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We compare the predictions of Gotze's theory for the strongly disordered two-
dimensional electron gas based on a self-consistent current-relaxation kernel with experi-
mental temperature and frequency-dependent conductivities o(T,m) measured in n inver-
sion layers on Si(100) surfaces. With a unique value for the strength and range of the
random potential one can achieve a convincing fit to both cr(T,co=0) and 0(T =O, co)

over a range of electron densities that span the "metal"-insulator transition. The satisfac-
tory agreement is conditional on the assumption that the valley degeneracy is lifted.

I. INTRODUCTION

A recent theory of the Anderson transition in
strongly disordered systems put forward by
Gotze' focuses on the self-consistent determina-
tion of the "memory function" or current-
relaxation kernel, M(co). As the relative strength
of the disorder and Fermi energy of the nonin-

teracting particles is varied, the memory function
ls sllowil to exhibit a ci'ossover froiil colldllctiilg to
insulating behavior. The theory is capable of mak-

ing quantitative predictions of the electron tran-
sport mith only the electron density and mass, and
disordering potential strength and range as input
parameters. The results have been successfully ap-
plied to some three-dimensional systems by Belitz
and Gotze.

In two dimensions (2D) the problem of localiza-
tion is rendered more interesting by the fact that
there appears to be no true metallic conduction.

In 2D the transition is rather betmeen a meakly,

logarithmically, localized state to a strongly, ex-

ponentially, localized state. Although the present
theory is not capable of dealing with the weakly lo-
calized regime ' it appears to have success in
quantitatively describing the transition to strong
localization. In the work of Gold and Gotzeio for
2D systems the meakly locahzed regime is treated
as metallic and the transition to strong localized
regime is found to depend on the strength and
range of the random potential. Satisfactory fits
were obtained to a number of experiments" ' on
2D conductivity in the strongly localized regime.

Considerable support mas given to Pepper's' idea
that the quantitative differences in conductivity
scale on mhich localization mas observed could be
understood by different length scales for the ran-
dom potential.

The key quantity is the current-relaxation kernel
which directly determines the frequency-dependent
conductivity. Conversely, the frequency-dependent
conductivity can be used to determined the real
and imaginary parts of the current-relaxation ker-
nel (at least at q =0) and provides us with an in-

dependent test of the applicability of this approach
to localization.

In the following we compare measurements of
the temperature- and frequency-dependent conduc-
tivity of 2D electron gas found in Si inversion
layers with the predictions of the self-consistent
current-relaxation theory. We also extract from
the experimental data the real and imaginary
current-relaxation kernel and compare this vnth the
theory as mell.

The theoretical basis for the fits to the
temperature- and frequency-dependent conductivity
is discussed in Sec. II. The experimental details
and results are exposed in Sec. III, followed by dis-
cussion and conclusions in Secs. IV and V.

II. THEORY

The central concept of the theory is a current-
relaxation kernel M, a function of frequency co,
and various parameters specifying the Hamiltoni-
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an. This kernel determines the dynamical conduc-
tivity for zero temperature and Fermi energy e via
a generalized Drude formula

2
Sge

ae(~) = gsgu
pt 60+M co

where n, is the electron density per spin, e is t]he

electron charge, m the effective mass of the elec-

tron, and g„g„ thc spin and valley dcgcncracy.
The kernel M(co) is causal function meaning that
M"(co) and M'(ro) are connected by the Kramers-
Kronig relation and M"(co) &0. Thus, M"(m) de-

scribes relaxation effects, while M'(m }describes
memory effects.

From a theoretical point of view the function
M(co) is simpler than o,(co) and does not directly
reflect the trivial free motion but describes the
spectrum of the random forces acting on the elec-
trons. For free motion M(co) =0, while o, has a
simple pole o,-i /co. In weakly perturbed systems,
as in ordinary metals, M (co) may be evaluated by a
straightforward perturbation expansion.

In strongly disordered systems, where the mean
free path attains the order of the de Broglie
wavelength, the current-relaxation spectrum has to
be calculated self-consistently with the propagation
of electron-density perturbations. The latter are
described by

P (q,co+M(co))
I+M(co)g (q,co+M(co))/K(q)

and

U2
M(m)=-

2 I dqq P(q, co),
SNlg 0

where we have used a white-noise model for the
fluctuating potential which is specified by two
parameters, a strength U and a cutoff qc
fU(q)U( —q)=4mU /qoe(qo —q), (U(q)) =0].
The properties of the electron gas m, e enter via the
free gas density correlation function P (q,z), which
depends on wave vector q and complex frequency z
and is given by the free gas compressibility K(q,z)
(Ref. 15) and the static limit K(q) =K(q,z =0)
(Ref. 15)

P (q,z)= fK(q, z)—K(q)] .—

Equations (2), (3), and (4) define a transcendental

equation for M(m), which can be solved in a
straightforward manner by a Newton iteration pro-
cedure. So~ for flixcd PPl~ 6'~ U~ and qo onc obtains

the relaxation kernel M(co) and then with (1}the

desired conductIvlty.
The Kubo-Greenwood formula gives the

temperature-dependent conductivity

cr(T;co)= I dao, (co)

4T cosh
8

%'hclc p is thc chemical potcnt181~ T Is thc tcHl-

perature, and kii the Boltzmann constant.
The theory exhibits a metal-insulator transition

as the potentiaal strength becomes greater than a
critical value with fixed density and an insulator-
metal transition when the Fermi energy becomes
greater than a critical value (localization edge).
This behavior was proposed in experiments with n

inversion layers on Si surfaces. "
In the conductor phase M"(ai) is regular and

M"(~)~ 0, while M'(co) goes to zero for m~0.
The frequency dependence of M'(co) is the origin
of precursor phenomena in o,'(eo). Near the locali-
zation edge o,'(m=0) ~ 0, but the maximum of
o,'(co) is at a finite frequency. Therefore, the fre-
quency dependence of o,'(ce) is non-Drude-like and
is like one of an over-damped oscillator. In the in-
sulator regime M'(m) has a simple pole
M'(m) —I/co for co~0 and o,'(co) is zero for co-+0
and has a maximum for a flnite frequency.

For detailed discussion of the approximations
leading to the self-consistent equations (2) and (3)
and the properties of the solution, we refer to the
quoted papers, Refs. 3 and 10. Please note that it
is clear from Eq. (2) that the theory fulfills the
compressibility and the f sum rule.

IH. EXPERMENT

The experimental objective of this work is the
simultaneous measurement of the temperature
dependence of the dc conductivity, o'(T, co =0), of
the 2D electron gas found in Si inversion layers
and the frequency dependence of the same conduc-
tivity with the temperature held at some low tem-

peratue, cr'(T, O, co). Within the framework of the
theoretical model that follows, we make take T'as

near zero. %hile the dc conductivity may be
probed as 8 function of tcIHpcraturc Yvlth cfflicacy
the frequency dependence can be obtained only
after much tiITic coQSUImng signal averaging. As 8
iesult, dc conductivity and high-frequency coiiduc-
tivity were obtained only on a limited number of
samples. The characteristics of these samples are
docuInented in Table I.
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Sample Orientation

Peak mobility at
4.2 Kcm /(Vs)
[at n, (cm ')]

Oxide
thickness

(A)

P-type
substrate
doping
(cm 3)

Fixed
oxide

charge
(cm 2)

Gate
oxidation

100 16000
[2.4 x lo"]

12000
[9.3 x lo"]

16000
[6.Sx 1O"]

16000
[6.8x 10"]

4500
[sx lo"]

5230 1.3X 10"

1.2X 10"

1.0&10"

1x10"

0.7X10"

4X 10"

4g 10"

—4X 10"

—4X 10"

+ 10' 10"

Detailed results mere obtained on one, sample
no. 1, which we have found representative of high

peak mobihty ( & 10000 cm /V sec), [100]-oriented
n-channel devices, and me document these here.
(The last sample in Table I does not have high

peak mobility at 4.2 K but is listed as it was the
basis of an earlier publication. '6)

The device geometry is shown in Fig. 1. Large
square devices a&ere used vnth semitransparent
gates to facilitate transmission of far-infrared radi-
ation. Two- and four-terminal measurements mere

performed as a function of temperature at various

electron densities and reverse substrate bias.

The infrared conductivity was determined from
the following expression:

Re[o(co)]=o'(a)) = —,(&&/&)(I'0+ &sl+ I'gate) ~

hT/T is the fractional change in transmission

caused by 1ntroduc1ng tbc 1Qvcrs10Q layer clcctrons
(sce Fig. 2). Re(rr) =cr'(co) is the real conductivity
Rlld Fc, Fsl, Rlld Fg~)e al'c tllc wave Rdnllttallcc of
free space, the silicon substrate, and the gate
metalhzat1on. The techn1que has been dcscr1bcd
elsewhere. '

A. dc conductivity versus temperature

QATE;
CONTA( T

(6)

((sATF METAI )

FIG. 1. Planar view of metallization on Si-metal-
oxidc —scHliconductor field-effect transition.

Frequently, high-peak-mobihty devices on (100)
surfaces have contact resistance at low electron
densities and low temperatures that mask the true
conductance of the inversion layer. Remarkably, a
large negative substrate bias remedies the problem
and the trvo-terminal source and drain measurc-
llicllt call bc sllowli to give icllaMc lllcaslll'clllcllt of
conductivity. Although this contact problem oc-
curs frequently in high-mobility devices, we docu-
mented its pathology elsewhere since it is tangen-
tial to the main effort here. Suffice it to say that
the results quoted below& are not comprised. by con-
tact effects. (It is possible that the dc measure-
Incnts reported ea111cr &ere 1Q error duc to con-.
tact problems. The high-frequency measurements
needless to say were contact-free. )

The threshold was determined by extrapolat1ng
the broad-band infrared absorption (5—50 cm ')
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FIG. 2. (a) Cross section through a typical device.

(b) Schematic cross section indicating relevant media

that interact with far-infrared radiation.

to zero as the gate voltage was varied. This has
been shown to give threshold to within +10' /cm
in devices that have no long-term hysteresis at low
temperature and equilibrate quickly (1 sec) as the
gate voltage is changed. The latter is facilitated by
switching the gate voltage from the value of in-

terest to just below threshold. In this way the de-
pletion layer, which may charge or discharge slow-

ly, is left intact. In well-behaved devices the
threshold determined by infrared absoption agrees
with the 77-K conductivity threshold and the
threshold determined from Shubnikov —de Haas
oscillations' ' within +10' jcm .

It should be noted that the threshold shifts in-
duced at temperatures of 77 K and below by a re-
verse substrate bias were substantially smaller than
those predicted from the known substrate doping.
Under these circumstances we disregard the ap-
plied substrate voltage and used the threshold shift
itself as a measure of the depletion layer field.
Despite the lack of agreement between measured
and predicted threshold shift the depletion layer
field equilibrated rapidly ( ~ 1 sec) down to the
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FIG. 3. Conductivity vs temperature for sample no.
1, —10 V substrate bias applied.

lowest temperatures used (1.2 K). The field distri-
bution was uniform to within the estimated uncer-
tainty in the electron density (+10' /cm ). We
conclude that the depletion layer quickly equili-
brates to a potential that is less than the applied
substrate potential because of a potential drop in
the high resistivity substrate at low temperatures.
Although this anomaly in the depletion layer field
is not understood it does not comprise the interpre-
tation of the experiment.

In Fig. 3 we show the measured dc conductance
as a function of temperature with a reverse sub-

strate bias of —10 V. At high electron densities
the conductance is "metallic" whereas at low elec-
tron densities the conductance is localized showing
activation energies of the order of meV at the
lowest electron density.

Note that we are not concerned here with the
weak logarithmic localization that has recently
been reported in these devices. In the temperature
range of our measurements ( & 1.2 K) and within

the precision with which we view these results

(5%%uo), weak localization only becomes apparent in

the threshold region (o -10 mho/0). At higher
conductivity the system is essentially metallic and
lower conductivity strongly localized by disorder.
The transport is essentially Ohmic for electric
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fields below which pinch-off or enhancement is
caused by the source drain field. The exception to
this is found in the crossover region (o -10
mho/CI) where small (5%) effects can be seen due
to carrier heating. We emphasize that our concern
here is with the gross transition from "metallic" to
strongly localized behavior.

40-

30-

20-

GK BS-9
~sub ~

T~)3K
&29+ 2 x )OIO/C~R

B. Low-temperature conductivity versus frequency

The far-infrared conductivity from 5 —50 cm
at the electron densities of interest are shown in
Fig. 4. Qualitatively, they exhibit behavior that is
expected. At metallic densities the conductivity re-
laxes in a Drude fashion whereas at the lowest
electron densities the conductance exhibits a max-
imum at finite frequency. The dc values taken
from Fig. 3 are indicated at zero frequency.

We also show in Fig. 5 the variation of o'(co) at
the lowest density 6p 10' with substrate bias. The
results are eminently sensible. Increasing substrate
bias, which forces the electrons closer to the inter-
face, causes the peak in the conductance versus fre-
quency to shift and broaden to higher frequencies.
The apparent loss of integrated absorption as the
substrate bias is increased is not understood. Since
the integrated intensity is directly proportional to
the electron density we must conclude that there is
more weight in the high-frequency tail outside the
recorded range at large substrate bias.

10-

LA
2-

I
CD

0

4-

IV. DISCUSSION

A comparison between theory and experiment
was erected in the following manner. We have
taken two cases, g,g„=4 and g,g„=2. The latter is
motivated by recent suggestions that at low densi-
ties the valley degeneracy may be lifted, ' ' U and

q& are fixed, and the best fit to o( T) is obtained by
adjusting n, for each set of data in Fig. 3. » this

way good fits can be achieved for both g,g„=2 and

g,g„=4 but a meaningful fit requires an n, close to
the experimental one.

In Figs. 6 and 7 we display the extent that
agreement can be achieved with U and qo fixed.
We have focused on the region below 4.2 K. At
elevated temperatures increased electron-phonon
scattering will change the conductance in a manner
that is not included in the theory. (In this regard
we note that the theory does not include phonon-
assisted hopping at low temperatures. To the ex-
tent that the theory is successful we may safely
neglect hopping. ) Note that satisfactory agreement

n,.sa&xso+zcrrP

Ag & 6k 5x10 /Qrit—

I 1 I III l

10 20 30 40 50 60
FREQUENCY (cm )

FIG. 4. Experimental a(co) with n, as a parameter
T =1.2 K. ~ denote points used in the Kramers-Kronig
analysis for Fig. 10. The two solid lines are different
pieces of data obtained with a Michelson interferometer
with different beamsplitters.
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FIG. 5. Experimental o'(co) for n, -6X10' /cm at

T=1.2 K with negative substrate bias as a parameter.

The two solid lines are different pieces of data obtained

with a Michelson interferometer with different beam-

splitters.

FIG. 6. Fit of o vs 1/T assuming g,g„=4. U=16.1

K, qo ——0.019 A

tion, it allows a direct comparison with the central

quantity in the theory —the frequency-dependent

memory function.
The imaginary part of o,a" is shown in Fig. 10.

This is obtained by a Kramers-Kronig analysis as-

is obtained in Fig. 6, for g,g„=4, only with values

of n, that deviated significantly from experiment.
The fit will be further compromised shortly when

we compare with o (co,T=0). However, Fig. 7
with g,g„=2 exhibits a reasonable fit with values
of n, in close agreement with the experimental
values.

In Figs. 8 and 9 we show the resulting
0' (co, T =0) fol gggp =4 aild gggy =2. It, ls cleal
that assuming g,g, =2 gives much better overall

agreement with experiment. If we focus our atten-
tion on g,g„=2 we note that excellent agreement is
obtained at the metallic and localized limits. (Note
that the only parameter that is varied between

these two extremes is the electron density. ) The
least satisfaction is obtained for n, = 14&& 10' /cm .

%e can compare experiment and theory at yet
another level. By performing a Kramers-Kronig
analysis oil cT (cg) we cail obtaiii 0' (cg), tlie iiila-

ginary part. With the real and imaginary parts of
o' one can simply invert Eq. (1) to obtain the real

and imaginary parts of the memory function. Al-

though, in principle, it contains no new informa-

t

=/9 /0 / / /7/*/// //

~e.e

~ » 16i8

U= 20,
qo= 0.0

I

O.S &.0
)/T(K )

FIG. 7. Fit of o vs 1/T assuming g,g„=2. U =20.6
K, qo ——0.02 A
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FIG. 8. Experimental o'(m) vnth n, as a 'parameter
———o'(m, T =0) vnth parameters that pro-

dQced Fig. 6. gag„=4.
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FIG. 10. Experimental imaginary g "(a) ~ith n, as

parameter . Imaginary o(e, T =O) with parameters

that prodQced Flg. 7. gggti=2 ———.

suming a piecewise linear interpolation of o' be-

tween all points except co =0 and the first which is
interpolated by

cr'(co) =o'(0)+

[o'(cot�)

—o'(0)]aP/aPi

20
l l

I0 20
Frequency (crn '}

40
and tlM 188t pont snd N= ao Vv1Bch 18 cxtI'RP018tcd

by

o' (N)=o (~N )(~fq/~ ) ~

FIG. 9. Experimental a'(~) with n, as a parameter
——showers o'(a), T =0) vnth parameters that

produced Fig. 7, g,g„=2. U =20.6 K, qo
——0.02 A '.

Also shown in Fig. 10 is the imaginary conductivi-

ty derived from the fits for g,g„=2.
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Fig. 11(a}.
In Fig. 11(a) we also show results calculated ac-

cording to the theory of Ganguly and Ting and

Tzoar, Platzmann, and Simons which make no
attempt at self-consistency and are based on

charged impurity scattering. The theory deviates

in the opposite direction and is less satisfactory.
The n, dependence of I/M"(co=0) =r (r is the

Drude relaxation rate} is shown in Fig. 12 with U
and qo as in Fig. 7. The arrows indicate the n,
values which produce Fig. 7. Because w goes con-
tinuously to zero for n ~n, (n, is the critical den-

sity) the dc conductivity

n, e
o(co=0, T =0)=

m

jii&'Lj
10— j

"s.f jt
n =6.

s, f

n = 14.

0

-10—
(c)

I l

20

M'
= -10

il i
Ii / II

M'

II

t I.. . 1 l I

40 20 40
Frequency (cm ')

- -20
Ii

FIG. 11. Experimental real and imaginary M(co)
represented by bars. Real and imaginary memory func-
tion with parameters that produced Fig. 7. g,g„=2,
———.M(co) for Coulomb scatterers without
demanding self-consistency. See Refs. 21 and 22, ~

In Fig. 11- we finally show the real and ima-

ginary memory function determined from the ex-
perimental data and compared with that generated

by the theory. The error bars on the experimental
data include only the uncertainty that is produced

by uncertainties in the electron density. Again the
most serious discrepancies are seen at
n, 14X 10'—0/cm2 with satisfactory agreement
achieved at the metallic and localized limits.
Clearly the percentage errors in our measurements
at high frequency ( & 30 cm ') are great than at in-

termediate frequencies (10—20 cm '). Conse-
quently we may expect some systematic errors to
appear as we move into the high-frequency region.
However, we have made no attempt to estimate
these anticipated errors. We note that for
n, =29X 10' /cm there is excellent agreement be-

tween theory and experiment for o'(co) and er"(co)

[Figs. 9(a) and 10(a)]. However, there exist devia-
tions in M'(co) and M"(co), as can be seen from

also goes to zero continuously for n —+n, .
In Fig. 13 we show a fit of some old data'6 on

Si(100) inversion layer surface. After the com-
ments in Sec. III, we have only used the
o(co, T =0) data for the fit. U and qo are kept
fixed and only the density is varied to trigger the
metal-insulator transition. However, here we ob-
tain the best agreement if we use g,g„=4. This is
also consistent with recent suggestions ' ' that at
high density the exchange correlation effects will

not lift the valley degeneracy. However, since the
reliability of the corresponding 0(T,co =0) is in
doubt we cannot make a convincing case for the
applicability of the theory with this data.

From Table I, we can calculate the mean dis-
tance of the fixed oxide charges qr

——(4ir npoc)'
where nFoc is the density of the fixed oxide

80

3 0.2

X

U =20.6
qo= 00

0.&—

ed

II'I/II I It 'lI II 1l I

10 20
ns (l0 cm

FIG. 12. n, dependence of 1/M"(co=0)
Boltzmann equation result . , see Ref. 10; the arrows

give n,,ft, which produce Fig. 7.
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FIG. 13. Experimental o'(ru) with n, as a parameter after Allen, Tsui, and DeRosa (Ref, 16) 0, o'(~, T=0) with
U=38.3 K and qo=0.041 A. '.

charge. A comparison between qr and qo, given in
Table II, shows that these two lengths are nearly

equal. It must be noted, however, that fixed
charge at the interface would give a disordering
potential U(q) at least an order of magnitude

larger than assumed here. Indeed at low densities

any fixed charge located at the interface would be
screened by a bound electron that mould be trapped
on it with binding energies of the order of 20 meV.
%e also include in Table II the critical density n, f„
at which the metal-insulator transition occurs. So,
for sample no. 1 only two experimentally measured
o'(ro) are near the critical density: n, =6&& 10'0

cm and n, =8&10' cm . For sample no. 5

only the lowest density n, =18)&10' cm is near

~c,fit.

V. CONCLUSION

We have compared the self-consistent current-
relaxation theory for strongly disordered systems
wltll measured fcinpclaturc- alld flcqllcilcy-
dependent conductivities of n inversion layers on
Si(100) surfaces. Quantitative agreement is
achieved for fixed disordering potential strength
and range provided that the valley degeneracy is li-
fted. Under these conditions the theory gives good
account of the transition to strong or exponential
localization as electron density is varied. The
frequency-dependent conductivity exhibits a pre-
cursor to the metal-insulator transition by develop-
ing a maximum at finite frequency as the density
approaches the critical density.
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