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This paper considers the problem of reflection of a finite-duration optical pulse incident
normally on a semi-infinite nonlocal medium. The light frequency is assumed to lie in
the vicinity of an exciton-polariton resonance. The reflected pulse is found to have tran-
sients associated with its leading and trailing edges. It is shown that spatial dispersion
enhances reflected transients when the laser frequency is at resonance with the exciton
polariton. For the case of CdS and GaAs semiconductors, the transient intensities are
about 10% of the incident intensity at a time 0.1 psec after the trailing edge of the re-
flected pulse and remain about 1% even after several picoseconds. We have obtained ex-
plicit expressions for the transient part of the reflected field and evaluated them numeri-
cally under certain simplifying assumptions; analytical results are presented in some limit-
ing cases of interest. The theory predicts a crossover from exponential to inverse power-
law decay rate of transient reflectivity; this occurs at a characteristic time of the order of

1 psec for CdS and GaAs crystals.

I. INTRODUCTION

Electromagnetic wave propagation in a bounded
nonlocal dielectric has attracted considerable atten-
tion in recent years.!~!> The interest in nonlocal
media arises from the fact that in some semicon-
ductors, such as CdS and GaAs, the center-of-mass
motion of excitons renders the dielectric response
function e(k,w) wave-vector dependent (spatial
dispersion) near an exciton resonance. Various
optical processes, such as reflection and transmis-
sion from a nonlocal interface and Raman and
Brillouin scattering may thus provide valuable in-
formation about exciton parameters such as its
mass and decay rate.

Transmission in a nonlocal semi-infinite medium
has been well studied' ~® in the steady state as well
as transient regimes. A monochromatic plane-
polarized wave, in general, excites two transverse
waves and a longitudinal wave in the nonlocal
medium.*~* For electromagnetic pulses of finite
durations the transient effects give rise to precur-
sors. Together with the well-known Sommerfeld
and Brillouin precursors,'*!* which are the only
ones present in a local medium, spatial dispersion
gives rise to a third precursor, namely the exciton
precursor.'> Johnson'® has discussed transient os-
cillations in transmittivity of a plate.

It is important to note that the transient effects
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arise only when the light pulse has well-defined
boundaries such that the optical intensity becomes
strictly zero at the leading and the trailing pulse
edges. The often used Gaussian pulse will not give
rise to transients because it has no true beginning
or end.

Reflection from a nonlocal interface has only
been studied in the steady-state regime.°~® Tran-
sient reflectivity from a local frequency-dispersive
dielectric was considered by Elert!” more than 50
years ago. Generalization to nonlocal media was
recently reported.!® The purpose of this paper is to
provide a detailed analysis of the effects of spatial
dispersion on transient reflectivity. When an elec-
tromagnetic pulse of finite duration T is incident
on a nonlocal interface the reflected field consists
of the steady-state signal (of duration 7) and tran-
sients arising from both the leading and the trail-
ing pulse edges. Experimentally it may be more
convenient to look for trailing-edge transient re-
flectivity since steady-state reflectivity will then
not interfere with measurements. For sufficient
long pulses (T > few psec), transients from the two
edges will be essentially decoupled and can be con-
sidered independently. In this paper we consider
the case of a square pulse and obtain expressions
for steady-state and transient reflectivities.

Our results show that the transient reflectivity
consists of a “local” part and a “nonlocal” part.

2715 ©1982 The American Physical Society



2716 AGRAWAL, BIRMAN, PATTANAYAK, AND PURI 25

The former, although the only one present in a lo-
cal medium, is at least an order of magnitude
smaller than the latter. The measured transient re-
flectivity will thus almost completely arise from
spatial dispersion: to the leading order it varies as
M ~'/2 with the exciton mass M. Near an exciton
resonance, transient reflectivity is resonantly
enhanced. Its maximum magnitude in the begin-
ning (just after the reflected laser pulse is cutoff) is
about 10% of the incident intensity and decays ex-
ponentially. However, the time decay crosses over
to an inverse power decay at about 1 psec in semi-
conductors of interest such as CdS and GaAs. The
slow inverse power decay makes the transient re-
flected intensity persist for several picoseconds
with magnitude 1% of the incident intensity.
These effects should be measureable.

The plan of the paper is as follows. In Sec. II
the model susceptibility for the semi-infinite nonlo-
cal medium is introduced and an integral represen-
tation for the reflected field is obtained using the
Fourier analysis in the time domain. Using the
countour-integration method, the formal expres-
sions for the steady-state and transient parts of re-
flectivity are obtained in Sec. III. Sections IV and
V deal with the “nonlocal” and “local” parts of
transient reflectivity, respectively. Detailed numer-
ical results are presented for parameters appropri-
ate to CdS and GaAs crystals. Whenever possible,
the analytical expressions are obtained in certain
limiting cases. The results are discussed in Sec. VI
where various assumptions and approximations are
also summarized. Necessary mathematical details
are presented in the Appendix.

II. INTEGRAL REPRESENTATION
FOR THE REFLECTED FIELD

We consider a semi-infinite nonlocal medium oc-
cupying the half-space z > L, with z < L being vac-
uum (see Fig. 1). A square pulse of the light fre-
quency g is incident normally at the interface
z=L. Near an exciton resonance the coupling of
an exciton state to a photon produces a quasiparti-
cle exciton polariton. The origin of spatial disper-
sion or nonlocality is related to the center-of-mass
motion associated with the exciton polariton. One
particular model, a natural generalization of the
classical Lorentz oscillator model, takes! 3

e(kK,0)=€y+4mX(K,0)

41ra0wf

o} —o*—iol + (o, /MK’
2.1)

where € is the background dielectric constant, a
is the oscillator strength, M is the effective exciton
mass, I" is a phenomenological damping rate, w, is
the transverse exciton polariton frequency, and c is
the velocity of light. The space dependence of the
susceptibility

XE-7)= [xK)e T T-T0% . 2

reflects the nonlocal nature of the optical dielectric
response.

A number of authors®” have used translationally
invariant X(F—F") for the wave propagation in a
semi-infinite nonlocal medium. Zeyher et al.’
pointed out that for a bounded medium reflection
of the exciton polariton at the boundary makes the
susceptibility translationally noninvariant and pro-
posed that

X(F,°)=X(F—TF")+X(E—E'z+2) (2.3)

should be used for the susceptibility. Here § is the
transverse part of T. Its use in Maxwell’s equa-
tions determines the reflected and transmitted
fields in a unique and self-consistent manner. Oth-
er forms of nonlocal susceptibility have been ob-
tained by several authors. For example, Hy-

" zhnyakov, Maradudin, and Mills® used an extended

basis for a tight-binding exciton ] model and ob-
tained a general expression for X X (¥,7') which
reduces to (2.3) in a limiting case. Also Ting,
Frankel, and Birman'® derived a nonlocal suscepti-
bility for extended Wannier-type excitons. There
have been numerous other derivations of the sus-
ceptibility for model bounded-nonlocal media; ex-
tensive references are given in the latest edition of
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L
—_—

Intensity

VACUUM E NONLOCAL
Z=0: E

BL/CBLCFT T me

FIG. 1. Schematic illustration of the geometry and
the notation used. At time ¢ =0 a square pulse of dura-
tion T is emitted from the plane z =0 where a detector
is place to monitor the reflectivity. For 2L /c <t
<2L /¢ +T the steady-state signal and for 7=t
—2L /¢ —T >0 the transient signal is detected.
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the well-known book by Agranovich and
Ginzburg.> The general expressions for the reflect-
ed field, using (2.3) valid for arbitrary angle of in-
cidence, were obtained by Frankel and Birman.?
Here we consider the specific case of normal in-
cidence. The amplitude reflection coefficient is
given by®

plo)=[1-A(e)]/[1+7A(0)], (2.4)

where 7 is the effective refractive index of the non-
local medium,!®

n=(nn,+€y)/(ny+n,), (2.5) -

and n, and n, are the solutions of the implicit re-
lation

ny=+[elk;,0)]"*, ki=njo/c . (2.6)

We assume that the normally incident laser pulse
corresponds to a linearly polarized, monochromat-
ic, plane-wave field (transverse variation of all op-
tical fields is ignored). For a square pulse of unit
intensity and duration T at the frequency w,, the
electric field at the plane z=0 is given by

E;(0,t)=sin(wot)[B(1)—-O(t —T)] , (2.7)

where O(¢) is the Heaviside step function. Owing
to the linearity of the problem, one may work in
the frequency domain and treat each frequency
component by dispersion theory. The reflected
field is obtained as a superposition of these reflect-
ed components and can be written as the frequency
integral'?

ER(o,t)=1imRe?17; N ﬂ"ﬂ&—{ 1—expli(o—awg)T] je i@t —2L/e) (2.8)

)
7—0 —© @yg—w—in

where the time delay 2L /c corresponds to the round-trip time between z =0 and z=L.

III. STEADY-STATE AND TRANSIENT REFLECTIVITY

The reflected field, Eq. (2.8), can be formally separated into steady-state and transient parts, after remov-
ing the usual harmonic time dependence, exp(—iwt). The steady-state part gives rise to a reflected pulse (of
duration T) whose leading and trailing edges contain the rapidly time-varying transient contributions.

The frequency integral in Eq. (2.8) is evaluated using the method of contour integration in the complex @
plane. Using Eq. (2.4) in (2.8), the integrand is found to have the following singularities: (i) a simple pole
at wo—i, (ii) four branch points w; (j =1,4) in the lower half-plane, and (iii) two branch points s and wg
in the upper half plane. The explicit expressions for the location of these branch points are obtained using
Eqgs. (2.1) and (2.6) and are given by (see the Appendix)

w12=—iT/2+[0i(1+B*/€,) —T2/4]/2

(3.1)

@3,4=(1—-8%0)~"{ —i(T'/2+Bdw,) +[w} — (BSw, +T'/2)*]1?} , 3.2)
ws,6=(1—8%0)~'{ i(Bdw, —T /2) +[w} —(BSw, + T /2)*]'/?} , (3.3)

where
B=(4ma)'?, 8=(#iw,/Mc?)/?. (3.4)

Note that the dimensionless parameter 8 is a meas-
ure of the extent of nonlocality of the medium.
For semiconductors of interest such as CdS and
GaAs, we estimate §~ 1073 and B~10"L. It is in-
teresting to observe that if the damping constant
I' > 28cw;, all six branch points will lie in the
lower half-plane. Presently we shall assume that
this is not the case, thereby excluding very heavily
damped exciton polaritons.

!

For t <2L /c we close the contour in the upper
half-plane which is chosen so as to exclude the
branch-cut line joining ws and wg. An evaluation
of the integral (2.8) shows that the branch points
s and wg contribute in such a manner that
ER(0,t <2L /c)=0 as required by causality.

For t > 2L /c we close the contour in the lower
half-plane. The four branch points are joined by a
pair of branch-cut lines and the resulting contour
is shown in Fig. 2. Evaluation of the integral (2.8)
along this contour is somewhat lengthy, although
straightforward. Algebraic details are presented in
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Im (w)

Re(w)

FIG. 2. Schematic illustration of the contour in the
complex w plane needed to evaluate the reflected field.
A pole at wy—in and six branch-point singularities ©;,
j=1to 6 give rise to the steady-state and transient re-
flectivity, respectively.

the Appendix. Here we note that the reflected
field is found to consist of three parts [Eq. (A15)]:

ER(0,t)=Re[E,(t)+Ey (t)+En.(1)] . (3.5)

The simple pole at wy—in contributes to the
steady-state reflected field E(¢). The four branch
points contribute to the transient reflected field
which consists of a local part Ey(¢) and a nonlocal
part Eyy (¢). Although E, and E; both are affect-
ed by spatial dispersion, Eyy, arises solely from it
and vanishes as 6—0 (M — o). Further in the

limit of 8—0, E; and E; reduce to the previously
obtained results.!” We now consider the steady-
state and transient parts of the reflected field
separately.

A. Steady-state reflectivity

Using Eq. (A16), E,(t) is given by

E(t):ip(wo)e —iwy(t—2L/c)

) (3.6)
for 2L /¢ <t <(2L /¢ +T) and zero otherwise.
After an initial time delay 2L /c, a reflected square
pulse of duration T arrives at the plane z=0. In
Fig. 3 we have shown the reflectivity

Ro= | plwy) | * and the phase ¢ =arg[p(w,)] as a
function of w, in the vicinity of exciton-polariton
resonance for parameters appropriate to a CdS
crystal (8=2.3%1072). Reflectivity for the case
of a local medium (8=0) is shown by a dashed
line for comparison. We note that the main effect
of spatial dispersion is to reduce the reflectivity
peak height.

An analytic expression for R, correct to the
first order in 8, can be obtained for the case when
the laser frequency w is slightly off resonance,
| 0g—0, | /o, >> 8% With the use of Eq. (A4), the
refractive indices n; and n, can be approximated
by

n%zso—k([)’w,/qwo) , ’12’1‘1/8 , 3.7)

0.5

o o o
N w N

SIGNAL REFLECTIVITY R,
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FIG. 3. Resonance enhancement of the steady-state reflectivity R, which persists for 2L /¢ <t <(2L /¢ +T). The
parameters are chosen appropriate to a CdS crystal with €,=8, #iw,=2.55 eV, M =0.9m, and f*=1.25X 1072 (LT
splitting ~0.2 meV). For comparison, the dashed line shows the reflectivity when spatial dispersion is neglected

M = ). Phase is shown on the right.



25 TRANSIENT OPTICAL REFLECTIVITY FROM BOUNDED...

where ¢2=(1—w?/w}) and we took T'=0 for sim-
plicity. With the use of Eq. (2.5) the effective re-
fractive index

r'l':(nl+608/q)/(1+n18/q):n1 +(€0—n1)8/q .

(3.8)

From Eq. (2.4), Ro= | p(w,) | ? is found to be given
by

R 2V'e w3
Ro _ 1+5____‘/_° 2, (3.9)
Ro Vie+1 0p—o;

where Ry =(n; —1)?/(n;+1)? is the reflectivity of
a local medium. Equation (3.9) clearly shows how
spatial dispersion affects reflectivity of a crystal in
the vicinity of an excitonic resonance.

B. Transient reflectivity
Transient reflectivity consists of a “local” part
and a “nonlocal” part,
ET(t)=EL(t)+ENL(t) ’
where from Eq. (A17)
Ej(t)=[E;(t —2L /¢)6(1 —2L /c)
e gt —2L/c —T)O(t —2L /c —T)],

(3.10).
|
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for j=L and NL and E(7) and Eyy(7) are given
by Egs. (A13) and (A14). The two terms in Eq.
(3.10) correspond to the transients arising from the
leading and trailing pulse edges, respectively. If
the pulse duration T is longer than the effective
time during which transients significantly contri-
bute, leading- and trailing-edge transients will not
interfere and can be considered independently. Up
to a constant phase factor, transients from both
edges are identical in form and magnitude and are
governed by E;(7). Experimentally it may be more
convenient to look for trailing-edge transients
which appear just after the reflected pulse is cut
off at t=2L/c+T.

For arbitrary values of the crystal parameters,
the evaluation of E| (7) and Eyy (1) [Egs. (A13)
and (A14)] requires extensive numerical computa-
tion. Substantial simplification, however, occurs
when we note the presence of three small dimen-
sionless parameters ( < 1073, 8=(ﬁw,/Mc2)1/2,
B2 /2ey=(w; —w,)/w;, and T /o,. Here w; is the
longitudinal exciton-polariton frequency and the
LT-splitting value w; — o, is ~0.1 meV. Neglect-
ing products and higher powers of the three small
parameters, we obtain somewhat simplified expres-
sions for the transient fields given by Egs. (A19)
and (A20).

Using Egs. (A3) and (A11) in Eq. (A19), the lo-
cal part of the transient reflectivity is found to be
given by

_—iwgr _pep PO 1 [png,na)—p(—ny,ny))
Ey(n=e " S oot (o —IT/3)

2

exp(—ipow,r)du + - - - (3.11)

where the ellipses represents a similar expression obtained by w,— —®,. Here dependence of p on the two
refractive indices n; and n, is explicitly shown, and n; and n, are to be evaluated at the frequency
o=w;+puw,—il'/2. As a reminder p =2may/€y=(w;—w,)/w;. It is easy to verify that Eq. (3.11) reduces
to Elert’s result'’ in the limit of infinite exciton mass (§=0). This follows by noting that when §=0, 7=n,
and the term in the square brackets in Eq. (3.11) reduces to 4n,/(1—n?).

The nonlocal part is given by Eq. (A20) which together with (A3) and (A11) becomes

iBéw, 1

[o(ny,ny)—p(—ny,ny)]

—io,T
Enp(t)=e e T2

27 fo (0 —wo—iPBd|w, |u—iT/2)

exp(—pB8 | w, | Tu )du

o [p(ny,ny)—p(—ny,ny)]
+ fl (0 —wo—iPd |, | u—iT /2)

where again, the ellipsis represents two similar
terms obtained by w,— —w,. Here n; and n, are
to be evaluated at the frequency

exp(—B6 |w, |Tu)du+ - - -

(3.12)

w=0;—iBdw,u—il/2.

Note that Eny (7) is proportional to the spatial-
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dispersion parameter 8 and vanishes for the case of
‘a local medium in the limit of infinite exciton
mass (§=0).

Equations (3.10) together with (3.11) and (3.12)
give the total transient reflected field associated
with a square pulse of duration 7. In the follow-
ing we focus our attention on transients arising
from the trailing pulse edge and set =t —2L /c
-—T. For T > few psec, leading-edge transients
would die out before the trailing edge of the pulse
arrives and therefore

=~ ' —ioyT

Ej(r)~—e "™ E(r), (3.13)

where 7>0 and j=L and NL.

Since the transient effects are expected to be im-
portant only in the immediate vicinity of exciton-
polariton resonance, we shall assume that the laser
frequency wy~w,;. Under near-resonance condi-
tions, the second term in Eq. (3.11) and the last
two terms in Eq. (3.12) will not contribute signifi-
cantly and henceforth will be neglected. It may be
noted that these terms arise from the branch points
lying in the fourth quadrant of the complex
plane (see Fig. 2). In the next two sections we con-
sider the nonlocal and local parts of transient re-
flectivity separately.

IV. SPATIAL-DISPERSION-INDUCED
TRANSIENT REFLECTIVITY

In this section we simplify the nonlocal part of
the transient reflectivity, Eq. (3.12), and discuss

pertinent features numerically and, whenever possi-
|

ble, analytically. For this purpose we need to
evaluate n, and n, at the frequency
o=w,—iBdw,u—T/2. Using Egs. (A4) and (A5),
to the leading order in 8 we obtain

n2,1=+[a;(az——eob)1/2]l/2, 4.1)
where
a~(€y/2—iBu/8), b~—PB /(b . (4.2)

Substituting Eq. (4.2) in (4.1) and assuming
(€¢8/2B) << 1, we obtain

ny=i(B/8) %% [1—(8¢e,/4B)e 0] ,

; ) (4.3)
n2:(B/S)I/Ze—IG/Z[1+(860/4B)e19] ,
where
O=sin"'u . (4.4)

In the following we neglect the second term in Eq.
(4.3). This sets an upper limit on the accuracy of
our approximations. For parameters appropriate
to crystals such as CdS and GaAs, we estimate
8eo/48~10"1—10"2; our calculations estimate
transient reflectivity within an error of 10%. Note
that under such conditions

|ny|=|n,y| =(B/8)*=(4magMc?/fiw,)"/* .

Using Egs. (2.5) and (4.3) the effective refractive
index is found to be given by

ﬁ'(nl,nz):ei"/“(B/ZS)‘/z(1——u)‘l/z ,
A —ny,ny)~e T4 B/28)VH 1 +u)"2, (4.5
A(—nqy,ny)=—n(—ny,ny) .

Equations (2.4) and (4.5) are used to evaluate the
integrand in Eq. (3.12). If we define a,=#(n,n,)
and a,=#(—ny,n,) we obtain

p(nl,nz)——p(—nl,n2)=(1—01)/(1+al)——(1—a2)/(1+a2)=2(a2~a1)/(1+al+az+alaz)22/a1—2/a2

(4.6)

where we assumed B/8>> 1. Using (4.6) in (3.12), and using (3.13), Eny(7) is given by

RC[ENL(T)]= IRI(T) | Sin(th—¢1) 5
where R(7)= | R,(7) | exp[i$;(7)] is given by

wexp(—Bdw,Tu)

4.7

1
R (1)=(2iB8 /) e~ | [ du-

wexp(—Bdw,Tu )

@, —wo)—i(Bdw,u +T /2

)(V1+u +ivi1i—u)

(Vu+1—vVu-—1)|.

+J, o (@; —wq)—i (B3au+T/2) 43)
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FIG. 4. Time decay of the nonlocal part of the re-
flectivity |R;| for several values of the exciton damp-
ing rate T for a CdS crystal. The parameters are €=3,
#iw,=2.55 eV, M =0.9m,, and f?=1.25X 1072 (LT
splitting = 0.2 meV). The spatial dispersion parameter
8=2.35X 1073, When 8=0 (infinite exciton mass).

| R | =0. Note that significant reflectivity persists even
after several psec.
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FIG. 5. Same as in Fig. 4 except that the parameters
appropriate to a GaAs crystal were used: €,=12.55,
fio,=1.515 eV, and f2=1.3Xx 1073 (LT splitting = 0.08
meV). The spatial dispersion parameter §=2.22X 1073,
When 6§=0, | R, | =0.
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FIG. 6. Resonance enhancement of the nonlocal part
of the transient reflectivity | R;| and its phase ¢, at
fixed time 0.1 psec; full line, I'=5X 10~3w,; dashed line,
I'=5X%10"*w,. The parameters appropriate to CdS are
the same as those of Fig. 4.

We evaluated R(7) numerically for parameters
appropriate to CdS and GaAs crystals. The results
are displayed in Figs. 4 and 5 where we show the
time decay of | R(7) ]|, for several values of T, for
the case of exact resonance wy=w,. Several
features are noteworthy in the decay of transient
reflectivity. At time 7=0, when the trailing edge
of the reflected pulse has just passed and steady-
state reflectivity has dropped to zero, | R(0) |2 is
~0.1 indicating than 10% of the incident intensity
is carried out by the transient reflected field. As 7
increases | R | begins to decrease exponentially
but around 7~ 1 psec a crossover from an exponen-
tial to a slow power-law decay takes place. The re-
sulting tail in Figs. 4 and 5 shows that, if T is suf-
ficiently small, the on-resonance transient reflec-
tivity is about 1% even if after several psec the re-
flected pulse is cut off. This feature should be ob-
served experimentally.

Resonance enhancement of transient reflectivity
is another remarkable feature and is illustrated in

GaAs

n 3 -1 " n L ]
1,002 1.004 0996 0998 1.0 1.002 1.004

we /Wy

" "
0.998 1.0
wy/w,

0.996

FIG. 7. Resonance enhancement of |R;| and its
phase ¢, for two values of T as in Fig. 6. The parame
ters appropriate to GaAs are the same as those of Fig.
5.
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Figs. 6 and 7 for CdS and GaAs semiconductors.
At a fixed time 7=0.1 psec, |R;| and the phase
¢, is shown as a function of the laser frequency w,
in the vicinity of the exciton-resonance frequency
;. Enhancement of |R; |2 by a factor of 5—10
is observed in a narrow frequency range. It is in-
teresting to compare Fig. 6 or 7 with Fig. 3 and
note a reversal in the form of the amplitude and
the phase spectra.

Most of the features of the decay of | R (7) |
can be understood qualitatively by evaluating the
integrals in Eq. (4.8) in a closed form for several
limiting cases. The main contribution to R (7) a-
rises from the first integral in Eq. (4.8) which can
be rewritten as follows

172

2i8 e—FT/Z

B

f‘ Vi1itu +ivV1i—u
0 u+(T/24iAo)r,

17')2‘_
v

Xexp(—ur/T.)du , 4.9)

where Ao =(w, —w,) and we have defined a
characteristic time

7. =(Bdw,) " . (4.10)

It is useful to consider the limits 7 << 7, and
T>> 7, separately. In the former case we expand

exp(—ut/7.)~(1—ut/7.)

and the integration in Eq. (4.9) is straightforward.
|

172
e —I'r/2

(Aw—iT /2)r,

2id

B

Te

T

Ry(r)=— -
m

3/2
—7T/7
{e CIy

If we ignore the natural decay rate I", we obtain

R;(T):Cle_f/fc , T T, 4.11)

where C, is a constant (7 independent) whose exact
form is not of interest here.

In the opposite limit 7>> 7, the major contribu-
tion to the integral in Eq. (4.9) comes from the re-
gion near u =0. To the lowest order we replace
(14u)'”? by 1 in the numerator and obtain

172
-g— ’ A (T7/2+iAwT) ,

R](T)’_'\_'—'%
o

T>>T, (4.12)

where E, is the exponential integral.?® At exact
resonance, Aw=0, and I't>> 1,

172
e —Tr/2

8

4
R](‘T)':’__——‘ B

7w

y T>>T. . (4.13)

Apart from the natural exponential decay
exp(—I'7/2), R (7) begins to decrease exponential-
ly and crosses over to a slow 7~ ! decay around
T~7.. This feature is clearly seen in Figs. 4 and 5.
Using Eq. (4.10) we estimate 7, ~ 1 psec for CdS
and GaAs crystals.

When the laser frequency is slightly off-
resonance such that Awr, >> 1, it is possible to ob-
tain a closed form expression for R(7) valid for
all times. This is acheived by neglecting u in the
denominator of Eq. (4.9) and we obtain

3_r

b
2 Te

3T
ey

I

(4.14)

Te

where y(a,x)= f Oxe —%9-14¢ is the incomplete gamma function.’® It may easily be verified that for 7>> 7,

R1(7)~7'_1.

The nonlocal part of transient reflectivity, R(7), vanishes in the limit of infinite mass, §=0. We now
consider the local part Ey (7) modified by spatial dispersion.

V. LOCAL PART OF TRANSIENT REFLECTIVITY

The local part of the reflected field, E1(7) is given by Eq. (3.1 1). The integrand is to be evaluated at the
frequency w=w, +puw, —iT'/2 and can be simplified following the procedure of Sec. IV. The two refrac-

tive indices are found to be given by

ny=i(B/8p)" %', ny=(B/8p)' %1%,

where

(5.1)

u=—i(B8/p)sing , B=(4nay)'’?, p=2may/€y=(0;—w;)/o; . (5.2)
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Equations (5.1) and (5.2) are used to evaluate the integrand in Eq. (3.11) and we obtain

Re[EL(T)]= | Ry(7) | sin(w,7—¢,) ,
where R,(7)= | R,(7) | exp[id,(7)] is given by

1 wexp( —ipw,u)
Rz(T)=-—‘7/;_2—p3e—rT/2fodu rXP POy

Equation (5.4) shows how the local part R,(7) of
transient reflectivity is affected by spatial disper-
sion. We first consider the case of exact resonance,
wp=w,. Figures 8 and 9 show the time decay of

|R,(7)| and | y(7)| for parameters appropriate
to CdS and GaAs crystals, repectively. By a
dashed line we have also shown the corresponding

Cds (a)

0.04+

N4 -

4
Time (ps)
|'5r CdsS (b)
1O = =Ix107*
\ w,
\
\
0.5} \\ /,\\ PN
- \ h \
o \ \ ! \
- \ \ ! \
~ \ \
RN \ \ \

Time (ps)

FIG. 8. Time decay of the local part of the transient
reflectivity (a) the amplitude |R,| and (b) the phase ¢,
for several values of the damping rate " for a CdS cry-

stal. The parameters used are the same as those of Fig.

4. For comparison dashed curves for the case §=0 are
also shown.

w; —wo+pou—il' /2

(5.3)

[(u+iB6/p)' > +(u—iBs/p)' "] .

(5.4)

[

curves obtained for a local medium (§=0). A
comparison of the full and the dashed curves
shows that the effect of spatial dispersion is to
reduce |R, | in magnitude and damp out its oscil-
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FIG. 9. The same as in Fig. 8 except the parameters
appropriate to a GaAs crystal, the same as those of Fig.
5, were used. When 8=0, | R, | is too small to be
shown on the present scale.



2724 AGRAWAL, BIRMAN, PATTANAYAK, AND PURI 25

r (a)

IR, (7)) (107

0.2f

1 1
0996 0998 1.0 1.002
wo/w
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FIG. 10. Resonance enhancement of the local part of the transient reflectivity. (a) The amplitude |R,| and (b) the
phase ¢, for several values of the damping rate I for a CdS crystal. The parameters are the same as those of Fig. 4.
Dashed line curves correspond to the case §=0 when spatial dispersion is neglected. Note the double-peak structure in

|R,| for T=10"*w,. The two peaks correspond to the transverse and longitudinal exciton frequencies and are
separated by the LT-splitting 2 meV (~8X 10~%w,) When damping rate I is large, double-peak structure cannot be

resolved.

latory variation with time. When we compare
Figs. 8 and 9 with Figs. 4 and 5, respectively, we
note that | R, | is smaller than | R, | by at least
an order of magnitude. This observation is very
significant: It implies that in crystals such as CdS
or GaAs transient reflectivity almost completely
arises from spatial dispersion and is much larger
than that of a local medium.

Resonance enchancement of R, is shown in
Figs. 10(a) and 11(a) for CdS and GaAs crystals,
respectively. At a fixed time 7=0.1 psec | R, |
and the phase ¢, are, plotted as a function of the
laser frequency wy in the vicinity of o, for two
values of I". For comparison, the dashed curve
shows the corresponding behavior when §=0. We
note that the phase ¢, is affected by spatial disper-
sion in a qualitative manner. This is understood
when we observe that the 8-dependent term in Eq.
(5.4) is purely imaginary.

An interesting feature of Fig. 10(a) is the

2

Rz(T)z_‘/_iLe—rr/zfoldu exp( —iut/7)

T

where

L =po,=(e;—w,)

and 7, =(B8w,) ! was defined in Sec. IV.

u+(Aw—il'/2)m,

double-peak spectrum of |R, | for ['=10""%w,.
The two peaks occur at w; and w,, the longitudinal
and transverse exciton-resonance frequencies.
Their origin can be traced to the integrand in Eq.
(5.4): when wy=uw,, the region near u =0 contri-
butes in a resonant manner; when
wo=w;=(1+p)o,, the region near u =1 contri-
butes in a resonant manner. Spatial dispersion af-
fects the height of two peaks in a different manner
as is evident from Fig. 10(a). For a larger value of
I'=5%10"*w,, both peaks broaden and cannot be
resolved. In fact, this is the reason for not obtain-
ing a double-peak spectrum for GaAs in Fig. 11(a).
The LT splitting @; —w,=0.08 meV for GaAs, is
smaller than that of CdS (~0.2 meV) and even for
I'=10"*w,, the two peaks are broader in com-
parison to their separation ~5X 10 %w;.

It is possible to obtain a closed-form expression
for R,(7) in some limiting cases. With the defini-
tion of Aw=(w, —wy), Eq. (5.4) can be rewritten as

[(u +ite /7)) +(u—ity /)], (5.5)

(5.6)

Equation (5.5) indicates that the relative magnitudes of 7y and 7, govern the effect of spatial dispersion
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FIG. 11. The same as in Fig. 10 except that GaAs parameters, the same as in Fig. 9 are used. Note that the
double-peak structure cannot be resolved for these values of I' due to very small LT splitting ~0.08 meV.

on R,. If r << 7., R, remains essentially unaffected. For the case of CdS crystal shown in Fig. 10,
7L ~7T., while for the case of GaAs shown in Fig. 11, 7y ~207,. It is important to note that the LT splitting
sets a time scale for the decay of the local part of transient reflectivity.

We evaluate the integral in Eq. (5.5) for two limiting cases, 7 << 7, and 7, >> 7. In the former case, at
exact resonance Aw=0 with I’ << 71 '=w, —w,, we obtain

V32 . =122 .
Ry(r) L -Trr2 | 1T i, TL<< T, (5.7)
T TL 2° T
where ¥(a,x) is the incomplete gamma function.’ In the other limit 7 >> 7., we obtain
12
Vvap? | T .
RZ(T)z——';er T—L e E\[(1+a)r/1.1—E (—iar/7.)} , (5.8)
c
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where a=(Aw—iT'/2)r and E{(Z) is the
exponential-integral function.’ It may be verified
from Eqgs. (5.7) and (5.8) that for large 7, | R,(7) |
crosses over to an inverse power-law decay as is
also evident in Figs. 8 and 9.

V1. DISCUSSION AND CONCLUSIONS

In this paper we have studied the problem of re-
flection of a finite-duration optical pulse, incident
normally on the boundary of a nonlocal medium
such as a CdS or GaAs crystal. The light frequen-
cy is assumed to lie in the vicinity of an exciton-
polariton resonance frequency. Using a square
pulse of duration T with infinitely sharp edges, we
have shown that the reflected pulse, also of dura-
tion T, has transients associated with its leading
and trailing edges. We have obtained explicit ex-
pressions for the transient part of reflectivity,
under certain simplifying assumptions, and have
studied its dependence on various exciton parame-
ters such as the mass M and the decay rate T.

Transient reflectivity can be decomposed into a
“local” part and a “nonlocal” part, the latter being
absent when spatial dispersion is ignored. An im-
portant prediction of our work is that for some
semiconductors such as CdS or GaAs, the nonlocal
part contributes to transients much more signifi-
cantly (an order of magnitude higher) than the lo-
cal part. For instance, at a time 0.1 psec after the
reflected pulse is cut off, the transient intensities
are about 10% of the incident intensity and remain
1% even after several psec. Such reflectivities
should be easily measurable.

A remarkable feature of our theory is that it
predicts a crossover from exponential to slow in-
verse power-law decay rate of transient reflectivity.
For CdS and GaAs crystals, the crossover time is
~1 psec after the trailing edge of the reflected
pulse. Although the physical origin of the cross-
over is not so clear to us, its existence can be
traced back to the structure of Egs. (3.11) and
(3.12) as a one-sided Fourier transform. Applica-
tion of the Paley-Weiner theorem?! to the integral
indicates the need for a nonexponential decay of
transient reflectivity.

Our results are obtained under certain simplify-
ing assumptions. The finite length crystal is re-
placed by a semi-infinite nonlocal medium and a
linearly polarized plane wave is assumed to be as-
sociated with the light pulse, thereby ignoring its
transverse beam profile. Furthermore, advantage is

taken of the smallness of three dimensionless
parameters, namely, 8= (%w, /Mc?*)'/?,
p=(w;—w,;)/w;, and T /w,;. For most semicon-
ductors of interest each one of them is <1072
The graphical results presented here are expected
to be accurate within 10% of those obtained when
a more accurate analysis is carried out. In the ab-
sence of significant experimental data, efforts re-
quired to improve upon them do not appear to be
worthwhile. As a matter of fact, our simplified
approach has allowed us to obtain most of the
qualitative features in an analytical form.

Measurements of the predicted features of tran-
sient reflectivity can provide independently deter-
mined values of important exciton-polariton
parameters such as the mass, the lifetime, the os-
cillator strength, and the resonance frequency. Re-
cently group velocities of the exciton polaritons in
GaAs and CuCl have been measured with use of
transient spectroscopy methods.?? This gives sup-
port to our belief that the predicted transient ef-
fects could be measured.
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APPENDIX: CONTOUR-INTEGRATION METHOD
TO EVALUATE THE REFLECTED
FIELD [EQ. (2.8)]

In this appendix we outline the algebraic details
to evaluate the integral in Eq. (2.8) in the complex
o plane for t >2L /c. Care should be exercised in
dealing with the integrand. It is helpful to break
the integral in two parts arising from each term in
the curly brackets: { —exp[i(w—w()T]}. The
first part contributes for ¢ > 2L /c while the second
part contributes only for ¢ >2L /c+T. Equation
(2.8) can therefore be written in the form,

Ex(0,t)=Re[E(t —2L /c)O(t —2L /c)
—iwgT

—e E(t—=2L/c-T)
XO(t—2L/c —-T)], (A1)
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where

E(r=lim [~ fln,n)de, (A2)
n—0¥ —®

1 B(w) —ioT
- e , ™>0.
(A3)

For notational convenience, we have explicitly
shown the dependence of the integrand f(n,n,)
on the refractive indices n; and n, [see Eq. (2.4)]
and the o dependence is implicitly understood.

The choice of an appropriate contour depends on
the singularities of f(rn,n,). For this purpose we
require an explicit form of n; and n,. Using Eq.
(2.1) in (2.6), we obtain

ny=+[a+(a?—eh)?\?, (A4)

a=(2w%) " [’ +(0*—w? +iol)],

(A5)
b =(w282)—1[(w2—a)f+iwr)——Bza)g/eo] ,

© [} Rew
¢f(n1,n2)dw= f_mf(nl,nz)dw—kfmsl[f(nl,nz)—-f(—nl,nz)]dw+fw3 ’

where
B=dra,, 8°=(#w,/Mc?) . (A6)

An examination of Eq. (A4) shows that the condi-
tions b =0 and a*=e¢yb correspond to the branch-
point singularities in f(n,n,). Using Eq. (AS5),
these two conditions yield 6 branch points (in the
complex  plane) wj, j =1—6, whose location is
given by Egs. (3.1)—(3.3). The branch points o,
and o, arise from the condition b =0. Around
these points the integrand f(rn,n,) is made
single-valued by going to the Reimann sheet on
which n{— —n; and n, remains unchanged. The
branch points w3, w4, ws, and wg arise from the
condition a?=¢gyb; on the corresponding Riemann
sheet n; and n, are interchanged. The appropriate
contour to evaluate Eq. (A2) is shown in Fig. 2
and contains only a simple pole at wg=wy—i7.

A straightforward application of Cauchy’s
theorem shows that

—ico

[f(—nyn)—f(ny,n,y)]dw

Rew,—ico

+f 2[f(—n1,n2)—f(n1,n2)]+f [f(ny,ny)—f(—ny,ny)]dw=2miR ,
(04 4

o,

(A7)

where R represents the residue at the pole @ =(wqy-—i1). Using Egs. (A2) and (A7), we formally decompose
E (1) into the steady-state (pole contribution) and the transient (branch-point contribution) parts,

E(r)=E,(1)+E¢(71), (A8)
where
E (r)=ip(wg)exp( —iwyT) , (A9)
and
Erin= [ gwldo— [ godo— [, glodot [ glwdo (A10)
rir)=], ¢ 0,8 o, glwdot | g'wdo,
g(a))z[f(—nl,nz)'—f(nl,nz)] > g'(a))=[f(—nz,nl)—f(nl,nz)] . (All)

We have found it useful to further decompose the transient part E(7) into a “local” part and a “nonlo-
cal” part. This facilitates comparison with a local medium: for which the nonlocal part, by definition, van-
ishes identically. Such a decomposition can be carried out by noting that for a local medium the branch-cut
line (joining w; and w;) in Fig. 2 is horizontal. This can be readily verified using Egs. (3.1) and (3.2) with
8=0. We then formally obtain

Ep(r)=E(T)+EnL(T), (A12)
where
0)1 (()2
EL(T)z fRea)3+iImm1g(w)dw_ chw4+iImm2g(w)dw ’ (A13)
Rem3+lmw1 Reu,v4+ilmu)2 Rw3—im Rew4—ioo
E = — —_ ’ ’ .
(= [, godo— [, gdo— [ 7 gdot+ [, T glodo.  (Al4)
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We now substitute E =E; +E +Ey in Eq. (A1) and obtain

Eg(0,t)=Re[E,(1)+EL(t)+En. (D], (A15)
where

E,()=ip(wo)[O(t —2L /c)—O(t —2L Jc —T)]e " /) (A16)

Ej(t)=[Ej(t —2L /c)0(t —2L /c)—e "' E;(t —2L /e —T)O(t —2L /c —T)] , (A17)

with j =L or NL.

The evaluation of Egs. (A13) and (A14) can be somewhat simplified by noting that in most cases of prac-
tical interest the three parameters 8, 3*/2¢,, and T' /o, are much smaller than unity ( < 10™3). We are there-
fore justified in neglecting their products and higher powers. The branch points ; given by Eqs. (3.1) and
(3.2) then simplify and become

0y ,~—Iil/2+(14+plo, , w3 4~—i(T'/2+4Bdw,)to, , (A18)

where we have defined p =p8/2€,=2ma,/€, and physically p =(w; —w,)/w,, where ©;— o, is the so-called
LT splitting. When Eq. (A18) is used in Eqs. (A13) and (A14), an appropriate change of variables permits

to rewrite them in the following simplified form:

1 1
E| =pow, [fog(w,+pua),—il“/2)du+fog(—uco,—puw,—il“/Z)du , (A19)

1 1
Eng (1)=iB50, [ J 8w, —iB5wu —iT/2)du — [, g(—w;—iBbwu—iT /2)du

+ flwg'(w,—iBSa),u ~iT/2)du~ [ “g'(—w,—~iBdw,u—~iT/2)du | . (A20)

*Present address: Microelectronics Research and
Development Center, Rockwell International,

Anaheim, CA 92803.

1S, 1. Pekar, Zh. Eksp. Teor. Fiz. 33, 1022 (1957) [Sov.
Phys.—JETP 6, 785 (1958)].

2J. J. Hopfield and D. G. Thomas, Phys. Rev. 132, 563

~ (1963).

3V. M. Agranovich and V. L. Ginzburg, Spatial Disper-
sion in Crystal Optics and the Theory of Excitons (In-
terscience, London, 1966); the latest edition of this
book is: Kristallo-Optika S Yuchetom Prostranstvennoi
Dispersii i Teoria Eksitonov (Nauka, Moscow, 1979).

4J. L. Birman and J. J. Sein, Phys. Rev. B 6, 2482
(1972); J. J. Sein, Ph.D. thesis, New York University,
1969 (unpublished).

5R. Zeyher, J. L. Birman, and W. Brenig, Phys. Rev. B
6, 4613 (1972).

8G. S. Agarwal, D. N. Pattanayak, and E. Wolf, Phys.
Rev. Lett. 27, 1022 (1971); Phys. Rev. B 10, 1477
(1974).

7A. A. Maradudin and D. L. Mills, Phys. Rev. B 7,
2787 (1973).

8M. J. Frankel and J. L. Birman, Phys. Rev. B 13, 2587
(1976); Phys. Rev. A 15, 2000 (1977).

9V. V. Hyzhnyakov, A. A. Maradudin, and D. L. Mills,
Phys. Rev. B 11, 3149 (1975).

10C, S. Ting, M. J. Frankel, and J. L. Birman, Solid
State Commun. 17, 1285 (1975).

113, L. Birman and D. N. Pattanayak, in Light Scatter-
ing in Solids, edited by J. L. Birman, H. Z. Cummins,
and K. K. Rebane (Plenum, New York, 1979), p. 131.

12D, N. Pattanayak, G. P. Agrawal, and J. L. Birman,
Phys. Rev. Lett. 46, 174 (1981).

13A. Sommerfeld, Ann. Phys. (Leipzig) 44, 177 (1914).

141, Brillouin, Wave Propagation and Group Velocity
(Academic, New York, 1960).

155, L. Birman and M. J. Frankel, Opt. Commun. 13,
303 (1975).

16D, L. Johnson, Phys. Rev. Lett. 41, 417 (1978).

17D, Elert, Ann. Phys. (Leipzig) 7, 65 (1930).

18Some of our preliminary results were published in
Refs. 11 and 12.

19The expression for 1, Eq. (2.5), differs considerably
from that of obtained by using the translationally in-
variant form of X(T,T’) (see Ref. 6).

20Handbook of Ma:hematical Functions, edited by M.
Abramowitz and 1. A. Stegun (Dover, New York,
1970), Chap. 5.



25 TRANSIENT OPTICAL REFLECTIVITY FROM BOUNDED. .. 2729

2IR. Paley and N. Weiner, Fourier Transforms in the Lett. 43, 963 (1979); Y. Masumoto, Y. Unuma, Y.
Complex Domain (American Mathematical Society, Tanaka, and S. Shionoya, J. Phys. Soc. Jpn. 47, 1844
Providence, 1934). (1979).

22R. G. Ulbrich and G. W. Fehrenbach, Phys. Rev.



