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We present a calculation of coherent bremsstrahlung of electrons (or positrons) from crystal

targets, which is based on the lowest Born approximation but does not make use of the high-

energy or small-angle approximation. Accordingly, the results remain valid down to electron

kinetic energies of the order of g 1 MeV, and are applicable to several experiments that have

been carried out in recent years using electrons with kinetic energies of a few MeV or tens of
MeV.

I. INTRODUCTION

The coherent emission of bremsstrahlung by elec-
trons (or positrons) passing close to a row of atoms
was originally vie~ed' as a high-energy phenomenon
which should be significant for electron energies of
—200 MeV or more. The effect was actually first
verified in the GeV region, but in later years a
number of low-energy experiments were carried
out that have demonstrated the persistance of the
coherent bremsstrahlung effect for electron energies
as low as 35 keV. The particles and their energies
used in these experiments were 15-MeV electrons, 4

40-MeV electrons and positrons, ' 7—10-MeV elec-

trons, and 16-28-MeV electrons and positrons. '

The high-energy calculations of coherent
bremsstrahlung' have been based on the lowest

nonvanishing Born approximation, which treats the
transition as a two-step process, one step being the
first-order interaction of the free electron with the
crystal potential, the other the emission of the pho-
ton by the electron to first order in powers of e, the
electron charge. Second Born-approximation effects
in the crystal potential have been considered by

Akhiezer et al. ,
' as well as quasiclassical corrections

to the Born approximation, "but the applicability of
lowest Born-approximation results has been shown"
to be more general than what would be indicated by

the nominal conditions of applicability of that approx-
imation. In fact, the numerous experimental studies
of high-energy coherent bremsstrahlung that have
been carried out since 1962 have all given results in

essential agreement with the lowest Born-approxi-
mation theory. "'

The above, two-step calculation of bremsstrahlung
constitutes the lowest-order approximation, in an ex-
pansion in powers of Ze (Z being the nuclear

charge), to a more exact approach, which includes

higher powers of Ze but is still based on the lowest-

order treatment of photon emission. For convention-
al bremsstrahlung, such an approach is based on the

use of Coulomb-distorted electron wave functions in
the first-order matrix element of photon emission. '

For the case of coherent bremsstrahlung, one should
make use, instead, of Bloch wave functions of the
electron in the crystal. "

For electrons of kinetic energy To & 1 MeV prop-
agating close to a major crystal plane or crystal axis,
the atoms of that plane or axis may be assumed to
form a continuously charged plane, or a continuous
line charge, respectively. ' The required Bloch func-
tions are then periodic in one (two) dimensions only,
i.e., in the direction(s) transverse to that plane (line).
They describe the quantum mechanical states of elec-
trons, bound in the transverse direction to the plane
(line) while propagating along the same; these are
known as "channeling" states. '

Such Bloch functions may now be employed in a
first-order (in e) calculation' of photon emission.
Here, one must distinguish between the cases where
the electron states are "discrete bound" states of the
plane (line) potential, i.e., lie in narrow bands, or
where they are "free" states, i.e., lie in the continu-
um. For bound-bound transitions, the corresponding
radiation is termed "bremsstrahlung of channeled
particles" by Akhiezer et al. , "but is more commonly
known as "channeling radiation. "' ' If the
transverse electron energy lies in the continuum, the
emission corresponds to conventional "coherent
bremsstrahlung. " There is thus no basic difference
between these two radiation processes as already im-

plied by the mentioned terminology of Akhiezer,
although the literature contains contradictory state-
ments regarding this point. ""

It has been shown that if the electron energy lies

high enough in the continuum, the band gaps at the
boundaries of the one-dimensional Brillouin zone are
very small, and the (transverse) energy levels in an
extended-zone scheme essentially become the para-
bola in the rest frame, E„=—kt', /2m + y Vo, where k„
is the transverse momentum of the electron of total
energy ym, and Vo the zero-order Fourier component
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of the crystal potential. ' This fact suggests that the
picture of coherent bremsstrahlung as a spontaneous
transition between such almost-free states should be
very close to one ~here coherent bremsstrahlung is
treated as transitions between plane-eave states in-
duced by the crystal potential, i.e., when use of the
Born approximation is made, In fact, Andersen
et al. 20, after having shown that to lowest order in
powers of Ze, the intensity formulas for coherent
bremsstrahlung (for emission in the forward direc-
tion) become identical whether obtained assuming a
spontaneous transition between Bloch states, a two-
step transition between plane-wave electrons, or even
classical emission of radiation, have demonstrated
numerically [for the case of 4-MeV electrons chan-
neled along the (110) plane of Si], that for electrons
only a few ( & 5) keV in the continuum, the Born
results of the emitted photon intensity agree very
closely with the results of an exact calculation using
Bloch functions.

Accordingly, we present here a calculation of the
coherent bremsstrahlung of electrons (or positrons)
from crystal targets based on the lowest nonvanishing
Born approximation, which may be considered reli-
able in view of the arguments presented above. The
results of such a calculation iriclude all the "orders"
of coherent bremsstrahlung, 4n =2, 4, 6. . . (where
n is the level number in a reduced Brillouin-zone
scheme) as categorized by the Bloch-function pic-
ture, '~ but it excludes any (lower-energy) channeling
radiation effects. ' %e do not make use of the high-
energy or small-angle approximation, ' so that our
results remain valid down to electron energies of the
order of 1 MeV, and are applicable to the low-energy
electron experiments that have been reported in the
literature.

It should be noted that Akhiezer et a/, "have
advanced criteria for the applicability of Born-
approximation analyses to the case of coherent
bremsstrahlung which set a lo~er limit on the angle
0 the electron direction may make with a crystal axis;
essentially, 0 ~ (Ze'/Ea)'t'= H,h where E is t—he in-
cident electron energy, a the spacing of crystal
planes, and H,h the Lindhard critical channeling angle.
These arguments, ho~ever, only refer to fast parti-
cles, where E » m, and the stated criterion is
designed to exclude the occurrence of bound states
(appropriate only for channeling radiation) in
coherent bremsstrahlung. The photon energies
alone, ho~ever, clearly distinguish the two radiation
types [-50 keV for channeling radiation, —500 keV
for coherent bremsstrahlung" of 56-MeV positrons at
the (100) plane of Sij, and the distinction between
bound-bound and free-free transitions within the uni-
fied treatment of the two radiation phenomena in the
spontaneous-emission picture remains frequently
clear20 on energetic grounds even at 0 =0'. %e may
thus accept the applicability of a Born-approximation

analysis even for electrons incident along a crystal
axis.

II. LOVE-ENERGY COHERENT
SREMSSTRAHLUNG EXPERIMENTS

Numerous experiments on coherent bremsstrah-
lung have been done at high electron energies (typi-
cally, —102—103 MeV), and their results were satis-
factorily described by theory based on the lowest
Born approximation and the high-energy and small-
angle approximations. ' ""' A number of Russian
experiments have pioneered the study of coherent
bremsstrahlung of low-energy electrons.

(I) Korobochko, Kosmach, and Mineev' report on
experiments in which electrons with kinetic energy To
between 35 and 84 keV traversed a thin crystalline
LiF target. The observed bremsstrahlung was identi-
fied by them as being the coherent type because the
peaks in the spectrum could be well understood from
the kinematics of coherent bremsstrahlung.

This experiment, unfortunately, ~ould be hard to
compare with the theory given in the present paper
(as far as intensity is concerned) since, evidently,
Coulomb-distortion effects on the electron wave
functions are quite severe at these low energies. Cer-
tainly one cannot understand these results on the
basis of the Born-approximation approach.

(2) Grachyov et a/. measured coherent brems-
strahlung produced by electrons with To = 15 MeV
incident on a thin Si crystal, with its (111) plane per-
pendicular to the electron beam. Peaks were found
in the bremsstrahlung spectrum at positions predicted
by coherent bremsstrahlung kinematics. %hen the
crystal was misset from the previous direction by 15',
the peaks were washed out, and essentially the spec-
trum of ordinary bremsstrahlung from a polycrystal-
1ine scatterer was obtained.

(3) The work of Komar et ai. is similar to that of
Ref. 4. The authors detected coherent bremsstrah-
lung from electrons of TO=7 —10 MeV impinging on
thin Si crystals in the [1101direction.

(4) In the United States, the earliest low-energy
coherent bremsstrahlung experiments were carried
out in 1969 at the Naval Research Laboratory by
Godlove and Toms, 5 in which electrons and positrons
with To =40 MeV were incident on a thin Si crystal.
By rotating the crystal, various peaks were observed
in the bremsstrahlung intensity detected within a
small solid angle about the forward direction. These
peaks could be correlated with the incidence perpen-
dicular to various crystal planes. The peaks were
roughly the same for incident positrons and elec-
trons, indicating their coherent bremsstrahlung origin
(rather than any connection with channeling).

Further experimental work on low-energy coherent
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bremsstrahlung was subsequently carried out at the
Lawrence Livermore Laboratory, as follows.

(5) Walker et al. o have observed forward brems-
strahlung intensities from To = 16—28-MeV electrons
and positrons, axially channeled in the [111]and
[110] directions of thin Si crystals, and have noticed
a reduction in the bremsstrahlung intensity for posi-
trons but not for electrons, explained by the fact that
channeling of positively charged particles tends to
keep them away from the crystal axes. In addition,
low-energy coherent bremsstrahlung peaks were ob-
served.

(6) Walker, Herman, and Blooms observed a
prominent 500-keV peak in thc forward brcmsstrah-
lung spectra of To=28 MeV positrons and electrons
incident in the (110) plane close to the [ill] direc-
tion of a thin Si crystal. The peak position was found
to be consistent with the kinematics of coherent
bremsstrahlung.

Extensive measurements of the forward planar
channeling radiation as well as the coherent brems-
strahlung of To=4 MeV electrons in Si crystals, rela-
tive to the (100), (110), and (111)planes, have re-
cently been carried out by the Aarhus group. 2o In
that study, a unified interpretation of these two
phenomena was advanced, in which channeling radia-
tion is described as the bound-bound (and free-
bound), and coherent bremsstrahlung as the free-free
transitions, between Bloch states of a periodic planar
potential. The latter transitions can be distinguished
experimentally from channeling radiation by the
dependence of the transverse energy peaks on the
transverse momentum transfer, which is nearly linear
as the difference of two (almost-free) parabolas.

While in the mentioned work, the electron wave

functions in the crystal were represented as the states
in the electrostatic potential of uniformly charged
parallel planes, it was also demonstrated both analyti-

cally and numerically that except possibly for the
lowest-energy free-free transitions, the lowest Born
approximation gave a reliable description of coherent
bremsstrahlung intensities, even at the low (4-MeV)
primary electron energies involved. In the following

sections, we shall therefore adopt the Born approach
but retain the exact three-dimensional lattice nature
of the crystal potential. In addition, thc high-energy
and small-angle approxin1ation of high-energy
coherent bremsstrahlung studies will not be made
here. Our formulas arc expected to be accurate only
for the lighter elements and for electron kinetic ener-
gies of the order of I MeV or above. This is a reason-
able expectation, since, as already stated, Andersen
et a~. ' sho~ed that the relevant Born-approximation
result was accurate for To=4-MeV electrons, and, on
the other hand, the measurements of Rester and
Dance" at To = 1 MeV are in resonably good agree-
ment with the predictions of the Bethe-Heitler for-
mula of ordinary brcmsstrahlung for z =13.

III. THEORY

~here Eo and E are the initial and final electron ener-
gies, respectively, po and p thc respective initial and
final electron momenta, and k the photon momen-
tum. The recoil momentum 7 imparted to the crys-
tal can only take the set of discrete values

7 =2&g (3a)

where g runs over the set of all reciprocal-lattice vec-
tors. For crystals with a cubic space lattice, one has

r =(2m/a) $e,.g, , (3b)
i

where e; is a unit vector along the ith cubic axis, a
the length of the edge of the primitive unit cell, and
the n; are zero or positive or negative integers.

As ln tllc case of high-cncI'gy cohcI'cnt blclTls-

strahlung, ' one also finds for low-energy electrons
considered here that for a given longitudinal recoil
momentum vL, defined by

r 1. = r ' po/po (3c)

the photon energy k has to be smaller than a given
value k, (rq), being a function of rL, , above which
the coherent bremsstrahlung spectrum cuts off more
or less abruptly. This effect gives rise to the peaks in
thc cohcl'cnt, brcmsstrahlung spcctruIYl; lt. ls caused
by the fact that energy and momentum conservation
lead to a minimum momentum transfer v„;„=—p&
—p —k to the lattice, which must be equal to or cx-
cccdcd by thc value of 7'L. This condltlon nlay bc
transformed into the inequality

PO~L
k «k, (rl ), k, =—

Eo —So+ ~L

(assuming rr. « po) as mentioned. Equation (3a)
can bc satlsf lcd ln two ways.

(3d)

%C will deal with a perfect crystal in the harmonic
force approximation. By "coherent bremsstrahlung"
we will mean free-free one-photon emission by a
charged particle in a crystal in which the phonon oc-
cupation numbers are unchanged. Bremsstrahlung
emission processes in crystals in which these occupa-
tion numbers change can be expected to be largely
incoherent; such nonzero-phonon processes are back-
ground effects which are of no interest in the present
study.

Since, by definition, a coherent bremsstrahlung
event is a zero-phonon process, it will not give any
significant recoil energy to the macroscopic crystal
considered, and therefore it will obey the energy con-
servation equation

Eo=E+k
besides obeying the momentum conservation equa-
tion



COHERENT BREMSSTRAHLUNG AT LO% ENERGIES

Case A: r;„«2m/a. In this case, . which applies
to photon energies k « Eo (typically x « 0.1
where x = k/To), and which is prominent in the
high-energy regime, one has significant contributions.
to coherent bremsstrahlung only from the reciprocal-
lattice plane approximately normal to the direction of
incidence that contains the origin. Then, since
7L = 7 sinO = rO, where O is the angle of the in-

cident electron direction with a lattice axis, one has

(4)

and this condition leads to the well-known minimum
of coherent bremsstrahlung for 8=0. The reader is
referred to Fig. I of Ref. I for a geometrical over-
view of this situation, as well as that for Case B.

Case 8: r;„&2m/a. In this case, the reciprocal
lattice planes approximately normal to the direction
of incidence and spaced successively from the plane
that contains the origin (but excluding the latter
plane) will furnish the prominent coherent
bremsstrahlung peaks, and the angle of incidence
0=0 is permitted for coherent bremsstrahlung pro-
duction. This situation will mainly be encountered in
the low-energy case considered here, and the peaks
will be typically situated at x & 0.1.

Applying the standard rules of quantum electro-
dynamics and using Van Hove's time-dependent for-
malism"' one finds that in the lowest nonvanishing
Born approximation the coherent bremsstrahlung
cross section summed over photon polarizations is
given by

0 uoEk -, ~4

p'sin'8(4E' —r')
X

(Ek —p k)2
po sin 80(4EO —r )+-

(Eok —po k)'
2

(Ek —p k)(Eok —po k)

x [pposin8 sin80cosp(4EEO —r2 —2k2) + k2(p2 sin28+ p02 sin280) ] (5)

for unpolarized incident electrons, where the sum
over 7 runs over all the points of the reciprocal lat-
tice. In (5), o.o= Z'a(e'/mc')', with o. = „', , and Z
is the nuclear charge of each atom in the crystal, it
having been assumed for simplicity that only one
species of atoms is present; N is the number of unit
cells in the crystal; vo the volume of a unit cell; 80
(respectively, 8) the angle between po and k (respec-
tively, p and k); and $ the angle between the planes
(po, k) and (p, k). The quantity [1 F( r ) ]/r' is-
proportional to the Fourier transform of the screened
nuclear Coulomb field, with [1 —F(F)] representing
the effect of the screening by the atomic electrons.
The quantity

8( r ) = g exp[ 8'J( r ) ] exp( 2rri pz r )—
j~l

describes the interference effect of the atoms in a
unit cell and also takes account of the thermal
motion of tlM lattice by means Of Debye-Taller type
factors exp[ —$VJ( r )1 pertaining to each of the atoms
j=1, . . . , v in a unit cell, p~ being the position vec-
tor of the jth of these atoms.

For crystals of the diamond-type structure (v =8)

and assuming as usual that all the ~~( r )'s are equal,
with 8'( r ) their common value, the factor

~
g ( r ) (2

in (5) is equal to exp[ —2 8'( v ) ] times a number
equal to 64 if all the n, (i = 1, 2, 3) are even and their
sum is a multiple of 4, to 32 if all the n; are odd, and
to zero otherwise. The calculations reported in Sec.
IV, which refer to a special case of the diamond-type
structure, namely Si crystals, were carried out under
this assumption.

We are interested in integrating d o.„h/d p d k
over the outgoing electron momentum vector and the
photon direction, for a given photon energy. This
can be done in a very simple way, but strangely
enough no mention of the fact occurs in the pub-
lished literature. ' After performing the trivial in-
tegration over p, the integration over k can be car-
ried out by a simple trick whose main point is that
po+ r (not po) is taken as polar axis for each r. In
more detail, let k make an angle Hl with po+ v and
let its azimuthal angle, with respect to an arbitrary
direction perpendicular to po+ r, be $~. We first in-
tegrate over Hl using the familiar formula for changes
of variables in 8 functions. This leaves us with an in-
tegral over @t which is elementary. The integration
of d'o „h/d'pd'k over p and k yields the following
expression for the coherent bremsstrahlung cross-
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section differential with respect to photon energy:

d a..h
4~'~o& m', Ig (r ) I'[1 —E( r ) f'

dk up ppk2 -, r4lpp —r
I

where

with

[pj(r) j'(4Ep' —r2)
I)(r) =

(7a)

(7b)

present study. The results of these calculations will
be discussed in the following Sec. IV.

Mozley and Desire ' have pointed out that an axi-
al collimation of the emitted radiation has the effect
of additionally monochromatizing the coherent
bremsstrahlung peaks. This effect was verified ex-
perimentally at 1-GeV energies by Tsuru et al. ', it
rests on the fact that the lower-energy photons emit-
ted farther from the forward direction get eliminated
by the collimation, so that the originally relatively
wide coherent bremsstrahlung peaks have their low-

energy tails removed, resulting in narrower spikes.
Calling 8, the collimation angle for photons around

the incident electron direction, and introducing

m'(Ep —g, )
'

12(r-) =(4E'-") -1+
P~ Pr

4EpE —v +2k
I2(v) =2 (Ep- e, ) ——1

Pr

'
(7c)

y, —= e,/(m/E, ), (8a)

k, —dk, ~k~k, (Sb)

then for given values of ~L, and H„only photons with

energies k satisfying the inequality

2k2 [p2( r ) ]2 —m'
14(r) = v), +E+

Here,

will pass through the collimator, where

k, (1 —k,/Ep) g2
Ak, =——

1 + (1 —k,/Ep) P,
(8c)

I/2( r ) = [ I po r I'- « —")'~'"

o, = p,/2k

o,(E —o,)

lpo- rl

[r2pp2 —(7 pp)'1
p, = (E —g,)'— leo- r I'

(E )2 ' 'il/2

X
Ipo- r I',

o', = Po' (Po —&)

(7d)

Equation (Sc) is an approximation valid for
m/Ep (( 1. The numerical results on axially col-
limated coherent bremsstrahlung reported in Sec. IV
are based on exact kinematical formulas and on a for-
mula for the spectrum of the resultant radiation
which is an exact consequence of (5). The latter for-
mula is analogous to (7a) but much more complicat-
ed, and hence will be omitted. Again, the photon
spectrum predicted by this formula was readily com-
puted on a fast electronic computer.

IV. NUMERICAL RESULTS

Notice, in particular, that p2( 7) is the magnitude of
the part of p which is perpendicular to k for a given

pp, ~. The prime in the sum in (7a) means that the
sum runs over all those 7's such that

In this section, a series of numerical results wil1 be
discussed that were obtained from the foregoing
theory. They all refer to thin Si single-crystal targets
at room temperature. %e only show the coherent
part of the bremsstrahlung cross section, and plot the
quantity

IEo —o.l & Ipo —& I
(7e) )

do'coh

dx

which is equivalent to requiring that lk (pp —r) I~ lpp —FI for the pp, T considered, implying an ine-

quality expressed approximately by (3d).
Although each term of the series in (7a) is a

lengthy combination of elementary functions, the
series can be easily computed numerically on a fast
electronic computer. This is what was done in the

vs x = k/To, where Tp is the kinetic energy of the in-

cident electron as before. The values of F( r ) used
in these numerical calculations were obtained from
the analytical expression for the atomic scattering fac-
tor of Si given by Bonham and Strand. " The values
of 8'(r) used in our numerical work correspond to
the room-temperature value 8 = (Svr /3) (u )
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FIG. 1. Coherent bremsstrahlung spectrum of TO=15 MeV electrons incident along the t1001 direction of a Si crystal at
room temperature.

0=0.45 A' derived from x-ray measurements, 3 where
(u') is the mean-square vibrational displacement of
the atoms from their equilibrium positions.

Coulomb multiple-scattering effects have not been
included, but are known to have no overwhelming
effect. We have estimated that for To=

2
MeV elec-

1

trons, Si crystals of thickness d =1 p,m, and for
To= 10 MeV electrons, crystals with d =5—10 p,m
will be adequate to keep the half-angle of divergence

of the electron beam caused by multiple scattering
below 1—2', which will be seen in the following to be
sufficient to preserve the appearance of the coherent
bremsstrahlung peaks.

The first series of figures to be shown in the fol-
lowing refer to case 8 where the most prominent
peaks originate from the successive reciprocal-lattice
planes that are approximately normal to the direction
of incidence, except from the plane that contains the

l5

12—

To= l5 MeV

IOQ DIRECTION

I

0.08
i

O.I6 0.24 0.32
X

I

0.40
i

0.48 0.64

FIG. 2. As in Fig. 1, but with the electrons incident in the (001) plane at an angle of 0-2' with the f100) direction.



I5

x cl+'

cte dx

0.00 0.08 O.I6 0.24 0.32 0.40 0.56 0.64

n the [111]direction.ith the electrons incident alongFIG. 3. As in Fig. 1, but wit e e
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~ith T =0.5 MeV electrons.FIG. 4. As in Fig. 1, but +it
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the latter direction, then as shown in Fig. 2 the peaks
"melt, " i.e., spread out, showing a fine structure.
This structure comes about since now the cutoff fre-
quencies, corresponding to the reciprocal lattice
points in each contributing reciprocal plane, are
slightly different. The numerical calculations depict-
ed in this figure, as well as similar calculations not
shown here, demonstrate that at the low electron en-
ergies considered in this section a half-angle of diver-

gence of & 2', e.g. , as it results from multiple

scattering, will not substantially affect the overall

peak structure of the coherent bremsstrahlung spec-
trum at these energies.

Figure 3 shows the coherent peaks for To= 15
MeV electrons incident along the [111]direction.
The results are as in Fig. 1 but the peaks are no
longer equidistant due to the more irregular spacing
of the contributing reciprocal-lattice planes in this
case. Nevertheless, each reciprocal plane takes part
in the cutoff as a whole, so that the peaks terminate
abruptly. In all cases the peak positions can be
predicted easily by using, in particular, Eq. (3d) and

by excluding the values of (nt, n2, n3) for which g (T)
vanishes.

The next two figures refer to TO=0.5 MeV elec-
trons [at which energy Eq. (7a) may be somewhat
inaccurate], incident along the [100] direction (Fig.
4) and the [111]direction (Fig. 5). The peaks in

these figures, shown as rounded, actually consist of a
series of small spikes, since at these low electron en-
ergies the contributions of the pertinent 7 's no
longer cut off quite simultaneously.

The following discussion will include coherent
peaks of type A, of which the most prominent ones
are generated by contributions of reciprocal planes
that are almost orthogonal to the direction of in-

cidence and contain the origin, and whose normal
makes a small but nonzero angle 0 with the direction
of incidence. These peaks are located in the low-

energy portion of the spectrum. We first consider
electrons of TO=15 MeV incident on the Si crystal in
the (001) plane and making an angle of 1' with the
[110]direction. Figure 6(a), which depicts the high-

energy portion of the spectrum, shows a series of
"melted" type-B peaks (again consisting of small
spikes that have been averaged in the figure) and a

large rise of the spectral intensity at low energies.
The latter consists of a series of much more closely
spaced type-A peaks, the first of which occurs at
about 100 keV, as shown in Fig. 6(b). From our pre-
vious discussion, all the latter peaks disappear for
0 0, causing the well-known dip in the coherent
bremsstrahlung intensity at the origin when plotted
versus 0. The observed minimum of this dip is, of
course, furnished by the incoherent bremsstrahlung
contribution which is independent of 0.

Figure 7 corresponds closely to the geometry of the
experiment of Walker, Berman, and Bloom. ' We as-
sume a beam of To =28 MeV electrons (or posi-
trons) to be incident in the (110) plane of a Si crys-
tal, misset from the [111]direction by 8 = 1 . The
figure exhibits the type-2 peaks of the coherent spec-
trum, in which the lowest and most prominent peak
is located at k =560 keV, close to the experimental

l2-
T, = 0.5 MeY

[I I I] direction

0,00
l

0.04
I

0.08
I

O.I2 O.I6 0.20

FIG. 5. As in Fig. 3, but with TO=0.5 MeV electrons.
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FIG. 6. Coherent bremsstrahlung spectrum of Tp =15 MeV electrons incident in the (001) plane of a Si crystal at room tern-
perature, making an angle of 0=1' with the f110] direction: (a) high-energy portion, and (b) low-energy portion of the spec-
trum.

value of —0.5 MeV. s Note that this coherent structure lies on top of a much larger, (presumably) incoherent
bremsstrahlung contribution in these experiments.

Finally, we illustrate the effect of a Mozley —De Wire-type collimation on the type-8 coherent bremsstrahlung
peaks. Figure 8 shows the peaks of Fig. 1 (TO=15-MeV electrons incident along the [100] direction) as a dashed
line; when the observed bremsstrahlung is collimated so that only photons making an angle of 8, =0.5' or less
with the incident electron direction are counted, the solid curve results which indicates a very substantial shar-
pening of the peaks due to this effect. In Fig. 9(a), the same is shown for TII=1.5 MeV electrons and a collima-
tion angle of e, =4'. Finally, Fig. 9(b) presents details of the collimation of Fig. 9(a) for the first two peaks and
a succession 8,-3', 4', 5', and 6' of collimation angles.
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FIG. 7. Low-energy portion of the coherent bremsstrahlung spectrum of TO=28 MeV electrons incident in the (110) plane of

a Si crystal at room temperature, making an angle of 0=1' with the )111]direction,

V. DISCUSSION AND CONCLUSIONS

A calculation of coherent bremsstrahlung has been
carried out in lowest Born approximation which, un-
like the previous theories" ' ' that, were designed
to describe high-energy (& 100 MeV) experiments,
does not make use of the high-energy or small-angle
approximations. It can be applied to predict coherent
bremsstrahlung spectra from electrons (or positrons)

of energies in the range 1 & To & 60 MeV in which a
number of relevant experiments have been carried
out in recent years, ' and of course at higher en-
ergies. For electrons incident at small enough angles
with respect to a set of channeling planes, a lowest-
order Born calculation of analogous type has been
shown'. to constitute a valid approximation to a more
exact treatment in which the electronic states in the
crystal are described in terms of Bloch functions, pro-

I5

x do
o.

o dx

l2—

/
i

/

To 15 MeV

IOO 0 I RECT ION

VNCOLL IMATED

COLLIMATED, ec =
~

0.00 0.08 O. I 6

/1

0.24 0.32 0.40 0.48 0.56 0.64

FIG. 8. As in Fig. 1 (dashed curve), but with the emitted bremsstrahlung collimated by 8, -0.5 .
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FIG. 9. Coherent bremsstrahlung spectrum of TO=1.5 MeV electrons incident along the [100] direction of a Si crystal at

room temperature: (a) uncollimated (solid curve), and collimated by III, =4' (dashed curve); (b) the two lowest peaks collimat-

ed by 8, =3', 4', 5', and 6 .

vided that only transitions between free (continu-
um) states are considered. These latter transitions,
however, correspond precisely to coherent brems-
strahlung emission, 2 while bound-bound tran-
sitions lead to channeling radiation. "' Due to the
smaller energy differences between bound-bound as
compared to free-free transitions, the channeling ra-

diation peaks often lie at much smaller energies than
the coherent bremsstrahlung peaks, and can thus be
distinguished from the latter on such grounds. For
example, in a recent axial-channeling experiment"
with electrons incident in the [ill] direction of a sil-
icon crystal at 1.5 MeV, channeling radiation peaks
up to 4 keV were found, Scaling up our results of
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Fig. 5 from TO=0.5 to 1.5 MeV, the lowest coherent
bremsstrahlung peak is predicted at 27 keV, thus ly-

ing above the energy region studied in the mentioned
experiment. 3'

In contrast to calculations of channeling radiation
in crystals, ' our calculation takes into account the
full lattice structure, rather than employing the po-
tentials of continuously smoothed-out lattice planes
or strings. The resulting cross-section sum over the
full reciprocal lattice then leads to a distinction
between type-A and type-8 coherent bremsstrahlung
spectral peaks (Sec. III), completely borne out by the
detailed calculation. The former peaks lie in the
very-low-energy region of the spectrum, stem from
the reciprocal-lattice plane that contains the origin,
and show a minimum in the coherent bremsstrahlung
if the electrons are incident at an angle 0 =0 with a
lattice axis. The latter peaks lie at higher energies,
stem from higher-order reciprocal-lattice planes, and
show no such minimum at 0=0. In addition to a
discussion of these effects, we also presented a nu-
merical study of the sharpening of coherent brems-
strahlung peaks by photon collimation.

It is clear from some of the foregoing remarks that
a comprehensive theoretical study would be desirable

in which both channeling radiation and coherent
bremsstrahlung are treated on a unified basis, taking
into account the full three dimensionality of the crys-
tal lattice. This might explain the interference effects
between coherent bremsstrahlung and channeling ra-
diation ("sidebands") which were found in a calcula-
tion of the radiation from electrons which move
along classical trajectories through a three-dimen-
sional crystal. "
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