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Two-dimensional space-charge layer in a tilted magnetic field
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Combined intersubband cyclotron resonances in a quasi-two-dimensional space-charge

layer with a magnetic field tilted with respect to the surface are studied through a simple
single-electron model. Two alternative basis sets have been pointed out which enable one
to obtain analytical matrix elements of the Hamiltonian for all values of the magnitude
and the angle of tilt of the magnetic field. The effect of the coupling between electronic
motions normal and parallel to the layer has been investigated in detail and is found to
give rise to deviations in the expected values of the Landau spacings as functions of the
tilt angle of the B field. Optical spectra for such systems show some features in qualita-
tive agreement with experiments and other calculations. The system is a prototype of
nonseparable problems in two dimensions.

I. INTRODUCTION

In recent years, the study of two-dimensional
space-charge layers (as can be found in metal-
oxide —semiconductor sandwiches) under a tilted
magnetic field has been of increasing theoretical
and experimental interest. ' Following a report
on combined intersubband cyclotron resonances,
Ando' performed a detailed numerical calculation
with a large basis set that includes many-body
corrections which account for many features of the
observations. %'e present here a simple one-elec-

tron model for a two-dImensjonal space-charge
layer under a tilted magnetic field. This is not to
say that many-body effects are unimportant; in

fact, they are important, particularly in the silicon

system which is the system most extensively stud-

ied. ' However, use of a model potential, in

which the electron in the space-charge layer is as-
sulllcd to bc held 111 tllc z dllcctloll (Ilorlllal to tllc
interface) by a "triangular" potential well due to
the applied electric field, is not uncommon in the
literature. ' This is because the model seems to be
quite adequate for certain systems like PbTC (Ref.
3) and, because it serves as a common backdrop
against which new many-body effects can be
viewed, the model continues to be used for this

purpose. ' The motivation for our study of the tilt-
ed magnetic field problem in this model is that it
seems desirable to be able to explore which and

how much of the observed phenomena can arise
out of the single-particle description. Such a com-

plete study of single-particle effects will serve to

point out more clearly features which are due sole-

ly to many-body aspects of the problem. Since we

ncglcct IDany-body Rspccts, wc make no cla1ID fol
a complete description of a space-charge layer in a
tilted field. The merit of our study, as we will see,
is that we get results qualitatively similar to those
hlthcrto attrjbutcd to IDRny-body cffccts. In this

way, our study points to another possible origin of
some of the observed features of the combined res-

onances, namely the coupling between the motions
parallel and perpendicular to the interface induced

by the tilted magnetic field. A further and impor-
tant feature of the simple model is that it is a pro-

totype of ploblcIDs involv1ng motions in IDofc
than one dimension (here two perpendicular direc-
tions) when the nonseparability of the motions is
essential for the phenomena under study. Being
simple enough, this prototype may serve to give in-

sights into the general quantum mechanical prob-
lem of nonseparable motions.

The electric field normal to the oxide-semicon-
ductor interface (x-y plane) groups the electrons
into quantized energy levels called electric sub-

bands. An additional magnetic field along the z
direction further quantizes the electronic motion in
the x-y plane. Since there is no coupling between

the cyclotron motion in the x-y plane and the sub-

band motion along the z direction, such a problem
is trivial. A more interesting case results when the
8 field is tilted from the normal so that a com-
ponent 8& is present as well. As shown in Sec. II,
the Hamiltonian, when reduced to its simplest
form, contains a term coupling the y and z
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motions. Because of this coupling between the cy-
clotron and subband motions, transitions between

energy levels involving a simultaneous change in
the subband index as well as the Landau quantum
number become possible under an external radia-
tion field. These are the combined intersubband
cyclotron resonances. Depending on the strength
of the magnetic field relative to the electric one
and on the angle of tilt of the B field, the coupling
can modify the optical spectrum considerably. In
most of the experiments done so far, particularly
on Si-MOSFET (metal-oxide —semiconductor
field-effect transistor) devices, the quantization of
the z motion has been dominated by the electric
field. However, situations where even the z motion
is governed mainly by the B field have appeared
recently in the literature. Thus the model Hamil-
tonian we consider proves to be even more interest-
ing in that it contains a nontrivial coupling be-
tween two competing modes (the y and z motions)
and such systems may prove to be a fertile ground
where one may expect to find features due to the
strong mixing phenomenon as has been suggested
in the literature. This provides a further motiva-
tion for investigating such systems. The Hamii-
tonian as given in Sec. II represents a simple (in
that all the dependences are either linear or quad-
ratic in the coordinate variables) prototype of two-
dimensional nonseparable systems.

We employ two alternative basis sets to diago-
nalize the Hamiltonian. The matrix elements ob-
tained are in closed form and easily calculable.
Section II describes briefly the model Hamiltonian
and the methods for calculating the energy levels
as well as the optical spectrum for a weak z-

polarized radiation. Section III then proceeds to
describe the numerical results and their discus-
sions. Section IV contains a summary and con-
clusions.

II. CALCULATION OF ENERGY LEVELS
AND OPTICAL SPECTRUM

As our model for the space-charge layer in
metal-oxide —semiconductor (MOS) devices, we
consider it to be effectively a two-dimensional elec-
tron gas. Each electron describes free motion in
the x-y plane (assumed parallel to the oxide-semi-
conductor interface) but is held in the z direction
(normal to the interface) by an infinite potential
barrier at z =0 on the oxide side and a linear elec-
tric field potential eez on the other side. The elec-

2 2

H = + + p„+—(zB~ —yB, )
py pz 1 e

2m& 2ml 2m,
" c

+eez,

—Oo (p ( oo, 0 (z & ao

where m, and ml are the effective masses of the
electron parallel and perpendicular to the interface,
respectively. With H as given in Eq. (1) the x part
of the wave function is described by plane waves
and translating y by cp„/eB„the x coordinate can
be removed. This transformation is legitimate for
all B,+0. Equation (1) then becomes

2 2 2 2 2 2
Py e B

2 Pz e By+,y + +«z+
m~ 2m~ c 2ml 2mgc

e ByB,
pz .

mac
(2a)

tric subband levels are then considered to be the
quantized energy levels in such a triangular poten-
tial well. The strength of the electric field is pro-
portional to the sum .V, of the number density of
the space-charge layer and that in the depletion
layer: @=kgb, . The constant of proportionality k
is regarded as an adjustable parameter and can be
chosen to reproduce the experimental value for the
energy separation of the ground and the first excit-
ed subband. In this way, through the empirical
choice of k, the many-body aspects may be
thought to be included to some extent in our
model. But, apart from that, we consider the sys-
tem as one of a single electron moving in a tri-
angular potential well. This approximation is
reasonably justified for inversion layers as well as
for low-doped semiconductors (quasi-accumula-
tion-layers). We do emphasize, however, that this
is an oversimplication, because the actual effective
potential for an electron, especially in an excited
state or in accumulation layers, departs consider-
ably over some ranges from the triangular one.

If a magnetic field is applied to such a system
tilted with respect to the normal to the interface by
an angle a, let B, and By be its components per-
pendicular and parallel to the surface, respectively.
Choosing a gauge A=(zB& —yB„O,O) as in Ref. 2
to describe this field, the Hamiltonian for the elec-
tron can be written as
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One obtains the same Hamiltonian as above for
the parametric choice (p„)=0. We note that
while this choice of (p„)does not affect the eigen-

value structure when B, is nonzero (because of the
admissible translation in y), it does not give the
true ground-state energy when B,=0. The value
of (p„)which minimizes the energy in this case is
seen from Eq. (1) to be ( —eB&/c)(z) and then the

appropriate Hamiltonian becomes

e By
H = " + ' +eez+ " (z —(z))

2m) 2@iI 2' g c

(2b)

For B,=0, the difference between the two Hamil-
tonians given by Eqs. (2a) and (2b) is due to the
presence of the (z) terms in the latter. We, how-

ever, attempt in this paper to solve for the Hamil-
tonian given by Eq. (2a), after noting that this is
singular at B,=0, and that its eigenvalues have a
jump discontinuity at B,=0, the magnitude of the
"jump" being equal to the difference in the eigen-
values of the Hamiltonian (2a) from the corres-
ponding ones of the Hamiltonian (2b).

Thereby, for B,+0, the effect of the inagnetic
field is to quantize further the y motion of the
electron. Note that the last term, which denotes
the coupling between the y and the z motions, van-

ishes in either Faraday (a=0') or Voigt (a=90')
geometry. Further, for a=90', B, is zero and the
electron becomes free in the y direction and is as-
sumed to carry zero momentum in that direction
in the subsequent discussions.

If the effect of the B field is weak, a Born-
Oppenheimer- (BO-) type solution is possible
wherein one starts with the undisturbed electric
subbands and evaluates the z and the z terms in
the magnetic part in terms of the undisturbed wave

functions. One can then solve for the y motion.
Such a procedure leads to a positive correction

EE„=(eB~/2m, c )((z~)„„—(z)„„)
to the nth subband energy and the appearance of
substructure in the form of equally spaced Landau
levels for y motion on each subband with spacing

%co, where e, =eB,/m, c. It may be interesting to
note that when 8,=0, the BO-type approach leads

to the same correction when applied to the Hamil-

tonian (2b) but to a different and larger correction
when applied to the Hamiltonian (2a). The differ-

ence between these, viz. , (ez8&/2m, c~)(z)
„„

is

roughly equal to the magnitude of the "jump" at
the singular point B,=0 for the Hamiltonian (2a),
as mentioned before. We will return to this point
again in Sec. III. With regard to the Landau sub-

structure formed on each subband, the experimen-

tal results, ' however, showed substantial depar-
ture from the expected pattern of equispaced Lan-

dau levels, particularly at large tilt angles. As an

example, the Landau-level spacings were not given

solely in terms of B,. We regard this as a crucial
point. Within an adiabatic separation of y and z
motions, the Landau-level spacing is unequivocally
a function of B, alone. However, proper treatment
of the coupling between the two motions can, even

within a single particle description, account for ad-

ditional dependences of the spacings on B~ as well.

Note that if the coupling is neglected, the y and

z part of the wave functions are described by the
well-known harmonic oscillator and Weber func-

tions, respectively. However, Weber functions are,
in general, more cumbersome to handle. Depend-

ing on whether the electric field or the magnetic
one dominates the subband structure, however,
either Airy functions or harmonic oscillator wave

functions (of odd order, since the wave function
must vanish at z =0 for all y) provide us with two
suitable alternative choices of the basis functions to
diagonalize H. We define a parameter

9=(e e A /2mi)' /~o, too eBO/m, ——c,

(B2+B2)1/2

(4)

which gives a measure of the strength of the e
field relative to the B field. 8-0.57 implies a sit-

uation where the energy separation between the
ground electric subband and the next higher one
equals the Landau separation for a=0'. lt may be

interesting to note that 8, as defined above, can
also be written as the ratio m, lz/mII~, where l~
and lz are the characteristic lengths associated
with the magnetic and the electric fields and are
equal to (A'/2m, coo)' and (fi /2miee)', respec-

tively. In most of the space-charge layers studied

so far, 6 is large. However, a situation where the
B field dominates the z quantization (i.e., 8 small

and a large) has also been reported. Accordingly,
we proceed to obtain the matrix elements of H in

two alternative basis sets.
(i) Electric field dominating the z quantization We.
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write

H =Ho) +H (

where

g2 d2 g2jg

2mgc

dz
+ 2 +8'

2PttI dz

I e8s . eER
1/3

&niv =(N+ , )—& +P.
m c "

2mI

P„being the negative of the nth zero of the Airy
function and n, N =0, 1,2, . . .. The wave functions
are written as

(y,z ~
nN) = U~(y)Ai„(z),

2plgc ttlgc

The orthonormal basis is provided by the eigen-
functions

~

nN ) of Ho» which satisfy

HOI
~

nN ) =e„'N
~

nN ),

where UN and Ai„are the usual harmonic-
oscillator wave function and the Airy function,
respectively, and are assumed to be properly nor-
malized. In this basis, the matrix elements of the
full Hamiltoman can now be written in dimen-
sionless form (after being scaled to Steno) as

ls
(,n'N'

~

H
~
nN)/Iricoo ——[p„ey(N+—,)cosa]5„„5'+ 2 z 2

Sln A 2 5NN&
l2

I

slila( cosa ) (y cos a/ls )~iv2' lE

where 8,=Bocosa, 8& ——8O sinu,

y cos'"a
ls

=(N')'"4, iv I+(N'+1)-'"4, iv +I (12)

z
l nn'

—,P„if n =n'
—2 Ifn n(p„—p„)'

z'
2

lE

—„P„if n =n'
—24

(Pn —P')'

(e e fi /2mI)'i
6,=

2

the matrix elements of H after being scaled to ~, are now given by
2

(n'N' ~H
~
nN)/fico, = [P„9,~(N+ —,)]5„„,5N~, + 2'

z'
tan lx cosA'

l2
nn'

Notice that the last term in (11) represents the coupling of the y and z motions with the ratio lE/2' appear-
ing as the coupling constant. The matrix given by (11) can be cast into another form, convenient for situa-
tions where the z component of the magnetic field, 8„is kept fixed while the tilt angle is changed so that

8& is now given by 8~ tana. As in (4), defining

T

lE I/2tan% cos Ql2' lg
y cos a

NN'
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(ii) Magnetic field dominating the subband struc
ture (8 small and a large) A. s before, we write

H =HP2+H2,
where

which satisfy

Ho,
I p» =~p,

I
p», (21)

HO2 = eB, 2

2mgc

e B
2ml dz

fieB,
~~i

——(p + —, )
m, c

1/2

+ (2P + —, )A'
mg eBy

mI m, c
(22)

and
e ByB,

H2 ——eez — yz .
m)c

The basis is provided by the orthonormal eigen-

functions of Hoz,

(y,z
~
pP) = Uz(y)Ugp+](z), p, P =0, 1,2, . . . (20)

and Up and U2P+~ are the usual harmonic-
oscillator wave functions. Note the occurence of
only the odd functions for the z motion because of
the boundary conditions at z =0.

00

The integral 0 Upp+i(z)zUzi +&(z)dz can eas-

ily be calculated, ' '" and the matrix elements of H
are obtained as (when scaled to ficoo)

(p'P'
i!
H ipP)

(p + —, ) cosa+ 2P +—3
~o 2

' 1/2

sina 6pp 6pp

+
sina

' 1/2 3
lg

lE

5/4
m,

~pp'IPP'
m

1/4
m, sina cosa p cos a

l

(23)

where (y cos' a/lii)~~ is given by Eq. (12) and

2 2'+' I (P + —, )r(P'+ —, )

~~ &(2P+1)!(2P'+1)!I-(P P'+ —')I (P' P+ —')
(24)

Note the presence of the sina term in the denominator of the second term in (23) which, as expected, im-

plies that this basis is not suitable for small tilt angles. Any of the large symmetric matrices given by (11),
(16), or (23) can be diagonalized for appropriate values of the parameters to obtain energy eigenvalues E„
and the corresponding eigenfunctions P&.

In order to see what information can be obtained regarding the strengths of various transitions from the

ground to an excited subband in the presence of a magnetic field, we have calculated the optical-absorption

spectrum of the system under a weak z-polarized radiation, using linear response and the dipole approxima-

tion. Following Ando, ' the absorption can be seen to be proportional to the real part of the two-

dimensional conductivity o (co) given by

Rnr (co)~co I'gg z
". „zz„,[(E„E,)' e~']'+—4A'~'r—'

for which a phenomenological width parameter I
has been assumed. f„„is the oscillator strength

between states p and v, given by

and satisfies the sum rule

(27)

It should be noted that according to (25), reso-
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nances occur when the incident photon energy %co

equals the energy differences between the unoccu-
pied levels and the occupied levels. A main modi-
fication, due to the many-body aspects, is expected
to shift this energy, .particularly for transitions
with a large amplitude, through the depolarization
e ect.

III. RESULTS AND DISCUSSION

For calculations of energy levels and the corre-
sponding wave functions the matrices given by
Eqs. (11) and (16) have been diagonalized. Twenty
Landau levels and 15 subband levels are included
in the basis. For effective masses we used values
appropriate to the silicon (100}surface, viz. ,
m, =0.1905m, mi =0.916m, m being the free-
electron mass. Most of the calculations were per-
formed using 6 or 8, as defined in Eqs. (4) and
(15) as parameters and the energies expressed in
units of flop and fico„respectively E„(a.) denotes
energy levels on the nth (n =0, 1,2, . . .) subband
and ¹h(N =0, 1,2, . . .) Landau level. E~p(a)
denotes the energy corresponding to the transition
from the ground (n =0) to the first (n =1) excited
subband level involving no change in the Landau
quantum number, while Eip (a) corresponds to
similar transitions involving a simultaneous change
b,N (+0) in the Landau index. We should em-
phasize that the wave function belonging to E„(u}
may contain as much or even more of the original

~
n, N+1) character than of the

~

nN ) function,
especially at large tilt angles.

Figure 1 shows the difference of the ground-
state energy Ep(a) from the unperturbed ground
subband energy Pp8 as a function of the tilt angle
a for various values of 8. Except at regions very
close to u =90', the curves approximate the expect-
ed "cosa+ diamagnetic shift" type of behavior.
Because of their large diamagnetic shifts, the
curves corrcspond1ng to lower 8 values l1c above
the ones corresponding to larger e. The minimum
of each curve and the steep rise beyond it is be-
lieved to be caused by the smoothing out of the
singularity at +=90' due to an inadequate basis
sct. Ho~ever, close proximity of such a minimum
to the point o.=90' shows that for a very wide
range of angles of tilt, and especially for large 6,
convergence has been adequate. Once again, we
note that the energy values at a=90 are higher

than the true ground-state energies by about
(e 8„/2m,cz)(z )pp. One can obtain the approxi-

0,5

mate ground-state energies at o;=90' by extrapolat-
ing to 90' the portion of each curve just to the left
of the minimum.

Figure 2 shows E&p(a) —Ez(a=0), i.e., the
difference between the main transition energy in
the presence of a magnetic field and that when the
8 field is absent (or normal to the interface) as a
function of the tilt angle a and for several values
of 8. Note again the sharp rise near a 90' whose
origin is explained in the above paragraph. For
angles below which the sharp rise takes place, the
curves can be well approximated by the Born-
Oppenheimer value (e l2m, ~ )&z((z )i~ —(z )pp—(z)'„+(z)'pp}.

In Fig. 3 the inverse of the quantity E ip—Eip (a=0) is plotted as a function of tilt angle

0.4

II

Cl

o 0.2
4J

O
w 8= 0.57

400 8 = I.I4
g= 2.37

I I I

20 40 60 80
TILT ANGLE e {de|I)

FIG. 2. Shift of the main resonance energies from
the values corresponding to Faraday geometry plotted as
a function of the tilt angle a. The additional structure
for 8-0.57 is due to strong mutual interaction among
the unperturbed states brought about by the coupling
term.
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FIG. 1. Plots of ground-state energy Eo(a} relative

to ground unperturbed electric subband level Poe as a
function of the tilt angle o,'. The ordinate is expressed in
u01ts of RNo.



3762 S. K. BHATTACHARYA

I I 1

40

40—

30—
E

E

20-

10-

8=0

I I

COSa ~i
I

I

I

I

I

I

8 =4.00 I

8 = 2.37
I

20

0.2—

o 0 2—

O 0
n
tl
——0.4—

LU

I

a
0

LLI

(b)

(a)

8 = 4.00
8 = 2.37
8= I. I4
8 = 0.57

8 =0.57

8 = I. I 4

8 = 2.97
8 = 4.00

18 0

00
I I I I

20 40 60 80
TILT ANGLE I (deg)

FIG. 3. Effective cyclotron mass normalized with

respect to m, : m, /m, corresponding to transitions from

In =O,N=0) state to
~

n =1,%=1) state. m, /m, is

equivalent to [E~+o'(a) —E~o(a=O)] '. Note the devia-

tion from the (cosa) ' curve given by the dashed line.

8 = I. I 4
~ -O. I—

)8 = 2.37
g8 =4.00

I I I0
85 86 87 88 89 90

TILT ANGLE a (deg)
0FIG. 4. Details of Figs. 1 —3 from a=85' to a=90

range.

a for different values of 8. The ordinate is

equivalent to the cyclotron mass normalized with

respect to m„that is, m, /m, . If the effect of fin-

ite B„is neglected, the ratio m, /m, is expected to
follow a (cosa} '

type of behavior with respect to
variations in a. Finite values of m, /m, at a=90'
reflect the diamagnetic shift in the Voigt geometry
when (p„)is assumed to be zero. What is in-

teresting is the departure of the curves from the
(cosa) ' type of behavior even for tilt angles much

less than the ones where the sharp features are lo-

cated. As can be noted from the figure, this

departure becomes more and more prominent at
large tilt angles for all 8, but for small 8, this

departure sets in even at moderate tilt angles. The
feature near a=90' has the same origin as in Fig. 1

discussed above.
Figure 4 displays the details of the Figs. 1 —3

from a=85' to a=90' range. From this the
characteristic angle of tilt where the sharp feature
of each plot is located can be seen easily. It is also
seen that generally for large 8 this angle is ex-

tremely close to 90' while as 8 is decreased, the
characteristic angle moves towards smaller values.
This figure then gives some idea about this range
of the tilt angles over which our calculations can

be trusted. For most experiments, 8 is greater
than 1.0 and a conservative estimate for the range
is 0&a&85'.

Figure 5 shows curves similar to Fig. 2, but

ez= I.I4

D
0.2—

4J
I

O

O. I—

ez=z. ze

8 =z.86

8 =5.7I

0.00 20 OO 60
TILT ANGl E a (deg)

FIG. 5. Shift of the main resonance energy from the

corresponding quantity in Faraday geometry plotted
against different values of the tilt angle a for different

values of e,. The ordinate is expressed in units of %co,.
8„is related to a and is given by 8, tana.
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now we envisage experimental situations wherein
the z component of the magnetic field, 8„is kept
fixed while the tilt angle a is changed. This im-

plies 8» is changed and is given by 8, tana. Dif-
ferent values of 8, denote different relative
strengths of the e field to 8,; the ordinate now is
plotted in units of %co,. Here also, as in the case
of the plots in Fig. 2, the curves are very well ap-
proximated by the corresponding Born-Oppen-
heimer values particularly for large 8,. For small
8„Born-Oppenheimer values underestimate the
actual ones, since for small e„suchan argument
that the y motion has little or no effect on the z
quantization is not valid.

Table I displays the energies corresponding to
transitions from the ground to the first excited
subband with a simultaneous change b,Ã ( =0,+1)
in Landau quantum number for a fixed 8, ( =3.5
T), two different electric fields corresponding to
%,=1.0&(10' cm and N, =0.5&10' cm, and
for various values of 8» 'For th. ese calculations,
8, have been determined after fixing the constant
of proportionality between the e field and N, by
translating 13.683 meV, the energy separation be-
tween the ground and the first excited electric sub-
band, to an X, value of 1.05 g 10' cm ', as ob-

tained from Ref. 2. The unperturbed Landau spac-
ing fico, for 8,=3.5 T is 2.127 meV. The energies
are expressed in meV's. The last two columns
show the energy differences between the first two
Landau levels on n =0 and n = 1 subbands, respec-
tively, which are the same as the energy separa-
tions of the combined resonances b,Ã =+1 from
the main (b,N =0) one, respectively. We first note
that all the transitions, the main one (b,N =0) as
well as the combined ones (6Ã =+1), shift to
higher energies as 8» is increased from 0. We also
note the 8& and subband-dependent Landau separa-
tions. For both subbands, they are smaller than
the expected fico, -2 127 m. eV, though the differ-
ences are rather small until 8„-10T. That the
Landau separation on the first excited subband is
smaller than that on the ground subband, as can be
noted from a comparison of columns 5 and 6, im-
plies asymmetric positioning of the 5Ã =0 transi-
tion with respect to the 6%=+1 transitions. This
is in accord with the experimental findings of
Beinvogl and Koch, though their other observa-
tions, viz. , the shift of the main (hN =0) reso-
nance to the lower energy side and almost station-
ary positions for the combined resonances
(bÃ=+1) with increasing B„arein serious

TABLE I. Values of the transition energies (in meV) at mh1ch the various hX resonances
appear as a function of 8„;8,=3.5 T and N, =1.0)&10' cm . Figures in parentheses cor-
respond to N, =O.SX10' cm

&y (T)

Transition energies E10
corresponding to

1 hÃ=0 E1o—E10
0 —1 810 E101 0

11.118
(6.217)

13.245
(8.344)

15.372
(10.471)

2.127
(2.127)

2.127
(2.127)

11.130
(6.237)

13.255
(8.360)

15.379
(10.480)

2.125
(2.123)

2.124
(2.120)

11.164
(6.298)

13.28S
(8.409)

1S.401
(10.508)

2.121
(2.111)

2.116
(2.099)

11.121
(6.400)

13.335
(8.492)

1S.439
(10.562)

2.114
(2.092)

2.104
(2.070)

11.302
(6.543)

13.405
(8.612)

15.492
(10.644)

2.103
(2.069)

2.087
(2.032)

10 11.406
(6.728)

13.497
(8.764)

15.S63
(10.767)

2.091
(2.036)

2.066
(2.003)

20 12.228 2.049 2.001
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'
ns. owever, adisagreement with our calculations. H

rigorous comparison of our calculations with the
not poss1blc because n1Uch of

the interpretations of the latter, where the different
transition fre ue

by lacin
quencies and spacings are cal 1 t dacUR c

p acing the resonance peaks to a common N,
value, assuming only a N2f3 dependence for all the
energies is affected by the X, (or e field) de
dcncc o

I E 1C CPCn-

the Table I
o t e transition energies a ds is evi ent from

e a e 1 (or, so far as the main transition is
concerned, from Fig. 5). And h'

ased on a local-density-functional form 1', hma 1SQ1, RS

oun agreement with the experiment fen so ar as the
i o the main resonance relative to the com-

ined ones is concerned. This effect h b
u e o excitonlike and depolarization effects. He

has also ound the combined resonances to show

diamagnetic shifts which is
' 1's in qua itative agree-

that m

ment with our results. In view f th
t at more experiments, preferably of a frequency-

sweep type, will be desirable.
Figure 6 is resent dp ed as a representative example

of the o tical abp bsorption spectra corresponding to
a weak z polarized radiation. %e have taken a 8,
value corresponding to 8 =5 T and E

meV. The angle of tilt a of the 8 field is

taken to be 75'. This in1plies 8 =8
n unperturbed energy separation of 28.0 meV

between the ground and the first electric subband

level is typical' of n-type silicon inversion layers

and corresponds roughly to a carrier d

N, -2.1&10' cmcm . The first four I.andau levels

on the ground subband (n =0) are assumed to be

have been assumed whose values are shs ownint e

Several combined resonances (b,%+0) are distinct-

('Ã=0 and a
y visible in addition to the main tain ransition

=0) and are roughly equally spaced with

respect to each other. The AN = 1e =+ resonances
can be seen to be placed about 3 VU mc away on ci-
t er side of the main resonance (b,E =0) which is

located at -28.5 mee . ombined resonances
AN =+2 are also visible. Note the amplitude

RlcUlat1ons Rt other t1lt Rnglcs wh1ch show
nces. e ave

how t e positions, amplitudes, and amplitude
u c oose not to presentasymmetries vary with a but h

t em here because they are substantially similar to
the results in Ref. 1.'4

Thou h theg se spectra have been calculated for

parameter values appropriat te o an inversion layer,
similar effects are expected t h0 s ow up, 1n faCt

es o io corremore strongly, for the lower values of E
sponding to accumulation layers. The as me asymmetry

and their
p i u e o the combined resonances hN= 1

n their enhancement relative to that of the main
transition with increasing 8 ll

experiments.
&

essentia y agree with

p ents. No serious conclusion should be
made concerning resonances involving AN p 1 be-

bc 1ossl inag y inadequate. However, considering the
simplified nature of our model te, i is satis ying to
note that the amplitude asymmetry for the com-
bined resonances, observed in R f 2e . and calculated
wit detailed many-body effects in Ref. 1, owes its

origin, at least artl tp y, o the single-electron aspects
of the s stem.y em. The magnetic coupling between the
motions parallel and perpendicular to the layer can
itself lead to such effects.

IV. CONCI. USIONS

15 25 35
PHOTOW ENERGY f~ (rneV)

FIG. 6. Calculated optical absorption spectrum in an

~ ~ ~

inversion layer on the Si(100) rfsu ace in a tilted magnet-

ic field. Tilt angle a=75'; 8,=5 T, 8 =8y
——8, tan75';

cm is assumed to correspond to
8~0(a=0)=28.0 meV (taken from Ref. 1).

%C have calculated the energy levds and the in-
Rn c cctlvcly two-tersubband optical spectrum of ff

imensional space-charge layer in t'lt da i e magnetic
ie using a simple nonrelativistic model Hamil-

tonian. The'a . e coupling between two perpendicular
motions introduced by the tilted magnetic field has
been taken fully into account. Two alternative

asis sets have been pointed out in which the ma-

trix elements for the Hamiltonian can be obtained

in closed form and are easily calculable. These
two choices enable one to solve for the Hamiltoni-
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an exactly for arbitrary strengths of the magnetic
field relative to the electric one for a wide range of
tilt angles.

Asymmetry in amplitude and positioning of the
combined resonances relative to the main one are
in qualitative agreement with some recent experi-
ment of Beinvogl and Koch and with the calcula-
tions of Ando. These point out to possible (though
small) contributions from the single-electron as-

pects of the problem to the observed phenomena.
Our calculations show, also in qualitative agree-
ment with the calculations of Ando, diamagnetic
shifts of the combined resonances as the com-
ponent of the 8 field parallel to the surface is in-

creased. Since the experimental results do not
show this shift, it remains unexplained.

Landau spacings on different subbands are
found not to be determined by the normal com-
ponent of the B field alone as expected in a naive
picture. Instead, they depend also on the parallel
component of the B field, the relative strength of
the electric to the magnetic field and on the sub-

band index. Landau spacings are reduced for both
the ground and the higher subband, the reduction
being slightly more for the higher subband. How-
ever, deviations from the expected values are not
appreciable unless the ratio of the parallel to the
perpendicular component of the magnetic field is
quite large.

We end with a couple of remarks on the general
features of such problems. The first concerns the
fact that the Hamiltonian we have used may be
considered a prototype of nonseparable problems in
two dimensions. The magnetic part itself is very
interesting in that the nonseparability is due to the
restriction of the coordinate space to a semi-
infinite plane. The coupling term makes such
problems more interesting exactly where usually
they are more difficult to solve, viz. , in the nonper-

turbative regime. Such a feature is not unique to
this Hamiltonian; rather it belongs to a general
class of interesting physical problems. '

Secondly, electron layers on a liquid-helium sur-
face also appear to be a promising system with
which to study the effects of tilted magnetic fields.
Though somewhat different (because of the image
Coulomb potential), such systems are more clean
since the electron density is low. Despite being the
first system where intersubband combined reso-
nances were reported to be observed by Zipfel
et al. ,

' any detailed spectroscopic investigation of
the space-charge layer for different values of the
appropriate parameters has not been reported in
the literature. Since the lower density electron
layer on liquid helium does not have the large
many-body corrections of inversion layers, it is
more suitably described by a single-particle model.
In this system, as well as in other space-charge
layers, more experiments, particularly of the
frequency-sweep type, will be highly desirable.
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