PHYSICAL REVIEW B

VOLUME 25, NUMBER $§

1 MARCH 1982

Comments

Comments are short papers which comment on papers of other authors previously published in the Physical Review. Each Comment
should state clearly to which paper it refers and must be accompanied by a brief abstract. The same publication schedule as for regular

articles is followed, and page proofs are sent to authors.

Comment on ‘‘Equilibrium order parameters and chemical potentials in rotating superfluids”’

R. Combescot
Argonne National Laboratory, Solid State Science Division, Argonne, lllinois 60439

and Groupe de Physique des Solides de I’Ecole Normale Supérieure, 24 Rue Lhomond, 75005 Paris, France
(Received 18 August 1980)

We show that there is no ground to the doubts raised by Ho and Mermin about the validity
of the recently proposed modifications of 3He hydrodynamics. Contrary to what they claim, the
modified equations do have rotating equilibrium as a solution.

In a recent paper! Ho and Mermin have studied ro-
tating equilibrium in superfluids. They claim to have
demonstrated that recently proposed modifications
of *He hydrodynamics induced by microscopic results
are incorrect because the proposed equations do not
have rotating equilibrium as a solution. Actually
there is no demonstration in their paper that rotating
equilibrium is not a solution of these equations, there
is only a repeated claim. This claim is wrong and, as
we shall see, rotating equilibrium is actually a solu-
tion of the proposed equations.

Let us first remark that in order to compare micro-
scopic and macroscopic theories, it is necessary that
the latter provide explicit results in terms of the vari-
ables that appear in microscopic theories. By explicit
results, we mean that macroscopic theories must pro-
vide explicit equations giving the time derivative of
all the conserved quantities and of all the com-
ponents of the order parameter in terms of the con-
served quantities, the order parameter, and their spa-
tial derivatives. Conjugate variables like the tempera-
ture or the normal velocity can be used in the equa-
tions if one has explicit equations relating them to
the previous quantities. For example, orbital theories
of *He-A4 by Hu and Saslow? and Ho?® are explicit and
allow for comparison with microscopic theories. The
same is true of *He-B hydrodynamic theory by Liu
and Cross.* This is because all these theories provide
an explicit expression for the free energy which
should be used. On the other hand, Lhuillier’s pa-
per’ does not give such an expression and therefore
is not explicit and cannot be compared to microscopic
theories. Ho and Mermin’s article (if it is considered
as independent of Ref. 3) only considers thermal
equilibrium where the chemical potential u is con-
stant. However, the value of this constant is not
known in terms of the variables that appear in micro-
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scopic theories. For this reason, Ho and Mermin
cannot determine the validity of the microscopic
results (they can only deduce that some combination
of the variables should be constant in equilibrium).
In order to do so, they have to make an additional
assumption relating u to the variables of the micro-
scopic theories.

We consider now the controversial ‘‘phase’’ equa-
tion for *He-4. In the linear regime, two recent mi-
croscopic theories®™® now agree to find® (F=m=1)
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plicity. From weak-coupling microscopic theory, we
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the other hand macroscopic theories® > find
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roscopic theories give also
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where wo is a constant. By changing the zero of en-
ergy we can take wo=0 and, from Eq. (3) and Eq.

(4), the results of macroscopic theories®? is
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which is in disagreement with Eq. (1). Ho and Mer-
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min' have characterized the disagreement by writing
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and claiming that microscopic theories obtain y # %

in contradiction with the result [Eq. (3)] of macro-
scopic theories. This is an incorrect and misleading
statement: microscopic theories claim only the result
[Eq. (1)] and since Ho and Mermin claim only Eq.
(3) without giving any explicit expression for u,
there is no possible confrontation and therefore no
contradiction. '

Let us now explain how the puzzle due to the con-
tradiction between Egs. (1) and (5) has been solved.
This has been done by Combescot and Dombre!!
when they pointed out that, in order to obtain a con-
sistent hydrodynamic theory, it is necessary to add a
number of new terms (which they called ‘‘third order
terms”’) to the expression of the energy functional.
Accordingly they found out in *He-4, at T =0, a new
term in the current expression which, in the linear
regime, reads now!?
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(we have again assumed an homogeneous [). This
new term gives an additional contribution to u,
since!3
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where the first equality is the definition of u, and the
second one is an identity resulting from a Legendre
transformation. To linear order, we have
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(actually e does not depend on v/ at T=0) and
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where we have actually taken the functional deriva-
tive'* with respect to p [there is also in Eq. (10) a
nonlinear contribution v/v/ from the first term of Eq.
(7) which we drop herel. Finally we obtain
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which replaces Eq. (4). Together with Eq. (3), this
gives
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In Eq. (12), the [-9 x V', has disappeared and there
is a complete agreement with Eq. (1) since a,(7) =1
at T=0. This argument can be generalized’ at finite
temperature. Combescot’ and Nagai® found the fol-

lowing generalization of Eq. (7) for finite tempera-

ture:
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Repeating the argument Egs. (8), (9), and (10), we
obtain at finite temperature
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which gives, together with Eq. (3)

——%%%=§'f— +1l-a(DI-Fxv, (5
in exact agreement with Eq. (1).

To summarize there is at the present time no con-
tradiction'> between Eqs. (1) and (3) because one
should use Eq. (14) for u instead of Eq. (4). Since
Eq. (3) is satisfied by microscopic equations, it fol-
lows automatically that rigid-body rotation is a solu-
tion of these equations, contrary to what Ho and
Mermin have stated in Ref. 1, that it is not (but con-
sistent with the general theorem on rotating equilibri-
um established by them in the same reference). Na-
turally, one has to make sure that, in rotating equili-
brium, u, as given by Eq. (14), is indeed a constant
over the sample. This is easily checked’ by writing
that, in rotating equilibrium with angular velocity o
F— 0 -L is minimum with respect to density fluctua-
tions (F is the free energy and L the angular momen-
tum).

Let us also comment on the gauge wheel of Liu
and Cross.!® They treat Z=p +V, ¥, +%f~ ¥ xv,
as an effective chemical potential and therefore
deduce that currents will be associated with variations
of this & (in practical situations, they only consider
the last term without taking into account the influ-
ence of u itself). We think that this is an incorrect
procedure and leads to incorrect conclusions. For ex-
ample, consider a sample for which in region (1) 7is
uniform (ar)d Vvs=0), parallel to the z axis, and in
region (2) /is uniform, antiparallel to the z axis. If
this sample is set in rotation with an.angular velocity
parallel to the z axis, according to Liu and Cross, ¢
we would conclude that there is a difference
Ap=p;— = Q in effective chemical potential
between the two regions, leading to accelerated su-
percurrent flowing (presumably) from region (1) to
region (2). Actually, once rotating equilibrium is
reached, there should not be such supercurrent (as
mentioned by Ho and Mermin! themselves). The
real chemical potential u will be constant over the
whole sample. From Eq. (14) we obtain’ that the
density of region (1) will increase by an amount
kas(T) /2 while the density of region (2) will de-
crease by the same amount:

8p1='“8p2=‘;—as(T)Q . (16)

Therefore, before equilibrium settles, currents will
flow from region (2) to region (1) in order to pro-
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duce the density changes [Eq. (16)]. We note that
the effect [Eq. (16)], which has been predicted in
Ref. 7, is strongly temperature dependent and disap-
pears at T = T,, in contrast to the effect that one
would predict if the last term in u alone is con-
sidered, as is done in Ref. 16.

In the case, considered by Liu and Cross, where
is not uniform over the sample, we cannot draw a
simple conclusion as with Eq. (16). But as before,
currents are more likely to be driven by differences
in w rather than in u&, and anyway variations of u
over the sample should not be neglected. Moreover,
it is not obvious that, in such a nonequilibrium situa-
tion, dissipative terms will be negligible.

We have stated in several occasions™!! that hydro-
dynamics should allow for the disappearance of all
the reactive terms containing vV, from the explicit hy-
drodynamic equations when T —0. This means that
the coefficients of all these terms should go to zero
when T —0. This is just what happens in Eq. (1)
since a,(0) =1. Combescot and Dombre!! have
shown that this property is satisfied by the hydro-
dynamic equations of *He-B. Finally, it is well
known that this occurs also in superfluid “He. Natur-
ally such a property is not a requirement of hydro-
dynamics itself. This is an additional'” idea coming

from the two-fluid model which underlines all our
microscopic understanding of superfluid *He. Ho and
Mermin reject this idea on the ground that, even at
T =0, ““V, is not deprived of an hydrodynamical
role.”” We do not understand why this argument
would work for *He, but not for “He (where it is easy
to show that V', disappears at 7 =0, when p, V;, and
V. are taken as independent variables). We have
seen actually that Eq. (1) is by no way in disagree-
ment with hydrodynamics, while it allows the coeffi-
cient of /- ¥V x ¥V, to go to zero at T=0. Ho and
Mermin feel that the V, terms are essential to allow
the superfluid to exchange momentum with moving
walls at zero temperature. This is not at all neces-
sary. The superfluid will feel the motion of the wall
through boundary conditions expressing, for exam-
ple, the fact that the superfluid cannot go through
the wall. Then this information will propagate in the
bulk superfluid through hydrodynamic equations
which contain themselves no information on the wall
motion.

In conclusion we have shown that Ho and Mermin
have actually no valid argument against the recently
proposed modifications of *He hydrodynamics and
the result from microscopic theories. These theories
do have rotating equilibrium as a solution.
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