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The scattering of the conduction electrons by magnetic ions in the spin-glass phase in the
presence of a magnetic field has been investigated. The transverse magnetoresistance of spin-

glasses has been calculated using the method of the double-time Green's function and the
Kubo-Greenwood formula. The higher-order Green's functions have been decoupled into the
lower-order Green's functions using Nagaoka's decoupling approximation. In the first approxi-
mation we have neglected the correlation function describing the quasibound states between the
conduction electron and the impurity spin. The self-energy of the Green's function has been
obtained to the second order in normal and exchange interactions Vo and J, respectively. It is

found that the self-energy consists of two parts.'one involving the spin-glass order parameter Q
and the other spin-deviation correlation function. An expression for the transverse magne-
toresistance has been obtained by evaluating the relaxation time at the Fermi surface.

I. INTRODUCTION

Much interest has been generated in recent years
in the alloys like AuFe, CuMn, etc. A sharp cusp' in
the static susceptibility has been discovered with the
magnetic impurity concentration in the range 0.1—10
at. %. The system is supposed to undergo a new kind
of magnetic phase transition called spin-glass at a
characteristic temperature Tg. There are some other
experiments indicating a sharp change of physical
behavior at Tg, e.g. , Mossbauer effect, ' Hall effect, '
and muon depolarization. In contrast to this a broad
maximum appears in the specific heat. ' The electrical
resistivity' also has a broad maximum at a tempera-
ture T which is higher than Tg. Neutron scattering
measurements' do not indicate any long-range mag-
netic order below Tg. There are some other mea-
surements also which show a smooth behavior
around Tg, e.g. , thermoelectric po~er, ' ultrasonic
velocity, and NMR.

The above transition appears to be very sensitive to
the external magnetic fields. The susceptibility, the
Hall effect, and the muon depolarization peaks are all

smoothed out even at a field of a few hundred gauss.
So the study of magnetoresistance should be useful
in understanding the spin-glass phase.

Several workers' have measured the magnetoresis-
tance of spin-glasses. Recently Nigam and Majum-
dar" have made systematic studies of the transverse
magnetoresistance (TMR) in AuFe, AgMn, CuMn,
and AuMn systems. The general features are almost

the same for all the systems studied. The magne-
toresistance is negative at all temperatures and fields
H. It is quadratic in H at low fields and fairly in-

dependent of temperature below the freezing tem-
perature. The TMR may be fitted to ApH/po
= —a (T)H", where a ( T) is a temperature-dependent
factor, n =2 for low fields and n ( 2 for higher
fields.

In this paper we have attempted to explain the
above results on the magnetoresistance within the
framework of the Edwards and Anderson (EA)
model. " Taking a symmetric Gaussian distribution
of exchange forces, Edwards and Anderson could
demonstrate within a novel form of mean-field
theory that a quenched system undergoes a thermo-
dynamic phase transition at a characteristic tempera-
ture Tg. They introduced an order parameter 0 and
identified the new phase with the spin-glass. This
model has been further studied by several au-
thors. '

prove the model. The EA model explains the cusp in
the static susceptibility of spin-glasses, but it also
predicts sharp cusp in the specific heat, contrary to
the experimental observation. It is therefore still
necessary to test this model for other experimental
observations. With this point in view we have
presently undertaken work on the magnetoresistance.
Our plan of the paper is as follows: in Sec. II we use
the method of double-time Green's function to calcu-
late self-energy of the conduction electron in the
presence of magnetic field. In Sec. III the spin devia-
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tion correlation function is evaluated, while in Sec.
IV we calculate the transverse magnetoresistance for
small magnetic field, and compare it with the experi-
mental findings of Nigam and Majumdar. "

II. FORMULATION

Let us consider a system of noninteracting conduc-
tion electrons and a small concentration of impurities
with localized magnetic moment. The interaction
between electrons and the magnetic impurities is
described by the usual normal and s-d exchange com-
ponents. In addition there is a magnetic field also ap-
plied in the z direction. The corresponding Hamil-
tonian is described by"

Vp i( k —k ) ~ R JH= gegagag + X e aga„
k,s k,k,s,j

J i(k k ) R
[(agta~r a/tat i )Sj

k,k,j
+ adyta i Sj + at ta I Sj )+ t

the magnetic field H such that eq, =It k'j2m
—E~ —p, ~sH, and are measured from the Fermi ener-

gy EF. The quantities ak, and ak, are, respectively,
the creation and annihilation operators for the wave
vector k and spin s. The second and third terms are
normal and exchange interactions with the strengths
Vp and J, respectively, and are assumed to be in-

dependent of k and k'. N is the total number of elec-
trons. The last term describes the interaction of
magnetic impurity (spin operator S) with the magnet-
ic field H acting in the z direction. The summation j
runs over the impurity sites.

To investigate the effect of magnetic field on the
resistivity in the spin-glass phase we follow the two-
time Green's-function method as used by Fullen-
baum and Falk. ' %e define the retarded double-
time single-particle Green's function'9 for s = s' = )

G„„,(t) = ie(t) ([—at, t(t), a„,t(0)) ), (2)

where the average ( ) is taken over the grand
canonical ensemble and 8(t) is the step function.
The equation of motion for the Fourier transform

—gtj.jjH XSj* .
J

The first term is the Hamiltonian for the electrons in

G„„(~)= Jt G„„,(t) e'"'dt

is given by

(~ —eqt)G~t„, t(~) =5„„,+ Xe G t„,t(m) ——Xe [r t„,t(~)+M t„,l(~)] . (4)
e.j ~tk t yak t

Here we have introduced the Fourier transform of the two higher-order Green's functions,

and

r', „,(t) = itl(t) ([a,t(t)—Sj,a„,
t
(0)])

Mj,„,, (t) = i e(t) ([a,t(t)—Sj (t),at, (0) ) )

(5a)

(sb)

which obey the equations of motion

(cd e t)r, (~) = S,(Sj) + '
X exp[(q —q') K,]r, , (~)

W

——$ exp[I(q —q ) K )[((a ~ (t)S,*(t)S' (t)la' (0))). .

q,j

+ ((a (t)S, (t) Sj(t) la„, (0) ) ) „) ——$ exp[i(q —q ) Rj]
I II

x [((a,t(t)a', , (t)a „t(t)Sj+(t)la„',, (0))).

—((a, t(t)a, t(t)a, t(t)Sj (t)la„', (0))) )

(6)
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(ru —s, i+g psH)Mt (&o) = X exp[i(q —q ) R, ]MJ, , (co)

+—X exp[i(q —q ) ~ K, ] [((a, (t)S; (t)SJ (t) ~a (0)) )

—((a, ,
(t)S+(t)S& (t) ~a„', , (0)) )„]

$ exp[i(q' —q") Kt]

x [((a,l(t)[a, ,
(t)a „,(t) —at,

, (t)a „,(t)]S, (t)~a„', (0)))„

—2((aqt(t)a i (t)a ~i (t)SJ*(t)~a„i (0)))„]

where we have used the no&anon (( ) )„for the Fourier &ransform of the quantity i g(t) ([g—(t),8(0)]
and used the commutation relations

[St',S+-, ] =+St+-5, [S tS+]=2SJ'5 i

To solve Eqs. (5)—(7) we now decouple the higher-order Green's functions into the lower-order Green's func-

tions. %e have

((a (t)S*,(t)Sg(t) ~a, (0) ) ) = (S*,Sf) ((a (t) ~a„(0)) )

((a, (t)S, (t)S,*(t) ~a„', (0))) = (SJ) ((a, ,(t)S, (t)~a„, (0)))

((a~t(t)a, (t)a (t)St (t) [a„(0))) = (a~la, ) ((a,l(t)S& (t) ~a„, (0)) )

((a, (t)S+, (t)S& (t) ~a„, (0))) = (S+,SJ ) ((a, (t) ~a„,, (0)))

((aql(t)a, (t)a (t)St(t) ~a„(0)))= (a~la ) ((a (t)St(t) ~a„, (0)) )

((a~i(t)a (t)a i, (t)St (t)[a„, (0))) = (a, a „)((a~i(t)S& (t) ~a„(0)))

+ (a, la r,
, ) ((a „l(t)SJ (t) ~a„t,

,
(0) ) )

The thermal average (BA ) appearing in the above decoupling approximation is related to the corresponding

Green's function ((A ~8) ) by

(BA ) = — ' f(ru)(((A ~8) )„p;,—((3 ~8))„;,) des, f(~) =(ea"+1) ', P= (/js T)
2K

(10)

while decoupling the higher-order Green's functions, we neglected correlation functions of the type (a, a, S& ),~1e l

as these describe quasibound states' between the conduction electron and the impurity spin. Such states charac-

terize the Kondo effect and are responsible for the logarithmic divergence in the resistivity. The present decou-

pling scheme is therefore valid for temperatures greater than the Kondo temperature.
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From Eqs. (6), (7), and (9) we get the following equations of motion for I"J, (co) and M~, (co):
qfk t q)k f

(~ —~ )r, (~) =g, (s*)+ /exp[i(q —q ) R lr~ (~) ——/exp[i(q —q ) K,](s*,s*)G, , (co)
Vp I J

qf qfkf qk J +, , J qfkf ~, , J J qfkf
q .J q,J

——gexP[i(q —7q') K ](sj)M' t„,, (~) +—Xexp[i(q —q ) K,](a,ta', )M', , (~),
q,J

(Ql gat+gpsH)M (~)= /exp[i(q —q) Ki]M „( )+—$(S*)exp[i(q —q) RJ]M, , (co)J qlkf
I I q)kf

q .J q,j

X exp[i(q —q ) K, ] (s+s, ) G, , (~)
I I J J j qfkf

q,J

+—Xexp[i(q —q ) Ki](a, ta,tt)Mi, „, (ru)
1

+—Xexp[i(q —q ) Ki](a, ta, , ) ri,
,„,, (co)

I
q'fk'f (12)

In the above two equations if we put H =0 and hence (SJ) =0 and add them together, we recover Nagaoka's'0
equation (2.14) with I =0 in the single-impurity approximation.

k

The Eqs. (4), (11), and (12) are the set of coupled equations. In principle these equations can be solved to
any desired order in Vo and J. However, to get a closed equation for the Green's function we solve Eqs. (11)
and (12) to the first order in Jand Vo and substitute them in (4). Thus we obtain

G, (ru) =Gkt(o&)8, + /exp[i(k —q) Ri]G (&o) —G&t(~)—Xexp[i(k —k ) Kg](si)G, (co)
q,J

—Gkot(~) /exp[i(k —q) Ki]exp[i(q —k) Ri](SJ)Grt(~)G„, (~)
J,j,q

1

+Gkt(ro) — X exp[i(k —q) Ri]exp[i(q q) —R, ]
I I

J,j,q, q

[(Sjs,* ) G, t(co)+ (S+Si ) G, t(cu+cuo) —8,2(l —g, t) (Sf) G,'i(~~~0)]G, , (~)

(13)

where we have introduced averaging we assume symmetric probability distribu-
tion P(Ji~) =P( J/J) and write—

G,'t(cu) =(c» —e, t) ', (oo gpsH, nest a, ta, t . —— ——

Equation (13) can be solved by the use of the usu-
al multiple-scattering theory. However, in the spin-
glass phase each quantity appearing in the iterated
equation is to be exchange averaged. %e note also
that Eq. (13) contains explicitly the spin correlation
function in the form of a scalar product. In the
spin-glass phase the spins are randomly locked in
space and no direction is preferred. For the exchange

[(s,'-s,+)],„=[ —,
' g(H) +M(H)]s„,

(14)

+-,' {[(ss,+as;, ) ],„+[(ss,-ss,+) ],„],

[(sjs;, )],„=—,
'

Q(H)g„, +[(ssjgs;, )],„.



25 TRANSVERSE MAGNETORESISTANCE IN SPIN-GLASS ALLOYS 1925

where M(H) = [(Sj)],„. The subscripts "av"
denotes the exchange averaging and Q(H) and
M(H) are the spin-glass order parameter'4 and mag-
netization, respectively, in the presence of the mag-
netic field. [ (SSj SSj ) ],„ is the spin-deviation corre-
lation function. In the spin-glass phase, the spin de-
viations are the diffusive modes ' and are important

at low temperatures only. Using (14), in the
multiple-scattering approximation, we obtain

[Gktkt(OJ) ]gy = [Ca) akt Xkft(~) ] (15)

where Xktt(~) is the self-energy for the electron with
spin ], and to the first order in concentration C we
have

Vo —2JVpM(H) +
3 Q (H) +Pjj 3 Q (H) —M(H) +2nqtM(H) +

2 (Pjj +Pjj )
X +J'

N
q

OJ E'&~ + Ct)p

In a similar manner one can write down the equation of motion of Gktkt(rv) for electron with spin ). The result-

ing expression for the self-energy Xktt(Ql) comes out to be

Vo —2JVOM(H) + —Q(H) +Pjj 3 Q(H) +M(H) —2nqtM(H) + (Pjj+ +—Pjj )
X tt( )=—X + J2

W q
(0 —

6& t
—

OJp

(17)

where

Pi~i [(SSjSS——j)],„
P ++ = [ (SSj—S—Sj+)],„

(18)

From (16) and (17) it is obvious that the self-energy
can be separated into two parts,

X(co) = Xg(co) + X;„„(co)

where X,~(co) is the elastic part of the self-energy
which arises from the scattering of conduction elec-

trons with the frozen-in impurity-spin moments. The
inelastic part of self-energy X;„,~(~) is due to the
scattering from the elementary spin excitations which
become important at well below the spin-glass transi-
tion temperature. For an explicit evaluation of the
self-energy X(o&), we require Q(H), M(H), and the
spin-deviation correlation function for the Heisenberg
spin system. For Q(H) and M(H) we have extend-
ed the work of Sherrington and Southern' by includ-
ing an external magnetic field H. We get the follow-
ing coupled equations for Q (H) and M(H) 2':

&/2 &]/2 ' ' '1/2 '2&'
km~ 3 ~ 13R 1 2 3 - - '

&
- 3S(S+I)-g(H) = —R' —— R P exp —R —— P SB,(A), (19)j Q J (2~)3/2 B g 2

Q

&/2
.

2

dR RPM(H) =
J exp ——R —— P SB,(A)

(2~) 3j2 BP 2 g
(20)

where

P = (Jo/J)M+ (g jkjj/J)H

III. CALCULATION OF SPIN-DEVIATION
CORRELATION FUNCTIONS

and

A = (J/kjjT)(Q/3)'j R

To evaluate the contribution of elementary spin ex-
citations to the self-energy of the conduction elec-

tron, we define the following Green's function:

It is not difficult to see that the above equations
reduce to those of Sherrington and Southern' in the
limit of P going to zero.

Gjj' = [((SSj'18Sj-))]„. (21)

The averages [ (5Sj+5Sj ) ],„are related to the above
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Green's function in the following way:

[(SS~ SS~+)]„= [Gjj+ (co+ie)
2 '7T

An expression for G+ (q, cu) has been given by
Rivier ' in the absence of the magnetic field. Follow-
ing his approach, we find that, in the presence of the
magnetic field,

Gjj (QJ /e) 1

(22)

'S2
G+ (q, ~) =

+i (ru —cup) + A(q)
(24)

Rivier33 has argued that Gjj+ (co) being dynamical
susceptibility of the spin-glass, is the Green's func-
tion of a diffusion equation. The subscripts "av"
denote the ensemble average over all possible impuri-

ty configurations. Now we define the space Fourier
transform

—iS
G +(q, (o) =

+ /( P)+O) )p+A(q)
(25)

where ~0= g p, ~H, q labels the diffusive modes, and
A(q) = Aq for small q. A is the diffusion constant.
The minus and plus signs in i (&o —p»p) apply to re-
tarded and advanced Green's functions, respectively.
Similarly for G +(q, &o) we get an expression

Gjj+ (o)) =—QG+ (q, cg)
N

q

(23) From (22), (24), and (25), we get

(P+ +P +)— 1
ff ff es" —1 co —cop+ I /l(q) oi Np i h(q)q

/

1

&o+&»p+i A(q) 0)+Gap —/A(q)
(26)

Let us now replace 0 (q) by Aq and change the summation over q by an integration. As the integral over q is
highly covergent, we extend the upper limit to infinity. The q integration leads to

2

8J2~'A" » es" 1~~——~ ~'" (~+ )'"
/

(27)

~here 0„is the atomic volume. In the limit ~o=0,
(27) reduces to

and spin-down electrons. The average ( ) is de-
fined as

0 Spy- at
jj 6 3~A3/3 (ks T) J3/13/2 J (28)

Qf+(0+) = J 0 de+
BE+

(30)

where

x' 'dx 5J,/, = JI = r( —) ((—)(e"-1)(1-e")

with 1 a y function $(n) a Riemann ( function.
Since the resistivity is proportional to the imaginary
part of the self-energy, Rivier's ' result, i.e., p ~ T
automatically follows from (16) and (28).

IV. MAGNETORESISTANCE

The magnetoresistance is calculated from the for-
mula

(H) 6rr'm 1

e'kF' (r~) + (r )
(29)

where ~+ and ~ are the relaxation times for spin-up

in which f+ is the Fermi distribution function and e+
is the sum total of kinetic and Zeeman electron ener-
gies measured from the Fermi surface. However in
the present calculation we shall replace the averages
(r+) and (r ) by their values at the Fermi surface.
In doing so only slight error appears in the calculation
of p(H) as shown by Beal-Monod and Weiner34 in
their calculation of magnetoresistance for normal
transition-metal alloys. Our calculation for p(H),
therefore, reduces to the evaluation of the relaxation
times r+ and v at the Fermi surface. The relaxation
time r is given by the self-energy X(co) of the
Green's function

r = // ltllX( co + Ie)—
where e is a small imaginary part. At the Fermi sur-
face co =0 and from Eqs. (16), (17), (27), and (31)
we get the following expression for the relaxation
time:
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l
7rN(0)C Vo +M(H)[J +2VpJ —2J f(+(op)]+J'[Q(H)+1(H)] (32)

where

fOO
T

't

3~ I)at " des ~ ~o ~+o
8J27r "o es" —1 ((u —cup)

t 2 (cu+ cuo)
t 2

(33)

In arriving at (32) it has been assumed for convenience and simplicity that the imaginary part of
Go(cu) = N ' X (co —ep) ' is independent of ru and we have ImGP(cu) =i rrN (0), where N(0) is the electron
density of states near the Fermi surface. For small magnetic field let us expand (32) as a power series in

[ Vp +J'Q(H) +J'I(H)] ' and obtain

r+(0) +r (0) =2[mCN(0)] '
Vp2+J Q H +Jl H

M(H) J' 4M'(» VoJ'

2 T V' +J'Q (H) +J'I (H) [ V' +J'Q (H) +J'I (H) ]'

From (29) and (34) we arrive at the following expression for the magnetoresistance [p(H) = d pH+ pp]:

kpH J [Q](H) Q&(0)] [uM(H)J /2T][Vp +J Q&(H)]+4M (H) VpJ

pp Vo +J Q)(H) [ Vo +J Q)(0)] [ Vp +J Qg(H)]

(34)

(35)

where Qt(H) =Q(H) +I(H), Qt(0) =Q(0) +1(0), n=g psH/ks, and pp~N(0) [ Vo2+ J'Qt(0)] is the resis-
tivity in the absence of the magnetic field. Q(0) is the spin-glass order parameter in the absence of the magnetic
field. Our calculation of the resistivity in the absence of the magnetic field agrees with that obtained by Fischer. '

The expression (35) can be further simplified if we use the fact that for alloys under consideration the magni-
tude of the exchange interaction J is very small in comparison to normal scattering strength Vo. We therefore ex-
pand the expression for ApH/pp in (35) as a power series in J/ Vp and retain terms of order (J/ Vp) . We thus
obtain

~pe
po

J2
4M (H) —AQ(H) —EI(H) +™H

p 2 2T
(36)

where

AQ(H) = Q(H) —Q(0)

and

0.8

0.6

Q(HI

0.4

61(H) =B
e"—1 ]x —peep['~2+,(2

—2x, (37)
x+ poop

x +prop

0.2

0.0
0.0

I

0,2 0-4 0 6 0.8 1.0 1.2 1.4 1.6 1 8
T/ TQ

with B = (3S /4&2) ( ks T/Akp ) ~ . We have re-

placed II„by 6m'/kp with kp as the cutoff wave vec-
tor in the conduction band.

In order to see the variation of 4pH with the ap-

plied magnetic field, we have solved Eqs. (19) and
(20) for Q(H) and M(H) numerically which have
been plotted in Figs. 1(a) and 1(b) for different tem-

peratures and magnetic fields. We have also evaluat-
ed 61(H)/B of Eq. (37) numerically and have plot-

ted it in Fig. 2 for different values of the magnetic
field and temperature. In Fig. 3, hpH/pp has been
plotted against H2 for Tg =g and Jp/J =0.65. J/ Vp

has been obtained by matching our calculation with

OD4

OX)3

M(H)

OD2

0.01—

000 I I I [ I I I I

0.2 0.4 0.6 0.8 1.0 1.2 1A 1.6 1.8 2 0
TJ TQ

FIG. 1. Plot of (a) 0(H) and (b) M(H) against the re-
1

duced temperature T/Tg for Heisenberg spin (S =
2 ) at

Tg = 8 K and Jo/J =0.65 for two sets of magnetic fields.
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(40)

(41)

Our calculation for Q (H) and M(H) for various values of H and T are shown in Figs. 4(a) and 4(b). The mag-
netoresistance has been plotted against 0' for Tg =8 in Fig. 5. The calculation has been performed for
Jp/J =0.375 and J/ Vp =0.21. a ( T) (n = 2) vs T has been plotted in the inset of Fig. 5. The dotted lines
represent the experimental curves of Nigam and Majumdar. " Here also we find qualitatively the same agreement
as in the case of Heisenberg distribution. At high temperature there is the same type of discrepancy here also.
We therefore conclude that the Ising distribution gives equally good result.

U. CONCLUSION

We have studied the scattering of conduction elec-
trons due to the magnetic impurities in the presence
of finite but sma11 magnetic field in the spin-glass
phase. For this we have used the double-time
Green's-function method, as used by Fullenbaum
and Falk. ' The self-energy of the Green's function
has been obtained to second order in J and V0 and
from it we have determined the relaxation time at the
Fermi surface. We have derived an expression for

magnetoresistance in the low-field approximation. A

comparison has been made between our result and
the experimental data of Nigam and Majumdar" for
the transverse magnetoresistance. A qualitative
agreement is found. Below T~ the magnetoresistance
is fairly independent of temperature. It is quadratic
in field and negative at all temperatures and fields.

H (kQ)
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0.8

(0)

0.6
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0.4
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0.0 I I I
I I

0.2 OA 0.6 0.8 1-0 1.2 1.4 1.6 1.8
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0.16 -3
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0.06 0 2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 1.9
T/ Tg

FIG. 4. Plot of (a) g(H) and (b) M(H) against the re-
1

duced temperature T/Tg for Ising spin (S = &) at T~=8 K

and JD/J =0.375 for two sets of magnetic field.

FIG. 5. Plot of 10 ApH/p0 against 0 for Ising spin

(S =
&

) and for Tg =8 K, JD/J =0.375, and J/V0=0. 21. In

the inset 10 a(T) I. =(1/0 )(ApH/p0) X 10 ] has been plot-

ted against T. Continuous lines represent our calculation
and the broken lines represent the experimental curves of
Nigam and Majumdar (Ref. 11) for CuMn (0.7 at.%) and

Tg 8 K.
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At high temperatures ( T & T~) also our result is

qualitatively in agreement with the experiment but
there is somewhat difference in the magnitude. We
have carried out calculations both for the Heisenberg
and the Ising expression for Q (H) and M(H). We
find that the Ising and the Heisenberg expressions

give equally good results for the magnetoresistance.
Our theory for the magnetoresistance may be im-

proved by carrying out the calculation for higher or-
der in J and Vo. The calculation may be further im-

proved by including fluctuations in the mean-field
expressions for Q(H) and M(H).
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