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A reexamination is made of previous resistivity data of the Ti00 80 l z3 metallic oxide

system, in which very large positive and negative temperature coefficients of resistivity a
are observed. Ti00 80 l 23 samples contain a large number of stoichiometric vacancies
which can be thermally ordered and disordered, drastically changing the residual resistivi-

ty, without seriously affecting the superconducting T,. Fitting the results to the two-level

model shows that any resistivity due to the two-level system must operate in parallel with
the normal electron-phonon interactions. A phenomenological formula, based on the
ideas of incipient localization in very-high-resistivity materials, is introduced. This for-
mula fits all the data for the TiOO 8p l 23 system in a semiquantitative way. It also
predicts that a zero a (the Mooij criterion) occurs when the elastic mean free path and
the weak localization coherence length are approximately equal.

I. INTRODUCTION

It is well known, but not completely understood
why, the electrical resistivity of many disordered
and noncrystalline metallic conductors increases
with decreasing temperature over a wide range of
temperatures before becoming essentially tempera-
ture independent at relatively low temperatures.
As was first pointed out by Mooij' a(T)
(where a(T), or the temperature coefficient of
resistance equal to [1/p(T)][dp(T)/dT]) is gen-
erally positive for metals with p(0) (100pQ cm
and usually negative for metals where p(0) )200
pQ cm. A number of theoretical models for this
effect, some of which will be discussed later, have
been proposed. However, the only certain criterion
for a negative a remains the Mooij criterion, which
means that the electron mean free path (/ = VFr if
the conductivity is calculated using the classical
Boltzman approach) is one to several interatomic
spacings. In order to obtain these ultrashort mean
free paths it is necessary that the system must be
highly disordered. In many instances, the exact
nature of the disorder and how the electrons in-
teract with the disordered lattice are not yet clear.
A recent review of the electrical properties of
disordered materials has been given by Tsuei.

A less well-known fact is that many strong
scattering conductors show saturation effects in
their resistivity with increasing temperature. For
instance, Fisk and Webb have observed the resis-

tivity of some 215 materials saturates with in-

creasing temperature at about 135 pQ cm, presum-
ably where the mean free path I in the 315 com-
pounds becomes comparable with the interatomic
spacing. The Ioffe-Regal criteria for the upper
value of the resistivity states that the electron
mean full path cannot be shorter than the intera-
tomic spacing. Another example of this
phenomenon is a manganese, the resistivity of
which is 121 JMQ cm at 80 K, after which it in-
creases slowly to about 170 pQ cm at 900 K, be-
fore dropping sharply at the a-P phase boundary.
Again, the mean free path of the electron would

appear to be limited by the interatomic spacing.
The purpose of this paper is to analyze the resis-

tivity data of the TiOO so & z5 (or TiO„) metallic
transition-metal oxide system as a function of tem-

perature. This system exhibits all the previously
described phenomenon, having both very large
negative and positive temperature coefficients of
resistance a (Denker, Suzuki and Takeuchi,
Banus et al. , Hulm et al. ' ). The maximum
value of p(0) would appear to be about 500 pQ cm
and the criterion for a negative a would appear
that p(0) be larger than about 290 pQ cm. The sa-
turation resistivity at high temperatures, for sam-
ples with a positive n, is somewhat above 320
p, Q cm (Gamolshwalov and Rastamov, "Suzuki
and Takeuchi ). All these values are about twice
those observed for crystalline and amorphous me-
tals. Another interesting feature of this system is
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that the primary sources of electron scattering at
low temperature are clearly identifiable as non-

stoichiometric oxygen and titanium vacancies,
which occur in large numbers (approximately 15
at. %) in this system and which can to some extent
be ordered arid disordered by thermal annealing.
Thermal annealing can even produce both a posi-
tive and negative o. in the same specimen without

significantly changing the number of vacancies. '

All the above features combine to make TlQ„an
ideal system to study the many perplexing features
associated with the resistivity of highly disordered
materials and the saturation of the resistivity of
both positive and negative o. materials at higher
temperatures.

II. THE STRUCTURE AND ELECTRICAL
RESISTIVITY GF TiO„

T e TlQO 8o & 25 system ' has statlstlcally the
NaC1 structure at high temperatures, is stable over
a wide composition range, and contains a large
proportion of vacancies of both titanium and oxy-

gen. The relative number of each type of vacancy
depends strongly on the composition but the total
number is approximately constant. For TiQ& 0

15% of both kinds of sites are vacant, while

TiO~ 25 has all the oxygen sites full but 22% of the
titanium sites are empty. Below about 990'C
TiQO 9o to TiQ& &o can exist as an ordered mono-

clinic supcrlattice phase with vacancy ordering on

every third atomic plane normal to the [110]direc-
tion. The above structures, both ordered and
disordered, can be frozen in at temperatures below

about 500 K.
Detailed theoretical calculations of the band

structure of TiQ have been carried out by Ern and

Swltcndlch, whllc Goodcnough has also ad-

dressed the problem of the modification of the
electrical properties of TiO„by the vacancies.
Overlap of the d bands of the Ti ions give rise to a
narrow metallic d band. Lattice vacancies are
stable as they reduce the effective density of con-
duction electrons and lower the Fermi energy by
2.2 eV. (To maintain the charge distribution of the
NaCl structure it would appear that each titanium

vacancy is occupied by two holes and each oxygen
vacancy by two electrons. ) The fact that the con-
duction ls primarily via thc titanium lons ls sup-

ported by the fact that the residual resistance per
titanium vacancy is 11.5 times that of an oxygen
vacancy.
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FIG. 1. The experimental results of Hulm et al. on
as-cast TiG„samples. These samples are referred to as
H080, H087, H095, H100, H105, H112, H117, and

H123. p(0) is obtained by an extrapolation to T =0 K.

While many experimental results have been pub-
hshed on the resistivity of the TiO„system, really
extensive work has been done only by Denker,
Suzuki and Takeuchi, Banus et al. , Rnd Hulm
et al. ' As the results of Banus et al. do not ex-
tend below 77 K this paper will concentrate on the
work of Denker, Suzuki and Takeuchi, and Hulm
et al. Further, because the resistivity of some of
Denker's samples show peculiarities at very low
temperatures, the only samples discussed from his
paper discussed are a single crystal of TiQ& 22 and
some annealed TiQl samples. However, the
features of Denker results in the temperature range
30—300 K agree with those of Hulm et al. Rnd

Suzukl Rnd TRkcuchl. Flgulc 1 shows thc main re-
sults of Hulm et al. '0 for their quench cast TiO,
samples, while Fig, 2 shows the effect on the resis-

tivity of annealing some of these samples. Figure
3 shows Denker's results for annealed TiOt 0.
Figure 4 shows the p(T) curve for a single crystal
of T1Ql 22 over a very large temperature range
plotted using a logloT scale. Figure 5 shows the
results of Suzuki and Takeuchi also plotted using
a log&OT scale. The saturation or upturn in p(T)
around 300 K observed in Pigs. 2 and 3 are not
reproduced in the results shown in Figs. 4 and 5.
It is, therefore, assumed that the resistivity of neg-
ative a TiQ usually decreases below 295 pQ cm at
temperatures above 400—500 K. Partial annealing
towards thc ordered monoclinic structure may ac-
count for the increase in resistivity observed by
Hulm es al."

Small increases in the resistivity at low tempera-
tures for samples with positive a's could possibly
be accounted for by the Kondo effect, as these al-
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FIG. 2. The expenmc1ltal results of Hul1ll ef aL on
RS-CRSt Rnd RQTlealed T10„SRIQPles. ThCSC SRIPlCS Rfe
fcferred to as HO80, HAO80, 8195, HAII05, Hl l 7, Rnd
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loys typically contained 50—100 ppm of iron. It
should be noted that any of the Kondo effect oc-
CgfAQg 1B thC T10„SQStCI 18 IQ 8, SYStCI 1Q %high
QI thC COBdUCtloH C1CCt10QS I'C 1Q AC d ba,M. ThC
Kondo effect may also be present in materials with
StroQg QCIRt1VC Q 8 bUt, aS St 41MS Sta,gC, 1t Ce,QHot

FIG. 4. The experimental results for R sikgle crystal
of TiO) 22. Note the large nngc Rnd magnitude of the
r1egativc tcmpcratMc-dependent rcsistivitp R1ld thc lo%
rcsistivitp value Rt T =1200 K.

be separated f«m other resistive mechanisms, pos.-
»blc contributions duc to thc Kondo effect are
henceforth ignored. Thc sharp increases in the
«»sti»ty at about 4 K, seen in some of Denkers
OCg8tkVC a IRCCHGIS, map 880 bC attAbUtaMC tO
the Kondo effect.

Hall effect measurements on the TiO„system
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F'IG. 3. The cxpcrimeIltal results of Dcnker O1l or-
dered Rnd part1allf ordered T10. p(Qg) ) fo1 p(0)~80
pQcm is about 200@Oem. For p(G)=2IO pQem
p(8D) 1s 80 p, Q cm. Thc RAHcahBg temperatures Rrc.
giVCQ 18 the figMC,

PIG. 5. Tbc cxpcr1mc1ltal results of Suzukl RM1

Takcuehi. These samples Rrc referred to as 5082, 5093,
8191,8108, RAd S123- IQ thc Qrlglnal plots thc data
p01Ats Rrc g)vcA Rnd tile data cxtcQds down to hellU1ll

te01PCf atoll"Cs.
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have been reported by Denker and Suzuki and
Takeuchi. The available results are very limited
and fo1 thc various T101 spcc1mens rcportcd vary
widely. However, none of the Hall coefficients
show a strong temperature dependence, which is to
be expected for a metallic oxide. A "typical" value

of the Hall coefficient is 1 —2&10 cm jjc or
3—6g 10 carriers per cm which, based on mc
lattice constant, is about equal to the number of Ti
atoms (S.48 X 10 per cm ) in stoichiometric TiO~.
Denker reports reflectivity data which is used to
determine N/Pl E for TiO) and T1G) 22. Duc to
the lack of agreement in the Hall coefficients, these
will not be used in the further interpretation of the
data.

Specific-heat measurement at low temperatures
have been reported by Okaz and Keesom. ' Their
results show the density of states to be a minimum

(0.8—1.0 states/eV atom) for x = 1 a,nd to increase

more rapidly for x y 1 than x & 1. The greatest ob-

served change is + 40% for x =1.17. The density

of states also appears to depend upon the method
of preparation.

Measurements of T, have been made on as

prepared (cast or quenched) samples and ones an-

nealed at various temperatures at ambient pressure.
Thc tfans1tlon temperature 11cs bctwccn 0.5 and 1

K for x between 0.95 and 1.18, dropping sharply

to 0 on either side. The results of Hulm et al. '

and Reed et al. show T, to be essentially the

same for ordered (annealed) or disordered

(quenched) specimens. Therefore, the various

parameters determining T, appear not to be greatly

affected by the ordering or disordering of the va-

cancies while the resistivity which, at least in the

clean limit, depends on the same parameters is

strongly affected by the order or disorder of the

vacancies. It is also of interest to note that nearly

stoichiometric TiQ which is formed by annealing

at high temperatures (1650 'C) and pressures (90

kbar) has a transition temperature of 2.3 K.'

III. DISCUSSION

Before discussing the results in detail, it is in-

teresting to note that annealing the sample or ord-

ering the vacancies into a superlattice can lower

the residual by as much as 250 pQ cm. This
phenomenon can be understood in terms of the
Bloch electron wave functions rearranging them-

selves to fit the new more ordered lattice. In or-

dered TiO„(see Fig. 3), at least to a first approxi-

mation, Matthiessen's rule is obeyed and a residual

resistivity plus phonon and other temperature-

dependent resistivities would appear to account for
the results. In terms of localization theory, '

the ordering of the vacancies causes the energy lev-

els of the adjacent blocks of side L to align with

each other thereby allowing electrons to diffuse

freely between blocks, destroying any tendency for
the electrons to localize and thereby lowering the
rcsldual rcs1st1vlty.

There are two basic approaches to the problem
of negative resistivity coefficients in structurally
disordered materials. The first is to make extrapo-
lations from the highly conductive metallic side us-

ing Boltzman-type theory, even though the Boltz-
man approach is not valid for materials where the
mean free path I is of the order of several atomic
spacings or less. The two major models using this

approach are the Ziman-type theory and the two-
level model. The second approach is to make ex-

trapolations from the insulating or Anderson local-
ization regions towards the more mctalhc regions.
Recent thcorics have suggested that 1nc1p1cnt

localization is responsible for negative a's and thc
Mooij' criteria. A phenomenological formula
based on thc above 1dcas but wh1ch brldgcs thc 2n-

cipient localization region and the region where

Matthiesen s rule is obeyed, while semiquantitativc-

ly predicting the Mooij criteria, will be proposed.
This formula accounts in a semiquantitative way
foI IIlost of tllc observed T10„rcslstlv1ty data.

At this point, the correlation between the high-

temperature resistivity and the residual resistivity

at which the a changes sign should be noted.
(This is of the order of 300 pQ cm for TiO and

100—200 pQcm for metallic systems. ' ' ) From
these results, it is clear that if the Ioffe-Regel cri-

terion determines the maximum resistivity at T =0
then it cannot also determine the saturation resis-

tivity at high temperatures. However, if the Ioffe-

Regal criterion is the limiting factor at high tem-

peratures, then effective mean free paths of less

than a lattice spacing must occur at low tempera-

tures.
The correlation of the data for the TiO„system

with the two different approaches mentioned above

will now be dealt with below. See Tsuei for a
more detailed review of the Ziman and the Kondo
ol two-lcvcl app1oach.

The Ziman theory, ' which was originally
developed for liquid metals, predicts that the total



resistance of an amorphous material can be ex-

pressed as follows:

p(T)=p(0)+AS(2kF, T) .

HcI'c A 1s R constant and thc tcIDpcfatulc dcpcn-
dence of the resistance follows that of the structure
factor S(2k+, T) Ba.sed on a Debye approximation
and an assumption that the Ziman condition for a
negative a, 2k~-kz, is satisfied, Nagal has
predicted that the temperature dependence should
be Ci —ClT foi' T &O~ naiid Cl —C4T for
T P 8g where eD 1S thc Dcbyc tcIDpcfatUfc Rnd

C1 to Cg arc constants.
The results shown in Figs. 1, 2, 4, Rnd 5 do

indeed show a C~ —CqT behavior at low tempera-
tures (see below under two-level system) but do not
show a linear temperature dependence over any ex-
tended region (8D for TiO„ from the results shown
in Fig. 3 is about 400 K). As TiO„has a disor-
dcI'cd NRC1 crysta111nc structure with RQ Rppfox1-
mately constant lattice sparing the RDF's are
much sharper than for an amorphous material.
%1th the varymg T1, and hence electron concentra-
tion, it is almost impossible that the condition
2k~-k& bc IDMQtMncd ovcI' thc cnt1fc composition
range. Further, the Ziman theory was never in-
tended to account for a decrease in the resistivity
by a factor of 2 as sometimes is seen in the TiO„
system. For these reasons, it is felt that the Ziman
theory will not account for even the negative a' s
observed, much less the positive o.'s which are ob-
tainable by a mere ordering of the vacancies. How
the small changes in T, observed in ordered and
disordered TiO, would be accounted for by this
theory is also not clear.

B. The Kondo-type or tvro-levej approach

The "structural Kondo" model was first pro-

posed by Cochrane et al. for explaining low-

tempcfatufc I'cs1stRncc minima 1Q IDctR111c glasses
but can be extended to explain the occurrence of
R negative 0' oveI' a %1de temperature fangc. Thc
essential feature of this model is that there is an
attractive interaction between the electrons and cer-
tain localized excitations. The localized excitations
are approximated by a two-level system. This will

then, in analogy with the magnetic Kondo effect,
lead to an equation for the resistivity given by

where 3 is a constant [p(0).=A —ClnTa ], «s a

measure of the "strength" of the two-level system,
and AT~ is the energy difference between the lev-

els characterizing the two-level system. For
T«Tq&8D Eq. (2) takes the form

p(T)=Ci Cl—Tl . (3)

Therefore, for T« Tq &Sii the Ziman and two-
level theories are indistinguishable.

In Tsuei the constant C was thought to be a
measure of the abundance of two-level configura-
tions. In the TiO„system, as the number of va-

CRnc1cs 1s approximately constant, C can only bc a
measure of the disorder of the system, the best
measure of which is the residual resistance.

The data for the samples with negative a's in
the accompanying figures have been fitted to Eq.
(2) using a computer program which minimizes

F=
I [p(obs) —p(T)] I'~ j&

where 6' represents the number of data points and
the results are listed in Table I. Figure 6 shows a
plot C against p(0) where, as one might expect, C
extrapolates to 0, in the region where the a' s
change sign. Thcfc 1S no dist1ngU1shablc tfcnd 1n

the values of T~ but they are well below the Sil
which is about 400 K from resistivity measure-
mcnts.

However, as one cannot expect the two-level
mechanism to shut off abruptly where the a is
zero, one might suspect that the two-level mechan-
1sID 1s opcfat1ng ovc1 Rnd above thc QofIDRl fcs1s-
tlvc mechanisms. Thcsc, Rt least at h1ghcf tcID-
pcfatUI'cs, Rfc dominated by thc elcctI'on-phonoQ
1ntcfactlon, usually represented by thc Grunc1scn
function G(TISD). That the normal electron-
phonon interaction is still operative is borne out by
thc fact that thc supclcondUct1ng t1ans1t1GQ tcID-

perature, which is extremely sensitive to changes in
the electron-phonon interaction, is virtually un-

changed by the ordering or disordering of the va-

cancies. This contention is supported by the work
of Gurvitch et a/. who find that the transition
tcQ1pcfaturc of MO3GC 1nc1cascs with A-particle
damage, while the a decreases and approaches 0 in
the extreme case. The increase in T, is attributed
mainly to a change in the density of states n (Ez)
while the electron-phonon interaction, Rnd hence
the phonon density of states, is tlloilgllt to be rela-

tively constant. For this reason, the results have
also been fitted using the same program Rnd Eq.
(4) with
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TASI.E I. Values of C and T@ obtained by fitting the experimental data to Eqs. (2) and
(5). The quantity F is defined in Eq. (4). The letters H and HA refer to the samples of
Hulm et a/. while S refers to samples of Suzuki and Takeuchi.

H080
H087
H095
H100
H105
H112
H117
H120
HA080
HA105
HA117
S082
S093
S101
S108
S124

297
288
277
321
382
410
447
519
42.3
216
364
296
317
277
370
503

—17.3

—8.12
—19.4
—30.2
—42.6
—79.7

—19.5
—51.7
—14.1

—24.3
—61.3

Eq. (2)

TQ

69.6
56.1
58.3
67.5
106

89.6
82.2

0.79
1.3
1.6
1.9
1.5

1.6
1.1
0.28

0.43
1.9

-147
—108
—108
—132
—135
-144
—157
—204
—44.5
—69.5
—140
—145
—160
—142
-166
—193

Eq. (5)

Tg

165
137
139
141
121
113
112
130
90.2
118
132
157
165
197
152
125

2.4
1.5
1.6
2.4
2.1

2.4
2.4
2.4
1.9
1.7
2.0
2.4

2.5
2.6
2.9

200
p{T)=3 Cln(T +—Tg)+2506(TI400),

180

l40

l20

u l00

80

60

40

0 I 00 200 500 400 500
RESlSTlVlTV (I a cm)

FIG. 6. The results obtained for the coefficient
~

C
~

by fitting the data using Eq. (2) (closed k, ,, 5l) and Eq.
(5) (open 8, , o, CI), [Suzuki and Takeuchi (4 and 6 ),
Hulm et al. (0 and o as cast) and (~ and H annealed)].
Note Eq. (5) enables values of

~

C
~

to be obtained for
samples with positive a' s.

wllcl'c 6 ( T/400) ls tllc Grunclscn fllllctloll. Flxcd
values of thc Dcbyc or Grunciscn temperature OD
(400 K) and p(8D) {250IMQ cm) have been as-

sumed. These values are obtained from Denker,
the value of 250 pQ cm being obtained by extrapo-
lating his values of p(OI1 ) to p(0) =0. 811 and

p(8n ) could bc II1Rdc variable but wltll flvc vari-

ables [A, C, Ta,p(8n), 8&] the program gave incon-

sistent results and at this stage of our knowledge
prlnclplcs Rrc IDorc jtmportant than exact results.
The values of C, TR, and F obtained in this
manner are Rfso shown in Table I and C is plotted
in Fig. 6. Sample HA080 is extremely sensitive to
the choice of p(8D) and 8n and so the values ob-

tained CRn bc disregarded.
The values of F obtained using Eq. (5) are higher

than for Eq. {2) indicating that Eq. (5) does not fit
the data as well as Eq. (2). However, it should be
realized that the Griincisen function and the values

of p(O' n ) and On may not accurately account for
the non-two-level temperature-dependent part of
the resistivity. The important point is that thc
values of

~
C

~

obtained using Eq. (5) can be extra-
polated to 0 for p(0) =0, which must be the case
for a perfect crystal. The values of T~ from Eq.
(5) are closer to 8n than for Eq. (3).

Based primarily on the fact that
~

C
~

should

tend to zero for a perfect crystal and that T, is not
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strongly dependent on disorder, it is concluded that
the two-level mechanism, if it is relevant, must be
in parallel with the normal electron-phonon
mechanism.

Reference to Figs. 4 and 5 shows that, although
there is a linear region when the data are plotted
against 1og~oT the results also deviate from lineari-

ty at high temperatures. This indicates either the
two-level mechanism plays no major role in deter-
mining the a or that Eqs. (2) and (5) are an inade-

quate description of the resistivity due to the two-
level mechanism in TiO„.

However, TiO„still provides an ideal system for
further testing the two-level (and other models) as
the 0, s are large and can be changed by simple an-

nealing while the number of clearly identifiable
scattering centers remains almost constant. The
verification of the two-level model would then

depend on whether additional experiments or
theoretical calculations are able to show that disor-
dered stoichiometric vacancies can give rise to
temperature-dependent resistivities of the observed
magnitudes. As the energy levels of the electrons
and/or holes trapped in the vacancies are almost
certainly below the Fermi energy, electronic transi-
tions will probably not be the appropriate two-level

system. This would appear to leave localized pho-
nons or distortions of the vacancies as the most
probable two-level system. It is doubtful if local-
ized phonons or distortions can give rise to resis-
tivities as large or larger than the normal phonons
unless, due to the short mean free paths, there is
some kind of resonance or cooperative effect.

As it is crystalline, TiO„also provides a possible
material in which a critical experiment looking for
the correlation between a and the phonon density
of states can be performed, using inelastic neutron
scattering.

C. Incipient localization

The scaling theory of localization, ' ' which was
constructed by Abrahams et al. to deal with the
Anderson transition in a noninteracting electron
gas, leads to a formula

(6)

which relates the localization, or perhaps better,
coherance length g and the conductivity in a
three-dimensional highly disordered material. Ag,
is expected to be of the order of or somewhat
greater than unity. This equation is also consistent
with results obtained earlier by %egner. The

above results hold in the limit 1;„(T)& g, where
I;„(T) is the temperature-dependent inelastic mean
free path. If /;„(T) (g Eq. (6) becomes

o =Bg,e /A'l;„. (6')

A convenient interpolation formula between Eqs.
(6) and (6') is

Identifying A'g/Ce as p(0) and assuming
K/p(0) =A, (which is probably of the order of l,l)
Eq. (8) becomes

(8')

Note this equation predicts only negative a' s.
However, if the constant A, is incorporated so that
the equation becomes

Both positive and negative 0", s are possible. In
effect, what has been done is to add the temper-
ature-dependent resistivity to Eq. (8 ). This is
similar to what was done to Eq. (2) in order to ob-
tain Eq. (5) in the preceding section. The remarks
made in justifying this step in that section are also
applicable here.

Assuming that the correct expression for p;„(T)
is known, the above equation predicts the follow-
ing.

(1) A negative a in highly resistive materials
where g& A, .

(2) The Mooij criterion for A, =g.
(3) The decreasing positive a, with increasing

residual resistivity, observed in many materials.
(4) Mattheissen s rule for low-residual-resistivity

materials.
Ln all localization theories, the only situation

dealt with is the one where the conductivity is of a
diffusive nature with g » l,~

and negative a's are
predicted. It is, therefore, not unreasonable that
the Mooij criteria (A, =g) in Eq. (9) should occur
where g-l, ~.

The free-electron-type equation ' which is often
used to obtain the mean free path in disordered
materials can be expressed in A as

A, =Dl,)
——92D (r, /ao) p(0) (10)

cr=(Ce /A)[1/1;„(T)+ I/g] .

At sufficiently low temperatures [l;„(T)& (] and
assuming p;„(T)=K/l;„(T) Eq. (7) can be inverted
and expanded to give

p(T) =(fg/Ce ) —(fg/Ce )(g/K)p; (T) . (8)
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where r, /ao is the radius of the free-dectron
sphere r, in units of the Bohr radius ao and the
resistivity p(0) is in pQ cm. D is of the order of
umty if one identifies A, with l,t. Equating A, and

g, given by (Ce'/III')p(0), one obtains for the Mooij
crIterlon

p~ =O'D/C (r, /a 0) 61. 4

in units of JMQ cm. As for most metals r, /a ranges
from -2 to 3.5, Eq. (11) gives p in the range
122(D/C) to 2141/'D/C }IIQ cm which for
V D/C -0.8 Is tllc Moolj CIltcrla. Tlic
corresponding value of A, =/=7. 2v'CD k That

p for TiO, lies at about 300 pQ cm can easily be
accounted for by the fact that only the Ti atoms
donate carriers to the conduction band (i.e., large
r, jao). In addition, the carriers have to percolate
around the oxygen ions when carrying an electric
cllrlcnt. Mllltlplylllg (A, —g}/lt, 111 Eq. (9) by CC /A
allows one to express Eq. (9) as

p(T) =p(0)+ I [p —p(0)]/p Ip;,(T) .

At this state, it is not possible to say whether

Eq. (9), Eq. (12), or neither is of basic physical im-

portance. The fitting of the data will be done us-

ing Eq. (12). To convert to lengths as in Eq. (9),
the factor Cc /A' may be used.

If an appropriate expression for p;„(T) is known,

the prediction of Eqs. (9) and (12) can be compared
with the results for TiO„. As these equations
reduce to Matthiessen's rule for low p(0), the most
appropriate first approximation for p;„(T) for low

p(0) materials might be the Gruneisen function

6(T/SD), especially if the temperature range over

which the comparison is done is fairly large.
However, for high-residual-resistivity materials lo-

calization theories predict temperature dependences

of the form ET", where E is a constant and n

depends on the type of inelastic scattering the elec-
tI'ons arc experiencing. As in thc temperature

range 1 —125 K the dominant inelastic scattering
is probably due to phonons n =1.5. On the oth-
er hand, over a more extended range of tempera-
ture, based on the premise that p;„(T)a(l;„l,i)'
another possible temperature dependence is

[6(T/O, )]'".
To test Eq. (12) [and (9}],the data from Figs. 1,

2, Rnd 5 are fitted to Eq. (12) [substituting Bf(t)
for p;„(T)] using a program which minimizes

varying B for a given f(T) in the temperature
range 1—125 K. Here p(obs) is the experimental
data and f(T) is either 6 (T/400 K), 6'~ (T/400
K)p ol T '

~ Tllc 1'csul'ts of these fl'ts afc sllowll 111

Table II. In Fig. 7 B is plotted against p(0) for
f(T)=G(T/400 K) thereby determining p and

p(8II ——400 K). The values of p and p(8&)
would appear to lic between 250 and 270 and 300
and 350 pQcm, respectively. A similar plot for

f ( T)=T' (Fig. 8) gives p~ and B between 250
and 280 and 0.045 and 0.048, respectively. The re-

sults using 6'~ (T/400 K) when plotted against

p(0) look very siIIlllal. Tllc fit llslng f(T)=T '

gives lowest values fo F (Table II). Note these re-

sults are based primarily on the low-temperature
resistivity data. The values of p(8D ——400 K)
would appear to be somewhat higher than previ-

ously supposed i.e., 300—350 instead of 250
p,Q cm).

Note that the use of the Gruneisen function im-

plies a phonon density of states and an dectron-
phonon interaction which are unaltered by the
disorder of the vacancies. The diffusive-type of
conductivity leading to thc T ' temperature dcpcn-

dence is based on a typical phonon density of
states and, therefore, presumably does not predict

T, to be a strong function of disorder.
The results of Suzuki and Takeuchi and also

Gamolchvalov and Rustamov" show that the
resistivity of Tlol, wltll R posltlvc Ix, tcllds to sa-

turate with increasing temperature at a value some-
where between 320 and 350 pQ cm. Figures 1, 2,
4, and 5 show that at high temperatures the resis-

tivity of negative a samples in general lies lower
'thall tllat of positive lx sRBlplcs. Whether tllc lcsls-

tivity always continues to decrease with tempera-

ture as shown in Figs. 4 and 5 or can start to in-

crease again as shown in Pig. 1 is not yet clear.
These high-temperature saturation effects may be

lllcorpolatcd In Eq. (9) or (12}by dcfIBIng R slllt-

able temperature dependent A,(T) and g(T) or

p (T). At the moment, no justification exists oth-

er than phenomenologically fitting the data. One,
and perhaps the simplest, possibility is to redefine

g as

g(T)=(Ce /A}p(T) .

If this is done and p„substituted for p~ Eq. (12)
becomes

E= [p(obs) —p(T)]li /& (13) p(0)[1+Bf(T)jp{o)]
1+Bf(T)/p

(15)
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TABLE II. Values of 8 and p„obtained by fitting the experimental data to Eqs. {12)and (15), respectively. The
quantity F is defined in Eq. (13).

Sample p(0)
BG' (T/400 K)
B p

Eq. (12)
BG(T/400 K) BT'

Eq. (15)
BT'

pm

H100
H105
H112
H117
H120
HA080
HA105
HA117
S082
S093
S101
8108
S123

321
382
410
447
519
42.3
216
364
296
317
277
370
503

—20.9

—104.8
—118.2
—137.3
+ 33.9
+ 25.0
—37.3
—33.0
—26.0
+ 22.3
—55.0

—123.4

0.204

1.14
0.88
1.33
OA1

0.27
0.25
0.71
0.32
0.68
0.38
1.28

—50
—157
—252
—288
—334
+ 127
+63
—92
—77
—61
+58
—134
—310

0.054
1.67
2.86
2.78
3.41
0.37
0.34
0.72
1.49
0.87
0.31
1.62
1.95

—0.0071
—0.0220
—0.0356
—0.0401
—0.0466
+ 0.0115
+ 0.0085
—0.0127
—0.0112
—0.0088
—0.0076
—0.0187
—0.0419

0.15
0.44
0.85
0.49
0.84
0.35
0.21
0.11
0.74
0.32
0.69
0.34
1.08

254
246
214
204
196

375
252
254
252
351
245
205

0.29
1.55
1.80
1.85
1.81

1.68
1.67
0.99
0.27
0.43
0.37
2.04

300 0.03

200 0.02-

IOO
O.OI—

0

-IOO-
-O.OI-

-200- -0.02-

-300- -0.03-

-4000 I I I

IOO 200 300 400 500
0.04-

RESIDUAL RESISTIVITY (pQ cm)

FIG. 7. Values of B, obtained by fitting the data us-
ing Eq. (13) with f(t)= G {T/400 K), plotted against the
residual resistivity p(0). The notation for the points is
the same as in Fig. 6 except that the values of B from
Fig. 3 are included as (I) and the samples HOSO, H087,
and H095 are assumed to have a zero a and are marked
(o).

0'050 I I I I

IOO 200 300 400 500
RESIDUAL RESISTIVITY (p.Q crn)

FIG, S. Values of B, obtained by fitting the data us-
ing Eq. (13) with f(t)=T", plotted against the residual
resistivity p(0). The notation for the points is the same
as in Figs. 6 and 7.



As T and hence f(T) tend to infinity p(T) tends
to p„; therefore, p„ is now not so much the Mooij
resistivity but rather the limit of p(T) as T tends to
infinity. The interesting correlation between the
Mooij resistivity and p(T +co—) or p„has already

4CCB PO1Dted OUt.

FittiIlg the data over the entire t~peratUre
range using Eqs. (14) and (15) with f(T) equal to
0.045T ' and 0.048T and varying p results in
tIle last values of I' and p~ Sho%'D in Table II.
The values of p„plotted against p(0) are shown in

Fig. 9.
Figure 9 confirms what might be suspected from

Figs. 4 Rnd 5, whicli 18 that p decreases %'ith 1D-

creasing residual resistivity. In factF,ig. 9
represents a "phase diagram" with p(0) given on

the X axis Rnd p on the F axis. - This shows 811

samples with p(0) &p„ to have positive a's while

for p(0) &p„negative a's are observed. If the
above extension of Eq. (12) is true, p is not a con-
staiit for the TiOO so i p3 sys'tenl aIld p~ is p~ foi
that particular sample. This leads to the interest-

1ng possibility that Dcgativc A 8 Qccui' %'IIlen thc
elastic mean free path (I,i) is shorter than the
minimum inelastic mean free path (I;„)or
minimum phonon wavelength (see next paragraph).
A very 81I0118r plot 18 obtained lf 8 is sct constant
at 300 pQcm and 6(T/400 K) is used for f (&) in

Eq. (15). Another very similar plot is obtained us-

ing 8 =170 and f(T)=6'~ (T/400 K). The aver-

500~==-

400

3006

200—9

)00—

&G. 9. VsIues of p„obtain& by fitting the daM
over the entire tempentme range using EqL (I4) and
(15) with Bf(r) equal to 0.045T'~ and 0.048T'5. The
tops snd bottoms of the d8% points I are the sctga, I
v81Ucs obtained for the tv' different coefficients of 7 ' .

agc F value is lowest for T'" followed Sy
6 (T/400 K).

ID Fig. 9 extrapolation has& QD Ql the points
gives p„=450pQ cm for p(0) =0 and for p„=0 a
value for p(0) (or a maximum metallic resistivity}
of -850 pQ cm. Using Eq. (10) to determine the
mean free path I at the intercepts gives -4.7 and

-2.5 L, respectively. In TiO„, the Ti-Ti distance
is 3.0 k and the Ti-O distance is 2.1 k Therefore,
the above mean free paths could well correspond to
the minimum phonon wavelength (1=2u) for the
lattice and the minimum interatomic spacing (a),
respectively. The value of 850 p, Qcm is, therefore„

in accord with the Ioffe-Regel criterion (I=a) for
the maxlmUm metalhc reslstlvltp. BRM QD the
negative e points, which he in 8 better straight

line, and for which the T" temperature depen

dMce is more hkcly to hoM, the intercepts WQUld

M -380 Rnd - IO50 IM, Q cm, respectively. For the
temperature dependences 3006(T/400 K) and
1706'~ (T/400 K) the intercepts are very similar

and lie in the range ~ to 5M pA cm Rnd 780 to
880 pA cm, respectively.

While the validity of Eq. (15) is doubtful, it cer-

tainly docs allo%' icasoDRMc extrapolations to bc
made to Iligh tcIDpcratufcs RBd RHows Qnc to con-
clude p„depends strongly on p(0) and contrary to
what might be expected hcs lower for higher values
of p(0) Eq~ati~~ (15) will not work in materials
where the resistivity first decreases and then in-
creases witll tcQlpcrature.

Based on thc 8&vc cxpcnGlcntal icsults, it
would appear that the regular lattice waves (or vi-
brations} in the ordered lattice can, with increasing
tCIIlpCratufe, glVC fiSC to 8 SatUfatlon 1CsistiV1ty

where the electron mean free path is comparable to
the minimum phonon wavelength. On the other
hand~ thc 1frcgular lattice vlbfations on 8 disor-
dered lattice main role would appear to bc the
delocRlizatlon of the clcctfons by thcrIIlal cxcita-
tions, leading to 8 continual dccrcRsc in thc I'csis-

tivity with temperature of 8 highly disordered II18-

tcri4. Mc results RJSQ iIIlplf tllat lattice vibrations
of phonons 1D higMy disorderccl. materials Ric UD-

RSlc to cRUse tIlc Ultiashort pal, QDOD 11IIlitcd clcc-
tron IIlcan fice paths observed 1D order& IQRtcrials.
ODc has IIlcfc SQBlcthing of 8 paradox 1D that, 88
far as the electrons are concerned, a disordered sys-
tem with phQDODS 18 morc order& than RD ordered
SystCIB %'itIl PIIQDODS.

However, it is important to note that as p(0)~0
Eq. (15) reduces to the phenomenological parallel
resistor fo~ula,
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(16)

IV. SUMMARY

ploposcd by VAcsman. et ol. ThcI'cforc, D1uch of
the data (see, for instance, Gurvitch, Refs. 6—14)
fitted using the parallel resistor formula could also
be accounted for by Eq. (1S). Gurvitch has re-

cently given an interpretation of p,« in Eq. (16) as
the resistivity where I =a. If this is the case, then
in many of the TiO» specimens the effective
mean free path must be less than the interatomic
spacing. Th1s sort of physical situation can only
be visualized as some form of localization. The
fact that the electrons have to percolate around the
oxygen ions, or to some extent are trapped in a
cage of oxygen 1ons, may be why very sn1all cffcc-
tive mean free paths and large negative a's are ob-
served in the TiO„system. It should also be noted
that p„or (p„,} decreases with increasing electron
(or relative Ti} concentration, this is in accord with
Gurvitch's predictions.

The authors of Refs. 7—10 never specifically
looked for very low-temperature electron-electron
interaction resistivity of the type observed by
Rosenbaum et al. Therefore, s small contribu-
tion of this nature to the observed low-tempera-
tUI'c I'cs1stlv1ty cannot bc rUlcd out. Thc cusps ob-
served at the lowest temperatures by Denker may
be a manifestation of the effects described in
Roscnbaum et al.

(2) A two-level-type resistivity is Ilot riiled out
but it must operate in parallel with the normal
electron-phonon mcchan1sms.

(3) The TiO„system is an almost ideal one for
further calculations and experiments to test the
two-level model and to show whether or not it is
able to give effects as large as those observed in

Tio„.
(4) Using reasonable temperature dependences

for tlie inelastic resistivity, it is shown that the ab-
solute magnitude of the a is proportional to

~
p(0) —p ~

. (This also applies to the simple
two-level model [Eq. (2) and Fig. 6j.)

(S) A new class of pheiiomenological formulas
hRvc bccn 1ntroduccd wh1ch account~ Rt least a
sclmqURDt1tat1vc way, fol Rll thc I'cs1st1V1ty results
observed in the TiO„system with a minimum of
parameters, all of which have some physical basis.
For high-residual-resistivity materials at low tem-

peratures these formulas incorporate current ideas
on locahzatlon reslstlv1ty. At low res1dual rests-

tivities, Mattheisen's rule is recovered.

(6) These formulas show that for both metallic
systems and the TiG„metallic oxide system the
residual resistivity at which the elastic mean free
path (I„)is approximateiy equal to the weak local-
ization coherence length (g') is equivalent to the
Mooij resistivity (p ). This ansatz also predicts
how the Mooij resistivity (p~ ), for a zero u,
changes with carrier concentration.

(7) It is also clearly demonstrated that the high-
temperature saturation resistivity p„ for high p(0)
samples is lower than for low p(0) samples.

If, based on the nonvariance of T, with disorder
Rnd thc cons1stcncy of thc results, onc cRD con-
clUdc that 1D t4c TiO~ systcn1 thc major changes,
duc to ordcr1ng snd disordering thc vacanc1cs, RI'c

in the residual resistivity and not in the electron
and phonon density of states or the electron-
phonon interaction, the following conclusions can
be made:

(1) The Ziman-type theory will not account for
thc results.
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