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Formulas are derived for the extinction cross section of small randomly oriented, two-
layer spheroids and for the luminescence of small spheres coated with a luminescent
layer. Numerical examples are presented showing the dependence of the extinction of
dye-coated particles upon the particle size, the optical properties of the core (silver, gold,
dielectric), the coating thickness, and the spheroid eccentricity. The interaction of metal
and dye extinction bands, the splitting of these bands, and the enhancement of the extinc-
tion depend sensitively on these various parameters. The enhancement of the lumines-
cence of dye layers coating metallic spheres is shown to be related to comparable
enhancements in the extinction. The present model differs from earlier studies of
surface-enhanced Raman scattering (SERS) in that the electric dipoles which simulate the
dye molecules are embedded in a medium having the dielectric properties of the dye rath-
er than dangling into the external medium. The present study utilizes air as the external
medium. The enhancement effects would be much greater in water.

I. INTRODUCTION

The remarkable enhancement of Raman scatter-
ing (SERS) from molecules adsorbed on roughened
metal-electrode surfaces,! vapor-deposited metal-
island films,2* colloidal-metal hydrosols,*~* etc.,
may be accounted for, at least for the most part,
by corresponding enhancement of the electromag-
netic fields at the molecular sites due to plasma
resonances of the metal surface protuberances, me-
tal islands, or colloidal metallic particles, respec-
tively.

Colloids, as noted by Moskovits,” form particu-
larly simple model systems because, when suffi-
ciently dilute, they can be treated as an array of in-
coherently emitting single particles isolated in a
dielectric medium. Indeed, an electrodynamic-field
theory has been articulated for SERS by colloidal
spheres and spheroids in which the active mol-
ecules are stimulated by the local field which is
comprised of the incident plus the elastically scat-
tered fields. The emitted Raman radiation, in
turn, is also scattered by the particle. Very large
enhancements occur whenever the incident and
reradiated fields excite plasma resonances in the
particles. This theory has been applied to colloidal
spheres in the limit that the particles are small re-
lative to the wavelength and that the wavelength is
not too close to an optical resonance,®’ as well as
in the general case for homogeneous spheres of any
size or optical properties.!® Spheroids have been
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treated in the small-particle limit for a single rhol-
ecule located on the nose of a prolate spheroid il-
luminated at nose-on incidence!"'? and also for a
monolayer on randomly oriented spheroids.!3

The origin of SERS in optical resonances has
suggested that this phenomena is related to optical
absorption by small metal particles,* a subject in
colloid optics which has a venerable history,!*—1¢
and it has been proposed that such resonances may
have similar effects on metal particles with ad-
sorbed luminescent molecules.® !°

Glass et al.'” have measured the absorption,
luminescence, and excitation luminescence of layers
of dye molecules on silver, gold, and copper-island
films. They found strong coupling between the
dye and the metal which depends upon the degree
of overlap of the dye absorption spectrum with
that of the metal islands. In contrast to molecules
close to smooth, continuous metal surfaces, for
which the luminescence is heavily quenched,
enhanced luminescence was observed for dyes ad-
sorbed on small metal islands. By interposing a
30-A-thick layer of polymethyl methacrylate be-
tween the silver and the dye, these authors have
shown that the effect is primarily electromagnetic.
Direct contact with silver is not necessary, as is
also observed with SERS.!® More recently Garoff
et al.'® have verified the main features of the
optical-absorption resonances of such dye-coated
silver-island films.

Craighead and Glass® have attempted to ac-

2433 ©1982 The American Physical Society



2434 D.-S. WANG AND M. KERKER 25

count for the measured absorption spectra of the
dye-coated silver-island films!” with the effective-
medium theory of Maxwell-Garnett.!® They _
modeled the scattering particles by Guttler’s ex-
pression for the electric-dipole limit?!' of the elastic
scattering by concentric spheres of arbitrary size
and optical constants.?!">> Garoff et al.'® calculated
the absorption spectra for particles comprised of a
silver spheroid coated with a layer of dye whose
outer boundary is confocal with the silver core. By
assuming that the particle is small compared to the
wavelength, the electric fields can be obtained in
the dipole limit by solving Laplace’s equation.
Solutions for the concentric sphere as well as the
two-layer confocal spheroid can also be obtained
by appropriate reduction of the more general ellip-
soidal case.”»?* Eagen® extended the results of
Garoff et al. using an approach somewhat dif-
ferent from the Maxwell-Garnett treatment. The
local field in the layer of spheroids was obtained
by assuming a hexagonal lattice of particles, fol-
lowed by a self-consistent calculation of the static
dipole fields from all the dipoles of the lattice. In-
teractions with the substrate were treated by in-
cluding in the lattice sums a contribution for each
spheroid from an image dipole in the substrate.
This leads to an equivalent thin film with effective
dielectric functions for which the optical properties
can be computed by employing the Fresnel rela-
tions. Each of these approaches?®? was able to
simulate the qualitative features of the experimen-
tally observed coupling between the dyes.

In this paper, we limit the analysis and compu-
tations of the dye-metal interactions to randomly
oriented isolated particles as our experimental work
will proceed in that direction, viz., absorption and
luminescence of dilute colloidal dispersions
comprised of dye-coated metal particles. Yet the
results may be of more general interest since the
physics is exposed more directly, and in any case,
single-particle optics must be utilized in treating a
system of interacting particles.

Section II provides the formalism for calculation
of the extinction cross section of a randomly
oriented two-layer spheroid. Next we treat
luminescence. The electrodynamic model for
inelastically scattering (including luminescent) mol-
ecules embedded within small particles had been
formulated earlier for spheres,?®~%° concentric
spheres,* circular cylinders,’! and spheroids,*? and
numerical results were presented for each case ex-
cept for the concentric spheres. The concentric
sphere model is applicable to a luminescent layer

on a metal core which is under investigation here.
This differs from the earlier electrodynamic treat-
ment!® of SERS in that the active molecules are
now treated as electric dipoles embedded within a
spherical shell having the bulk dielectric properties
of the coating material, rather than as a monolayer
dangling out in the medium external to the parti-
cle. Because the full series expansion for concen-
tric spheres requires considerable programming and
computation time,>® we present in Sec. III, a more
limited analysis which is valid only for particles
which are small compared to the wavelength.

Numerical results are presented in Sec. IV for
silver, gold, and dielectric cores coated with a layer
of dye. The dielectric constant data of Johnson
and Christy®® were used for silver and gold; a
Lorentzian form with the same constants used by
Craighead, and Glass?® was taken to simulate a dye
such as Rhodamine B. In Sec. IV A extinction
cross sections are given for concentric spheres us-
ing the general formalism of Aden and Kerker.??
This is not limited to the dipole limit (particles
small compared to wavelength) used by earlier
workers.?® The extinction cross sections for ran-
domly oriented confocal spheroids are given in Sec.
IV B. Finally, the enhancement of luminescence by
dye-coated silver spheres in the small-particle limit,
is given in Sec. IV C.

II. EXTINCTION CROSS SECTION
OF A SMALL RANDOMLY ORIENTED,
TWO-LAYER SPHEROID

Consider (see Fig. 1) a two-layer confocal
spheroid of semimajor axis ¢ and semiminor axis
b. The corresponding axes of the core, [ and n, are
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FIG. 1. (a) Spheroidal particle with semiaxes a, b,
and n, [, and dielectric constants €; and €,. (b) Scatter-
ing geometry. Orientation of spheroid determined by
0,, ¢p; scattering angle 0;; incident direction is #; polari-
zation directions parallel and perpendicular to the x —z
plane are & and v.



l=a[1—d2]1/2 ,
n=a[(b/a)*—d*]"*=a[y*—d*]'?,

where d can be any value between O and 1, and
y=b/a. The dielectric constants of the core and
coating relative to the surrounding medium are €,
and €,, respectively.
For dimensions small compared to the incident
wavelength (a,b << Ap), the scattering can be ap-
1
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proximated by the radiation of the dipole located
at the center of the spheroid with dipole moment,

B'=0(|Eouf’ + 1 (Eou '+ Egy ) M

where X7, §, and 2’ are the unit vectors along the
axes of the prime coordinates which are fixed on
the spheroid with the z' axis along the axis of sym-
metry. Eg,, Eoy, and Eg, are the components of
the incident electric field. «j and @) can be shown
to be given by**

@ == Ruye’ =6y, a? @
' 3 €Sy, a*)(By,j@®)—(Ry,a*)( By a®)+2R @) /7
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for oblate spheroids.

Therefore, the scattered electric field (sc) in the
radiation zone due to the presence of the spheroid
is given by

ikgr'
=1 e 2/, > A~
E,. = kG(F' X P I)XF', (6)

’

r

where kg is equal to 27 /Ay, and 7' is a unit vector
in the x'y’z’" coordinates along the direction of ob-
servation. The far-field amplitude F’ in the x'y’z’
coordinates is defined by

F(F)=k3(F X )XF'
or
F(F)=k3[p' —F'(F"P)] . @)

Because of the random orientation of the
spheroid, a second coordinate system, namely xyz,
is needed. The incident wave propagates along the
z axis with the electric field either along the x axis,
which is referred to as the horizontal polarization,
or along the y axis, which is referred to as the vert-
ical polarization. The orientation of the spheroid
can then be defined by the direction of the z' axis
relative to the xyz coordinates in terms of the an-
gles 6, and ¢,. Any vector given in the xyz coor-
dinates can be transformed to the x'y’z’ coordi-
nates using the transformation matrix [T7]:

cosf,cosg, cost,sing, —sinb,
[T]=| —sing, cosd, 0

sinf,cosp, sinb,sing, cosb,
(8)

The inverse transformation can be carried out by
using [T]T, the transpose of [T].

Therefore, for a given orientation of the
spheroid, the far-field amplitude F observed in the
xyz coordinates is given by

FA=[T]F#"), 9)

where #=[T]'#". Substituting Eq. (7) into Eq. (9)
and using the transformation matrix [7T7] gives

F(A) =k3(1—)([T]'B") . (10)
We may rewrite Eq. (1) to become
—ﬁ':a’ﬁo’Za’[T]—E’o , (11)

where E') and ﬁo represent the incident electric

’

field in the x'y’z’ coordinates and the xyz coordi-

nates, respectively, and o’ is a second-rank tensor
given by

ai, 0 0
a=|0 a]l 0. (12)
0 0 o«

Substituting Eq. (11) into Eq. (10) gives

jpsl)

(P)=k3(L—7P)-(aEy) (13)
where a is also a second-rank tensor given by
a=(T)'e/(T) . (14)

According to the optical theorem, the extinction
cross section C, is given by

Am

Im[&}-F(7F=2)] (15)
ko

Cext =

where €5 is parallel to EO, and we have let

|Eo| =1. It can be seen from Egs. (13) and (14)
that the calculation of C,,, of a randomly oriented
spheroid in the xyz coordinates involves the evalua-
tion of @ which is defined as the average of a over
orientation. For Eo along either the x or y axis,
€5'F(F=%) of a randomly oriented spheroid, can be
shown and given by

- ko
& F(P=2)=-"(2a]+a}) . (16)

Substituting Eq. (16) into Eq. (15), we obtain the
extinction cross section C.,; of a randomly oriented
spheroid given by

C_ext:i;lkolm(zah'f'al) . 17)

III. ENHANCEMENT OF LUMINESCENCE
BY A SMALL SPHERE COATED WITH
A LUMINESCENT LAYER

We continue with the standard model in which
an active molecule, treated as an electric dipole, is
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stimulated by the local field at the incident fre-
quency and subsequently reradiates at the shifted
frequency, also as an electric dipole. Radiation
from a macroscopic region, in this case from a
concentric shell surrounding a spherical core, is ob-
tained by addition of the electric fields or Poynting
vectors of a sufficiently dense array of dipoles,
depending upon whether the emission is coherent
or incoherent, respectively. Enhancement is ob-
tained by comparison with emission by a randomly
oriented molecule in the external medium having
the same polarizabilities for absorption and emis-
sion as the embedded molecule. Should any per-
turbation of the polarizabilities of the embedded
molecules from those of the free molecules be
known, that can be included in the formalism.
However, in this model we consider only the ef-
fects of the influence of the particle upon the elec-
tromagnetic fields. We omit consideration of the
nonradiative decay channels (i.e., formation of e-h
pairs, plasmons, etc.) of the molecules’ interactions
with the metallic substrate. Since these can be
large for short molecule-metal distances and
perhaps frequency dependent as well, this calcula-
tion better approximates the case of dye molecules
spaced away from the metal. Accordingly it pro-
vides an upper limit for fluorescence enhancement.

As noted earlier, here we will treat the limiting
case of a particle which is small compared to the
wavelength in order to avoid the lengthy program-
ming and computations required for the general
case which had been presented earlier.’® The

962

A —
' (642)(e1+26) +2(a /o) (e— )€ —ey)

3(61+262)

(€24+2)(€1+2€2)+2(a /c)e;— 1)(€;—e,)

3(e;—ey)

Ci=
' (4 2)(€1+26) +2(a /)6, — 1)(€;—e,)

_ (€1+252)(€2—1)+(a/C)3(61—62)(2€2+1)

' (64 2)(6+26) 4+ 2(a /e)e3— )€, —ey)

0>
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small-particle limit requires solution only of the
electrostatic problem.

We proceed firstly with an evaluation of the
electric field in the coating of a two-layer sphere.
Consider a two-layer sphere with inner and outer
radii a and ¢, respectively. The dielectric constants
relative to the surrounding medium are €, and e,
for the core and coating, respectively. The mag-
netic permeability throughout is considered to be
that in vacuum. For an electromagnetic wave in-
cident along the x axis with the electric field Eo
parallel to the z axis, the potentials in the three re-
gions can be represented by

d1(wg)= iA,r’PI(cose) ,
1=0

¢2((D0)= i(B,r'+C1r_”+”)P1(c089) )
1=0
(18)

$3(wp)= 3 Dyr "1+ VPy(cosh) — Egreosh .
1=0

Applying the boundary conditions that the tangen-
tial component of E and the normal component of
D are continuous at both boundary surfaces
(r=a,c), the nonzero coefficients are given by

0>

(19)

((13E0) ’

(c3Ey) .
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Substituting Eq. (19) into Eq. (18) gives
d1(wg)=A,rcosb ,
(o) =(Byr+Cir~2)cos (20)
d3(wg)=(Dyr

The electric fields are

~2_Eqr)cos6 .

E,=A4,(—cos6f+sin60) ,

E,=(—B, +2Cr*)cosf
+(B,+C;r~)sind0 , @1

E;=(2D;r3+Eg)cosd

the incident field E, plus the scattered field which
can be considered as the field due to an electric di-
pole located at the center of the sphere with dipole
moment D;.

Next we consider a molecule located at (r’,6’,4’)
in the coating, and assume that it is oriented radi-
ally with polarizability #'7’. Therefore, the dipole
induced at the location of the molecule has a di-
pole moment given by

Pm=(2C1r'~3—B;)cost' 7', (22)
with corresponding potential given by

- e
‘R .
E_'”__ﬁ, R= lf’_fnl

Om =

A R 3
+(Dyr3—E,)sin68 .
— P d —g l
It can be seen that E, is a constant field parallel to ¢m=—Pm" |V R (23)
the z axis, E2 is the sum of a constant ﬁeld in the z
direction and a field proportional to » ~3, and E3 is Since 1/R can be expanded as
J
1 2 < r<l oo
_— ——“—‘“—Y (0’, )Y (6, ) 9
R "”TE §_ l+1r>l+1 m (024 ¥m (0,9 (24)
the potential due to the dipole P, in the coating can be represented by
$ 3 Ly 0,6 )Ym00),
g()mg_zm 57 Yim(6',0)Y1,(6,8), r'<r
¢m =(—4mp, )X o (25)

where

Pm=(2C 7'~ —B/)cos®’

R , |
2 2 _Z—(I—itl_) :I+2Y1m0a¢ )Y, (0,8), ¥'>r

is the magnitude of p,,, (7,0,¢) are the coordinates at which the potential is evaluated, and Y,,(6,4) is the

spherical harmonic given by

@+ +m) |7

Yin(6,)= 47l +m)!

pl(cosf)e’™s

Because of the presence of the oscillating dipole P, at the shifted frequency w, there also exists a
corresponding potential in each region which can be expanded as follows:

© 1

I=0m=-1

© 1
¢2(w)=¢m+2 2 (Blmr’+81mr

I=0m=-1

4
#3(w) =2 2 QAm r_(l+”YIm(e’¢) ’

where ¢ (o), dr(w
and outside the sphere, respectively.

_(l+”)YIm(9’¢) ,

(26)

), and ¢3(w) correspond to the inelastic part of the potential in the core, in the coating,
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We apply the same boundary conditions at each boundary as in solving the elastic part of the problem in
order to obtain the coefficients a;,,, By, 8, and Ay, using the known potential ¢,, given in Eq. (25). Since
we are interested here in calculating the luminescent scattered field, only the solution of «, is presented

here. It is given by

l&y{ [+ )& +1e ]+ +1a/r" )+ e —e)) } .
=(—dmp,. PIYE0,60], @D
Um = A ) DI+ U 3 D1+ 10+ @ /e (e — e, —epy 7 Yim(@547]

where €] and €, are the dielectric constants at the shifted frequency w relative to the surrounding medium.
It can be seen from Eq. (27) that for / =0, ag,, =0. For I > 1, since ay, < r"'~!, we may neglect [ > 1 terms
in the expansion of ¢;(w) in Eq. (26) for 7' << Aq. Therefore, ¢3(w) is given by

1
bilw)= 3 ayr Y5, (0,4')Y;,(0,4) , (28)
m=—1
where
& [(€+2€)+2(a/r') (el —e))]
[(e5+2)(€] +265)+2(a/c)(€; —e))er—1)]

a,=(—4mp,,)

Note that ay, is independent of m. Summing over m in Eq. (28) gives
3 —2
d3(w)=——ar "“cosX , (29)
41

where X is the angle between 7' and 7, and is given by
cosX =cosf'cosf+sinf sind'cos(¢p —¢’) .

According to Eq. (29), it can be shown that the luminescent scattered field Es(w) in the radiation zone is the
field due to a dipole located at the center of the sphere with dipole moment B,,

Br=—9a,(wg)a,(w)Eycost' ', (30

where a,(w() and a,(w) are given by

(€142€)+2(a/r' (e —e)

a,(wg)= 3 ,
(e,+2)€e1+2€))+2(a/c)(e,—1)(€;—¢€) a1)
- & [ (€ +2€)+2(a/r') (el —eb)]
a,(w)= .
! (6, +2)(€) +2€5) +2(a /c) (e, —1)(€ —€))
l

Therefore, for the incident wave propagating along where k =w/c. The luminescent intensity at a
the x axis with the electric field polarized in the z given scattering angle (6,d;) is directly propor-
axis, the luminescent scattered field in the radia- tional to the square of the far-field amplitude
tion zone is given by given by

L e | F(0,8,) |=k* | B, —P(7B,)| . (33)

Ey(0)=—(k*[B,—A7B,)], (32)

r | F( O5.65) | %, given in Eq. (33) is due to a molecule
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located at (r',0',¢') and oriented radially. For a
layer of incoherently emitting molecules we have to
sum over | F( (65,05) |2 due to each molecule
It can be shown that | F( 0,,¢5) | ? per molecule
for a layer located at r’ is that ngen in Eq. (33)
averaged over 0 and ¢'. |F(6, bs)|* can be
separated into four polarized components:

rFHh t lzayer:k4 ' 9a,(wg)a, () j 2

X [ (1+2sin%6,)] ,

21

’FHU | lzayer:k4 | 9ar(c‘)O)ar(a)) ; 15

5 2

\ FVv ‘ IZayer=k4 ‘ 9(1,((00)&,((0) l 2
1F‘Vh l ]2ay3r=k4 l 9ar(w0)ar(w) | 21_15 )

where we have let Eg=1. H and V denote that the
electric vector of the inelastically scattered field vi-
brates parallel and perpendicular, respectively, to
the scattering plane, which in turn is formed by
the incident and scattered directions. The sub-
scripts 4 and v denote the corresponding polariza-
tion of the incident wave.

The enhancement can be determined following
the same procedure used earlier for SERS®'? by
comparing Eq. (34) with | F( 6,¢5) |2 for a ran-
domly oriented free molecule given by

M. KERKER 25

where the use of sin’6;, instead of cos’d, as in our
previous paper is due to the difference in the coor-
dinate system chosen with respect to the incident
beam. The incident wave in the previous paper is
along the z axis while in this paper it is along the x
axis. Therefore a rotation of 90° in the scattering
plane (xz plane) is necessary.

It can be seen by comparing Egs. (34) and (35)
that the enhancement is same for any of the four
polarization components and is equal to

Glayer: i 9(1,-(600)(1((0) | ? (36)

The luminescent scattering due to all the mol-
ecules in the coating is the incoherent sum of the
scattering due to each molecule. The averaged
enhancement per molecule is the average of
| a,(wg)a,(w)|? over 7',

X fc | 9a, (wp)at, (@) | 2 2dr' . (37
a
We have up to now considered the case in which
the polarizability of the molecules is 7’7’ so that
Prm is parallel to 7'. Let us now consider the other
possibility that the polarizability of the molecule is
7im for 7] being perpendicular to 7' and making an-
gle £ with 9, i.e.,

| Fg, | *=k*[ 75 (1+2sin%),)] , ! .
2 a4l f)=cosf ' +sin& ¢’ .

|FH,, l =k 15 . .

. (35 The procedure in evaluating the fluorescent scat-
| F v, |*=k 4? , tered field E (w) is very similar to the previous

2 4l case where P, ||F'. However, the expansion of ¢,,
|FV,, | "=k"55 , is now given by
0 1 1 rlI—-l Yo (0.6)
W ’ b ! r

22 it i PimYim(0.4), 1<

¢m =4mpy, i i 1 r (38)
Wi Y1, (0,8), r'>r
I=0m=—-12’l+1 ez
where
sinf 9 |« '
Wi = — Y (6',9),
Im COS! gae; + Sln0' a¢ Im( ¢ )
and B,, =p, 7. The scattered field E, (o) is then given by
% ikr
Ey(0) =S (k)[B, —FFB)], (39)
¥
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where

B, = —9a,(wp)a,(@)(cos* sin’ 6’ +sin cos¢ sind’ ¢') .

a,(wg) and a,(w) are given by

(€;42€,)—(a/r')(e;—€y)

at(wo)__—

e[ (€] +2€)—(a/r')(e) —€))]

(€342)(€,+2€y)+2(a /) (e;—1)(€;—€y)

o (w)=

We can now proceed as before to calculate the
enhancements averaged over a layer of molecules
at 7', Glayer, and over the entire spherical shell,
Gget- These are the same as in Egs. (36) and (37),
respectively, except that a,(wy) and a,(w) are re-
placed by a,(wg) and a,(w).

IV. NUMERICAL RESULTS

The dielectric constants for silver and gold used
in this section have been taken from Johnson and
Christy.*® The dielectric constant of the dye layer
which simulates Rhodamine B was calculated
from?°

6=1+s/(0i—0’—ioT),

where o is the incident frequency, wo=3.5x 10"
sec™!, s =5%10% sec™2, and 7=2.5X 10" sec™!.
The external medium is taken to be air.

A. Extinction of dye-coated Ag, Au,
and dielectric spheres

The coupling between the dye and the silver is
illustrated in Fig. 2 by plots of extinction versus
wavelength for 5-nm radius spheres with a /c vary-
ing from O (pure dye) to 1 (pure silver). Calcula-
tions in this section utilize the boundary-value
solution based on the full series expansion?? and so
although the results in Fig. 2 might have been ap-
proximated with the electrostatic solution, it has
been possible here to explore size effects such as
will be shown in Fig. 3.

We note in Fig. 2, even for the pure dye particle,
that the resonance peak 510 nm has shifted signifi-
cantly from that for the bulk dye which is at 580
nm. Also the peak for the silver particle at 350
nm differs significantly from that near 400 nm in
our earlier work!® where the external medium was
taken as water. Indeed, in water, for which the

(€5 +2)(€] +265)+2(a /) (e, —1)(€; —€))

(40)

[
dielectric constant more closely approaches the di-
polar surface-plasmon resonance condition

(e— —2), the extinction at the peak is much
greater.

One effect of increasing coating thickness is a
slight shift of the silver peak to lower wavelengths.
Increasing size of the silver core has a greater im-
pact on the dye peak which shifts from 510 to 450
nm as the radius of the silver core increases from 0
to 0.99 of the outer radius. It can also be seen that
the dye peak reaches the maximum when the a /c
ratio is about 0.6. This means proper combination
of silver core and dye coating will produce a dye
peak larger than that of a pure dye sphere. There
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FIG. 2. Extinction cross section vs wavelength for
silver spheres coated with concentric spherical shells of
dye with various thicknesses. The ratio of core radius
to total radius is @ /c. The radius c is 5 nm.
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FIG. 3. Same as Fig. 2 for ¢ =50 nm.

is also a slight enhancement of the extinction peak
upon insertion of the small silver core. At about
425 nm, extinction of the pure dye and pure silver
particles are equal and less than for any compound
body at that wavelength. Accordingly, at 425 nm
the extinction will be enhanced either by a coating
of dye on the silver particle or by insertion of a
small silver core into the dye particle.

Figure 3 provides an illustration of the effect of
particle size. We have already noted that these cal-
culations are sufficiently general to permit explora-
tion of this aspect. The narrow extinction band of
the small silver particle (@ =5 nm), which is asso-
ciated with the dipolar silver plasmon, is now very
much broadened for this somewhat larger particle
(a =50 nm) reflecting the contribution of higher
multipoles to the extinction. It should be noted
that this particular radius is still considerably
smaller than the wavelength. The narrow silver
band reappears as a /c decreases, corresponding to
a successively smaller silver core. However, the
magnitude of the silver peak is lower than that in
Fig. 2 due to the thicker dye coating. Less elec-
tromagnetic radiation penetrates the dye coating to
reach the silver core. The effect of increasing the
size of the silver core on the extinction band of the
dye is qualitatively similar to what has already
been seen to occur in the case of the smaller parti-
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FIG. 4. Same as Fig. 2 for gold cores.

cle. However, with this larger particle, contribu-
tions from additional multiples, both from the
silver and the dye moieties, no longer permit the
identification of particulur resonant modes.

A quite different situation is apparent for a 5-
nm dye-coated gold particle (see Fig. 4). The ex-
tinction peak for the gold and dye particles near
510 nm are very close. These peaks split in the
coated spheres but because the initial bands are so
broad, these are not well resolved. The extinction
of the gold particle is considerably greater than
that of the dye particle in the ultraviolet and the
extinction varies monotonically as a /¢ changes
from O to 1. At higher wavelengths, the extinction
of the dye particle is greater and the variation of
the extinction with a /c is no longer monotonic.
Indeed the extinction when a /¢ =0.6 is greater
than for either of the pure particles.

Figure 5 illustrates the interaction of a dye coat-
ing with a dielectric core which in this case is tak-
en to have a constant refractive index (m;=1.5,
€;=2.25). The dielectric sphere (a /c =1) shows
the usual A ~* dependence. The extinction band of
the dye particle splits upon insertion of a dielectric
core, i.e., whereas for a small homogeneous sphere
there is a single resonant mode, for a small spheri-
cal shell there are two such modes. This can be
seen from the limiting expressison for the polariza-
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FIG. 6. Same as Fig. 2 for a /¢ =0.99, and cores
with various constant real refractive indexes.

bility of a small concentric sphere?!:

(€;—€)(26,4+1)a /c)* +(e,—1)(26;,+€;)
2e;—&)e3—1a /el +(e+2)26,+€)

(41)

Since the denominator of Eq. (41) is a second-order
function of €,, @ has two maxima for which there
will be corresponding peaks in the extinction.

The effect of varying the refractive index of the
dielectric core is shown in Fig. 6 for a fixed dye
thickness, a /¢ =0.99. Although the relative height
of the peaks varies with refractive index of the
core, the extent of the splitting is unaffected. In-
terestingly, but not surprisingly according to Eq.
(41), the splitting is observed even for m;=1.0. A
system for possible observation of this effect would
be lipid vesicles into which a fluorescent dye has
been inserted.3*

¢

B. Extinction of dye-coated,
randomly oriented Ag, Au, and
dielectric spheroids

The very great sensitivity of SERS to particle
shape'’ as a metal sphere coated with a monolayer
is deformed to a spheroid, has been shown to be
directly related to the corresponding dependence
upon shape of the extinction cross section, provided
the particle is sufficiently small (electrostatic case).
Accordingly, we now explore the effect of shape
upon the extinction of small particles coated with a
layer of dyes both because of an intrinsic interest
in extinction by such systems and because, for suf-
ficiently small particles, there is most likely to be a
direct correlation between extinction and both
luminescence and SERS. We have not yet succeed-
ed in applying our general model for luminescence
and SERS to layered spheroids of any size.

The extinction cross section as a function of
wavelength is depicted in Fig. 7 for two-layered
silver prolate spheroids for which the coating is
given by g=1//a =0.99. The eccentricity of the
spheroid varies from a /b =1 to 3. The former
case (a/b=1), which corresponds to the appropri-
ate curve in Fig. 2, displays the peaks associated
with extinction by the silver and by the dye. For a
spheroid these peaks should split in accordance
with the two-fold degeneracy of the polarizability
of a spheroid as illustrated by the separate expres-
sions for the polarizabilities ai| and a, [Eq. (2) and
Eq. (17)]. Although the splitting of the silver peak
can be clearly seen in Fig. 7, there does not appear
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FIG. 7. Extinction cross section vs wavelength for
silver spheroids coated with confocal spherical shells of
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The various eccentricities are given by a /b.
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FIG. 8. Same as Fig. 7 for ¢ =0.95.

to be a corresponding effect for the dye. For

a/b =1.5 and 2.0, any splitting is obscured by the
rather broad width of the dye extinction band. For
more eccentric spheroids (a /b =2.5, 3.0), there is a
distinct shift to higher wavelength which indicates
that the peak has split but that the dye peak at the
lower wavelength has now interfered with the
longer-wavelength silver peak which has now
moved into this region. In any case the extinction
spectrum of the more eccentric spheroid is quite
different from that of the sphere so that a
corresponding shift in the dependence of lumines-
cence or SERS upon the excitation wavelength is
to be expected.

Figure 8 for a somewhat thicker layer of dye
(g =0.95) displays the splitting to the extinction
bands quite explicitly, particularly the example for
which the eccentricity is a /b =2.5. There are five
distinct peaks: two at 330 and 430 nm derived
from Ag, two at 510 and 610 nm derived from the
dye, and another at 480 nm which could be due to
the interaction between the silver core and the dye
coating.

The sensitivity of the extinction cross section it-
self to the thickness of the coating is shown in Fig.
9 for a /b =2.5 at 610 nm and for a /b =3.0 at
503 nm. In this case the abscissa is (a —1)/a.

102 -
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107! ! ] I | | | ]
0.00 0.02 0.04 0.06 0.08
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FIG. 9. Extinction cross section vs dye thickness
(a —1)/a [designated (/a)] for silver spheroids coated
with confocal spherical shells of dye for a /b=2.5,
A=610 nm, and for a /b=3.0, A=503 nm.
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Two comments are in order in connection with
the great sensitivity of the extinction to both shape
(Fig. 8) and coating thickness (Fig. 9). The effects
displayed here for dye-coated silver particles in air
are even further enhanced when the particles are
immersed in water since, as already noted, the
dielectric constant of Ag relative to that of water
more nearly approaches the value for excitation of
the dipolar surface plasmon. Moreover, the great
sensitivity of the extinction to morphology of both
the silver and dye moities suggests that there will
be similar effects for SERS and luminescence. Ac-
cordingly, it would not be surprising to observe
large differences between signals measured from
dispersions or surfaces which, although prepared in
a similar manner, exhibit only slight morphological
differences.

That each particular metal may respond dif-
ferently is illustrated in Fig. 10 for gold cores with
a dye coating of ¢ =0.99. We have already noted
that the extinction cross section for a dye-coated
gold sphere does not exhibit much structure be-
cause of the overlap of the corresponding extinc-
tion bands of the gold and dye particles. However
an interesting feature here is the development of a
sharp band at longer wavelengths as the particle
becomes increasingly eccentric. This parallels the
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FIG. 11. Same as Fig. 8 for gold.

appearance of a dipolar surface plasmon in homo-
geneous gold spheroids which had been theoretical-
ly explored earlier'® and which can lead to SERS
enhancements for gold spheroids even greater than
those for silver. Once again we note that the ef-
fects reported here for gold and silver in air are
even further enhanced when the calculations are
performed with water as the dispersion medium.

Figure 11 illustrates the effect for gold spheroids
of increasing the dye thickness to ¢ =0.95. The
shift of the gold dipolar surface plasmon to longer
wavelength is even greater, indeed for a /b =3.0
the peak in off scale at a wavelength somewhat in
excess of 1000 nm. At 680 nm the extinction in-
creases by nearly 10° as the sphere is extended to
an equivolume spheriod with a /b =2.5 and then
decreases by 10? with further extension to a /b
=3.0.

There are no comparable effects when the core is
a dielectric as shown in Fig. 12 for m;=1.5 and
g=0.99. We have already seen that the extinction
band for a small dye sphere is split when the dye
comprises a spherical shell on a dielectric core and
that the spectrum is not very sensitive to the
dielectric constant of the core. Here we see also
that there is very little effect of shape upon the
spectrum as the concentric sphere is deformed to a
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confocal spheriod. A similar result was obtained
for the case of a somewhat thicker layer of dye,
ie, g =0.95.

C. Enhancement of luminescence
by dye-coated metal spheres

This work has been stimulated by reports of
measured enhancement of luminescence by dye
molecules adsorbed on metal island films'” as well
as our own plans to study comparable colloidal
dispersions. The model differs from that for
SERS in that the active molecules, taken as electric
dipoles, are now embedded in a layer of finite
thickness, coating the metal core, which has the
bulk dielectric constant of the dye. In the SERS
work® 1013 the active dipoles are presumed to vi-
brate in the external medium, viz., water or air.

* Otherwise, although we will refer here to lumines-
cence, the model is equally applicable to either
SERS or luminescence.

The external medium is taken here to be air in
order to correspond to the already reported experi-
mental work.!” However, once again we stress that
much larger calculated enhancements both of ex-
tinction and luminescence are obtained when the
external medium is water, because then the optical
constants of silver and gold more closely approach

RELATIVE INTENSITY

L rhodamine B

EXCITATION WAVELENGTH 514.5 nm
ob— | ! | | |
610 630 650 670

EMISSION WAVELENGTH (nm)
FIG. 13. Relative intensity of luminescence of dye-
coated silver spheres (small-particle limit) at various

wavelengths and coating thicknesses for excitation by
A=514.5.

the dielectric constant corresponding to excitation
of the dipolar surface plasmon.

The computations in this section are for the lim-
iting case that the particle is small compared to the
wavelength. Although the model has been formu-
lated for concentric spheres of any size and optical
constants,>® that formulation is not utilized here
because it requires considerable additional pro-
gramming and computational time.

In Fig. 13 and emission spectra for various coat-
ing thicknesses (specified by c /a) are compared
with that for pure rhodamine B.>> The relative in-
tensity is obtained by multiplying the emission of
pure rhodamine B by the calculated enhancement
at each shifted wavelength for excitation at 514.5
nm. The maximum in the emission shifts only
slightly from 640 nm for pure rhodamine B to 630
nm for a particle with ¢ /a=1.67. The enhance-
ment itself varies from 26 for ¢ /a =1.05 to about
48 for c/a =1.4.

Note that in Fig. 13 the enhancement is lowered
for ¢ /a =1.67. This effect of coating thickness is
shown in Fig. 14 for Ag, Au, and Cu cores. The
enhancements for these metals are of comparable
magnitude at these excitation and emission wave-
lengths. In each case there is an intermediate layer
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FIG. 15. Enhancement of luminescence of dye-coated
silver spheres (small-particle limit) of various coating
thicknesses vs excitation wavelength. Emission wave-
length is 640 nm.

thickness which gives maximum enhancement.
Since the enhancement is normalized to the num-
ber of active molecules, this means that molecules
somewhat removed from the metal-dye interface
make the greatest contribution to the enhancement.
This is evident as we discussed earlier in connec-
tion with Figs. 2 and 9 in which a certain layer
thickness gives a maximum extinction cross section
at a fixed wavelength. The much smaller values of
the enhancement here are due mainly to the use of
air rather than water as the dispersion medium as
well as to the fact that the excitation and emission
wavelengths do not correspond to those for op-
timum excitation of the electromagnetic (EM)
fields.

Figures 15 and 16 show the effect of excitation
wavelength for Ag and Au particles with three
thicknesses of dye layer. Emission is taken in the
middle of the dye emission spectrum (A= 640 nm).
The broad double band for silver in the range to
350 to 450 nm corresponds to tuning the excitation
into the corresponding extinction band shown in
Fig. 2. Indeed the change of enhancement band
with thickening dye layer reflects approximately
the corresponding change in the extinction band.
The corresponding effects for gold (Figs. 4 and 16)
are somewhat more subtle, but still definitely indi-
cated.
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FIG. 16. Same as Fig. 15 for gold.
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Figures 15 and 16 also indicate the substantial
influence of coating thickness on enhancement.
This influence may differ considerably at different
excitation wavelengths, Thus, for both Ag and Au
the enhancement drops sharply with coating thick-
ness in the near ultraviolet. On the other hand, the
opposite trend occurs at longer wavelengths.

V. SUMMARY

We note the following:

(1) The extinction cross section for a randomly
oriented spheroid coated with a confocal spheroidal
shell is given in the small-particle (electrostatic)
limit by Eq. (17).

(2) The enhancement of luminescence of a sphere
coated with a concentric spherical shell of lumines-
cent material is given in the small-particle (elec-
trostatic) limit by Eq. (34), for the case that the
moments of the dipoles simulating the luminescent
molecules are parallel to the radius vector. For di-
poles oriented perpendicular to the radius vector
the polarizabilities a,(wy) and a,(w) given by Eq.
(40) must be substituted into Eq. (34).

(3) For concentric spheres interaction between
dye coating and core display a number of features:

(a) When the sharp extinction bands for the
small pure particles are well separated such as for
silver and dye, the peaks are shifted in the com-
pound particle.

(b) For larger particles, the contributions from
higher multipoles tend to wash out the distinct
peak structure.

(c) Interaction between dye and metal extinction
bands is much less pronounced when the metal and
dye bands overlap as in the case of the dye-coated
gold particles.

(d) The extinction band of a small dye particle is

split whenever the dye comprises a coating on a
dielectric core, even when the dye is merely a bub-
ble, i.e., the core has a refractive index of unity.

(4) For confocal spheroids:

(a) Each of the extinction bands associated with
the metal core and the dye coating split into two
bands.

(b) There may be enhancement of the extinction
which goes through a sharp maximum of 2 orders
of magnitude as the thickness is increased.

(c) Whereas both the shift of the extinction band
and its enhancement are much more sensitive to
eccentricity for gold cores than for silver, the split-
ting of the dye extinction band on a dielectric core
is insensitive to spheroid eccentricity.

(5) A number of features pertaining to the
luminescence of dye coated metal spheres are:

(a) The shape of the emission spectrum is only
moderately different from that of the pure dye.

(b) The enhancement of luminescence goes
through a maximum as the dye thickness varies.

(c) The enhancement of luminescence is particu-
larly sensitive to the excitation wavelength; indeed
it parallels roughly the wavelength dependence of
the extinction. Very large enhancements are ob-
tained at those wavelengths when the extinction is
large.

(d) Were the particles to be immersed in water
rather than in air as in the present study, the
enhancements of both luminescence and extinction
would be greater.
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