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Variational theory of binary boson mixture at T =0 K
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We present a general formalism for the ground state of binary boson mixtures where the

Jastrow-type ground-state wave function is optimized by solving the Euler-Lagrange equations in

the hypernetted-chain scheme. This method is expected to provide more accurate information

for the binary boson systems compared to the methods currently available. For the isotopic

Ti-HI mixture, complete phase separation in its ground state is observed.

During the last few years, the study of the low-

temperature properties of a stable bulk spin-oriented
atomic hydrogen and its isotopes (Ht, Dt, and Ti)
has received much attention. " It has been predict-
ed2 that because of the small mass and weak interac-
tion, Ht system will be a Bose gas with a quantal
behavior much more pronounced than that in 'He.
Dt is expected to be a Fermi gas, while Tt will be a

self-bound liquid very much like 4He. Should it be
possible to make these systems available for a long
period they could be utilized for several interesting
experiments.

One of the possible experiments is the mixture of
Ht and its isotopes with 'He or mixture of these
species with each other. While the earlier works' on
binary boson mixtures centered around the "isotopic
mixture, "Miller4 has recently analyzed the ground-
state properties of both isotopic and nonisotopic mix-
tures of H(Hi-'He, Ht-Ti). In these calculations
Miller used the "average correlation approximation"
(ACA), which at given pressure and concentration
restricts the correlation functions for different pairs
of particles so that they are the same. Using this ap-
proximation and the Lennard-Jones form of interac-

tion, the energy equation for binary boson system
was mapped onto an equivalent single-boson prob-
lem. Even if these approximations are quite success-
ful in describing the ground-state properties of some
binary boson systems, this simple choice of wave
functions might not be appropriate in all cases. In
fact, a more general approach would be to allow for
different correlations for different pairs of particles
and to use, whenever available, the exact form of in-

teraction potentials. Some years ago, Campbell ini-

tiated such a study' formally in the "paired phonon
analysis" scheme.

In this paper, we wish to develop such a general
approach where the Jastrow-type ground-state
wave function is optimized by solving the Euler-
Lagrange equation in the hypernetted-chain (HNC)
scheme. Our method is essentially a generalization
of a prudent method, originally proposed ' for the
one-component Bose systems.

We assume that a system of homogeneous mix-
ture of two types of bosons (type 1 and type 2),
with the total number of particles N(N = Nt +N2)
in a box of volume 0 is described by the Hamil-
tonian

Nl N2 Nl N2

0= — gA; — $A;+ $ utt(r„") + $ u22(r„") + g u„(r;,)
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where u p(r) represents the interactions between the three particle pairs (11), (22), and (12). For Ht and its
isotopes this is given very accurately by Kolos and Wolniewicz. As a trial function we choose
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with u p(r) as the correlation functions between the
three particle pairs. In terms of "P, three types of
pair-distribution functions can be defined as

and the effective interaction

v p(r)=v.p(r) —„ itu p(r),
4m p

lIi' (lIi'P —8 P) „4' d r (i,ip)P ~p

V dr I dr1v
(2) m.p' ——O.5(m. ' +mp') .

where

X1 E11 +X2 E22 +2xlx2E12

where d r (i,i p) denotes d r I. . . d r ~ with d r I

and d r; omitted, and p is the partial density of the'P

species Ix(p = X /0). Defining the concentration of
the species u as x = p /p, p is the total density of
the system and the energy per particle is

Introducing the HNC equation for binary boson
mixture

u p(r) =lng p(r) —[g p(r) —1]+cp(r), (6)

with C p(r) given in the momentum space as

S p(k) —8 p=C p(k)+ g [S „(k) —5 „]C„p(k)
y 1,2

E p —,
'

p g——p(r)v p(r)d r (4) Eq. (3) can be rewritten as

E p= J ['erg p(r)]2d r +—p g p(r)v p(r)d r
8m~p g~p r

S p(k)[S p(k) —3] — "~ -+S', (k) +3 k2dk

It is, however, to be noted that, due to the insertion
of the coupled equation (6) in (3), E p in (8) are not
E p[g p], as they are in Eq. (4). In Eq. (8), n W y,
D(k) =SII(k) S22(k) -S,', (k), and S p(k) are the
Fourier transforms of g p(r). Then the condition for
Eqs. (3) and (8) to be minimum with respect to arbi-

trary variations of g p(r) is

6+v p(r) + W p(r) g'p~'(r) =0, (9)
Nl ~p

with the "induced potentials" W p(r) given in the
momentum space by

this system is that, in the density range needed for
this mixture, our method is presumably very accu-
rate. Besides, the interaction potential is very accu-
rately known. The numerical procedure is the linear-
ization method discussed at length in Ref. 8, modi-
fied properly for the present case. The computational
maneuver is quite intricate though not formidable.
In Fig. I, we show the enthalpy as a function of H]
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In Eq. (10), W p(k) = Wp (k), n AP. From Eqs.
(3) and (8) the pressure equation in the HNC
scheme can readily be obtained" by p = p'(t}E/t}p)xt.

We have solved Eqs. (9) and (10) for the isotopic
T[-H[ mixture. The prime reason for our choice of

I I I I
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FIG. l. Enthalpy (K} as a function of HI concentration
for the isotopic T[-H[ mixture.
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TABLE I. Separation energy of an impurity atom in the
bulk medium eo, ~0 obtained from Baym's equation (Ref.
10) and the initial slope of the ground-state energy g at zero
press@re;

p(A3)

Limit of zero Ht-concen-
tration at zero pressUre
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FIG. 2. Radial distribution functions g sir) for &I-HI
mixture in the zero-H I-concentration limit.
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concentration for various pressures. In all cases, the
curvature is negative implying complete separation of
the system in its ground state. In the ACA scheme,
Miller' also observed complete phase separation for
various Lennard-Jones binary boson mixtures. How-

ever, because of more flexibility of the correlation
functions and correct asymptotic behavior of the dis-
tribution functions due to optimization, the present
method might prove to be very useful for a detailed
study of the ground state of binary boson mixture.

Lastly, we have also studied the zero-concentration
limit to calculate the value of the initial slope q of
the ground-state energy rt =2(E~2 —E22) and the
separation energy aa of a single Ht atom in Tt. In
the limit xt 0, Eq. (9) decouples and the various

g p(r) can be calculated consecutively. For a single
impurity atom, 4

x» 0,

%22(k) =—

W)2(k) =—

lr2k2 (~»-»'(»»+»
4m2p2 S222

(11)
2mt2'm2S22+ I
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The results for Tt-Ht mixture in the zero-Ht-
concentration limit are given in Fig. 2, while q and ~0

are given in Table I. The latter value can be com-
pared with that obtained from Baym's equation (Ref.
10), aa =E+ T(m2/mt —1); E, T, and m2 being
respectively total energy, kinetic energy, and mass of
T t and m~ is the H t mass. In Table I we also give
the results for 3He(Bose)-"He mixture in the zero-

'Experimental results, co= —2.78 K, q =—0.312 K.
bResults for Lennard-Jones interaction.
'Reference 4.

3He-concentration limit. The third row is the result
for the Lennard-Jones fit of Tt-Hi interaction. In
the last row, we give the results4 for Hi-4He for com-
parison.

The radial distribution functions in the zero-
concentration limit has found use in an interesting
study of the binding" of Hi and its isotopes to the
free surface of He. This study has a direct effect on
the future measurements on these new quantum sys-
tems. However, in the face of large difference be-
tween the experimental result' and the theoretical
estimates, attempts should be made to develop a gen-
eral formalism, much in the same way as we present
here for the bulk medium.
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