,(X,; =
n = 28 +n+1-21 i n(an)+m2=1k§19nm(an Konk)
where ©(x)=2tan"!(x) and
X x x x
O|—— |+20 |———— <o 420 ,
|n—m | + |n—m | +2 + + n+m-—2 n+m nm
O (x)
x x x X
20 | = |+20 |— -+ 420 — =
0 R Y AR sl R Pl Rt

A general solution of these coupled equations
has not been achieved. However, by treating the
roots of the equations statistically, with the aid of
densities 0, 0, of n-strings and n-strings holes,
one can reformulate the problem of computing
thermodynamic quantities at finite temperature as
that of solving a set of coupled integral equa-
tions.!*!* Our interest will be mainly in counting
the number of independent solutions. According
to Takahashi’s argument,'® J, () in (3.12) takes on
at least

N — 3 t,;M; +min(n,25),
j

¢ — 12min{n,j}, n#j
nj —
2n—1, n=j

values, M,, of which correspond to n-strings, the
remainder to n-string holes. The total number of
combinations is thus at least

N _zthMJ —}—mln(n,ZS)
J
M, ,

and thus the total number n - of solutions of the
full set of equations for a given value of the

I

total spin . (= %N +S —M) is bounded below by
formula (6) of the Appendix. In the Appendix we
show that the counting of roots yields precisely the
right number of mutually orthogonal basis vectors
for eack value of 7.

IV. SCALES AND UNIVERSAL NUMBERS

In this section we follow the procedure devised
by Andrei and Lowenstein® in order to determine
the dimensional scales parametrizing the magneti-
zation .#* in different asymptotic regions of the
(T,H) plane, where T is the temperature and H is
the magnetic field expressed as a multiple of u, the
magnetic moment of a single electron.

Let us first summarize the case S
mulation of the finite temperature thermodynamics
with the assumption T << D (scaling regime),
where D is the ultraviolet cutoff, leads to a univer-
sal function for the impurity part of the free ener-

gy

; . The for-

Fi= —TfYT/To,H/T),

where Ty=D exp[—m/c(J)] is the dynamically
generated scale. By comparing the high-tempera-
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ture expansion of the susceptibility in this formula-
tion and the one calculated using usual perturba-
tion theory it is shown that the coupling constant
defined by the cutoff procedure of the present for-
malism and the one defined conventionally using a
momentum cutoff have a nonanalytic relationship.
Hence, the expression for T in terms of the cutoff
and coupling constant clearly depends on the par-
ticular scheme of regularization. On the other

hand, there are various scales characterizing the |

i H
M) ~umr— =,
(D~um T,

thermodynamic functions in different asymptotic
regions, such as:

(I) T=0, H<<T,,
(I) T=0, H>>Ty,, 4.1)
(III) T>>Ty, H<<Ty .

More specifically, for the magnetization .#* the
following expansions are valid:

M) ~pf 1= 5 [In(H /T)]~ = [In (H /T)] ™ Ann(H /Ty )+ O([In(H /Tg)] ™) } » 4.2)

J/‘(III)~M%{ 1—[In(T/Tg)] ™' = 3 [In(T/Tg)]~An1n(T /T) + O([In(T /T)]1 ) }

where To=Ty, Ty =Ty, Tx = the Kondo tem-
perature =Ty Notice the absence of the term of
O([In( )]7?) in the last two expressions: It has
been absorbed into the definition of the scales.
Now the ratios of the scales such as T /T7,

Tii/ Ty, and Ty /Ty are universal numbers, in-
dependent of the particular choice of cutoff pro-
cedure. The first ratio is calculated from the exact
formula of the magnetization at T'=0 and arbi-
trary H: Ty /To=(m/e)'/% The ratio Tx /Ty is
calculated with the help of perturbation theory:

Tx/Ty=2Bye~"*

[B and y given in Eq. (4.17)]. Combining the two
ratios above, the third one Tk /T is obtained:

W =Ty /To=2Byn' %", 4.3)

which is the analytical expression of the number
calculated numerically by Wilson.!!

Turning now to the higher spin system, the for-
mulation of the finite temperature thermodynamics
follows analogously and the scaling property can
also be shown.” Considering the same asymptotic
regions (I), (I), and (III) above, the behavior of the
magnetization function .#’ can be studied.

172
He=n | = LToew(B+c—l), B <<0
u 28 _7—3/2f0w%sin(2,n_st)e—217(B+c—1)tet—tlnrr\(%_,{_t)
M=
#(25=14223 (=1 [ " Lsin(j +8)2m1]
j=0

r
We proceed with the computation of the ratio

Ty/Ty. The system at T =0 and arbitrary H is
characterized by a density o(X) of real X’s

(Ref. 15) satisfying the generalized equation de-
rived from Eq. (3.12) in the preceding section:

o(X)+ BO:H)K(X—X’)U(X’)dX’zf(X), 4.4)

where the S dependence enters only through the
driving term

2 N 28
X)=— —+
A T | 14+4x2 (28 4+4(X +c~1)?
4.5)
and K (X) is as before!
Kon=+—1_.
T 14X

Equation (14) can be solved using the same method
as in § =7 case, giving for the magnetization the
following:

a=p [N +25-2[7 dxon)|

=M+ M, (4.6)
where

4.7)

, 0<B+4c l<<e™!

(4.8)
R B+c‘130 , S>%‘

t(lnt—1) 1
e21r(B +c™ )t

e
(= +1)

2
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The electron’s part .#° can similarly be identified with the free-electron system, namely,

172
e BLH —u 2 LTge™B+¢™" 4.9)
m e

thus relating B with H. Hence, the B dependence in the integrand of (4.8) can be written as follows:

5/

1/2
TO ’ H>T0

exp{—tin 2m
P e

e F2mB4e N _

172 (4.10)

exp{—tln TO/HH, H<«T,.

Expanding the rest of the integrand around ¢ =0, one can obtain asymptotic expansions for H << T, and
H>>T, (still H<<D). Absorbing the [In()]~2 term into the definition of scale, we get

3
) 1 1 Inln(Ty/H) Ty \ '
A D=p(25 —1) |1 - In | =2 , S>+ (4.11)
W=p2S =D 7 ~ S, mp 2| ™| ' I
with
172
Ty=T, | = | , 4.12)
e
and
D=2 L /T T (T - oo s
TRV T @ /Ty T A H T P "I'm ) 020 '

with the same scale Ty. Therefore, for S > % there is only one scale Ty characterizing the behavior at
T =0 for both H << Ty and H >> T, in contrast to the case S =% where a new scale T1=T) is present for
low field region.

The above observation implies that Ty /T1=Ty/Tu=Tg/Tx for S > %, and consequently it is suffi-
cient to calculate the ratio Ty /Tx which is accessible to ordinary perturbation theory. Therefore, we have
calculated the impurity part of the free energy up to second order in perturbation theory. The asymptotic
magnetization formulas in regions II and III can be derived from the free energy formula, expressed in
terms of the momentum cutoff & and coupling constant g:

2
) 1 g De 3
! ~ l——g—2 (2| In|=—|+0 (4.14a)
'//{(H)T/H—»ouzs 7rg T 5 2H +0(?)
2>>H,T
or, equivalently,
; 1
M) ~p2S |1 —————+ -+ |, (4.14b)
(I~ An(H/Ty) l
where
TH ___%@e—vﬂg , (4.15)
and
2
i H 28(S+1) 2 g T 3
%(IH);I/F;(} T 3 l—ﬂ—g+2 - In D Bye ~Ag1=4SS+1/31/10 +0(g") (4.16a)
>>4d,
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or

H 2S(S+1) 1

— + ) 4.16b)
T 3 In(T/Tk) (

M) ~p

where

Tk =PBye ~7/4,[1-45(S +1)/3]1/10 gy , —7/2¢ ,

1
InB= fo dx (1—x2)x[m?cseck(mx) —x ~2]=0.662122 ... ,

(4.17)
1
1m=f0 dx x[mcsec?(mx)—x ~2—(1—x)"2]=0.841166 . .. ,
Iny=0.577216. .. (Euler’s constant) .
Thus, combining (4.15) and (4.17),
T
_7%22/37/6,—7/4a[1-4S(S+1)/3]/10 ' (4.18)

Details of the perturbative calculation are planned to be presented in a separate publication.

V. ADDITIONAL SPECIES OF ELECTRONS

How are the results of Sec. II modified if a second species of electron is added, without modification of
the Hamiltonian (2.1)? Does this lead, as certain theoretical work suggests,6 to the screening of an addition-
al one-half unit of the impurity’s spin? The investigation of these questions, which fortunately requires only
minor modification of the formalism, will occupy our attention in this section.

We now assume that each of our N electrons has a new quantum number, which we call “isospin,” and
that the Hamiltonian retains its isospin-independent form (2.1). Our ansatz for energy eigenstates, analogous

to (2.2), is now

N2 kx4 +Rkyxy)
L% >0(xg1 < <Xgy<0<Xg(y41)< <XQN) &L - agyabby,

o

where the indices of the Nth rank isospin tensor
take on values i%. The remainder of the notation
coincides with that of (2.2).

The analysis leading to (2.7),

Zop=Ro

requires no modification, but is now supplemented,
to ensure periodic boundary conditions, by the rela-
tion

(ﬁg)b] bNingblbz bN—1=A"§bl bN 5

(5.2)
with (2.8) replaced by

X)»’zexp(ikjL ). (5.3)

Moreover, since both # and the total spin . com-

by (5D

mute with the total isospin operator .#, it is con-
venient to classify our states according to eigen-
values of #2 and .#,. Without loss of generality,
we may limit our attention to those states with
S =.#,, imposing

5 ,E=0. (5.4)

To solve simultaneously (5.2) and (5.4), we may
proceed as before, writing

gbl - szg(zl’ e ,ZM') 5 (55)

where z; is the position of the jth negative isospin,
and

S,=5sN—-M". (5.6)

In terms of the discrete wave function
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§(zy, ..., zy), Egs. (5.2) and (5.4) become
ANz, ooz N)
={(lLzy+ 1.,z 1 +1), (5.7
ANz, ..z < N)=C8(z1+1, ..., zpp+ 1),
(5.8)

2 g(Zl,...,Z,...,ZM')=0, (59)

1 gz;ézj

which allow Bethe-Yang solutions

M
g(Zl, e ,ZM'):EBPHf(ij’Zj) (5.10)
P j=1
with
z—1
w+i/2
w—i/2

BP' Cl)pj—a)p'j—i

)
BP a)pj—a)p'j+l

Pj=P(j+1), P'(j+1)=Pj

wi+i/2 N M’ (oi—a)j—i—i
w;—i/2 _—j=l wj—w;—i |’
i=1..., M (5.11)
M wi+i/2
V=TI |+——|. (5.12)

The proof that (5.10)—(5.12) yield solutions of
(5.7)—(5.9) parallels completely the spinorial case
treated in Sec. II. We note that Eq. (5.11) is pre-
cisely the same as the corresponding equation in
the Heisenberg model.'?

Owing to the decoupling of the discrete eigen-
value problems, the classification of states is not
difficult. With an appropriate choice of chemical

potential K, the eigenvalues of #— KN may be
written

N oor 0 el h M h
EZET(”J'_"J')+ 2EX)+ X E(w),
j=1 Jj=1 I=1

(5.13)

where E (X) is given in (3.8), n}), j=1...,Nare
successive integers, and n; are distinct integers
satisfying n; . >n;>n ]9. Each basis state, labeled
by integers nj, j=1, ..., N, and 1-string holes Xt
j=1,...,My, and 0!, 1 =1, ..., M, may be in-
terpreted as a scattering state containing the fol-
lowing.

(i) A fixed dressed impurity of spin § — 5.
(i) My, spin-% neutral, isoscalar particles in-
teracting with each other and with the dressed im-
purity, with momenta =energies=E (Xj-') when far
separated from one another and from the dressed

impurity.

(iii) My, isospin-%, neutral spinless particles in-
teracting only with each other, with momenta
=energies=E (o}) when far separated from one
another.

(iv) Noninteracting charged particles and an-
tiparticles, bearing no spin or isopin, corresponding
to the quantum numbers ;.

The picture described here differs from that of
the single-species case only in the presence of the
particles associated with isospin, and these decoup-
le from the dynamics of the spin-bearing particles
(1) and (ii). There is, however, an important selec-
tion rule: The sum M, + M, must be an odd in-
teger. Thus there is no state containing only the
dressed impurity. In the single-species case, there
is such a state and it is the ground state of the sys-
tem. With two species, the low-lying spectrum is
not so tidy. There are three candidates for
“ground state,” none of which is presumably a nor-
malized state in the continuum limit. They are
(omitting details) as follows:

(I) N= even integer, M,,=1, M},=0, M=M’:M’1:%N, M ;=M (no n-strings , n > 1),

total spin =S , isospin .# =0,

7 -2 -1
Y7 +0(L~9), >

E=
Energy - 251

—=—— 1+ 0(In"2LT,)

—_ 1_
2L ln(LT())

1
, S>7.
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(II) N= even integer, M, =1, M},=0, M1=%N—1, M'1=M'=%N,

=%N+1 one 2-string at X°= - X"+—2{S,(~—c_l)1 , Fs=S-1, #=0,
m 2S+1 -2
=—|1 T
E 2L G+ InLT, +O0(In~“(LTy)) |,

Note: case (II) applies only to S > %
(III) N= odd integer , M,=0, M}, =1,

ef:‘;., l;::l

1
S=85—5, oL

Clearly (I) and (II) are the lowest-lying states
containing the dressed impurity and one spin-
bearing particle; in (I), the spins are aligned,
whereas in (II) they are opposed to one another.
On the other hand, (III) is the lowest-lying state
containing the dressed impurity and one isospin-
bearing particle. The three states are essentially
degenerate, differing in energy by an amount only
of order (LInL)~!, with state (I) (spin S) slightly
lower than the others for §'> 7. As discussed in
the Introduction, there is no compelling reason
why the spin of lowest-energy state should be equal
to that of the dressed impurity alone, and here we
see that the two are indeed different.

From the structure of the spectrum, we have
concluded that the spin of the dressed impurity is
S — . This can also be seen from the first term
of formula (4.11), which remains the same for the
two-species case.

VI. COMPLETENESS OF THE BETHE-ANSATZ
BASIS

To establish the completeness of our basis (5.1)
of energy eigenfunctions, we must show that it

M=M;=<(N+1),

kl

,,xw(xl, ey XAy ... ,aN,a;bl, “ e ’bN)
N
2mi 3, npx;(1/L) (Zx;/L)+
=L N2 I= S AN ()]
Qv
XH(XQI AR

where for any permutation P

ap=ap\ap, " apy , bp=bp; - bpy .

<Xgy<0<Xguin< * "

M'=M};=5(N-1),

spans the entire Hilbert space
H=Ky ®Z/spin ®%isospin ’

where J7°, is the space of square-integrable func-
tions on the line segment [—L /2, L /2], % g, is
the (28 4 1) x 2¥-dimensional space of tensors
¢‘11 -+ aya With the inner product

CRIEED S

ay,...,ay,a

aNalpal rtraya

and Hjospin is the analogous 2¥_dimensional vector
space of tensors Sb,--- by~ Suppose we have found

complete bases { f; ], { @, }, { &, ] of each of the
three spaces. Then an arbitrary element of % can
be expanded in terms of the product states

[1@¢m @&, . (6.1)

It will be sufficient to show that every wave func-
tion of the form (6.1) may be written as a linear
superposition of the basis functions (5.1). With the
aid of (2.6) and (5.3), the latter may be written in
the form

k 1
<x@OFES X Do s el ]y,

(6.2)

The spin tensors ¢{ X } are the simultaneous eigenstates of Z, f * and .#, constructed in Sec. II, and the

isospin tensors {{ w

} are the simultaneous eigenstates of P, .# 2, and #, constructed in Sec. V. Here the
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symbols X and o represent solution sets Xy, . .

.,XM,G)I,...

, wy of Egs. (2.16) and (5.11), respectively.

Without loss of generality, we may choose the product basis functions (6.1) to have the form

1 . .
T{(va)xw(xl, ce ey XN3QY, .. ,aN,a,bl, .o

where the functions fo,, (xy, . . .
sector

L
_7<xQ1<... <va<0<"' <xgy <

. ’bN)=vam(x1’ ..

,Xy), m=1,2,...

? .

SIS X W I E 0}

b _
0P
(6.3)

o

span the space of square-integrable functions over the

The completeness of the spinorial basis .~ k_¢{ X } is shown in the Appendix; permuting the indices with
QP” does not affect the orthogonality and completeness relations. The isospin basis is identical to that of
the one-dimensional Heisenberg model, and its completeness was treated by Takahashi."

Suppose we are given an arbitrary member (g, xq) of the basis (6.3). We may apply Fourier analysis to

write
—v—3x;/L

fomWMX V0] 1 =L7¥?2 3 C2™, y,exp
...,’lN

ny,

Then we obtain the desired expansion,

kl vm ki
T(QvmXo = 2 crg(w nXo -

This establishes the completeness of our basis in
the case of two species of electrons. Deleting the
isospin tensors, one obtains at the same time the
completeness of the basis in the case of a single
species.
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APPENDIX: COMPLETENESS OF THE
SPINORIAL BASIS

We wish to show that there exist (25 +1)x 2V
mutually orthogonal tensors ¢ (with components
Pa,...ayae aizi%, a=-—S,...,5) in the basis
constructed in Sec. II. The argument proceeds in
two steps: First we show that different solution
sets { X1, ..., Xy} of (2.16) yield tensors which
are orthogonal to one another; then we are left
with the problem of counting the solutions of
(2.16) which will be solved by generalizing the

X;
] L

|
combinatorial proof used by Takahashi in the
Heisenberg model."?

Orthogonality proof. Let X={Xy, ...,X) } and
X'={Xi,...,Xp} betwo distinct solution sets of
(2.16). The case M'5~M is trivial; we therefore as-
sume M =M. Orthogonality of the corresponding

¢ and ¢', satisfying

2=M09 (A1)

Z¢'=MX)¢

will be a consequence of the unitarity of Z, provid-
ed that A(X)~A(X’). By continuity, it will be suf-
ficient to show that in every open interval of the
real half-line of coupling parameters, ¢ > 0, there is
at least one value of ¢ for which A(X)s£A(X").
Suppose the contrary, i.e., that for all ¢ in some
open interval, A(X)=A(X'), and hence, from (2.16),

M

IT

i=1

M

-11

i=1

X;+c ' +Si
X,"i"Cﬁl—Sl'

Xi+c 148
Xi+c1—8i

(A2)

This equation holds as a relation between analytic

functions in the complex ¢ ~! plane. Now let

¢ ~'=—Xj —Si for some j. The right-hand side of

(A2) vanishes, which implies X; =X for some i.

Repetition of this procedure shows that X =X', a

contradiction. This establishes our result.
Counting argument. We shall show that for
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fixed N and M (hence fixed total spin *'= %N ways in which N electron spins can be added to
—M +S) the number n , of distinct solution sets give ., we have
{Xy, ..., Xy} of (2.16) is
=N ]_ [ N ] (A3) i N N
ne= o) e s 1) no= 2 M, T (M- (ad)
That this is the desired result may be seen as fol- ¢
lows: For given # and S, the total electron spin
&, can take on the values ¥ —S, ¥ —S +1,..., which is nothing but (A3). The total number of
% +8. Since there are mutually orthogonal basis vectors is then obtained
N N by summing over all ., with weight factor
— Y VI 27 +1:
M, [Me_l » Me=3N=7 "
|
N/24S N/2+S N N .
n= yz.—_o 24+ ny,= M2=0 (N —2M 425 +1) [ [M]— [M—zs—l ] ]=(2S+1)><2 . (AS)

The first steps in deriving (A3) are identical to those followed by Takahashi in Ref. 13. We omit the de-
tails and merely state the important formulas using the notation of that reference. The reader who has tak-
en the trouble to make his way through the Appendix of Ref. 13 will have no problem supplying the miss-
ing steps. The starting point is the analog of Eq. (A1) of Ref. 13, namely

M |N — D t;a;+min(i,2S)
nye= 2 II j v , (A6)
ai+2ay+... +May =M i=I a;

where

. |2min{ij}, iz
Yo l2i—1, i=j.

Following Ref. 13, we reexpress n, as the coefficient of x* in

© 28 —1 .
(140N ML (1 =)~V +2M =05+ T (1 -y H2 (A7)
j=2 j=2
where
uy=x"%, uy=x"314+x)(1=x)?*, uj:sz, l—uj_lzfj_lfjH fj”z, (A8)
. 172 4 172
(gl _g—i—1 _g-! _ [1tx 14+ |12
fi=la a )/(@a—a™'), a x + T+ )
A9)
14 Jjr2 1 4 (t—1)/2 (
| 1Ex i+ ] 1A
/i 4x t%d[ t 14+x
Inserting (A8) and (A9), one obtains for the products over 1 —u j—l in (A7) the expressions
- 4 1/27-1
1—u Y=2x|1— [1—- =% ,
jI=I2( uj )=2x T+
(A10)
251 25 i1 4 (t=1)/2
H(1__uj-1)2s_1=(1_xz)zs-zf%s—sf}_zsn 2s=2‘25(1+x)25‘12 [ t+ ] 1—
j=2 fodd I+x
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Substituting (A10) and (A7) and expanding in powers of x and 1+ x, we obtain that n . that is the coeffi-
cient of xV ~M+25+1 i

(A1)

sS 2s+1] [t—l/Z}[(t—ql)/ZJ(_l)q+r+s [N—ZMS+2S+1] [S?J .

toddg,r,s 9

We now observe that the only term in the summation over » which has a nonzero coefficient of
xN=M+25+1 s that with r =N —M +2S +1—gq. In addition, we may simplify (A11) using the following
lemma (essentially the second half of the Appendix of Ref. 13):

Lemma Al. If p >m +a and b >0 then the coefficient of x? in

gomrm gyt 1] 872 a1 g )=

is equal to
(_pp-a-m [p—mb—a —I—b} { {me—izl——l ]_ [2m —mn -1 ] \ .
With the relevant substitutions, (A11) becomes
t—1
n,=3 [2St+1] 5 (_4)q_s“N-;{2§-q—2¢I]_[1\1,‘{+_2§:%‘I]] ) (A12)

fodd g=0 q

To proceed to the conclusion of our argument, we need two combinatorial lemmas which are not found in
Ref. 13:
Lemma A2 (proof given below). If 25 and q are integers with g <.S, then

,éd [2S+1 ] [(t —ql)/2 ] _45-9 [2Sq—q] .

Lemma A3 (proof by mathematical induction on 2S and /). If 2S and [ are integers, with 0</ <2S +1,
then

1, I=0
28 —q (1 28 — q”l—l”
> (—1)‘1[[ ! H ] 71 =10, I=1,...,28
0<g<S -1, 1_2S+1

With the aid of these lemmas, we obtain the final result:

o= 3P )
- 3 S P[22 ()
33 o[ P B )= () e sn] - an

Proof of Lemma A2. Define

Clp.g)= 2 [zpktull}l l D(p,q)=k§=‘,0 [pgcl [1;]
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We wish to prove, for all g <p/2,
Clp,q)=2""% [P ‘q‘q] .

Our proof is by induction on p. Suppose the lemma has been established for C(p’,q), p’ <p. Using the iden-

- Fe e .

we have the following recursion relations:

; (A14)
D(p—1,9)=D(p —2,9)+C(p —2,9)+C(p —2,g —1) .
Iterating the second of these formulas yields
p—2 p—2 p—2
D(p—1,9)=D(2g,9)+ 3 [C(rg9)+C(r,g—1)]= 3 Clr,g)+ 3 Clrg-1), (A15)
r=24q r=2q r=2q-—1)
where we have used
= ~1)+C(2g—2,4—1) (A16)
D(2¢,9)=29 +1=C(2g -1, —1)+C(29 —2,q .
Thus, by (A14) and the induction hypothesis
p—2 p—2
Cpg)=Clp—L,9+ 3 Clrg)+ 3 Clrg—1), (A17)
r=24q r=2¢g—1)
where, using (), to represent the coefficient of x? in the following expressions in parentheses,
p—2 p—2 p—29-2
SCing=3 24 [’“‘1]= S om [’" +‘1] (A18)
r=29q r=24q q m=0 q
p—2g—2 p-2-1
— 3 | = [— 1 |2 .
o ‘ 1+x 1—x q
Similarly,
—29+1
P2 —X 2 )P ]
C(r,g—1)= 1— (A19)
,=2(2q_“ 1+x 1—x ‘
and
—1-2
Clp—1,9)= : 2| " (A20)
P=b0=11"% |1=x . ’

Substituting (A18), (A19), and (A20) into (A17), we obtain

pP—2q
1

1—x

2
1—x

C(p,q)=

=2P4—1 [P —Q] ,
q q
which is what we wanted to establish. To complete the induction argument, we observe

C(l,0)=k§0 [2k2+1 ] [§]= [%]=214O [(2)] .
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